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Abstract. In this work we study the one-dimensional stochastic Kimura equation dwu (z,t) =
20%u (2, t)+u (z,t) W (z,t) for z > 0 and ¢t > 0, equipped with constant initial data and the Dirichlet
boundary condition at 0, with W being a Gaussian space-time noise. This equation can be seen as
a degenerate analog of the parabolic Anderson model. We combine the Wiener chaos theory from
the Malliavin calculus, the Duhamel perturbation technique from PDEs, and the kernel analysis of
(deterministic) degenerate diffusion equations to develop a solution theory for the stochastic Kimura
equation. We establish results on existence, uniqueness, moments, and continuity for the solution
u (z,t). In particular, we investigate how the stochastic potential and the degeneracy in the diffusion
operator jointly affect the properties of u (z,t) near the boundary. We also derive explicit estimates
on the comparison under the L?—norm between u (z,t) and its deterministic counterpart for (z,t)
from a proper range.

1. Introduction

In this work we study a type of one-dimensional stochastic degenerate diffusion equation, which we
call stochastic Kimura equations, that are one-dimensional diffusion equations on the non-negative
half real line with diffusion coefficients degenerating linearly at the boundary 0 and subject to
Gaussian noise potentials. This work is a marriage between the study of degenerate diffusion,
which is a classical topic with a long-celebrated history, and the techniques from stochastic partial
differential equations (SPDEs), which is a fast developing field with many recent breakthroughs.
By combining analytic methods and stochastic analysis, we derive both qualitative (e.g., existence
and uniqueness) and quantitative (e.g., moments and regularity) results on solutions to stochastic
Kimura equations. We put a particular emphasis on the short-term behavior of the solution near the
boundary, investigating the joint effect of the degenerate diffusion operator and the space-time noise
potential. To the best of our knowledge, these aspects of stochastic degenerate diffusion equations
have not been previously studied. While in this work, for the purpose of demonstration, we only

Received by the editors May 19th, 2024; accepted May 14th, 2025.
1991 Mathematics Subject Classification. 60H15, 60H30, 35K65.
Key words and phrases. Kimura equation, parabolic Anderson model, stochastic Kimura equation, stochastic
degenerate diffusion equation.
Part of this work is supported by the NSERC Discovery Grant of the second author (No. 241023).
1011


http://alea.impa.br/english/index_v22.htm
https://doi.org/10.30757/ALEA.v22-40

1012 Roland Riachi and Linan Chen

treat models that combine typical degenerate diffusion equations with typical Gaussian noise, we
expect similar techniques and part of the results to be applicable to more general degenerate diffusion
equations under reasonable stochastic noise.

1.1. Kimura Diffusion and Parabolic Anderson Model. In this subsection we give a coarse review
of the two fields, degenerate diffusion equations and SPDEs, at the intersection of which our work
lies. Given that both fields have rich and vast literature, our reviews will be limited as we will only
mention the results that are most relevant to the problem concerned in this work. In particular,
the two pillars based on which our work is carried out are the Kimura diffusion, a classical example
of one-dimensional degenerate diffusion, and the parabolic Anderson model, a well studied SPDE
model. We hereby give a brief introduction to both models, but leave the technical details for the
next section.

1.1.1. Kimura Diffusion. The Kimura diffusion is an important mathematical tool in population
genetics as a model of the propagation of a certain genotype among a population (Crow and Kimura,
1970). In the classical setting, it is described by the stochastic differential equation (SDE) Z; =
V2ZdBy + b (Zy) dt with Zg = z > 0, b being a drift coefficient and 0 being an absorbing boundary.
Correspondingly, the Kimura equation is the partial differential equation (PDE)

O (2,t) = 20%u (2,t) + b (2) Dou (2, 1) (1.1)

for z > 0,t > 0, equipped with initial data ui,; and the Dirichlet boundary condition at 0. Charac-
terized by the degeneracy in diffusion, this pair of equations has been of great interest to analysts
and probabilists. Properties of the solutions (e.g., existence, uniqueness, regularity, estimation, etc.)
have been extensively studied for the Kimura diffusion, as well as for its certain generalizations, in
various contexts (e.g., Ethier (1976); Fleming and Viot (1979); Cerrai and Clément (2004); Epstein
and Mazzeo (2013); Athreya et al. (2002)). Both analytic and probabilistic tool-kits have been
developed to treat degenerate diffusion operators, replacing classical techniques that are restricted
to strict elliptic/parabolic operators.

The specific Kimura diffusion that will be examined later under a stochastic potential is the model
with b = 0, but the methods developed in this study are extendable to cases with general b. Let
qo (z,w,t) denote the fundamental solution to (1.1) with b = 0, explicitly determined in terms of
the Bessel function (Epstein and Mazzeo, 2010; Chen and Stroock, 2010; Chen and Weih-Wadman,

2020):
2w Hw oo
ze ¢ 2/ zw ze ¢ 2™
t) =4/ — I = 1.2
P (2w, t) = [ 1( t ) 2 Zt2nn!(n+1)! (12)

n=0

for every z,w,t > 0, where I is the modified Bessel function of the first kind and admits a series
representation (see (6.3) in the Appendix). That is, if the Kimura equation is equipped with the
initial data wiy (2), then the solution is given by

ug (z,t) = /000 Uint (W) qo (2, w, ) dw (1.3)

for every z,t > 0. We will refer to ug (z,t) as the deterministic solution, which, as we will see later,
serves as the starting point in the construction of the solution to the stochastic Kimura equation.
In latter sections a perturbation of the Kimura equation will also be considered:

O (z,t) = 20%u (2,t) + u (2, 1) V (2,1)

where V is a potential function, whose fundamental solution will be denoted by q(‘)/ (z,w,t). When
V' is bounded and time-independent, a sharp regularity theory on q(‘)/ (z,w,t) is developed in Chen
and Stroock (2010) via the Duhamel perturbation method, which produces accurate estimates on
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the comparison between ¢} (z,w,t) and qo (z,w,t) near the boundary for small time. Details of
these results will be presented in §2.1.

1.1.2. Parabolic Anderson Model. SPDEs have become a novel and popular tool in modeling phe-
nomena observed in scientific experiments in random environments. Following the seminal papers
Dalang (1999); Hu et al. (2015), many classical deterministic PDEs have been re-visited when the
domain is subject to certain random noise, and a fast-growing set of theories is being developed
for solutions to such SPDEs (e.g., Motyl (2013); Balan and Song (2017); Hausenblas and Razafi-
mandimby (2020); Hairer and Rosati (2024); Berger et al. (2023)). Most notably, the parabolic
Anderson model (PAM) is the classical heat equation perturbed by a Gaussian random potential.
The one-dimensional model can be written as

1
O (z,t) = iﬁgu (z,t) +u(z,t) W (z,t) for z € R and ¢t > 0, (1.4)

where W (z,t) denotes a Gaussian space-time noise on some probability space (2, F,P). Formally
speaking, {W (z,t) | z € R,t > 0} can be viewed as a centered Gaussian field with covariance

E [W (Zl,tl)W(Zg,tQ) :f(z1 —ZQ)’)/(tl —tg) (1.5)

for 21,20 € R and t1,t3 > 0, where f : R — Ry and v : R — Ry are two non-negative definite,
symmetric, locally integrable kernels. To solve (1.4) with initial (deterministic) data wuiyt (2), we
seek a jointly measurable random field u = {u (z,t) | z € R,t > 0} C L?(Q), to which we refer as a
(mild) solution to (1.4), such that for every z € R and ¢t > 0,

wet)= [ @dvs [ [ g Guun) W @u.dn) as,

where g (z,w) = e~lz—wl/2 /v/27t is the standard heat kernel, and the stochastic integral with
respect to “W (dw,dr)” is defined as a generalized It6 integral, following the theory of Malliavin
calculus. In §2.2, we review all the necessary elements from the Malliavin calculus, including the
construction and the properties of such stochastic integrals.

Common approaches toward the study of PAM combine the Malliavin calculus with the classi-
cal heat kernel analysis, yielding abundant results on the solution (e.g., Carmona and Molchanov
(1995); Dalang (1999); Balan and Tudor (2008); Hu et al. (2015); Balan and Chen (2018); Balan
et al. (2019)). One alternative approach is the theory of rough paths developed in Hairer (2014);
Hairer and Labbé (2015). The PAM has also been studied in other settings, e.g., on Z¢ (Girtner
and Molchanov, 1998; Gértner and Konig, 2005), on the hypercube (Avena et al., 2020), and on
Heisenberg groups (Baudoin et al., 2023), as well as subject to Lévy random noise (Berger et al.,
2023). For nonlinear degenerate parabolic SPDEs, the wellposedness of the Cauchy problem has
been studied in the semilinear and quasilinear cases (Hofmanova, 2013; Debussche et al., 2016).

1.2. Stochastic Kimura Equation and Main Results. Inspired by the works reviewed in the previous
subsection, we decide to bring the two models, the Kimura diffusion and the PAM, together and
investigate the following stochastic Kimura equation:

Ay (z,t) = 20%u (2,t) +u (z,t) W (2,t) for z,t >0, (1.6)

where W is the same as in (1.5). Similarly as in the PAM case, a mild solution to (1.6) is a random
field u = {u(z,t) | 2> 0,t > 0} C L?(Q) such that u has a jointly measurable modification, and
for every z > 0 and t > 0,

t proo
u(z,t) =wug (2,t) + /0 /0 qo (z,w,t — 7)u (w, 7) W (dw,dr) a.s., (1.7)

where ug (2, t) is the deterministic solution as defined in (1.3).



1014 Roland Riachi and Linan Chen

The purpose of studying (1.6) has multiple folds. First, we aim to develop a solution theory
for stochastic degenerate diffusion equations, which would yield applications in modeling diffusion
processes in random mediums with absorbing boundaries, e.g., genotype propagation with random
hibernation /revival. The model of the stochastic Kimura equation is a good starting point since the
deterministic equation is well studied with abundant results on the fundamental solution g (z,w, t).
Second, we want to extend the existing literature on the PAM to the settings of degenerate diffusions,
and investigate how the current methods in constructing the solution to the PAM, as well as the
properties of the solution, may change in the presence of degeneracy in the diffusion. Furthermore,
we are interested in studying the interaction between the degenerate diffusion operator and the
stochastic potential, in order to analyze their “joint effect” on the solution; to this end, we will pay
particular attention to the behavior of the solution near the boundary 0, and compare the solution
to the deterministic solution in a proper sense.

In §3.1 we prove that (1.6) admits a mild solution {u (z,t) | z > 0,¢ > 0} that satisfies (1.7) and
this solution is unique up to modification (Theorem 3.4 and Theorem 3.8). We adopt a strategy that
is similar to the one invoked in Hu et al. (2015); Balan et al. (2019), which is to combine the Wiener
chaos expansion from the Malliavin calculus and the Duhamel method from PDEs. However, the
techniques we apply are substantially different from those utilized in the PAM case, because (1)
although qq (z,w, t) is explicitly determined, unlike g; (z,w), qo (2, w,t) does not have a closed-form
expression, nor certain desirable features such as symmetry, and (2) since our model is restricted
on the non-negative half real line, convenient technical elements based on Fourier analysis are not
applicable in our case. For each aspect of the problem that we investigate, we establish our results
in two steps: first we solve (1.6) when W is the space-time white noise, i.e., when both f and ~
in (1.5) are Dirac delta g, and then extend the construction of the solution to the colored noise
setting with f and ~ satisfying proper conditions.

Taking a close look at the behaviors of u(z,t), we observe that the impact of the stochastic
potential is most significant near the boundary, which makes the behavior of u (z,t) for z near the
boundary fundamentally different from that of wg (z,t), the solution to the deterministic Kimura
equation. To explore the role of the stochastic potential near the boundary, in §4 we also introduce
a degenerate coefficient to W and consider the variation of the stochastic Kimura equation with a
degenerate noise. That is, for some 5 > 0, we study

du (z,t) = 20%u (2,t) + u (2, ) 2°W (2,1), (1.8)

where 2 := min{z,1}. Similarly, (1.8) admits a unique mild solution {u (z,t) |z > 0,t > 0}. It
turns out that so long as 8 > 0, the degeneracy in the stochastic potential will “tame” u (z,t)
enough so that it remains comparable to ug (z,t) under the L?—norm for some finite time ¢ and for
z all the way to the boundary.
To be specific, we first prove in Theorem 3.10 that at every fixed z > 0,
limE

2
RGN I Y
t\0 ug (2,1)
which applies to both (1.6) and (1.8). We further establish in Theorem 4.4 and Theorem 4.6 that,
in the setting of (1.8), there exists 7' € (0,1) such that

2
sup E <u(z,t)> < 00.
2>0,t€[0,T] Up (Za t)
These results indicate that u (z,t) stays comparable to ug (z,t), in the L?—sense, for ¢ sufficiently
small and z arbitrarily close to the boundary. Since ug (z,t) is deterministic and explicit, we
obtain the accurate short-term near-boundary asymptotics of the L?—norm of u (z,t). Similar
properties have been established in Chen and Stroock (2010); Chen and Weih-Wadman (2020) for
the deterministic equation but with a bounded and time-independent potential.
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In §4.2 and §4.3 we examine the higher moments and the regularity of w(z,t), particularly its
continuity in z at the boundary. The methods adopted in this part also requires the presence of
the degeneracy in the stochastic potential. Again, in the setting of (1.8) with any 8 > 0, we obtain
results on LP—integrability and moment bounds for u (z,t) for all p > 2, 2 > 0 and ¢ > 0 (Theorem
1.8 and Theorem 4.9), which enables us to prove a Holder continuity result on u (z,t) in z all the
way to the boundary (Theorem 4.14 and Theorem 4.16).

The aforementioned results are part of our study of the stochastic Kimura equation, as the first
step in an attempt to advance our knowledge on general stochastic degenerate diffusion equations.
There are other aspects of the work that are still ongoing and will not be addressed here. For
example, our methods can be extended to study the following two variations of (1.6) without
substantial difficulty: (1) with an order « of degeneracy in the diffusion operator for a from some
proper range, i.e.,

Ou (z,t) = 2%0%u (2, 1) + u (2, t) W (2, 1),
and (2) with a drift coefficient b satisfying some proper conditions, i.e.,
O (2,1) = 20%u (2,t) + b (2) Oou (2,t) + u (2,8) W (2,1).

In addition, the framework developed in this paper also allows us to study long-term asymptotics of
the solution and to investigate intermittency in the stochastic degenerate diffusion equation setting.

1.3. Contents and Notations. In §2 we review some technical results from the study of the deter-
ministic Kimura equation and the necessary elements from the Malliavin calculus. In §3 we set up
the model of the stochastic Kimura equation, establish existence and uniqueness of the solution,
and discuss the ratio estimate away from the boundary z = 0. In §4, we proceed to the model
with degenerate noise and prove ratio bounds, moment estimates, and continuity of the solution.
§5 outlines some related problems and future directions. Useful formulas and estimates utilized in
direct computations are deposited in §6.

We write Ry to mean the interval (0,00). For a,b € R, we write a V b := max{a,b} and
a Ab:=min{a,b}. For z > 0, we denote Z := 2 A 1. We denote by D (R?) the set of all smooth,
compactly supported functions defined on R%—' We denote by B (R;) the space of all bounded
measurable functions defined on R, equipped with the uniform norm

[flloo := sup {[f (2)] : 2 > 0}

For a € C, we denote by J, and I, the Bessel function and the modified Bessel function of the first
kind of order «, respectively. For ¢ > p >0, a1,--- ,ap, b1, - ,b; € R, and x € C, we denote by

at,...,0qp ‘
qu[bl,...,bq 5”]

the generalized hypergeometric function. The definitions of these special functions are reviewed in

6.

2. Background

2.1. The Kimura Equation. In this section, we discuss the deterministic Kimura equation. We will
rely on the results on the fundamental solution to the deterministic Kimura equation to investigate
the stochastic analog (1.6). Recall that we are interested in the Kimura equation (1.1) with b = 0.
In this section, following Chen and Weih-Wadman (2020), we present an introduction to the slightly
more general case of a constant drift b = v < 1. That is, we explore the equation

O (z,t) = 20%u (2,t) + vo.u (2,1), (2.1)
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for z,t > 0 equipped with an absorbing boundary condition at 0, which has the fundamental solution

1—v v—1 _ztw oo

Z72 w 2 2w 2/ zw Ve 2™
v\~ 7t = B 1 —v = . 2.2
a (2w, 1) ¢ o < t ) 12-v nz_;) 2l (n + 2 — v) (22)

In particular, for v = 0, we recover (1.2). Furthermore, when v = 0, the following technical
results on qg (z,w,t) will be useful later.

Lemma 2.1. For every z,w,t > 0, we have that

z _(-vw)?
qo (z,w,t) < 2¢ . (2.3)
Further, when zw > t2, it also holds that
1 .3 2
ziaw 4 _ (VE—vw)
Q0 (z,w,t) < o e t (2.4)

Vit

for some universal constant C > 0, which should be viewed as a refinement of (2.3).

Proof: We first consider the series representation of go(z,w,t) in (1.2) and bound the series as

> n,,N X 92n 2n
Z zw <22 (\/ZU]/t) <eQT\/7

—~ t2rnl(n 4 1)1 — (2n)! - ’

n=
from which the first upper bound (2.3) follows immediately.
Now let us assume that zw > 2. By the integral representation of I in (6.4), qo(z,w,t) can be
rewritten as
24w _ (/= vw)?
2ze t

t T Ew 2ze
/ e2 7T 50gin29dh =

2 0 it

vy
Nem
go(z,w,t) = / e 2% (1=cost) gin2 pqp.
0

We note that sin? @ < > A1 and 1 —cos@ > %]l[g,ﬂ] 0)+ %92]1[07%)(0), and hence the integral above
can be bounded as

2

3

n zZw 7'('/3 Zw e )
/ 6—2\/T(1—COSG) Sil’lQ 9d9 S / C_T\/T6292d0 + 2%6_\/? S C (\/ Zw> 2
0 0

t
for some universal constant C' > 0, which yields (2.4). O

Back to the general case with v < 1, a comparison is established in Chen and Weih-Wadman
(2020) between g, (z,w,t) and the solution to the following variation of (2.1) subject to a (deter-
ministic) potential V € B (R}):

oY (z,t) = 20%uY (2,t) + vd.uY (z,t) +u" (z,0) V (2).
Namely, if ¢/ (z,w,t) denotes the fundamental solution to the equation above, then

) (z,w,t)

— 1| < etlVllee — 1, 2.5
qv (Z7w7t) o ( )

sup
z,w>0

which allows one to establish a sharp regularity theory on ¢ (z,w,t) for small times ¢ and z,w
arbitrarily close to the boundary.

The main strategy in obtaining ¢¥ (z,w,t) is to follow the Duhamel perturbation method and
express q¥ (z,w,t) as a series of functions defined in terms of g, (z,w,t). In §3.1, we apply a similar
method to (1.6); therefore, as a primer we give a brief review of the Duhamel perturbation method
arguments. We observe that for z,w,t > 0, ¢V (z,w,t) satisfies the integral equation

@ (z,w,t) = q, (z,w,t) // @ (z, 2t —7)q) (z,w,7)V (x)dzdr. (2.6)
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Since ¢ (z,w,t) appears recursively in the integrand, by formally unfolding (2.6) once, we obtain
q) (z,w,t) = q, (z,w,1) —I—/Ot/oooql, (z,2,t —T)(q,, (x,w,T)
+ /OT /OO;V (z, 2,7 = 7") q (2,0, 7") V (2) dx’d7”> V (z) dzdr
=q, (z,w,1) +/Ot/oooq,, (zyx,t —7)qy (x,w,7)V (z)dedr
+ /Ot /OT /R? @ (z,2,t —7) g (z,2',7 — 7') q (2w, 7") V (2') V (2) dz’dzdr'dr.
=

Continuing this procedure, if we set ¢, 0 (2, w,t) := ¢, (2, w,t) and define inductively for n > 1,

t o]
Qu,n (Z7 w, t) = / / qv (27 Zn,t — tn) qvn—1 <2n7 w, tn) Vv (Zn) dzndtny
0 JO

then after unfolding n times, we obtain

n+1

Z W, t Zq”k Z w, t / t/R"H Zo,w tU HQV Zuzz 1,6 — tz‘_l)V(Zi)dZdt,
n+1

=1

where Ay 1t := {(tg,...,tn) € (O,t)n+1 [0<ty< - <tp< t}, z=(20,---,2n), t = (to,--.,tn),
and we put z,+1 = z and t,+1 = t. Iterating this process at infinitum, it can be shown that

qyzwt qunzwt

converges absolutely and satisfies (2.6). Using the fact that g, (z,w,t) satisfies the Kolmogorov-
Chapman equations, by a simple inductive argument, we have

VIS

— (z,w,t) for every n > 1,
n!

Qun (2, w,t) <
from which (2.5) directly follows.
Intuitively, when ¢t is small, the potential V' has not yet generated enough “perturbation”, so
qY (z,w, 1) is expected to be close to q, (z,w,t). Equation (2.5) not only gives a precise interpretation
of this fact, since it implies that the difference

1%
q, (z,w,t)
—_— 1 g
qv (z,w,t) ‘ o)

for small ¢, but the estimate is also uniform in the spatial variables z,w > 0 which is considerably
more accurate than the standard heat kernel estimate.

2.2. The Malliavin Calculus. In this section, we review some prerequisite materials regarding the
Malliavin calculus which is essential for the study of stochastic Kimura equations. For further details
regarding Skorohod integrals and chaos decomposition, we refer the reader to Dalang et al. (2008);
Nualart (2006); Markus (2013); Hairer (2021).

Let f and 7 be as in (1.5), and consider the inner product

oty = [ @)y (=) (@) 6 (0.) dadydrds
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for ¢, € D (Ri) We define the Hilbert space (H, (-, -) ;) as the completion of D (Ri) with respect
to (-,-)y-. It can be shown that there exists an isonormal Gaussian process W = {W (h) | h € H}
on an appropriate probability space (€2, F,P) such that

E[W (hl)] =0 and E[W (hl)W(hQ)] = <h1,h2>H

for every hi,he € H. When viewed as a map between Hilbert spaces, W : H — W (H) =: H C
L?(Q), is an isometry. This framework is convenient because it allows us to study the noise process
W through well-behaved deterministic functions.

As it turns out, if F is the o-algebra generated by W, then L? () admits a decomposition into
countably many closed images of W under a special class of polynomials. Let n > 0 and H,, denote
the n—th Hermite polynomial, which is defined as

For example, the first few Hermite polynomials are
Hy =1, Hi(z) = =z, Hy(z) = 22 — 1, Hs(z) = 2 — 3a.

Then, the n—th Wiener chaos space H,, is defined as

H,, = span {H, (W () | h € H, [h]la = 1},

where the closure is taken in L? (Q2). Then,

L*(Q) = é%n

n=0

i.e., for any X € L?(Q), for each n > 0 there exists a unique X,, € H,, such that
o0
X =) X, (2.7)
n=0

where the series converges in L? (2). We remark that since Hy = 1, Ho = R is a space of constants
and it can be shown that Xy = E[X]. By the hypercontractivity property of Gaussian fields (see,
e.g., §7 of Hairer (2021)), for every n > 1 and p > 2, H,, C LP (2). In fact, if Y € H,,, then

EIVPYF < (-1 (E[Y])E. (2.8)

Below, we will demonstrate representations for these projections X, in terms of stochastic inte-
grals in the sense of Skorohod, whose moments are related to the inner product (-, -) ;. To this end,
we first define a suitable notion of derivative. Let C5° (RN ) denote the space of smooth functions
F :RY — R which (along with their partial derivatives) have at most polynomial growth. We say
a random variable X € L*(Q) is smooth if there exists F € C3° (RM) and hq,...,hy € H such
that X = F (W (h1),...,W (hn)). Moreover, we denote by P the set of all such smooth random
variables. It is clear that P is a dense subspace of L? ().

Consequently, for some X = F (W (h1),...,W (hn)) € P, the Malliavin derivative is an un-
bounded, closed linear operator D : P — L2 (Q; H) given by

N
DX =Y 0;F (W (h),...,W (hy)) by, (2.9)
j=1



Stochastic Kimura Equation 1019

where for z,t > 0 we formally write'
N
Doy X =) 5 F (W (h1),...,W (hn)) by (2,1),
j=1

and without loss of generality, we may assume that hi,...,hy are orthonormal under (-, ).
As with classical Sobolev spaces, we define the inner product

(X,Y),,:=E (XY]+E[(DX,DY) ]

for X,Y € P, and let D'? denote the closure of P with respect to (-, ->172. Note that P C D%2? C
L? (), and since P is dense in L? (), P is dense in D'? and hence D can be extended to D!2.

Viewing D : D2 — L2 (Q; H), we are ready to introduce the notion of stochastic integral relevant
to (1.6). Let the divergence operator § be the adjoint operator of D. Namely, the domain Dom ()
of § is the set of random variables u € L? (€; H) for which there exists C, > 0 such that

[E (DX, u) ]| < Cul| X]l2
for all X € D12 in this case, d (u) is the unique element of L? (Q) such that
E[6 (u) X] =E[(DX,u)g]

for all X € DY2. As the adjoint of an unbounded and densely defined operator, § is in turn also
closed. Furthermore, we use the notation

0 (u) = / u(z,t) W (dz,dt),
R

where W (dz,dt) = W (2,t) dzdt (formally, W (z,t) = 8;0,W (z,t)). This nomenclature is motivated

by the fact that the divergence operator possesses many desirable properties of a typical integral

and coincides with the It6 stochastic integral in certain cases. For this reason, we also refer to J as

the Skorohod integral, and if u € Dom (9), we say that u is Skorohod integrable.

Continuing along these lines, we define the multiple Skorohod integral to arrive at representations
for the random variables X, in (2.7). For n > 1, let H®" denote the n—th tensor product of H, with
the corresponding inner product and norm denoted by (-, ) yon and || - || yon, respectively. Then for
fn € H®", recursively applying the Skorohod integral yields

Lo (fn) = o (z1,t1, ooy 20, tn) W (dz1,dty) - - - W (dzp, dty) .
R2"
Given f, € H®" we denote by f, the symmetrization of f,, given by

1
fn (21,80, 20y tn) 1= ] Z f (Ze)s to(1)s - -+ Zo(n)s to(n)) »
O'ESn
where S, is the set of all permutations on n elements. Then Z, (f,,) = Zy( fn), and for g,, € H®™,

E (o (/) Zon (g)] = {”“f”’f’m”’@" ifn=m, (2.10)

0 otherwise.

For notational simplicity, from now on we will write the above n!{fy,Jn)gen 8s (fn,gn)n and
similarly n!anH%{@n as || full7-

1Depending on the regularity governed by (-,-), it is possible that the elements of H (and H®" below) are
generalized functions, so “h;(z,t)” may only be a formal representation of h;.
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It holds that, for every n > 1, there exists a unique f,, : ]Ri" — R symmetric such that f,, € H®"
and X,, = Z, (f»). In light of this, (2.7) becomes

X =37, (fa) with T (fo) = E[X]. (2.11)

n=0

We refer to this expansion as the Wiener chaos expansion of X. Further, X € D'? if and only if
o0 i nllfall2 < oo, in which case DX € L?(%; H) and formally for z,¢ > 0,

Dz’tX = Z nIn—l(fn('a Zy t))
n=1

On the other hand, if u € L? (2; H), then there exists a unique mapping (z,t) € R2 — f, (;2,t) €
H®™ such that f, (-; 2,t) is symmetric in its first n pairs of variables and

u(z,t) = ZI” (fn(52,t)) with Zo (fo (2,t)) = Eu(z,t)]. (2.12)
n=0

Based on the discussions above, we have the following criterion for Skorohod integrability.

Proposition 2.2. (Proposition 1.3.7 of Nualart (2006)) Let u € L?(Q; H) with the expansion
(2.12). As a function Ri_(wrl) =R, fo € H2H) | Then u € Dom () if and only if the series

0 (u) = ZIn+1 (fn) (2.13)
n=0

converges in L* (Q), which is equivalent to oo o || fall241 < o0.

To check convergence of the series (2.13) in L? (Q2), we often make use of the property (2.10) of the
multiple Skorohod integral.

Remark 2.3. We close this section with a remark on general-order Malliavin derivatives. It is
possible to iterate the operator in (2.9) and define the k-th order Malliavin derivative operator
DF P — L2(Q; H®) for k > 1. Similarly, if D®? is the closure of P under the inner product

k
(X,Y), o =E[XY]+ ) E[(D'X, DY),
j=1

forall X, Y € P, then D¥2 is a subspace of L?(2) and D¥ can be extended to D¥2. Moreover, for X €
L2(9Q) in the form of Wiener chaos expansion (2.11), X € D*?2 if and only if >0 (n%'k)' | fnll?2 < o0,

and in this case DEX =3 (n%!k)!In_k(fn(-; x)) € H®F,

3. Stochastic Kimura Equation with Non-Degenerate Noise

In this section, we combine the methods from Hu et al. (2015); Balan and Song (2017); Balan
et al. (2019) and the results from Chen and Stroock (2010); Chen and Weih-Wadman (2020) to
study the existence and the uniqueness of the solution u(z,t) to the stochastic Kimura equation
(1.6) (§3.1). We will also examine the relation between wu(z,t) and ug(z,t), where we recall that
uo(z,t) is the deterministic solution defined in (1.3) (§3.2). In this work, we restrict our study to
the constant initial value problem, i.e., setting u;j,x = 1. However, our methods and results can be
extended to bounded initial data problems, i.e., uin, € B (Ry), in a straightforward way.
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3.1. Existence and Uniqueness of Solution. The main subject under investigation in this work is
the following SPDE equipped with constant initial data and the Dirichlet boundary condition.

O (z,t) = 20%u (2,t) +u(z,t) W (z,t)  for z,t >0,
u(z,0)=1 for z > 0, (3.1)
u(0,t) =0 for t > 0.
In this section, we prove that (3.1) admits a mild solution which is unique up to a modification.
First, we make precise the meaning of a “mild solution”. We adopt the definition from the case of

the one-dimensional PAM (see, e.g., Definition 2.2 in Balan and Chen (2018)) and adapt it to our
setting.

Definition 3.1. A square-integrable random field u = {u (z,t) | z > 0,¢ > 0} is a mild solution to
(3.1) if
(a) u is jointly measurable (or has one such modification) and

sup E [u2 (z,t)] < oo for every T > 0;
2>0,t€[0,T]

(b) For every z,t > 0, the process {L(gy (7) qo (z,w,t — 7)u(w,7) | w,7 > 0} is Skorohod inte-
grable and

u(z,t) =ug(z,t) + /0 /000 qo (z,w,t — 1) u(w,7) W (dw,dr) . (3.2)

It follows automatically from (a) and (b) that w (0,¢) = 0 for every ¢t > 0 and u (z,0) = 1 for every
z> 0.

Suppose u is a mild solution to (3.1), then for every z,¢ > 0, u (z,t) admits the following Wiener
chaos expansion

u(z,t) = ZITL (fn (-;Z,t)), (3.3)
n=0

for some f, (+;z,t) € H®". Consequently, we obtain

E[u?(z,8)] =Y E[Z2(fa(i2,0)] =D fa (52,02,
n=0

n=0

where we recall that || fn(:;2,8)[|2 = n!||fu(-; 2,t) |30, with fu(; 2,t) being the symmetrization of
fn(s;2,t) in the first n pairs of variables. So, we turn our attention to finding an expression for
fn (45 2,t) and computing its norm. Meanwhile, since u satisfies the integral equation (3.2), by
following a similar argument as in §2.1 to unfold (3.2) recursively in Skorohod integrals, we see that

if we set f{(z,t) = uo (2,t) and inductively define for n > 1,
fT/L (z17t17 U 7Zn7tn; Z7t) = ]l([),t) (tn) q0 <Z7 Z’f“t - tn) (3 4)
'f'rlLfl (Zl)tla"‘7Zn—1)tn—1;zn)tn)7 .

then, by condition (b) of Definition 3.1, formally we have

u(z,t) = ZIn (fn (32,1)) -
n=0

In other words, for every z,t > 0 and n > 0, f, (:;2,t) = f}, (+; 2,t), and hence we have obtained a
way to construct these functions. Following (3.4), we obtain explicit expressions:

n—1
1
Falzr szt 2,0) = —00(2, 20(n), T = to(n)) - T 0oty 206y totien) — tog)
’ i=1
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where o is the permutation of the indices {1,2,...,n} such that {(25(1),ts(1))s - - (2o(n), tom))} 18
the reordering of {(21,%1), ..., (2n,tn)} With 0 < ;) <ts2) < -+ <t <t. Thus,

1fn G52 0) |1

n—1
1
B nﬁ,/n 2 j/QHQO(Z7$aow=t-Toow)' T @0 (@otit1)s 2oy Patitn) = o)
" /[0t JRY i=1

n-1 (3.5)
) (IO(Z, yg(n)7t - Sg(n)) ) H q0 (yg(i+1)7 Ys(i)r Se(i4+1) — Sg(i))
=1
0 (T (1) Tor(1)) 10 (W) Se1)) - [ [ f (@i = wi) v (ri — ) dxdydrds,
=1

where ¢ and ¢ are the permutations of the indices {1,2,...,n}, such that 0 < To(1) < To(2) < - <
To(n) < t and 0 < Se(1) < Sg2) < < Sgn) < t.

Of course, we still need to prove rigorously that (3.3) with the derived expression in (3.4) for f,
is in fact the unique mild solution to (3.1). We build towards the proof by first studying the case
of the space-time white noise via a treatment similar to Hu et al. (2015); Balan and Song (2017).

3.1.1. Under Space-Time White Noise. We are interested in (3.1) when the centered Gaussian noise
W :={W (z,t) | z,t > 0} is the space-time white noise, i.e., the covariance is given by
E |:W (21, tl) W (22, t2)j| = (50 (21 — 2’2) (50 (tl — tQ)

for z1,29,t1,t2 > 0, where dy denotes the Dirac delta. In other words, (-,-), coincides with the
standard L? (Ri) inner product.

Let f, be defined by (3.4), we first aim to prove that for every n > 0 and z,¢t > 0, we have
fn (55 2,t) € H®™. Recall that, in the constant initial data case,

o0
fo(z,t) =ug(z,t) = / qo (z,w, t) dw,
0
and we have an explicit formula for this integral.

Lemma 3.2. For every z,t > 0,
o0 4
/ qo (z,w,t)dw=1—e"%. (3.6)
0

Proof: 1t follows directly from (1.2) that for every z,¢ > 0,

2
t

> ze > 2" oy
_ -2 n
/0 qo (z,w,t)dw = 2 g tQ”n!(n+1)!/0 e tw"dw

n=0

z > Zn+1 z

= e tzitn-f—l(n_i_l)':l_e t,
n=0

0

For n > 1, in order to show that f, (:;2,t) € H®", it suffices to verify the finiteness of
|l fn (52,¢) ||2. In this case the general expression (3.5) can be reduced to the following recursive
relation:

t 00
an<-;z7t)Hi=/0/0 a5 (z,w0,t = 7) || fao1 (5w,7) |17 -y dwdr. (3.7)
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By (3.6), for n = 1 we observe

t 00 t o]
1f1 (5 2,0) |13 = / / @ (z,w,t — 1) ud (w, 7) dwdr < / / ¢ (z,w, 7) dwdr,
0 JO 0 JO
where the last integral again can be computed directly.

Lemma 3.3. For z > 0, define U (z) := e Iy (z) — 3e~2%. Then, for every z,t >0,

// qozwrdwdT—U(f) ; (3.8)

Proof: Again, by (1.2) and (6.3), we have that
o0 [e8) -1
2etu) \V/
/ qg(z,w,T)dw:/ sz e 25 Il< zw> dw
0 0

T T

B ze % [ S 21/ zw
=T A w
Next, we apply (6.7) to obtain

7 [Tt (B aw = (0 (2) -0 (2)) -1

and hence we get

t poo t, —2
/ / qg (z,w,7)dwdr = / =¢ 5 [e% <Io (E) -0 (E)) — 1} dr. (3.9)
o Jo o T T T
Using the fact that I = I;, we have
te 7 z t d z
Z/O 7_2[1<7_>d’7'——/0€7'd7_[1 <*>}d7’—6 tIo —|—z/ —Io

and substituting this last expression into (3.9), (3.8) directly follows. Finally, ||[U ||Oo = % follows
from straightforward calculations. ]

We now have a bound on || f1 (:; z,t) ||? that is uniform in z,¢ > 0, which leads to a straightforward
induction argument. We claim that for every z,t > 0 and n > 1,

1 Ci2,8) 2 < 27700 (3) <27, (3.10)

The case n = 1 is confirmed by Lemma 3.3. Next, assuming (3.10) holds for n for some n > 1, then
by (3.7), for every z,t > 0,

t 00
Ifast (328 24y <277 / / @i (zw,t = ) dwdr =270 (T) <277
0o Jo
It directly follows that, for every n > 1 and z,t > 0, f, (;2,t) € H®", and hence
Un (2,t) =T, (fn (5 2,1)) € Hn. (3.11)
We are now equipped to present the main result of this subsection.

Theorem 3.4. Let W be the space-time white noise. Then, u = {u (z,t) | z > 0,t > 0} as in (3.3)
is well-defined as a convergent series in L? (Q). Moreover, u is the unique mild solution to (3.1),
and for every z,t > 0,

E [u? (z,1)] < (1 - e*%f +2U <§> <2. (3.12)
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Proof: The convergence of the series in (3.3) to u (z,t) in L? (£2) and (3.12) follow by the summability
of the bounds (3.10) over n > 0. To see that u has a jointly measurable modification, we first show
that (z,t) + u (z,t) is continuous in L? (). To this end, we have that, for every 21, 2o > 0, t1,t3 > 0
and n > 1,

E [Iun (21,t1) — un (Z2at2)|2}
_ / / }1(07151)(7_)(]0 (z1,w,t] —T) — ]1(07t2)(7')q0 (29, w,ty — 7')’21[3 [U%—l (w, 7')] dwdrT,
0 0

< 2_n+1 /0 /0 ’]1(0,7:1)(7)(10 (Zlv w,t] — 7—) - ]l(U,tQ)(T)qo (223 w,ty — 7—) ‘2 dwdr.

Therefore, to show the L?()-continuity of u in (z,t), it is sufficient to show that

/ / 0)(T)a0 (21, w,t1 — 7) — L (g.4,)(T)qo0 (22, w, t2 —T)|2dwd7 — 0

as |(21,t1) — (#2,t2)] = 0. We may assume t; < ty without loss of generality, in which case the
integral above becomes

t1 ') 9 to [e%] 5
/ / qo (21, w,t1 —7) — qo (22, w, t2 — 7)) deT‘i'/ / ¢y (22, w, ty — 7) dwdr.
o Jo t1 Jo

The first term above vanishes as |(z1,t1) — (22,t2)] — 0 by the dominated convergence theorem
and the continuity of qp, and the second term vanishes as t3 — ¢t; — 0 by the integrability of
fooo @3 (22, w,tg — 7)dw in 7 € (0,t2). Therefore, we have proven that (z,t) — u (2,t) is continuous
in L? (), and hence by Theorem 30 in Chapter IV of Dellacherie and Meyer (2008), we know that
u possesses a jointly measurable modification, which will again be denoted by u. We have verified
the condition (a) in Definition 3.1.

Now we turn to the condition (b). For every z,t > 0, let

u®t (w,T) = Lo (1) q0 (2, w,t — 7) u(w, 7) for w,7 > 0. (3.13)

The measurability of u guarantees the measurability of (w,7) — u®! (w, 7). Moreover, by (3.12),
for every w,7 > 0, E[(u*" (w, 7'))2] < oo and hence u*! (w,7) admits the Wiener chaos expansion

)= T (97" (5w,7)),
n=0

where
gTZL’t (‘;’U),T) = ]]-(O,t) (T) q0 (Z,U),t - T) fn (';U),T) = fn+1 ('7/w77-; Z)t) .
Clearly, ' € H®(+1 and hence

) = ZInH (95* anﬂ (fag1 (- Zun (2,1)
n=0

which converges in L? (). Therefore, u! is indeed Skorohod integrable and by Proposition 2.2,

/0 /OOOqO(Z,’LU,t—T)u(w,T)W(dw,dT) =6 (u*') =u(zt) —uo(z,1t).

Thus, u also satisfies the condition (b) and hence is a mild solution to (3.1).
Next, we prove that u is the unique mild solution to (3.1). Let v = {v(z,t) |z > 0,t > 0} be
another solution to (3.1) with the Wiener chaos expansion

t) = Zz—n (kn ('; 2, t))
n=0



Stochastic Kimura Equation 1025

for some symmetric non-negative functions ky, (+; z,t) € H®" for every z,t > 0 and n > 0. Clearly,
ko (z,t) = uo (2,t) = fo (2,t). For every w,r > 0, let v*! (w, T) be defined similarly to (3.13). Then,
by definition of a solution, the process v*! = {vz’t (w,7) |w, 7> O} is Skorohod integrable and
admits the Wiener chaos expansion

v (w, ) =Y T, (hE (5w, 7))
n=0

where hZ" (5w, ) =L (T) @ (2,w,t — 7) ky (5w, 7). By Proposition 2.2,

Y Toji (kg1 (i2,1) =v(2,t) —Efo(2,8)] =6 (v*) =) T (hz»t> ,
n=0 n=0

from which it follows that k1 (;2,t) = hZ" for every n > 0 by the uniqueness of the Wiener chaos
expansion with symmetric kernels.
We now express ky+1 (+; z,t) recursively. For n = 0, we obtain

kil (Zl,tl; Z,t) = hé’t (Zl,tl) = ]l(O,t) (tl) q0 (Z, Zl,t — tl) f(] (Zl,tl) = f1 (Zl,tl; Z,t) .

For n = 1, we have ko (21, t1, 22,t2; 2,t) = hf’t (21,11, 22, t2) which further equals

[hi’t (21, t1, 20, ta) + B (20, ta, 21, tl)]

[Li0.4) (t2) qo (2, 22, T — t2) k1 (21,11, 22, t2) + Loy (f1) qo (2, 21, T — t1) k1 (22, %2, 21, 1) ]

N RN RN N~

[Li0.4) (t2) qo (2, 22, T — t2) f1 (21,81, 22, 82) + Lo 4y (t1) qo (2, 21, t — 1) f1 (22,82, 21, 11)]

=5 [fa (21,11, 22, t2; 2, 1) + fa (22,12, 21, 115 2, 1)] -
That is, ko (; 2,t) = fo (:;2,t). Following an induction argument, we arrive at the conclusion that
kn (5 2,t) = fn (55 2,t) for every n > 0. Thus,

v (Z,t) = ZIVL (kn ('; Zat)) = ZIH (fn ('; th)> = ZITL (fn ('; Z,t)) =u (Za t) .
n=0 n=0 n=0
We have completed the proof of the uniqueness of the solution. O

3.1.2. Under Colored Noise. We continue to the case of colored noise. We refer to the centered
Gaussian process W = {W (z,t) | z,t > 0} as the (f, ) —colored noise if its covariance is formally
given by
E W (21,40 W (z2.12)| = f (21— 22) 7 (11— t2)

for z1,zo,t1,t2 > 0, where f,v : R — Ry are non-negative definite symmetric kernels. As in the
previous section, we seek to show that the process u defined in (3.3) is the unique mild solution to
(3.1). To this end, we will prove that the series in (3.3) converges in L? (Q) for every z,¢ > 0 by,
again, proving ||fn(-; 2,t)||?> forms a convergent series in n. However, in the colored noise case, the
general formula (3.5) of || f.(+; 2, t)||2 does not yield a simple recursive relation as (3.7) for the white
noise model. In addition, we also miss some of the technical advantages compared with the white
noise case. For example, after applying Lemma 3.2, for n = 1 we arrive at

IAGROIRS [ G =9) [ @)t = r a0 Gt —o) dadyaras
+

)
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which cannot be directly computed as in Lemma 3.3. Instead, we seek to extract v and f from the
integrals by imposing additional assumptions.
For ¢,t > 0, we introduce the following notations

Re:={(z,y) €RL ||z —y| < e}, (3.14)

o _8 F2)de = 2/:f(x) dz, (3.15)

I, = /t (1) dr = 2/0t’y(7) dr. (3.16)

—t
Assumptions on (f,v) that we adopt throughout our study are:

(i) For every € > 0, f is bounded on R\ [—¢,¢]|. Without loss of generality, we may assume that
f(xz) < f(e) for every x € R\ [—¢,¢].
(ii) For every e,t > 0, F. < 0o, I'y < 00 and F. — 0 as € — 0.

We proceed to make our strategy concrete.

Lemma 3.5. Let z,t > 0 and U be as in Lemma 5.5. Then, for every e > 0 we have

| =) f o gzt = ) (2t~ s) dedydrds
[0,t]2xR% (317)

<T, (FEU (;) +1f(e).
Proof: Let € > 0, and define

L= [ o T @0 )0t ) dadydrds,
0,t

L= / vy(r—s)f(z—y)q (z,z,t —7)qo(z,y,t — s) dedydrds.
[0,¢]2x RC

We will treat £1; and Ly 2 separately. By (6.2) applied twice (once for the spatial variables, once
for the temporal variables), we get

1
oo oo 5
L11 < / ~v(r—s)F: (/ qg (z,x,t —r)dx / q(% (z,y,t — s)dy) drds
[0,¢]2 0

0
t o) t [e’s) %
gFtF€<// qg(z,m,t—r)dmdr-// q%(z,y,t—s)dyds) .
0o Jo 0o Jo

Notice that these last integrals are precisely the quantities studied in the white noise case. Therefore,
Lemma 3.3 immediately implies that

L11 <TF.U (;) . (3.18)

On the other hand, by our assumptions on f, we have

L1 < (o) / Y (r— 5) / @0 (22t — 1) 0 (2, £ — 5) ddydrds
R

2
[0,4)2 2

=f (8)/[015]2 v (r—s) <1 — e_ﬁ> <1 — e_i) drds
<f (8)/[016]2 v (r—s)drds < f () T,

where the last inequality is due to (6.2) again. Combining the respective bounds on £ 1 and £ 2
above, we have proven the desired inequality. O
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As in the white noise case, we aim to derive a bound on || f,, (*; 2,t) ||2 for every z,¢ > 0. Moreover,

upon replacing the function U by its uniform norm %, the bound in (3.17) is increasing with respect

to the time variables. Hence, it is tempting to replicate (3.10) and obtain a geometric bound on
| fn(:; 2,)||2 by induction. However, this approach may not work in the general colored noise setting.
Even when the noise is white in time, i.e., v = dp, we observe that (3.5) becomes

t
futsz 0l = [ [ F@—paGat—raGn =)

. <fn—1 (a (L’,T) 7fn—1 (';y7r)>n—1 d(lfdydT,

and from here a straightforward induction argument leads to

Gzt < (F4ree) (3.19)

which is not guaranteed to form a convergent series for general f and z,¢{ > 0. We will further
illustrate this point with the example below.

Ezample 3.6. Suppose v = 0 and f (z) = |z|~'/2 for & > 0. Then, by (3.19),

g:ﬂ\lfn(';z,t) 12 < :_OO <2ﬁ+ })

whose right hand side converges if and only if 2,/ + ﬁ < 1. Yet when t is sufficiently large, no

choice of € exists for which this inequality holds.

In light of the example above, we are required to adopt a different approach to bound || f,,(+; z, t)||2
in the case with general (f,~)—colored noise. Let us examine more carefully the case n = 2. Note
that, for z,¢t > 0, by (3.5), || f2(*; 2,)||3 is bounded from above by

1
2 Joue Jro 90(2, To(2):t — T6(2))90(T(2)> Ta(1)s T(2) = To(1))
’ +

3.20
. /[0 12 /]RQ qo(Z, Ye(2), t— SC(Z))qO(yc(Q)a Ys(1)s Ss(2) — Sc(l)) ( )
’ T

[z —y1) f(@2 — y2)v(r1 — s1)7(r2 — s2)dxdydrds,

where we recall that o and ¢ are the permutations of {1,2} such that 0 < r5(1) < r42) < t and,
respectively, 0 < s;(1) < s¢2) < 1.

Given € > 0, we split the integral in (3.20) into four parts, according to the range of |z1 — y|
and |xg — yo| with respect to e.

Case 1: Set Ry := {(x,y) € Ri | [x1 —y1] <e,|ra —y2| < e} and denote by Lo the integral in
(3.20) with (x,y) over Ry instead of Rf’;_. By repeatedly applying (6.2) to y(r; — s;) and f(z; — y;),
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i = 1,2, we obtain that

1
2

1
Lo < QTfFf (/ / @ (2 T2t — To@))B (To(2)s To(1)s To(@) — TU(1))dXdr>
0,02 JR2

N

. (/[0 t]2 /]R2 qg(z7y§(2)7t — Sg(Z))q%(y§(2)7yg(1)7 Sg(g) — Sg(l))dyds>
’ +

0<ri<ro<t JR3
</0<51 <s9<t /]R

where the second inequality is simply due to the symmetry of both integrands with respect to the
diagonal of [0,#]2. The two integrals on the right hand side above are exactly the kind of integrals
we treated in the white noise case. Recall that if for n > 1 and z,¢ > 0,

1
2

qg(z, To,t — Tg)qg(l‘z, T1,79 — rl)dxdr>

1
3
qg(z,yg,t - 82)(18@2, Y1,82 — Sl)dyds> )

2
+

n—1

amlet)i= [ [ et ) [[ @i s - b @20
Anthft i=1

where Apt:={0<r; <ry<---<r, <t} then g,(z,t) < 2*”+1U(§) < 27" and hence

1 z
L21 < STPF2U <¥> .

Case 2: Set Ry := {(x,y) € RL | |z1 — y1| > &, |z2 — y2| < &} and denote by Lo the integral in
(3.20) with (x,y) over Ry instead of ]Ri. To treat Lo 2, we will first integrate with respect to x1, y1
and then apply the inequality (6.2) to y(r1 — s1), v(r2 — s2) and f(z2 — y2). We begin with the
following immediate estimate:

1
Loa < 2f(€)/ / (/ q0(2, To(2):t = T0(2))20(To(2), To(1)s To(2) — To(1))dw1>
[O:t]4 € R+

: </R+ 20(2, Ye(2), t = 5¢(2))20(Ye(2)> Ys(1)s Se(2) — 8<(1))dy1>
- f(zg — yo)dxadys - y(r1 — s1)7(r2 — s2)drds.
Depending on whether o(1) =1 or 0(2) = 1, the integral in x; produces either
/R qo(z,x2,t —12)q0 (22, 21,72 — T1)d71 < q0(2, T2, t — T2)
or '
/R qo(z,1,t —r1)qo(1, 2,71 — r2)dw1 = qo(2, T2, t — 7T2),
+

the latter of which is due to the semigroup property of the kernel gy. Thus, performing the integral in
x1 within L9 o will not only preserve the pattern of the integrand but also eliminate the dependence
on 71 from the product of ¢y’s, while the ordering of the remaining temporal variables will not be
disrupted. The integral in y; possesses similar properties. Therefore, we get a further estimate as

1
Loo < 2JC(E)/[ ” / qo0(2, w2, t — 1r2)qo(2, Y2, t — 52) f (w2 — y2)dwadys
0,4* JR.

y(r1 — s1)y(r2 — sg)drds.
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We then switch to the modified Young’ inequality (6.2) and apply it repeatedly to f(xa — y2),
v(r1 — s1) and y(ro — s2). Finally, we arrive at

1 9 z
< = d
L2 < 5 f(e)ETHU <t> .

Case 3: Set Ry := {(x,y) € RY | |zt1 — 1| <&, |2 — y2| > £} and denote by Lo 3 the integral in
(3.20) with (x,y) over R instead of R%. It is clear that the treatment of Lo 3 is exactly the same as
that of Lo 2, only with the subscripts “1” and “2” swapped everywhere. We get the same estimate:

1 9 z
< — —
Lo3 < 2f(€)F€FttU (t) .

Case 4: We now consider Ry := {(x,y) € RY | [z1 — y1]| > €, |2 — y2| > £} and let L34 be integral
n (3.20) with (x,y) over Ry instead of R%. In this scenario, f(z; —y;) < f(e) for both i = 1,2, so
we can directly integrate in (x;,y;) and apply (6.2) to v(r; — s;), i = 1,2. That is,

L4 < *f / / v(r1 — s1)7y(re — s9)drds < f2( )F2t2
[0,¢]2 /o, t]2
Finally, we combine all the cases above and conclude that

1522 13 < 513 (F20 (2) + 24 @Rt (2) + P

We now have a bound on || f2 (+; z,¢) ||3 that is uniform in 2 but increasing in ¢ and dependent on
F. and f(e) throughout. In order to tackle || f, (+; z,t) |2 for larger values of n, the key observation
is that the approach above can be expanded to produce bounds that maintain the same general
pattern.

Lemma 3.7. Let z,t > 0 and n > 1. Then, for every € > 0, we have

1f (5 2,8) |12 < W+2U (%) ( > i; <2 i >e. (3.22)

=0

Proof: Following a similar argument as above for the case of n = 2, we consider the integral (3.5)
concerned for || f, (+;z,t) ||2 over a partition of (x,y) € R3" according to the range of |z; — y;| with
respect to € for each ¢ = 1,...,n. Assume that there are ¢ pairs of (z;,y;) such that |z; — y;| > ¢
and the rest pairs satisfy the opposite inequality. There are (2) number of such configurations, and
due to the symmetry in spatial coordinates, we only need to consider the case when |z; —y;| > ¢ for
i=1,...,0 and |z; —y;| <efor j =¢+1,...,n. Let us denote by L the integral in (3.5) where
(x,y) is restricted to such a region.

Let us first look at the special case when ¢ = n, i.e., |x; —y;| > ¢ for alli =1,...,n. In this case
we can directly integrate with respect to all the spatial variables, which leads to

1 n nyn

Now we turn to the case when ¢ < n — 1. Following the same procedure as above, we will first
integrate with respect to (z;,v;), ¢ = 1,...,¢, within £. This step will produce an integral whose
integrand is still in the form of two products of ¢g functions in (x,r) and (y,s), respectively, both
of which contain the factor go(z,-,t — *) and depend on (z;,7;), (y;,s;) for j =¢+1,...,n through
the permutation that orders the temporal variables in the ascending order. Concretely, we have the
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following intermediate estimate:

L2 [T [ fos T 0wt

={+1

T 0010 o5 = Ty 51) — 55l e,

j=+1
where ¢’ and <" are the permutations of {£ +1,...,n} such that 0 < 7g/(p41) < Tor(e42) < -+ <
Tor(ny < tand 0 < sg(pp1) < Sgqpqo) < -0 < Sgm) < t, and xt = (2441,...,2,) and y*

(Yes1,---,yn). We also identify o’ (n+1) = ¢'(n+1) = n+1 and (xn41,7n+1) = (Ynt1, Snt1) = (2,1).
Note that the product of gy’s above does not depend on (r;,s;) for i = 1,...,¢. Thus, we can

apply (6.2) to Hle v(ri — s;) and update the estimate above to:

FE) e e/ /
< _
E - n' Ftt [07t]2(n71€) 2(n—20) H f SJ)

Jj=0+1

H G0(Tor(j41)s Tt (31 Tor (j41) = T ()0 (Yer (41 Yot (7 S/ (1) — Ser(7))dxdy“dr’ds’,
j=0+1

where v = (r441,...,7,) and s’ = (sg41,...,5,). This integral over [0, ¢]2(*~9) x R2" Y is the exact
analog of the integral £o1 we encountered in the case of n = 2, only in n — ¢ groups of variables.
Therefore, similarly as in the treatment of Lo 1, by applying (() 2), this time, to H;L:“_l flxj —
yj)y(rj — sj), we arrive at

4
n! ¢

.0
[0,¢]7— Z/Rn ¢ H qo o' (j+1)> To'(5)> "o’ (j+1) — ’(j))dx dr

j=t+1

2

/ /n 0 H qO Yo' (5+1) Ys' (5)> ¢ (5+1) — 565 ))dyzds
0,t]™ R j=t+1

VI

fée _
< (1 )’FftéFgL ftn—0)! H 66 (1, 2, 741 — rj)dxdr’
n! {0<repi<e<ra<t} JRYC 200

1
2

l
/n P H qo (Y41, Y5 Sj+1 — 85)dy ds*
Ry j=e+1

/{O<se+1<...<sn<t}

(n =0 o it gt (n—t—1) 77 (?
< Tf ()Tt k"2 U (2) )

where the second inequality is due to the invariance of both integrands under permutations of the
variables, and the last inequality follows from the estimate on integrals of the form (3.21) with a
“length” n — £.

Finally, (3.22) follows from multiplying £ by (;) and summing over £ =0,...,n. O

We are now ready to present the results on the solution to (3.1) under the colored noise.

Theorem 3.8. Let W be the (f,~) —colored noise with (f,~) satisfying Assumptions (i) and (i3).
Then, u = {u(z,t) | 2> 0,t > 0} as in (3.3) is well-defined as a convergent series in L* (2). More-
over, u is the unique mild solution to (3.1), and for every z,t > 0 and € > 0 sufficiently small such
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that T, F. < 2,

T z 2f(€)t I\ F,
E |:'U/2 (Z,t)] S u(Q) (Z,t) + (6 tf(E)t _ 1) =+ 2U (;) exp < FE 9 _ F:FE . (323)
Proof: We only need to verify the convergence of the series in (3.3) to u (z,t) in L? (©2). The rest of
the statement can be proved similarly as in Theorem 3.4 in the white noise case. Given z,t,& > 0,

(3.22) implies that

I Gon < CLE 4o (2) (TE) e (211,

The first term above clearly forms a convergent series for every z,t,e > 0. Further, according
to Assumption (ii) on f, given z,¢t > 0, we can always choose € > 0 sufficiently small such that
Iy F. < 2, which will guarantee the summability of the second term above. With such choices of
z,t, e, the desired estimate (3.23) follows from computing the series involving the right hand side
above over n > 0, while identifying || fo(+; 2,t)||2 as u3(z,t). O

We close this section with a remark on the Malliavin differentiability of u(z,t), although the rest of
the work does not concern the Malliavin derivatives.

Remark 3.9. Let u = {u(z,t) | z > 0, > 0} be the solution to (3.1) constructed above, either under
the space-time white noise or under the (f,~)—colored noise with (f,~) satisfying Assumptions
(i) and (ii). Recall that D¥2 &k > 1, is the subspace of L?(2) on which the k—th order Malliavin
derivative operator is defined. We observe that, according to either (3.10) or (3.22), for every z,¢ > 0
and every k > 1,

= n!

2
> (20l <
which is sufficient for us to conclude that u(z,t) € D¥2. In other words, thanks to the geometric
bounds (3.10) and (3.22), u(z,t), as an L?—convergent series at every (z,t), is in fact Malliavin
differentiable to all orders.

3.2. Comparison between u (z,t) and ug (z,t). With existence and uniqueness of the solution estab-
lished, we turn to the behavior of the solution near the boundary of the domain. In the deterministic
setting, as illustrated in Chen and Weih-Wadman (2020), to examine the near-boundary properties
of the solution to the Kimura equation perturbed by a potential, it is insightful to compare it with
the solution to the original (unperturbed) equation. In the stochastic setting, since the solution u
is a random field, instead of a point-wise comparison, we examine the ratio between u (z,t) and the
deterministic solution ug (2,t) under the L?—norm.

Recall that for every z,¢t > 0 and n > 1, u, (2,t) = Z,, (fn (-; 2, t)) with f,, as defined in (3.4). We

will study
2 oo 2
t t
E| (=D SE |22 GUANE (3.24)
ug (z,1) o ug (2, 1)
Intuitively speaking, similarly as in the deterministic case, as long as z is away from 0, one expects
that u (z,t) is “comparable” to ug (z, t) at least for sufficiently small ¢ since the perturbation produced

by the stochastic potential only becomes more effective as time grows. We will turn this intuition
into a rigorous statement in the next theorem.

Theorem 3.10. Consider the stochastic Kimura equation (3.1) with W being either the space-
time white noise or the (f,~)—colored noise with (f,v) satisfying Assumptions (i) and (ii). Let
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u={u(zt)|z>0,t>0} be the unique mild solution to (3.1). Then, for every z > 0,

(g(:,?) - 1)2] ~0 (3.25)

and the convergence is uniform in z bounded away from 0.

Proof: For z > 0 fixed, as t \, 0, # / oo. Thus, by (3.10),
u(z,t) )2 > <un (z,t)>2 1 > 9
E -1 = E||l ———= <— E |u; (2,t)| .
Kmm> 2B n) | S g LB E0)
In the case when W is the space-time white noise, by (3.10), the right hand above is bounded by

a constant multiple of U (£). When W is the colored noise with (f,~) satisfying Assumptions (i)
and (ii), by (3.23), for some € > 0, the above is bounded by a constant multiple of

(1) a0 (oo (521)

Recall that U(z) = e ®Ip(z) — 1e7%, and it is easy to check that e Iy(z) \, 0 as z oo, from
where it follows that limy\gsup,..U (2) = 0 for all ¢ > 0. Therefore, in either the white noise or
the colored noise case, (3.25) and the uniform convergence statement hold. O

limE
N0

We want to point out that the convergence established in Theorem 3.10 is weaker than results ex-
pected in general in the case with deterministic potential. In fact, in the deterministic setting, when
the potential is (locally) bounded, we would expect the quantity concerned in (3.25) to converge
to 0, as t \, 0, uniformly in spatial variables all the way to the boundary, just like the result (2.5)
reviewed in §2.1. In other words, in the deterministic setting, u (z,t) is uniformly “close” to ug (z,t)
in a neighborhood of the boundary for small time. However, in the stochastic setting, u (z,t) and
ug (z,t) do not enjoy such a property in general, and we will demonstrate in the example below that
u (z,t) can be intrinsically different from wug (2,t) as z \, 0, no matter how small ¢ is.

Ezample 3.11. Let u = {u(z,t) | z > 0,t > 0} be the unique mild solution to (3.1) with W being
the space-time white noise. By the fact that I; (z) > z/2 for every > 0, we have

t o) w2
E [uf (2,1)] —// % (z,w,t =) (1—6*?> dwdr
0o Jo
2 t 67% o0 _ 2w w\ 2
>z / 4/ e - (1—6_7) dwdr
0 (t—’r) 0
2 i -2
:Z/et&
2t Jo t—7)(t+T)
2 t 72,'27 2 oo -y
> [ e =5 [T
4t2 0 t—T1 4t2 2Z/t Yy
Therefore, for any ¢ > 0 fixed, we have
up (z,t) 2
Uo (Zat)

which implies that the ratio in (3.24) also becomes unbounded as z N\, 0, no matter how small ¢ is.

22 o0 ey

Fal dy
lim E > lim A2 2zt y 7 sz/t Y 5 =
Z\O Z\O (1 — e*Z/t)

i

The computation above suggests that the perturbation due to the stochastic noise is most signifi-
cant near the boundary, and this is not surprising. Heuristically speaking, due to the degeneracy at
the boundary, the “effect” of diffusion is weak in the neighborhood of 0; as a consequence, for small
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values of z, as soon as t > 0, the stochastic noise, as a potential perturbation, drives the stochastic
(perturbed) solution u(z,t) to deviate from the deterministic (non-perturbed) solution ug(z,t) in a
substantial way. Therefore, for the stochastic Kimura equation in the current form (3.1), we do not

u(zt)

w(eh) Can be controlled uniformly in z all the way to the boundary 0. In order to re-produce

a ratio bound, for the stochastic Kimura equation, analogous to (2.5) in the deterministic setting,
we need to “tame” the noise near the boundary in a proper way.

expect

4. Stochastic Kimura Equation with Degenerate Noise

As mentioned above, the stochastic noise in (3.1) is too strong near the boundary for wu(z,t)
and ug(z,t) to be comparable for z in a neighborhood of 0, even when ¢ is small. To remedy this
issue, we introduce a degenerate coefficient of order 8 > 0 to W at the boundary and consider the
following SPDE, again, equipped with constant initial data and the Dirichlet boundary condition:

O (z,t) = 20%u (2, t) + 2Pu (2, t) W (2,1) for z,t > 0,

u(z,0) =1 for z > 0, (4.1)
u(0,t) =0 for t > 0,
where Z := z A 1. It can be shown similarly as in §3.1 that (4.1) admits a unique mild solution

u=A{u(z,t)| 2> 0,t >0}, and for every (z,t), u(z,t) also possesses the series representation

o0

u(z,t) = Zun (z,t)

n=0

where the convergence is in L? (Q2). Similarly as in the previous chapter, for every n > 1, the
L?—norm of u, (z,t) can be explicitly computed by

E [ui (z, t)]
= /[Ot]% /Rzn q0(2, T4 H C]0 o(i+1)s To(i)s To(i41) —Ta(z‘))

n-1 (4.2)
90(2, Y(n)»t = Sc(n)) - H 90 (Ye(it1) Ye(i)s Sc(i+1) — S¢(i))
=1
U0 (To(1), To(1)) U0 (Ye (1), Sc(1)) H f (i — yi) %9y (r; — ;) dxdydrds,
=1

where ¢ and ¢ are the permutations of {1,2,...,n} such that 0 < r,q) < 7,2 < - < Ty <t
and 0 < S¢(1) < Sg2) < < Sg(n) < t.

In this section, under the setting of (4.1), we will derive an accurate L?—estimate on u (z,t) for
z near the boundary 0 and for ¢ small through the comparison with ug(z,¢) (§4.1). We further
establish higher moment bounds for u (z,¢) (§4.2) and the continuity of u (z,¢) in z all the way to
the boundary (§4.3).

4.1. Comparison between u (z,t) and ug (2,t), revisited. Let us re-examine the ratio between u(z,t)
and ug(z,t) in the degenerate noise setting. We will prove that so long as 5 > 0, u (z,t) and g (2, t)
are “comparable” in a proper sense. As before, we begin our analysis in the case of the space-time
white noise and then extend it to the case of colored noise.
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4.1.1. Under Space-Time White Noise. Our strategy for the white noise case is similar to that in
the proof of the convergence of (3.3) in L? (£2). Namely, we use (3.7) to recursively compute a bound
with certain repetitive pattern. We first make use of the following technical lemma for n = 1.

Lemma 4.1. Given z,3 >0, t € (0,1), and o € (0, 8 A &, we define
00 2

K (z,t;28 — ) (1) :—/ i gl (z7w’t_7)u02(7w,r)

0

d 0<T<t. 4.3
2 (2.1) w for T (4.3)

Then, there exists Co g > 0, such that for every 0 < 7 <t,

K (2,628 — a) (1) < Cop (t — 7)1 T (2,1), (4.4)
where I (z,t) =1 if0< z <t and I (2,t) := 27> if 0 <t < z.
Proof: Let z,3,t,a be as above and fixed. Throughout, the value of the constant C may change

from line to line, but it remains solely dependent on «, 3.
When 0 < t < z, we observe that ug (z,t) > 1 —e~! and hence for every 7 € (0, 1),

1 [o@)
K (2,28 —a)(r) < (1_6_1)2/0 w2 aqg (z,w,t —T) u(2) (w, ) dw

< C’/ @ (z,wt—7)dw < Cz7(t—7)* .
0

The last inequality above is exactly (4.17), which is derived from an estimate on the concerned
generalized hypergeometric function. We will delay the proof of this inequality until Lemma 4.7.
Now we focus on the case when 0 < 2z < ¢ and hence ug(z,t) > 5. We further split

K (z,t;28 — «) (1) into two terms:

et u2 (w, 7)
K, ::/ TP R (z,w,t — T) L dw
0 u% (th)

and

o) 2
Ky = 0282 (2, w,t — 7u0(w’7—)dw
2 /(t—7)2 % ( 7) ug (z,1)

We will treat K7 and K5 in further separate cases.

Case T < t/2. In this case, we apply (2.3) to bound K; as

N 2( - va)?
(t— T)4 0 e e dw
K; < 3
z
4t2
t C (t—T)Q 2(\/27\/@)2
<by t—1> 2) < (25—77')2 ; W™= dw

C

/f ~4B3— 204
t—T% Vr(t—7)

(ﬁ u)
du) .

By (6.1), if 2 <t — 7, then

tfﬁ(ﬁ/f

<Cct-r)Fet<o-n),

K, <

2
4/3—2a+1e—2(‘i;“) du>



1035

Stochastic Kimura Equation

and if z > t — 7, then we proceed as

1

C 1 V ag (vE-u)®
K, < P26 - du
1_\/t—7t—7'<«/71'(t—7')/0
2

1 1 C 1 7 _2(vFw)
b < < ~4B8—2a o d
<yt—T_Ux/5>_\/2\/t—r<\/wt /0 v ’
< C 32—« -7 3 Ciw @ t—7r\¢
- t—-T7 z - t—-T7 z
<oz _nt<ot-r

)a—l

I

where in both inequalities we make use of the assumptions that 0 <a < A5 and 0 < z,t—7 <1

For K3, we apply (2.4) to get

00 Vi-vw)?
v / AQB_aw_geid =7 ) dw
t—71 Ja=1?
Ko £ 5
412
2(VE- V)
(byt—7>> <Cz 2(t—7)ﬁt 2 WPy~ 3e =T w
w 2
=CeE (t— 1) . 1202~ O g,
w(t—T) tz
(by T — ) < < 1 /°° ﬁ4ﬁ_2°‘672({z:fu)2 du | .
T (-n?) T VevieT \Vat—7) Jes

If z >t — 7, then similarly as above, again by (6.1), we have that Ky < C (t — 7‘)0‘_1; ifz<t—r,

we further derive
[y 2
A45 2a (\{E_T ) du)

C

PP [
VE(t—T)? (w (t=7)
C 4,8—2a+16*2 —

(va—u)’®
by t — 7 <wuvz du
(byt-r<uvz) < t73<¢ﬁt; )

<C—-nPot<o—r)t.

Case T > t/2. The steps to estimate K; and K are exactly the same as in the previous case, but
here we will make use of the fact that ug (w,7) < % for every w,7 > 0 throughout. We will omit

the detailed arguments but only write down the result of each step. We start with K3

2 (t—Z‘r)2 2(\/2—\/5)2 2
T i )4 wQﬁ*ae_?%dw
K < 5
z
4¢2
t—T1
C 1 7z _2(vE—uw)?
< - / P20 - du|.
(t—7)2 \vm(t=7)Jo
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Ifzgt—T,thenKl§C(t—7)0‘_1'ifz>t—7 then

K d
1_\/75—7'<\/7T t—1) !

_3 2
< ¢z > ! / = ﬁ45_2“u2672({2;u) du
V=T \/r(t—T1) Jo
< C -0} <C(t—7)*1.

t—1T7

Next, for Ko, we have
00 L — 2
\/2 ~ 28— aw2 w2, 2(677\_/7) dw
t—171 Ji-n? T2
Ky < z 5

z
4¢2

_3 0o )2
< Oz > < L / ’1145_20%2672({—7) du) .
Vi—1 \\/r(t—71) ez

Ifz>t—7‘,thenK2§C’(t—7‘)a_1;ifz§t—7',then

_3 3 z—u)?

/\

(t—r7)2

V=) Jes

C 2(\/2—11,)2

S <m o

Combining all these case, we have shown that K (2,28 —a) (1) = K1 + Ko < C(t—7)*'. O

yAB—2a45 —

du) <C(t—7)*"t.

Regarding the estimates derived above, we make the following observations which will be useful
later.

Remark 4.2. For every z,t,8>0and 0 < a < B A 3, if we define

K (z,t; 8 — %) (1) := /0 P2 g (z,w,t — ) de for 0 < 7 < t, (4.5)

then following the proof of Lemma 3.5 step-by-step with minor changes, we obtain
~ o ~
K <z,t;ﬁ - 5) (1) < Cyp for every 0 < 7 < t, (4.6)
where, again, the constant C’a,g only depends on § and «. This estimate on K (z, t; 8 — %) (1) will
be useful in the next section in treating the ratio u (z,t) /ug (z,t) under the colored noise.
Since W < w5~ for every w > 0, By integrating the right hand side of (4.4) in 7 in (0,¢) and
modifying the constant C, g if necessary, we immediately obtain the following corollary.

Corollary 4.3. Let 8 and « be the same as in Lemma /.1 and fized. Let uy be as in (3.11). Then,
there exists constant Co g > 0 such that for every z,t > 0,

LV frm e ccsemen o

By iterating the estimate (4.7), we can prove the main result for this section which states that the
solution to the stochastic Kimura equation (4.1) remains comparable to the deterministic solution
under L?—norm uniformly in all z > 0 and all ¢ sufficiently small.



Stochastic Kimura Equation 1037

Theorem 4.4. Let 3 > 0. Assume that W is the space-time white noise and
u={u(z,t)|z>0,t>0}
is the unique mild solution to (4.1). Then, there exists T = Tg € (0,1) such that

w(z,t) \?
sup E < - ) < 00. (4.8)
2>0,t€[0,T] ug (z,1)
Proof: First, we observe that by (3.12),
£)\? 2
sup E <u(z, )) —. (4.9)
0<t<z ug (2,1) (1—e1

Therefore, we only need to focus on the case when 0 < z < ¢. In light of (3.24), we proceed to show
that for z, 8> 0,t € (0,1) and a € (0,5 A ], for every n > 1,

g | (20 ?
Uo (Z, t)
The base case n = 1 is given by Corollary 4.3. Next, assume that (4.10) holds for n — 1 for some
n > 2. By (4.10), we have

un (2,1) 2 f I ¢ (z,w,t —7)E [u2_; (w,7)] dwdr
E[(“N%ﬂ) ] ud (z,t)
fo (o +17) * gt (z,w,t —7)E [u?_y (w,7)] dwdr
ud (z,t)

t T 2
_ _ . uj (w, 7)
< C’Z”Bl/o T 1)0‘/0 wwqg (z,w,t —T) 1?(2) ) dwdr

t [e%s) 2
-1 -1 W22 ug (w, 7)
+ CZ,B /0 7 )O‘/T Y5 (z,w,t —7T) 71% ) dwdr

t
<tV [ K (28 - 0) (1) dr < CL" M z1t).

< O "L (2,t) . (4.10)

Hence, (4.10) holds for n > 1. Therefore, whenever C, st* < 1 and 0 < z < t, by substituting

(4.10) into (3.24),
2
u(z,t na 1
E [(uO ) ] § N (4.11)

Set a = B A 3 and choose T > 0 such that C%gTO‘ < 1. Combining (4.9) and (4.11) it follows
that for every t € [0,7] and 0 < z < ¢,

2
g | (z,1) < 1 < 1 ,
UQ (Z, t) 1-— Caﬂta 1-— Ca”gTa

which leads to (4.8). O

4.1.2. Under Colored Noise. As before, we seek to bootstrap the results from the case of space-time
white noise. Fortunately, the same techniques we developed in §3.1.2 are still applicable to us in
this part. Once again, we build to the main result by first treating the base case n = 1.
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Lemma 4.5. Let B,e >0 and 0 < a < A % and assume that (f,7) satisfies Assumptions (i) and
(ii). Given z >0, t € (0,1), we have that

#[(e) ] o e

2
A
4.12
o (2,2, — 1) qo (2, .t — 5) = (a;,;z o (g, S)dxdydrds (4.12)

< Ty (Fe+ f(€)) Capt®T(2,1),

where F. and Ty are as defined in (5.15) and (3.16), for every z,t > 0, I (z,t) :== I1 (2,t) V 1, and
the constant Cy g may be greater than in Corollary /.5.

Proof: The first inequality is due to the trivial fact that #°§° < 2°~24°~2. Although here we will
not follow the same recursive steps as in the space-time white noise case, we do need to use the
estimates established in the previous case, and hence we still need to invoke the parameter « in the
estimates. To prove the second inequality above, let R. be as defined in (3.14), and denote by V;
the integral (41.12) with (z,y) over R. instead of R% and by V5 the same integral with (z,y) over

RE instead of ]R%_. We will again treat the two integrals separately. First, taking K to be as in (4.3)
and applying (6.2) and Lemma 4.1, we see

Vi <TF; /Ot K (2,t;28 — o) (1)d1 < T F.C, gt*1I(2, ). (4.13)

For the second term, recall that for K as defined in (4.5), by (6.2) and (4.6), we have
Vo <Tuf(e) [ B2 (2006 §) (r)ar < Tuf(e)Cast (1.14)
Combining (4.13) and (4.14) leads to (4.12). O

Un, (2,t)
ug(z,t)
motivated the need for a different L2—bound in case one could not guarantee the existence of ¢
such that the concerned series in §3.1.2 is convergent for all time t. However, the mere issue of
convergence will not occur here by virtue of only studying the solution u for small values of t.
Given € > 0 from a proper range, whenever needed, we may assume that ¢ is sufficiently small to
ensure the convergence of a certain series.

2
Before we move on to treat E [( ) ] for general n > 1, we first recall Example 3.6, which

Theorem 4.6. Let 8,e > 0. Assume that W is the (f,7y) —colored noise with (f,~) satisfying
Assumptions (i) and (1) and v = {u (z,t) | z > 0,t > 0} is the unique mild solution to (/.1). Then

there exists T =Tg . € (0,1) such that
2
t
<“(2’ )> ] < o0. (4.15)
Uuo (Za t)

Proof: Choose and fix > 0,0 < a < B/\% and € > 0 sufficiently small such that F.I'; < 2. Again,
by (3.23), whenever 0 < t < z,

E [%i’ft)))z] <(1-ety’ {1 (O 1) 2w (T) exp <2ff(ﬂf)t> 5 EtiF}

which is bounded in all ¢ € (0,1) and z > t. Therefore, we only need to treat the case when
O<z<t<l

sup E
z>0,t€(0,T
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We will follow a similar procedure as in the proof of Lemma 3.7 to establish a bound on

2
E [(""(z’t)) ] in the colored noise setting. Again, we approach the integral formula of E [u%(z, t)]

ug (z,t)
in (4.2) by considering the specific region where |z; — y;| > ¢ fori =1,...,¢ and |z; — y;| < € for
j=4¢+1,...,nfor some ¢ =0,1,...,n, and denote by L the integral in (4.2) with (x,y) restricted

in this region. First, we treat the case { = n. By replacing ﬁc? QZB with its upper bound 1 and

integrating with respect to (x;,y;) for all i = 1,...,n, through the semigroup property of the kernel
go in conjunction with (6.2), (4.5) and (4.6), we obtain that

L 1 - a . 1 )
5 < f" i p— — < __fn nyn
WB(nt) = n!f (e)} /[O,t]"K (Z,taﬂ 2)(m1n(r1,...,rn))dr < n!f ()T Co 5,

where we write r,(1y = min(ry,...,r,). Next, for the remaining scenarios of £, we argue in the same
way as in Lemma 3.7 and invoke the estimate in (4.10) to see that

£ 1 n ¢l n—~eL n—,(n—f)a
200 < TR EF (n = 010 I1(z,t).

Note that II(z,¢) = 1 when 0 < z < ¢, and without loss generality, we may assume CN’a,ﬁ > 1.
Summarizing all of the above, we arrive at

E [(Zzgzg)zl Cop (CaﬁFtFata)”Zn:El! <m>e

=0

IN

(4.16)

- = f(e)
< T, FLtY)" LAY
< Co g (CopltFet?) eXp< CooF

With € > 0 fixed and a = S A %, we can always choose T > 0 such that C, gI'r F.T“ < 1. Then,
whenever t € [0,7] and 0 < z < t,

w(z,t) \? ~ o f(e) — Copexp (%ﬁ)
E ’ < a - 7 ' F F ta n < ’ o, £ ’
[(UO (Z,t)) =¢ AP < Ca,BFE > nz:;) (C AR tTe ) - 1- CaﬂFTFETO‘
from which (4.15) follows. O

4.2. Higher Moments of Solution. So far, our discussions on the solution to the Kimura equations,
either (3.1) or (4.1), under either the space-time white noise or the colored noise, have been focusing
on L?—theory, and all the bounds and estimates we have derived are based on the L?—norm of the
solution. Naturally, one would inquire about properties of the solution involving LP—norms with
p > 2, but unlike for the space L?(Q2), there is no isometry or expansion property in LP () that
allows us to directly treat higher moments of the solution. Nevertheless, for a solution u to either
(3.1) or (4.1) with the Wiener chaos expansion given by (3.3), (2.8) allows us to return to the
treatment of the L2-norm at the cost of an additional geometric term depending on p.

Unfortunately, for every z,¢t > 0, n > 1, while the methods developed in §3.1 give u, (z,t) €
LP (Q) for every all p > 2, they do not produce sufficiently sharp bounds to guarantee the conver-
gence of the series in (3.3) to u(z,t) in LP () for p > 2. For example, in the case when u is the
mild solution to (3.1) and W is the non-degenerate space-time white noise, directly applying the
bound (3.10) with (2.8) and (3.3) gives

goEHun(z,t)m; S§<p;1>37

the right-hand side of which fails to converge for p > 3.
As it turns out, the technical difficulty described above can be overcome in the scheme of (4.1). In
other words, at the presence of a degenerate diffusion operator, modifying the stochastic noise term
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so that it degenerates at the same location as the diffusion operator will help “tame” the behaviors
of the stochastic solution. We will prove in this subsection that the solution to (4.1) has finite
LP—norms for all p > 2. In fact, in the following subsection, we will also prove the continuity of
the solution all the way to the boundary with the help of the degenerate stochastic noise in (4.1).
Throughout this subsection, we choose and fix 5 > 0 and « € (0,28 A %) Note that in this and the
following subsection, the required range for « is relaxed compared with in the previous subsection.

4.2.1. Under Space-Time White Noise. Let u = {u(z,t) | 2> 0,¢ > 0} be the unique mild solution

to (4.1) with W being the space-time white noise, and u,, be as in (3.11) for n > 1. We begin by
re-examining our bound for E [u% (z, t)} That is, recall that by Lemma 3.3, we have

1

E[uf (2,t)] <U (%) < 3

While previously we have mostly adopted the uniform bound of U for convenience, notice that in

fact U (x) — 0 as x — oo. Thus, it is possible to obtain a tighter estimate of U for large argument
values. We make this notion precise in the next lemma.

Lemma 4.7. There exists a constant C > 0 such that for every z,t >0 and 0 < 7 < t,

/ @ (z,w,t —7)dw < Cz™(t—7)* . (4.17)
0
Let U be the function defined in Lemma 3.5. Then for every z,t > 0,
t 00
U (E) = / / @ (z,w,t — 1) dwdr < gz_ata. (4.18)
t 0 0 [0

Proof: As in the proof of Lemma 3.3, we have

o¢] oo 2

/ @ (z,w,t — 1) dw = 27226_’52—1 / ufle*%flz (u) du.
0 (t—1) 0

In fact, the integral in the right-hand side above is a representation of the confluent hypergeometric

function o Fy with parameters a; = 3/2,a2 = 1 and by = 2,by = 3 (see §6). The tail of said function

is well-studied; by (6.8) and (6.5), there exists a constant C' > 0 depending only on ay, ag, by, b2 and

a, such that

° 2z _.2 z 3/2,1 2z
2 3

t—7)dw = i P i

/0 g5 (2, w, 7) dw (t_T)Qe 4(t—7-)2 2 2.3 t—T]

Z2 z e —« a—1
<C 3 =Cz%(t—1)""",

(t—7)° \t—7
which confirms (4.17). (4.18) follows from integrating (4.17) in 7 € (0,1t). O

With a little more effort, we can refine the estimate for E [u% (z, t)] for every z,t >0 and n > 1
by using Lemma 4.7 together with the recursive expression (4.2), which will enable us to show the
convergence of the series u, (z,t) in LP () for all p > 2.

Theorem 4.8. Let C > 0 be the same as in Lemma /.7. Then, for everyn >1,p > 2, and z,t > 0,
we have

[(p — 1) CtoT ()] 2
22T (na+1)

Moreover, for every z,t > 0 and p > 2, we have u (z,t) € LP (Q) and the series in (3.3) converges
to u(z,t) in LP (£2).

(E [Jun (2, D)) < (4.19)
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Proof: We first revisit the case p = 2. For n > 1, we will show that for z,¢ > 0,

e (I ()"
E [u? (z,t)] < agne, 4.20
[un(z, )] - F(na—i—l)z ( )
We proceed by induction on n. The base n = 1 follows from Lemma 4.7 upon writing é as F(Fl(j_‘lé).

Now assume that (4.20) holds for n — 1 with n > 2. By (4.2) together with (4.17),
[uZ (2,t)] / / WP (z,w,t —7)E [uZ_y (w,7)] dwdr

cn 1 F a n—1 t e 0o 3
SF((H—l()oz)%—l)/T(n 1)/0 wwqg(z,w,t—ﬂw dwdTt

n (T n—1 t
< ¢ ( (Oé)) Za/ 7_(nfl)a (t _ 7_)0471 dr
F'(n—1)a+1) 0
Cr(C (@) ol (@D ((n=1)a+1)
“I'(n—1)a+1) I'(na+1)
(@) e
I'(na+1) '
Therefore, for every n > 1, (4.20) holds and hence (4.19) follows.
Finally, for every z,t > 0 and p > 2,
3 CteT (o))

Euz,p%_ Eunz,p%_ (2 )
<[<t>|1><;<[<t>u>< t+Z m

It follows from a simple convergence test that the series on the right hand side above converges for
every z,t > 0 and p > 2. We have completed the proof of the theorem. O

4.2.2. Under Colored Noise. With §4.2.1 and §3.1.2, we almost have all the necessary tools to prove
a version of Theorem 4.8 corresponding to the colored noise case.

Let us temporarily return to (3.1) the original stochastic Kimura equation without degeneracy
in the noise. Assume that u = {u(z,t) | z > 0,¢ > 0} is the unique mild solution to (3.1) with W
being the (f,~) —colored noise with (f,~) satisfying Assumptions (i) and (ii). For z,t,e > 0, let
I'; and F; be the same as (3.16) and (3.15), and notice that by (2.8) and (3.22), we have

(E[Ju ()PP < uo (2 8) +Z< p—1) St ) exp <2J;§5)t> (4.21)

Then, given z,t > 0, for every p > 2, there exists € > 0 sufficiently small such that (p — 1) T\ F. < 2,
in which case the series on the right hand side above converges. Therefore, with the help of the
properties of (f,v) in the colored noise setting, we do achieve LP—integrability of the solution,
without forcing the noise to degenerate at the boundary.

Now switching to the scheme of (4.1), with the degeneracy in the noise term, we have developed
(4.20) which is a refined version of the bound on the L?—norm of u,, (z,t). Therefore, by incorpo-
rating (4.20), we expect to also obtain a refined version of (4.21). In particular, we will show that
it is possible to achieve LP—convergence of the series of u, (z,t) for all choices of z,t, > 0.

Theorem 4.9. For everyn > 1, p > 2, and z,t,e > 0,

n—1 —_a\ b —¢ %
ks g (2 () (CT(@)F)
(Eflun (z,0)["])7 < 272 ((p— 1) CT () Ty Fet?) (Z Or((n — O)a + 1) ) '

=0
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Furthermore, for every z,t > 0 we have u (z,t) € LP () and the series in (3.3) converges to u (z,t)
in LP (§2).

Proof: Let us first review the bound on E [u%(z, t)] developed in §3.1.2. In particular, the estimate

(3.22) yields
n n n—1 /
E [ul(z,t)] < (e (e)i) - <Ft2ES> D % (2f}gj)t> .

n!
=0
Recall that the first term on the right hand side above was derived by focusing on the relevant
integral over the “off-diagonal” region (RE)”, i.e., where the concerned spatial variables x and y are
at least ¢ apart in all coordinates. We do not need to make any changes to this component of the
estimate. The remaining terms on the right hand side above were based on the L?—estimate (3.10)
from the space-time white noise case. Here we will use (4.20) to replace (3.10) and re-derive these
estimates; specifically, following the steps in the proof of Lemma 3.7, the updated upper bound for
the affected terms above becomes

n—1 _ n—¢
—an l 14 L rn—2 et (F (Oé)) (n—0)a
: t%z!f@t T th—tasrn’

Putting the two terms together, we have a refined estimate

n 1—a\? o —/
E [ui(z, t)] < 27 (CT(a)T Fet®)" Z (f(i)';((n)(g£(+)£s)
=0

1
The desired estimate on (E [Juy, (z,¢)[F])?, for all p > 2, is an immediate consequence of (2.8).

Again, by a straightforward convergence test, the series on the right hand side above converges for
all z,t,e > 0 and p > 2. We have proven the convergence statement in the theorem. ]

Remark 4.10. In light of Theorem 4.9, we see that in the scheme where the stochastic noise becomes
degenerate at the boundary, we no longer need the assumption that F; — 0 as ¢ — 0 for the existence
of the solution u (z,t) to (4.1), as the L?—integrability of u (z,t) and the L?—convergence of the
series of uy (z,t) to u(z,t) can be achieved for all choices of z,t,e > 0.

4.3. Hélder Continuity of Solution (up to Boundary). In the previous subsection, for the solution
to (4.1) the stochastic Kimura equation with degenerate noise, we derived bounds for LP—norms
for p > 2 based on refining the L?—norm estimates. In this subsection, we continue to study the
continuity of the solution. Let u = {u(z,t) |z > 0,¢ > 0} be the unique mild solution to (4.1)
with 8 > 0. Assume that W is either the space-time white noise or the (f,~) —colored noise with
(f,~y) satisfying Assumptions (i) and (ii). Since u satisfies (3.2), with z > 0 fixed, the continuity
t + u(z,t) follows from the L?—boundedness of {u (w,7) | w > 0,0 < 7 < t}. Therefore, we will
focus on the continuity of z — w (z,t). Our strategy is to apply Kolmogorov’s continuity theorem
(see, e.g., Theorem 4.3.2 in Stroock (2011)). To this end, we need to examine E[(u (z1,t) — u (22, 1))?]
for z1,2z9,t > 0, and hope to bound it in terms of a positive power of |21 — z3|.

Remark 4.11. In the deterministic setting, the boundary regularity of the solution is often an
important aspect in the study of degenerate diffusions. Similarly, for the stochastic Kimura equation,
we are particularly interested in investigating the Hoélder continuity of the solution in the spatial
variable near the boundary 0, which will help us understand the behaviors of the solution near the
boundary under the joint effect of the degeneracy in the diffusion operator and the stochastic noise.
With this purpose in mind, we need to develop bounds for E[(u (z1,t) — u (22, t))?] that are “robust”
for z; or 29 all the way to 0, which requires techniques that are more involved than treating the
case when z; and zo are bounded away from 0. We expect that the solution possesses better Holder
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continuity in the interior of the domain than at the boundary, but deriving sharp results on the
interior regularity is not a goal for this work.

Similarly to the derivation of (3.4), w(z1,t) — u (22,t) admits the following Wiener chaos expan-
sion:

w(z1,t) —u (22, t Zz (fn (521, 22, 1)), (4.22)

where we slightly abuse the notation by denotlng fo (321,22, t) :=ug (z1,t) — up (22,t) and

fn (521520, 1) i= f (521, 8) — fo (5 22, 8)
for f, (+;21,t) and f,, (+; 22,t) as in (3.4). Hence, setting

dO (Zlv Z?at) (U)) = qo (Z]_,U}, t) —qo0 (225 w, t) )

we have that for every n > 1,

E [(un (21,t) — un (22, t))g]

1
= A do(21, 22, = To(n) (@om) * ] 90 (To(i1)s Tatiys To(is1) — To)
) + ] —

et (4.23)

cdo(21, 22t = S¢(n) Wegm) * [ 20 (Weqie1)s Yetiys Seqivn) — 5ci))
=1

U0 (To (1), To(1))U0(Ye(1), Se(1)) * H f (@i — yi) %97y (ri — ;) dxdydrds,
i=1
where o and ¢ are the permutations of {1,2,...,n} such that 0 < r51) <752 < - < To) <t
and 0 < Se(1) < Sg(2) <ot <S¢y < T
Thus we can reuse the refined bounds developed in §4.2. Again, throughout this subsection, we
fix 3>0and 0 < a<28A1.

4.3.1. Under Space-Time White Noise. As usual, we first examine the case of when W is the de-
generate space-time white noise. In this case, for z1, z2,¢ > 0 and n > 1, (4.23) becomes

E[(un (21,t) — up (22,1t / / WP d2 (21, 20, t — ) (w VE [uZ_y (w,7)] dwdr,

which, according to (4.20), is bounded from above by

CT (a) )"
F(((n—l a+1) // Pw=d§ (21, 22,t — 7) (w) dwdr.

So, no recursive argument is needed here. Instead, we only need to focus on estimating

(21, 22) / / w2 (21, 29, t — 7) (w) dwdr. (4.24)

To this end, we first present some technical results on the regularity of the function z — qo(z, w, t—7)
for arbitrary w,t — 7 > 0.

Lemma 4.12. There exists a constant M > 0 such that for every z1,z9,t — 7 > 0,

1
— 2|2
sup |dp (21, z2,t — 7) (w)| < MM

sup = (4.25)
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Proof: By direct computation, we have that for every z,w,t — 7 > 0,

1
aqu(z)w7t_T) == ;(Q1 (z7w7t_7—)_QO (va7t_7-))7

where ¢ is given by (2.2) with v = 1. Hence,

22
]do(zl,zg,t—T)(w)\:/ 02q0 (z,w,t — 1) dz
21

1

S/ ’ql(’z’w’t_’r)_QO(Z7w7t_T)‘dZ
t—1 ./,

1

2

‘21—22‘% o 2
<= (a1 (2wt = 7) + g5 (2w, = 7)) d2
- 0

Again, by (2.2) and (6.8), we have

00 —sw
2 e =T 1/2,1 2w
t—7)dz = ——— - 2oF
/0 ai (zw,t = 7)dz 2t—7) 2| L1 |t—r|
00 _sw
) e i 3/2,3 | 2w
t—71)dz = ——— o F .
/(; QO(Zawa 7_) z 4(t—7—) 2472 273 t—T
(4.25) follows from these last two computations combined with (6.5). O

Therefore, we observe that it is possible to extrapolate the Holder continuity of the stochastic
solution from the Holder continuity of z — ¢ (z,w,t — 7). It thus remains to treat the aftermath
of substituting (4.25) into (4.24), aiming at obtaining a bound independent of z; and z;.

Lemma 4.13. For z1,22,t >0 and any 0 < A < (48 — 2a) A %, there exists a constant My g x > 0
such that

A
Q1 (21, 22) < Magat"21 — 22|,

where n = ((28 —a) A1) — 3.

Proof: By Lemma 4.12, for any A € (0,2), there exists a constant M) > 0 such that

N 1 o5 _
Qt(21,22)<M,\!21—Z2!2/ gk/ WP dg (21, 22, — 7) (w) [P dwdr,
0 (t—71)2z Jo
< My|z1 — 2|2

t 00

1

) / 3)\/ W [9(2)_)\ (z1,w,t —7) + qg—A (z0,w,t — 7)| dwdT.
0 (t—71)2 Jo

It remains to treat, for any z,¢ > 0, the following integral:

t 00
1
/ (73)\ / w2ﬁiaq8_)\ (Z, w, t— 7') dwdr.
0

t—r)2 Jo
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where the last line is an application of Jensen’s inequality. Set § := ~“5——*. Then, by (6.8) and
(6.5), the integral inside the power above can be bounded as
o r1+¢ _ 2z \? _ 2 2z
2 . e, AL UFE) 0 e 42 2z
/0 g (z,w,t — 1) wSdw = T (t—7) ) e o Fy -
provided that % +&+1-2-3<-2,ie, (286—a)A i < % (1 — A). Meanwhile, when the above
inequality holds, we have that

3/2,¢+1
2,3

< Mypr(t—7)1,

r [t CDV(1o)_3 1) (1_\)_3 A
Qt(21,2’2)§Ma,,@,)\Zl—Z2\2/ (t_T)(ﬁ 1)(1-X) QAdT:Maﬁ’)\t(f 1)(1-X) 2’\+1\z1—zg\2,
0

provided that (£ —1) (1 — ) — 3A > —1, i, (26 — @) A 1 > 3. Combining the constraints above,
we get the proper range of A:

_ : _ 1
0<A<{M¥2a if0<28—a<?,

: if28—a>1

We are ready to present the main result of this section.

Theorem 4.14. Let u = {u(z,t) | z > 0,t > 0} be the unique mild solution to (/.1) with W being
the space-time white noise. Then, for fixed t > 0 and any 0 € (O,B A %), there exists an almost
surely 0—Holder continuous modification of the process z € [0,00) — u(z,t) € R. In particular,
almost surely z — u (z,t) is continuous all the way to the boundary 0.

Proof: For any p > 2 and n > 1, by (2.8) and Lemma 4.13,

(p—1)CT (a) )7
VI((n—1)a+1)

1 n A
(E [Jun (21,8) =y (22, )P])7 < /Mo gt?|z1 — 22|

which, combined with (4.22), implies that

(B [Ju (21, ) (22, )P)F < Jug (21,1) — g (2,1)

1 A= ((p—1)CT () t%)2
+ /M, tngzélg
satla =zl T (nat 1)

n=0

A
< Mo gaptlzr — 2|4

for some constant M, g ), ¢ > 0. Therefore, applying Kolmogorov’s continuity theorem, we conclude
that, when p is sufficiently large, for every ¢t > 0, z — u (2,t) is almost surely -Holder continuous
A 1

for any 0 € (0, 7 — 5).

Since p can be arbitrarily large and A can be arbitrarily close to (48 — 2a) A %, 0 can be arbitrarily
close to (5 — %) A %. On the other hand, o can be arbitrarily close to 0. Therefore, we conclude that

for every t > 0, z — u (2,t) is almost surely f-Holder continuous on [0, co) for any 6 € (0, BA %) O

The result in Theorem 4.14 suggests that, when  is small, increasing the order of degeneracy in
the stochastic potential does improve the regularity of the solution at the boundary, but this effect
is limited. In other words, the continuity of the solution at the boundary is subject to, first, how
“tamed” the noise is at the boundary, and then the stochasticity nature of the solution itself.
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4.3.2. Under Colored Noise. We turn to the case when W is the (f,~) —colored noise with (f,~)
satisfying Assumptions (i) and (ii). As before, we seek to apply the usual approach. Let z1, z9,t,¢ >
0. It is sufficient to study the integral in (41.23) over the region where |z; — y;| > e for i =1,...,¢
and |x; —y;| < efor j =L+1,...,n for some £ = 0,1,...,n. It turns out that in this step, the
integrals arising from the case of £ < n — 1 are easier to adapt, because we simply replace the
white-noise L?—bound involving ¢3(z, -, —*) by that which corresponds to d?(z1, 22, —*)(-). That

is, by Lemma 4.13, we know that one contributor to the bound of E |(uy, (21,t) — uy, (22, t))Q] is

(CT (a) )"
F((n—¢—-1a+1)

n—1
A 1 _
M pat"z1 — 22 T7 Y Efﬂ(g)téFf ¢
=0

where A\, 1, M, g ) are as in Lemma 4.13. As for the region with £ = n, we need to treat the following
quantity:

e 2
E "(a)Ff/ </ WPdy (21, 22, t — min(ry, ..., ) (w) dw) dr,
0,47 \Jo

n!

and extract from this quantity a positive power of |z; — z3|. This is done in the following lemma.

Lemma 4.15. Let X be as in Lemma 4.13. There exists a constant My > 0 such that for every
21,22, > 07

oo 2
/ </ WPdy (21, 22, t —min(ry, ..., ry)) (w)dw> dI‘SM/\tnig‘Zﬁ—Zz‘%.
[0,¢]™ 0

Proof: For simplicity, we write m(r) := min(rq,...,7,). It is clear that

/ WPdy (21, 22, t — m(r)) (w) dw‘ <2
0

Therefore, the concerned integral is bounded from above by

92-3 /
0.4

Z23 /[o,t]n w U (/Ooo g1 (2w, — m(r)) dw + /OOO 6 (2,0, — m(r)) dw) dz} " dr

A 1 Ao A
§421—22|2/ ——————dr = M, |21 — 2|2 t"" 2,
[0, (t — m(r))

A
2
dr,

/OOO ﬁ)ﬁdo (21, 22,t —m(r)) (w)dw

[>

2
where we used the fact that for every z,7 > 0, fooo q1 (z,w,7)dw = 1. O
Combining the result of the lemma and the analysis above, we see that
—a\? -
= (f(e) ) (CT()FL)

2 A a\n
E — < — | | F §
[(un (21,1) = un (22,1))"| < Magaelzr — 22f2 (CT(@)1 Fet®) — M((n—L-Na+1) ~

where M, 5+ > 0 is a uniform constant in z1, 22 > 0.
We now state the counterpart of Theorem 4.14 in the colored noise setting.

Theorem 4.16. Let u = {u(z,t) |z > 0,t > 0} be the unique mild solution to (/.1) with W being
the (f,~) —colored noise with (f,~) satisfying Assumptions (i) and (ii). Then, for fized t,e > 0 and
any 0 € (O,B A %), there exists an almost surely 0— Hdolder continuous modification of the process
z €[0,00) = u(z,t) € R. In particular, z — u(z,t) is continuous all the way to the boundary 0.
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Proof: Given «, 3, ¢ as described at the beginning of the section, let 7, A be as in Lemma 4.13. For
any zi,z2,t > 0 and n > 1, following the estimate on E {(un (21,t) — up, (22, t))Q] developed above,
we have that

1 1 n
(B flun (z1.8) = (22, )PP < M2 55l = 2 (9~ DOT(@)T Pt

. <Z <f<e>t1—a)f<cr<a>Fg>f>

NI

= T (n—2—1a+1) ’
which, again, forms a convergent series in n > 0. The rest follows exactly the same steps as in the

proof of Theorem 4.14. O

5. Conclusion and Further Questions

Beyond the results demonstrated above for existence, uniqueness, asymptotics, moment bounds,
and continuity of the solution to (3.1) and (4.1), we are also interested in exploring other well
studied properties of SPDEs, such as long-term asymptotics and intermittency (e.g., Carmona and
Molchanov (1995); Gértner et al. (2007); Foondun and Khoshnevisan (2009); Berger et al. (2023)).

Moreover, while we have demonstrated results in the special case of a drift-less (v = 0) stochas-
tic Kimura equation, the deterministic problem (2.1) studied in Chen and Weih-Wadman (2020)
possesses a more general drift, i.e., dyu = 20%u + b (z) O,u. In the particular case when the drift is
constant b(z) = v < 1, the fundamental solution ¢, (z,w,t) to the deterministic Kimura equation
can also be expressed explicitly in terms of Bessel functions. At present, we have no cause to believe
that the introduction of such a drift term would have a qualitative impact on the results established
in this study. We can follow exactly the same steps as explained in §3 to construct and study the
solution to the stochastic Kimura equation 9, = 202 + b (2) 0, + Wu. Under some mild conditions
on b(z), we expect the same techniques employed in the above to remain applicable, albeit more
involved to apply. We believe the same qualitative results will hold but the explicit expressions on
estimates and bounds will be hard to recover for a general drift.

Similarly, we should also be able to conduct this line of study on the stochastic degenerate
diffusion equation dyu = 2P0?u + Wu with a more general order of degeneracy p € (0,2), as the
fundamental solution to the deterministic problem is well understood. It would be interesting to
compare the properties of the stochastic solutions under different values of p, i.e., under different
strengths of degeneracy.

In addition, in the deterministic setting, the Wright-Fisher equation dyu = 2 (1 — 2) 8%u, the
two-sided-boundary analog of the Kimura equation, can be transformed into a one-sided-boundary
model through a localization method (Chen and Stroock, 2010; Chen and Weih-Wadman, 2022). Tt
would be interesting to investigate and to adapt the localization method in the stochastic setting,
which would allow us to develop a solution theory for the stochastic Wright-Fisher equation.

Finally, it is not clear whether the estimates presented in this work, particularly the integral
bounds derived in §3.1 and §3.2, are sharp. This is in part due to the fact that the spatial integrals
over R are mostly treated with global estimates on Bessel functions or hypergeometric functions,
which may not be tight. Employing more accurate estimates on these special functions may yield
sharper bounds overall. In the same vein, it remains to be examined whether the requirement
on the degeneracy of the noise at the boundary is necessary for obtaining the estimates and the
continuity results in §4.2 and §4.3. In light of improving sharpness overall in the results, it may
be possible to recover the bounds on the higher moments and the Holder continuity of the solution
under non-degenerate Gaussian noise. In addition, it is yet to be explored whether modifying the
temporal kernel «y of the noise (instead of introducing the degeneracy to the spatial kernel f) would
similarly achieve the “taming” effect on the solution.
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6. Appendix

In this section, we collect some inequalities and identities that are used in §3. We omit all the
proofs.

Integral Estimate of Gaussian Distribution: Given the Gaussian distribution N (m, 02), for every
Kk > —1, there exists a constant C, > 0 such that
1 K _% K K
W/RM e dz < C,; (m"+0"). (6.1)
Young’s Convolution Inequality (Theorem 3.9.4 in Bogachev (2007)): Consider some sets A, B,C' C
R and locally integrable functions f, g,h : R — R. Denote D = {(z,y) € B x C' |z —y € A}. Then,
for all p,q,r > 1 such that %—1— % + % =2,

[ se-nownwaal < (/Aw)i (f Mp)i </C””);- o

Next, we present various special functions. For more details, see Watson (1995).
Bessel Functions. Let o € C, the Bessel function of the first kind J, have various representations,

for example,
L& () e
Ja(x)_zm!f‘(m—l—aﬁ—l) (5) ’

m=0

The modified Bessel function of the first kind I, is given by

[e.9]

— ) 1 T\ 2mta
la(z) = 7% Ja (iz) = mz:() m!T' (m+a +1) (5) ’ (6.3)

or equivalently, in the integral representation as

_ (x/z)a " excose sin20‘
) = e /0 0do. (6.4)

When o takes integer values, the functions I,,, n € N, satisfy the recurrence relation:

% (27" (@) = 2 " Ipga (@)

In particular for n =0, If) (z) = I (x).

Hypergeometric Functions. For each n > 0 and a € R, we define the Pochhammer symbol as
(a) 1 if n=0.
a), =
" ala+1)(a+2)---(a+n-1) ifn>1.
Given ¢ > p > 0, and ay,...,ap,b1,...,by € R, if none of by,...,b, are non-positive integers, then
for x € C, the generalized Hypergeometric function ,Fy is defined as
o0
aty...,Q (Cbl) "’(ap) x
F |: ) y Yp ‘ "B} — n n -
pPal by b, Z(bl)n"'(bq)n n

Here are two technical results involving these functions:

n

n=0

1F1 and Incomplete Gamma Function (https://dlmfnist.gov/13.6): Let n € N and x € C, then

1

1Fl[n—kl

) x} =nez”" (T'(n) =T (n,a)).


https://dlmf.nist.gov/13.6
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Asymptotic Expansion of oF (Volkmer and Wood (2014)): Let z € R4. Suppose that neither ¢ nor
d are non-positive integers, then o F5 has the following asymptotic expansion:

O 2|1 S

as x — 0o, where v =a+b—c—d. If v <0, then for every 0 < k < —v,

sup e zFy By [ a,b ‘ x} < 0. (6.5)
2>0 C7d

We are interested in the connections between Bessel functions and Hypergeometric functions in
the form of certain integral quantities. These are given in the following results from §13.3 of Watson
(1995).

Given a € C\ {0} and b € Ry,

> a 1 a?] 1 _a?
/0 J1 (at) exp (—bt2) dt = 4—b1F1 [ 9 ‘ _élb} = (1 —e 4b> , (6.6)

* 2 2\ -1 1 _a? a? _a? a?
/0 Ji (at)exp (—bt*) t~'dt = 5 <1 —e 2] <_2b) +e 2] <_2b>) . (6.7)

More generally, if A + v > 0, then

and

00 22U 1 2
2 oy e, o T+ A) v+g5 v+A }_CL
/0 J; (at) exp (—bt?) 2 dt = SR (3 1 1)2F2 a1 w41 E (6.8)
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