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Abstract. We introduce and study branching interval partition diffusions in their natural general-
ity. We let interval widths evolve independently according to a general real-valued diffusion subject
only to conditions that ensure finite lifetimes of intervals and allow the continuous generation of new
intervals. The latter is governed by the Pitman-Yor excursion measure of the real-valued diffusion
and an associated spectrally positive Lévy process to order both these excursions and their start
times. This generalises previous work by Forman, Pal, Rizzolo and Winkel on the self-similar case
and gives rise to a new class of general Markovian homogeneous Crump-Mode-Jagers-type branching
processes with characteristics varying diffusively during their lifetimes.

1. Introduction

Continuous-time branching processes with finite birth rates and independent identically dis-
tributed (iid) lifetimes of individuals are known as Crump-Mode—-Jagers (CMJ) processes, as studied
in Jagers (1975, Chapter 6). For these processes individuals are born from single parents, and dur-
ing their lives they can in turn give birth to more individuals until they die after some iid positive
random times after their births; those with constant birth rates are known as homogeneous and
those for which all births produce exactly one offspring are known as binary. Specifically, CMJ
processes are the population size processes and so take values in N. In the homogeneous binary
cases individuals produce single offspring after iid exponential random times and this repeats until
their deaths (or never occurs if they die before their first reproduction event). We call the difference
between birth and death the lifetime of the individual and the interval of time between the birth
and death the life of the individual. To produce Markovian homogeneous binary CMJ processes we
require either the lifetimes to be infinite or for the lifetimes to be exponentially distributed.

We study homogeneous binary branching processes with infinite birth rates where individuals are
marked with non-negative characteristics that continuously vary during their lives, and we construct
continuous Markovian interval-partition-valued processes by the method shown in Forman et al.
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(2020a). Interval partitions are ordered collections of intervals with summable lengths; we define
these below following Aldous (1985, Section 17) and Pitman (2006, Chapter 4).

Definition 1.1 (Interval partitions). For M > 0, an interval partition of length M is a set 8 of
intervals of [0, M] that are open and disjoint, and which cover [0, M] up to a Lebesgue-null set. We
write ||3]| for the length M. An interval partition is an interval partition of length M for some M.
We define Zy to be the space of interval partitions.

Interval partitions can be constructed by concatenating ordered collections of intervals, e.g. the
concatenation of intervals (0, b) and (0, ¢) would be given by {(0,b), (b,b+c)} where we have shifted
the interval (0,c¢) by b. More generally we can concatenate interval partitions g and ~ by shifting
the all intervals of v by [|3|| and we denote the resulting interval partition by § %~ in this case.

In our model individuals do not live forever and the characteristics take the value 0 at the
births and deaths and are positive during the rest of the lives. We construct interval partitions
in Definition 1.2 which are concatenations of intervals with lengths given by these characteristics.
The characteristics themselves, as functions of the ages of the individuals they mark, are continuous
non-negative excursions away from 0 of length given by the lifetime of the individual they mark.
For this reason we refer to a characteristic at a point in time as the level of health, or just as the
health, for the individual it marks at that point in time, and we refer to the continuous excursion
of marks over an individual’s life as its health excursion.

Lambert (2010) and Lambert and Uribe Bravo (2018) study spectrally positive Lévy processes
(SPLPs) that are the contour functions of classes of splitting trees and are known as jumping
chronological contour processes (JCCPs). For any z > 0 the jumps across level x represent the
individuals alive at that point in time. We construct interval partitions from the health excursions
and the SPLP by the method from Forman et al. (2020a). Definition 1.2 formally describes this
construction and Figure 1.1 uses terminology from Forman et al. (2020a) which we explain in Section
1.1. The result is that at every point in time an interval partition is produced with a one-to-one
correspondence of intervals and individuals alive at that point in time, and each interval has a
length given by its corresponding individual’s health at that point in time. These interval partitions
therefore, as functions of the time for the branching process, form an interval-partition-valued
process. This paper continues the investigation into these processes. We use the same terminology
as in Forman et al. (2020a): we refer to stochastic processes which take values in Zy as interval
partition evolutions or more simply as IP-evolutions. We refer to IP-evolutions that are continuous
and have the Markov property with respect to some filtered probability space as interval partition
diffusions or IP-diffusions. The construction can be considered to give rise to branching processes as
new intervals are generated between existing intervals and we discuss this further after Theorem 1.6.
We generalise the class of IP-diffusions that have this branching property beyond the self-similar
cases that have already been established in Forman et al. (2020a). We use a complete and separable
metric on interval partitions d/;, from Forman et al. (2020b), which we state in Definition 1.5.

When we consider the health excursions rather than just the lifetimes of the individuals, the birth
rate is a measure on the space of continuous non-negative excursions away from 0, and it is this
rate that we are referring to when we say the birth rate is constant. We set the birth rate to be the
Pitman-Yor excursion measure of a non-negative diffusion, from Pitman and Yor (1982), and we
explore the range of possible non-negative diffusions for which this is applicable. The Pitman-Yor
excursion measure is more general than the standard Itd excursion measure as it includes cases
where 0 is an exit boundary of the diffusion whereas the Itd excursion measure only includes cases
where 0 is a regular boundary point of the diffusion (we give the relevant details in Section 1.2).
Under certain conditions for summability of the health levels, that we specify in Theorem 1.4, this
leads to IP-evolutions where the interval lengths all evolve independently with the same continuous
Markovian dynamics given by the specified non-negative diffusion. It is these dynamics on the
interval lengths which make possible the continuity and Markov property for the IP-evolutions.
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This is also why we choose excursions away from 0, as this preserves continuity at the points of
birth and death of individuals; when an individual is born a new interval grows continuously out
of 0 in the IP-evolution, with the parent’s interval on the left, and it dies when this health level
returns to 0.

Excursion measures of diffusions are not finite but o-finite, and this is why the processes that
we study have an infinite birth rate. However, most contribute small health levels and have small
lifetimes in the sense that, for any positive threshold € > 0 there is a finite rate of births with
lifetimes or maximum health levels greater than €. The continuity and the Markov property of
the IP-evolutions do not follow immediately from the continuity and Markov property of the one-
dimensional diffusions, indeed, it is not even the case that we can produce an IP-evolution from the
Pitman-Yor excursion measure of any diffusion. This is because we may not be able to construct
the SPLP “scaffolding” or, even if we can, the health levels may not be summable. In Section 1.2,
Theorem 1.3 gives conditions for the construction of the SPLP, Theorem 1.4 gives conditions for
the summability of health levels, and Theorems 1.6 and 1.7 give conditions for the existence of
continuous Markovian IP-evolutions.

1.1. Construction of the SPLP "scaffolding” and the "skewer process”. Let A be a Lévy measure
on (0, 00) for a recurrent Lévy process, i.e. a measure such that [° (z? A )A(dx) is finite, and let
J be a Poisson random measure (PRM) with intensity Leb ® A on [0, 00) x [0,00) (where “Leb” is
the Lebesgue measure). If [ 2A(dx) is finite then we can construct a recurrent SPLP of bounded

variation o
X, = —t/ xA(dx) + Z J.

=0 (s,4) atom of J:
0<s<t

Now suppose that A instead satisfies the condition [° (2% A z)A(dz) < co = [ ° xA(dz). In this
case, for any € > 0, we can construct a recurrent SPLP of bounded variation using the measure
Ac(dz) = 1,5.A(dx) as we did above and take the limit £ | 0 is to obtain a recurrent SPLP of
unbounded variation, see (1.1). For our applications the Lévy measure A we will use is of the form
v(¢ € -) where v is the Pitman-Yor excursion measure for our specified diffusion (a measure on &,
the space of continuous positive excursions) and ¢ is a function, ¢ : £ — [0,00), which gives the
length of excursions which we call the lifetimes.

More formally, continuous positive excursions are functions f : R — R for which f(y) = 0 for all
y < 0, and there exists some x > 0 such that f(y) = 0 for all y > x, and finally for y € (0, z) that
f(y) > 0 and f is continuous on [0, z]; the lifetime ¢ of f is then ((f) = x. We use the lifetimes
as the jump sizes for the SPLP. Suppose [° (2% A z)v(¢ € dx) < oo, and let N’ be a PRM with
intensity Leb ® v on [0,00) x £. We define the recurrent SPLP X = (X;,t > 0) by the almost sure
limits

X, = 16%1 (- t/x:E av(C € dx) + > C(f)]lc(f)>s>- (1.1)

(s,f) atom of N’
0<s<t

The PRM N’ takes values in a certain class of o-finite point measures on [0, 00) x £ which we denote
by N, and the SPLP X is a cadlag process and we denote the set of cadlag paths by D. Specifically,
the class AV consists of all the point measures N for which the limit in (1.1) exists for all ¢ > 0 when
replacing N’ by N. The Lévy measure for X is v(¢ € -) which we refer to as the lifetime under the
Pitman-Yor excursion measure. More generally, for a suitable point measure N € N, let £(N) be
the cadlag function, (X¢,¢ > 0), obtained when replacing N’ by N in (1.1).

We call X the scaffolding and N’ the point measure of spindles. The reason for these names can be
seen in the simplified version (N, X) in Figure 1.1. In the SPLP, there is a one-to-one correspondence
between individuals and jumps. Moreover, the jump heights are equal to the individuals’ lifetimes,
and levels over which each jump crosses are the times for which the corresponding individual is
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(i)

skewer(z, N, X )T

Y

FiGURrE 1.1. Left: A PRM of health excursions represented with time vertically
moving up page and reflected to produce spindle-like shapes, with the excursion of
a single spindle underneath. Right: the scaffolding process (black) constructed from
the PRM, along with the interval partition generated by the skewer process at a
fixed level zx.

alive in our model. Therefore, in the figure, the health excursion can be placed vertically in each
jump. The excursions themselves look like spindles as we have width equal to health and they are
symmetric for better visual representation on the diagram. We next define the skewer function.

Definition 1.2 (Skewer function). Let J be a countable set and let N' := 3", 0(r, ) € N. Let
I € J be a subset and let N == . ; O(rs,p5)- In this setting we write N < N’ to denote the
fact that N’ has all the atoms of N. Let X = £(N’). We define the aggregate health process
(MR x)(t),t € [0,00)) by

My ()= >  fly—X-)

(r,f) atom of N:
0<r<t

We also define the total health process at t € [0,00) as (M}(,X(t),y € R). When M}{,yx(oo) < 00 we
define the skewer for (N, X) by

skewer(y, N, X) := {(M}, x (t=), M} x(t)) : t € [0,00), M (t=) < MY (£)}.

Note that in this case skewer(y, NV, X) is an interval partition of length MJ?)\IE (00). We define
skewer(y, N, X) to be (), the empty interval partition, if M}{, +(00) is infinite. For random measures
N < N’ and scaffolding X = £(N’) we define the scaffolding-and-spindles construction of (N, X) to
be the IP-evolution given by skewer(IN, X) := (skewer(y, N, X),y > 0). Unless stated otherwise, we
take N’ to be a PRM and we take

N= > up

(r,f) atom of N’:
0<r<T
where T is a.s. positive finite random variable and then in this case we say N is stopped at T, we
refer to N as a stopped PRM and we refer to (N, X) as a stopped scaffolding-and-spindles pair.

1.2. Main results. We define one-dimensional diffusions with the framework given by Revuz and
Yor (1991, Chapter VIL.3). In our setting we consider a Markov process Y whose state space E
is of the form E = [0,h] where h is finite or of the form E = [0,h) where h is either finite or
infinity. We assume that the paths of Y are continuous on E and that Y has the strong Markov
property. We further assume that our diffusion is regular on (0, h), which means that for all points
x, y € (0,h) the probability of a diffusion reaching point y having started from point z is positive,
ie. P,(Ty < o0) > 0 where T} is the hitting time of the point y by the diffusion. With these
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assumptions, there exists a strictly increasing function s : E — [0,00) such that for any a, w, z in
FE with 0 <a <z < w < h we have

s(z) — s(a)
Po(Ty <T,) = ———+% 1.2
A < T = S ) )
where the function s is called a scale function of Y. The scale function is unique up to a normalising
constant and we take s(0) = 0. We also define for v € (a,w)

Gaw)(T,v) = m (s(w) — s(v)) Lpcycw + m (s(v) — s(a)) Locy<a (1.3)

which we call the Green’s function for the diffusion on (a,w). Then there exists a unique measure
M on (0,h), which is known as the speed measure, such that for any 0 < a < x < w < h we have
w
E.(To NTy) = G (q,w)(T,v) M (dv). (1.4)
v=a

Certain diffusions can be expressed as solutions to stochastic differential equations as follows. Specif-
ically, there exist locally bounded Borel-measurable functions p : (0,h) — R, o : (0,h) — (0,00)
and a Brownian motion B such that under P,, Y satisfies the stochastic differential equation

dY: = p(Yy)dt + 0(Y)dBy; Yo =z, (1.5)

for all x € (0,h). More details on diffusions of this type can be found in e.g. Revuz and Yor (1991,
Chapter VIL.2).
We now state assumptions on the diffusions that we consider in this paper.

Assumption A. A diffusion Y on state space E satisfies Assumption A if:

(1) We have that P, (Tp <oo) > 0 for some = € (0, h) which is equivalent to fyxzo s(y)M (dy) < oo
(equivalently for all z € (0,h) in both cases).

(2) Forall0 < y < & < h we have that E,(T})) is finite. This is satisfied if and only if M (FE\|[0, z])
is finite for all z € (0, h).

(3) There exist locally bounded Borel-measurable functions p : (0,h) = R, o : (0,h) — (0,00)
and a Brownian motion B such that Y satisfies the stochastic differential equation in (1.5).

(4) The functions p and o defined in A3 are continuous on (0, b] for some b € E\{0}.

We label these conditions Al, A2, A3, A4.

We use the representation of stochastic differential equations later in Section 4.2 but for now we
simply note that for a process Y that under Assumption A we have

1 . a1
wu(x) = 1211101 ;Ex(YZ —z);  o*z) = (o(x)? = 12%1 ;Ex((YZ —2)%)  for z € (0,b)

where b is the constant in A4. The functions u and o2 are referred to as the infinitesimal drift
and the infinitesimal variance of the diffusion. Heuristically, for € (0, h), the infinitesimal drift
u(x) describes the average direction of a diffusion at position z will move in and the infinitesimal
variance o2(x) describes the roughness of the path of a diffusion position z.

The first condition A1 is equivalent to 0 being an attainable boundary point for the diffusion, i.e.
a regular or exit boundary point according to the Feller boundary point classification, see Karlin
and Taylor (1981, Table 15.6.1). The boundaries of the diffusion are the points 0 and h. In words,
a regular boundary point is one where you can restart the diffusion from the boundary once the
diffusion first hits the boundary, i.e. Py(7, < oo) > 0; a typical example is the boundary point 0 for
a Brownian motion in [0, c0) that is reflected at 0. An exit boundary point is where this behaviour
does not occur, and instead, you have that the diffusion starting in the interior of the state space
can reach the point 0 with positive probability, but the diffusion cannot reenter the interior after
hitting 0. We note that the boundary point h is regular exactly when s(h) = limgqp, s(x) is finite
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equivalently when the state space E is equal to [0,h] and not [0,h). In later sections this case
sometimes needs special consideration, and we may identify it by any of the equivalent conditions
just stated depending on which is most relevant to the section. Furthermore, as some of the measures
that we use in this paper are not necessarily atom-free we take care when we define the limits of

integration. We write ff) , for an integral over (a,b) and we write fwe(a p to integrate over (a,b]

(and then similarly to integrate over [a, b) or [a, b]).
We now state our first results which use the hypotheses in Assumption A.

Theorem 1.3 (Lévy measure). Consider a diffusion that satisfies A1, A2 of Assumption A. Then
it has a Pitman-Yor excursion measure v and we have that

/OO zv(C € dx) < 00 (1.6)

if and only if
M(E) < oo, (1.7)
which is equivalent to 0 being a reqular boundary point for the diffusion. In this setting, the lifetime
under v is a Lévy measure for a recurrent SPLP of bounded variation.
On the other hand, if we have that: the diffusion satisfies all of Assumption A; the condition in
(1.7) does not hold (i.e. 0 is an exit boundary of the diffusion); and we have

b v
/ / s(y)M (dy) M (dv) < oo where b € (0,h) is as in A4 (1.8)
v=0 Jy=0
then we have - -
/ (x* Ax)v(¢ € da) < 00 = zv(¢ € dx). (1.9)
=0 =0

In this setting, the lifetime under v is a Lévy measure for a recurrent SPLP of unbounded variation.

Theorem 1.3 is proven in Section 3.1. We believe that, under Al, A2, the condition in (1.8) is
necessary as well as sufficient for the lifetime under v to be a Lévy measure for a recurrent process
(i.e. we believe that A3 and A4 are not necessary), but proving this is beyond the scope of this
paper. The Lévy measure condition of Theorem 1.3 means that we can construct a scaffolding-and-
spindles pair (N, X). Later, in Proposition 3.12, we define and construct (Ng, Xg), for 8 € Zg.
This is a scaffolding-and-spindles pair for which we prove that skewer(Ng, X3) an IP-evolution such
that skewer(0,Ng, X3) = a.s.

Throughout the rest of the paper we consider diffusions along with spatial transformations
g: E — g(F) that are strictly increasing and continuous with g(0) = 0. We define

— i <
g(h) ;gg(w) < oo

and therefore g(E) = [0,g(h)) or g(E) = [0,g9(h)]. Let Y = (Y, t > 0) be a diffusion in state
space F and let Z = (Z;,t > 0) be the process defined by Z; = ¢g(Y;) for all ¢t > 0. Then Z is
a diffusion and has scale function sz(x) = sy(g~!(z)) where sy is the scale function of Y and
speed measure Mz which is the image of the speed measure for Y, My, under g, see e.g. Revuz
and Yor (1991, Exercise VII.3.18). Therefore we can note that Y satisfies Al (respectively A2)
if and only if Z satisfies A1 (respectively A2). Furthermore we see that under Al, Y and Z have
Pitman-Yor excursion measures vy and vz, see Pitman and Yor (1982, Section 3), and as the spatial
transformation g does not affect the lifetime ¢ of an excursion we have vz(¢ € -) = vy (¢ € -).

We refer to Y as the untransformed diffusion throughout the paper to avoid confusion between Y
and Z. The motivation of the g transform is that we can consider different diffusions that give rise
to the same scaffolding. This technique of using spatial transformations on untransformed diffusions
to construct IP-diffusions was first used in Forman et al. (2020a), and we give the details of their
setting in Example 1.8.
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Theorem 1.4 (Aggregate health summability). In the setting described above, consider a diffusion
Z constructed from an untransformed diffusion Y along with a spatial transformation g. Suppose
that v = vz, (equivalently v = vy ) satisfies (1.6) or (1.9) and let (N, X) be scaffolding-and-spindles
pair where N has intensity Leb @ vy, and stopped at an a.s. finite random variable T .

If v = vz satisfies (1.6), then the aggregate health process MRI’X(T) is finite a.s. If v = vg
satisfies (1.9), then MI%’X(T) is finite a.s. if and only if

b
/ 9(y) My (dy) < oo for some (equivalently all) b € (0, h), (1.10)
y=0

or equivalently that fzbzo zMz(dz) is finite for some (or all) b € (0,g(h)). Furthermore in this case
we have that M&X(T) is infinite a.s. when (1.10) does not hold.

Theorem 1.4 is proven in Section 3.2.

Our next results involve continuity of IP-evolutions and so we now give the definition of the
complete and separable metric space of interval partitions (Zg,d;) that we use from Forman et al.
(2020D).

Definition 1.5 (Interval partition metric space (Zg,d};)). Recall Zp, the set of interval partitions,
from Definition 1.1. To define d/;, we first define the notion of a correspondence between two interval

partitions, and the distortion of a correspondence. We use the standard notation of [n] = {1,...,n}
for n € N.
(1) A correspondence between two interval partitions 8 and v is a tuple (8,7, (Ui, Vi)ien)
involving two collections of intervals Uy, ...,Uy from 8 and Vi,...,Vy from ~, for some
N € N, such that each is ordered with respect to the left-to-right ordering of their interval
partitions.

(2) The distortion of a correspondence (3,7, (Ui, V;)icn]) is defined to be
Sisy |Leb(Us) = Leb(Vi) | + 18 = X, Leb(U»,} '
> i1 |Leb(Us) — Leb(Vi)[ + [[7v]l — >2:2; Leb(V5)

(3) The distance d7;(3,7) between interval partitions 8 and 7 is defined to be the infimum of
distortions over the set of all possible correspondences:

d(B,7) = inf dis(8, v, (Ui, Vi); .
(B,7) N2 e (8,7 ( )ieln)

dis(3, v, (Ui, V%)ie[]v]) = max{

We use this metric in our main results below. Our main results below in Theorems 1.6 and 1.7
show the existence of IP-diffusions. Now we give a set of assumptions for one-dimensional diffusions
in Assumption B.

Assumption B. A diffusion Z satisfies Assumption B if it is of the form Z = ¢g(Y), where Y is a
diffusion that satisfies A2, A3 of Assumption A with state space E C [0,00) of the form E = [0, h]
or E'=10,h) for some h < oo and furthermore is such that:

(1) the Pitman-Yor excursion measure vy satisfies (1.9) where v = vy (equivalently v = vyz);
(2) 0% (z) = 4

there exists g € (0, h) such that
(3) for some 0 < o~ < at < 1 we have

—2a" < py(z) < —2a7 for all z € (0, ]

(where the subscript Y in g and o2 denotes that they are the infinitesimal drift and variance for
Y), and g : E — g(F) is a strictly increasing continuous function with g(0) =0, g(£) C [0, c0) and
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(4) there exists gy > o such that the transformation g is ¢-Hélder continuous on [0, ) for
all ¢ < qo, i.e. for all ¢ < g there exists C; > 0 such that for all z, y € [0,&9) we have

l9(z) — g(y)| < Colw —yl?.
Finally, we say Z = ¢g(Y) satisfies Strong Assumption B if as well as the above we have that
g(z)

(5) the transformation g satisfies 0 < liminf,_o £% < oo or 0 < limsup,_,, @ < 00.

We believe that Bl follows from B2 and B3 but we could not show this. We do show however
in Lemma 4.1 that Al follows from Assumption B and in Proposition 4.2 we show that if the
untransformed diffusion additionally satisfies A4 then we have that B2 and B3 implies B1. We also
show in Proposition 4.2 that under Assumption B and that the diffusion Z and the untransformed
diffusion Y both satisfy A1. We give intuition behind the nature of hypothesis B5 with an example
of a transformation g that does not satisfy the hypothesis in Example 4.29. The hypothesis B1
ensures the scaffolding process is a SPLP of unbounded variation. The reason behind our fixed
choice of a%{ in B2 is that we compare our untransformed diffusions to squared Bessel processes
with infinitesimal variance 4z and infinitesimal drift —2a~ or —2a". We see in Example 1.8 that
squared Bessel processes of this type featured previously as the untransformed diffusions for the
[P-diffusions in Forman et al. (2020a). This comparison with squared Bessel processes is used in
a Kolmogorovféentsov continuity argument for the IP-evolution in Section 4.4 along with B3 and
B4. The condition B2 should not be seen as restrictive as we can apply suitable transformations g
to consider diffusions with different infinitesimal variances 0 and we discuss this in Section 1.3.

The hypothesis B5 is used in Section 4.6 to show the continuity of several related functions on
interval partition space. These continuity results lead to a proof of the Strong Markov property
based on a continuity in the initial state proof, adapting the arguments used to show the Strong
Markov property for self-similar IP-diffusions in Forman et al. (2020a, Section 6.4).

Theorem 1.6 (Branching IP-diffusions when 0 is an exit point). Consider a diffusion Z that satisfies
Assumption B and let vz be its Pitman-Yor excursion measure. Let (N,X) be a scaffolding-and-
spindles pair where N has intensity Leb @ vz stopped at an a.s. finite valued random variable T
Then there exists a modification (7¥,y > 0) of skewer(N,X) which is a continuous IP-evolution
on (Zg,dy). Furthermore the process X has a local time that is continuous in time and level. Let
70 be the right-continuous inverse of the local time of X at level 0. Then for T = 7°(s), for some
s>0, (WY,y > 0) is a simple Markov IP-evolution in an appropriate filtered probability space and
if furthermore Z satisfies Strong Assumption B then it is an IP-diffusion.

We prove Theorem 1.6 in Section 4.6. In Theorem 4.36 we show that the IP-diffusion (7¥,y > 0) of
Theorem 1.6 can be started from a large class of initial states. We refer to (7Y, y > 0) as a branching
IP-diffusion because the IP-diffusion has the following branching property. For independent copies
of the IP-diffusion (v{,y > 0), (v§,y > 0) with initial states y1, 72, the process (7{ x5,y > 0) (i.e.
for each y > 0 we take the concatenation of interval partitions 7{ and 73) is the IP-diffusion with
initial state v1 % o.

We now state Assumption C which considers a disjoint set of diffusions to Assumption B.

Assumption C. A diffusion Z satisfies Assumption C'if it is of the form Z = ¢g(Y), where Y is a
diffusion that satisfies A2, A3 of Assumption A with state space E C [0,00) of the form E = [0, h]
or E'=10,h) for some h < co and furthermore is such that:

(1) 0% (z) = 4
there exists 1 € (0, h) such that
(2) for some 0 < 8~ < T < 1 we have

287 < py(z) <287 for all x € (0,¢1];
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(3) and g : E — g(F) is a strictly increasing continuous function with ¢g(0) = 0, g(E) C [0, c0)
and

3 dy < 0.
=0 Y

/51 g(yl/(l—ﬁf))
Yy

The hypotheses C1, C2 and C3 are used together to prove continuity of IP-evolutions in Section
4.5. We show in Lemma 4.1 that Al follows from Assumption C. The hypothesis C'1 plays the
corresponding role of B2 in Assumption B and the generality of the transformation g is what allows
us to consider diffusions with different infinitesimal variances, O'%. We discuss this in Section 1.3.

Theorem 1.7 is our second main result.

Theorem 1.7 (Branching IP-evolutions when 0 is a regular point). Consider a diffusion Z under
Assumption C with excursion measure v and let (N, X) be scaffolding-and-spindles pair where N
has intensity Leb ® v stopped at an a.s. finite valued random variable T. Then skewer(N,X) is
a continuous IP-evolution on (Zg,dy). Furthermore we have that X is a Lévy process of bounded
variation and when T denotes the n'* hitting time for X of level 0 for somen € N then skewer(N, X)
s a simple-Markov IP-evolution in an appropriate filtered probability space.

We prove Theorem 1.7 in Section 4.5. We believe in this setting that skewer(N,X) is an IP-
diffusion but showing this is beyond the scope of the paper. We do not believe that Theorems 1.6
and 1.7 cover all the one-dimensional diffusions from which it is possible to construct continuous
Markovian IP-evolutions by the construction of scaffolding and spindles described in Section 1.1,
although we do believe that all such diffusions must satisfy either (1.7) or both (1.8) and (1.10).

As in Assumption B the untransformed diffusions in Assumption C can bounded between two
squared Bessel processes processes with different dimensions. As squared Bessel processes with
dimension § € R satisfy Al exactly when § € (—2,2) we believe our ranges for the drift in B3 where
wy (z) takes values in a closed subset of (—2,0) for z near 0 and in C2 where py(x) takes values
in a closed subset of (0,2) for z near 0 should encompass a large class of the diffusions for which it
is possible to generate branching IP-diffusions. Indeed, this only leaves boundary cases open where
wy is not bounded away from —2, 0, 2 as well as cases where the transformations g do not satisfy
the conditions needed in B4, B5, C'3.

We give examples in the next section of diffusions which satisfy the hypotheses in Assumptions
A, B and C.

1.3. Ezxamples. In this section we list a few examples of diffusions that satisfy the hypotheses in
the previous section. The diffusions in our selected examples satisfy Al, A2, A3 and we begin with
some consequences.

Consider a diffusion that satisfies A1, A2, A3. For any b € (0, h), we can define a scale function
s with derivative s’ and its speed measure M with density m by, for x € (0, h),

s(z) = fyx:(] s'(y)dy; M((l,r)) = f;:lm(y)dy, see e.g. Revuz and Yor (1991, Exercise VII.3.20).
We were free to choose the lower limit b here and in Section 4.1 we take b to be €9 when under
Assumption B and to be €1 when under Assumption C. Different values in the interior only change
s, s, m by the same constant scale factor and such changes do not affect any of the conditions in
our results.

If g is a twice differentiable function with continuous second derivative, and if yy and a%[ are

continuous on (0, k), then we have, for x € (0, h), that

1
2

2

pz(9(@)) = S0y (@)g" (@) + py(2)g'(2);  o7(g(2)) = 0¥ (2)(g'(2))?,
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and we further have that

sz(9(x)) = sy(z);  sz(g(x)) = 70 sy(z);  mz(g(z)) = me(a:), (1.12)

see e.g. Karlin and Taylor (1981, Theorem 15.2.1). Similarly, the results in Theorem 1.3 hold for
the diffusion Z if and only if they hold for the diffusion Y. We give a heuristic method that can be
used to check if certain diffusions satisfy Assumption B or C:

(1) First you take a diffusion under Assumption A with infinitesimal drift uz and infinitesimal
variance o4.

(2) Then you should find a solution g to the equation o2 (g(z)) = 4z(g'(z))* with g(0) = 0.

(3) With this solution g you can then find a solution py (x) to the equation

pz(g(x)) = 229" (x) + py (2)g' (x).
(4) The original diffusion satisfies (strong) Assumption B if py satisfies B3 and if g satisfies B4

(and B5). On the other hand the original diffusion satisfies Assumption C if py satisfies
C2 and if g satisfies C3.

We used this heuristic method for the processes in Example 1.9 and we verified that they satisfy
Assumption C in Proposition 1.10.

The first example concerns self-similar diffusions. Our main reference in this work, Forman et al.
(2020a), determined all the self-similar diffusions for which it is possible to use the scaffolding and
spindles construction for IP-diffusions and we state their results here.

Ezample 1.8 (Self-similar diffusions). This family of IP-diffusions has already been established in
Forman et al. (2020a, Theorems 1.3, 1.4). Let £ > 0, 0 < o < 1, & < ¢ < oo and consider an
untransformed diffusion Y on [0, 00) and a transformation g with

py(y) = =205 oy (y) =4y gy) = ky".
Here Y is a squared Bessel process with dimension —2a. Let Z be the diffusion Z = ¢(Y). Then
Z satisfies Assumption B and can be used to generate [P-diffusions. These are all the self-similar
diffusions for which the construction of IP-diffusions that we use in this paper is possible, see
Lamperti (1972, Theorem 5.1) for a parametrisation of self-similar Markov processes.

The second example concerns Wright—Fisher diffusions, which are well-known across the litera-
ture; we quote the relevant information about them from Karlin and Taylor (1981, Example 15.6.8).
The Wright—Fisher model is a gene frequency model with mutation parameters that describes a
population with two different types, say type 1 and type 2. The diffusion measures the proportion
of the population which is type 1, and therefore takes values in [0, 1]. There are two parameters, 7,
~2 > 0 which determine the rate of mutation from one type to another (i.e. the parameter v; deter-
mines the rates of mutation from type 1 to type 2). They have infinitesimal drift and infinitesimal
variance given by

pz(2) = 12(1 - 2) = mz,  og(z) =2(1-2). (1.13)

Ezample 1.9 (Wright-Fisher gene frequency model involving mutation parameters). The Wright—
Fisher diffusion with mutation parameters v; > 0 and 0 < v2 < 1/2 for IP-diffusions can be used
to generate continuous simple Markov IP-evolutions.

We prove the existence of IP-evolutions in this case in Proposition 1.10 below.

Proposition 1.10. The Wright—Fisher diffusions as defined in Example 1.9 satisfy Assumption C
and therefore can be used to generate continuous simple Markov IP-evolutions.

Proof: Let Y be defined the diffusion that satisfies A3 on [0, 7] with

iy () = 14+ i (2ot (X)) —cotlyy) ~2mtan(yi)); od) =ty ye (0.7)
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With the transformation g(y) = sin? (\/§/2) we have the Wright-Fisher diffusion as described
above. We now verify the diffusion satisfies Assumption C and therefore, by Theorem 1.7, there
exist continuous simple Markov IP-evolutions. It is equivalent to check that Z satisfies A1, A2
rather than check that diffusion Y does. The diffusion Z has scale function and speed measure with
the following asymptotic properties:

§'(z) = O(z7272), m(z) = O(z271) as z — 0;
§'(2) = O((1 — 2)™2M), m(z) = O((1 — 2)!72m) as z — 1.
Therefore

b b
/ s(z)m(z)dz = O(/ 21*2722272*1dz> =0() asb—0.
z=0 2z=0

Similarly, the condition f;:b mz(z)dz < oo can be checked.
The drift satisfies py (y) = 4y2 + o(1) for y near 0 and therefore there exists ¢ > 0 such that
0<2y <py(y) <2y2+1<2forye (0,¢). Furthermore, g(y) = O(y) near 0 and so

b 1/(1—92) b
/ Lg)dy _ O(/ y—2+1/(1_72)dy) — O/ as b0
y:[) y y:0

and this is again finite. O

We believe that Wright—Fisher diffusions with v = 0 should also lead to continuous Markov
[P-evolutions, but our methods were not powerful enough to prove this. On the other hand, the
requirement that ~; > 0 is necessary here to satisfy A2.

The next example concerns Cox-Ingersoll-Ross processes, see Cox et al. (1985). This family of
diffusions is an alternative gene frequency model with two mutation parameters in a scaling where
the mutation likelihood is larger in magnitude in the scaling limit, and in this context they are
known as Laguerre diffusions after the Laguerre orthogonal polynomials involved, see Karlin and
Taylor (1981, Example 15.2.F(d)) for details. They also appears as a population growth model in
the same reference, see Karlin and Taylor (1981, Example 15.13.C). Finally, they are also referred
to in Cox et al. (1985, Equation (17)) and have financial applications.

Ezample 1.11 (Cox-Ingersoll-Ross processes/Laguerre Diffusions). For @ > 0 and b, ¢ € R the
infinitesimal drift and infinitesimal variance is given by

pz(z) = bz +c;  05(2) = az.

The diffusion can be constructed with the transformation g(y) = (a/4)y and the untransformed
diffusion with pry (y) = by + 4c/a and 0% (y) = 4y. This satisfies Assumption C when 0 < 2¢ < a
and b < 0 and therefore in these cases, by Theorem 1.7, can be used to generate continuous simple
Markov IP-evolutions.

This final example is something of a middle case between Assumptions B and C for which we
have some results but no proof for the existence of continuous Markov branching IP-evolutions.

Ezample 1.12. Consider diffusions Z of the form Z = ¢g(Y), where Y is a diffusion that satisfies
Al, A2, A3 with state space E C [0,00) of the form F = [0,h] or E = [0, h) for some h < co and
furthermore is such that:

(1) 0% (@) = da;
there exists €3 € (0, h) such that
(2) py(x) =0 for all x € (0,¢e2];

(where the subscript Y in p and 02 denote that they are the infinitesimal drift and variance for Y),
and g : E — g(F) is a strictly increasing continuous function with ¢g(0) = 0, g(£) C [0, 00) and
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(3) there exists g > 0 such that the transformation g is ¢g-Holder continuous on [0,£¢) for all
q < qp, ie. for all ¢ < g there exists C; > 0 such that for all z, y € [0,e2) we have
() — g(y)| < Colz — yl.
Note that Y satisfies A4 with b = 5. We define a scale function sy and a speed measure my by
setting b = g9 in (1.11) so that

sy(@) =1, sy(z)=2, my(z)= % for x € (0,¢e2). (1.14)

Condition (1.7) is not satisfied: My ((0,e2)) = oo; furthermore we have that (1.8) is satisfied as

£9 v £9 v 1 1 82
sy (y)my (y)dymy (v)dv :/ / —dy—dv = —.
L ey @dmy@ae = [ [ Saygiae =5

Therefore the Pitman-Yor excursion measure satisfies (1.9) by Theorem 1.3. Furthermore, for ¢ < ¢,

€2 £9 C/ C/
/ g(v)my (v)dv < / —2p17 gy = 2 < 0
v=0 =0 2 2(]

and so MY x (T) is finite for a stopped scaffolding-and-spindles pair (N, X) by Theorem 1.4.

Further examples that satisfy Assumption A but not Assumptions B or C that could in theory
generate branching IP-evolutions include reflected Brownian motion with or without a constant drift
on E = [0, h] for some finite h; reflected Brownian motion on E = [0, 00) with a constant negative
drift; reflected Ornstein-Uhlenbeck process on E = [0,00). All these processes satisfy (1.6) (as 0
is a regular boundary point for these processes) and so we have aggregate health summability by
Theorem 1.4.

1.4. Related work. Interval partitions can be found in several different areas of probability. As noted
in Forman et al. (2020a, Introduction), interval partitions are the ranges of subordinators Pitman
and Yor (1992), the complements of the zero-set of a Brownian bridges Gnedin and Pitman (2005,
Example 3), the products of stick-breaking schemes Gnedin and Pitman (2005, Example 2), as well
as the limits of compositions of natural numbers Gnedin (1997). Furthermore, in our setting the
class of interval partitions, Zp along with the metric d; in Definition 1.5 serve as a useful complete
and separable metric space to explore branching processes with diffusively evolving characteristics
and to produce continuous Markovian processes. That said, we feel that these diffusions on the
space of interval partitions should be taken as objects of interest in their own right.

Using only the lifetimes of the individuals, and not the health excursions, the branching processes
we study give rise to splitting trees, which can be found in the literature in e.g. Geiger and Kersting
Geiger and Kersting (1997). A splitting tree is a rooted planar tree that represents the type of
branching processes that we study. It is a rooted tree where branch points represent births, leaves
represent deaths, and the edges of varying length represent the times between birth or death events.
Starting with the ancestor at the root, one can trace the path along the edge until a branch or
boundary point. In the case of a boundary point, the ancestor had no offspring and the tree is a
single edge of length given by the ancestor’s lifetime. In the case of a branch point, the left-most
edge denotes the ancestor and the other edge denotes its first offspring. Continuing to follow the
left-most edges at each branch point gives the collection of edges that represent the ancestor, and
the sum of lengths is the lifetime. All the other edges at the branch points denote the offspring of
the ancestor. Repeating this process for all descendants would return all the information about the
branching process. The collection of individuals alive in the branching process at time t is therefore
in bijection with the collection of points of distance t from the root.

The skewer process draws similarities to the Ray-Knight theorems, see Revuz and Yor (1991,
Theorems X1.2.1,X1.2.3) for a reference, which show that the local time process, indexed by level,
of certain stopped Brownian motions are squared Bessel processes. In our setting we have interval
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partitions instead of local times, although, we find in Lemma 3.16 that the local time at any fixed
level is a function of the interval partition at that level a.s. In Forman et al. (2018) they show a
stronger result for the self-similar cases: this same function applied to the interval partitions at all
levels simultaneously gives the local times at those levels a.s. We still believe that this holds in
non-self-similar cases but our methods were not powerful enough to prove it.

A motivation for our primary source, Forman et al. (2020a), and related papers by the same
authors, Forman et al. (2018, 2021, 2023b), is to generate interval-partition-valued diffusions to
explore diffusively evolving masses of the sub-trees of a spine of a continuum random tree. This
is part of their monograph, Forman et al. (2023a), to solve the Aldous conjecture (Aldous, 1999),
showing the existence of a diffusion on the space of continuum trees with the Brownian Continuum
Random tree as the stationary distribution.

1.5. Structure of this paper. Section 2 explores the relevant literature we use to prove our results.
In Section 2.1 we look at the general theory of SPLPs with reference Bertoin (1996), and state key
results about excursions of SPLPs from Pardo et al. (2018). In Section 2.2 we give a summary of the
Pitman-Yor excursion measure from Pitman and Yor (1982) as well as the Williams disintegration
for the Pitman-Yor excursion measure in Theorem 2.7, and we give an overview of the theory
of disintegration. The disintegration theory also allows us to consider conditional measures such
as v(-|¢ = t), for t > 0, which denote the probability distribution of a health excursion for an
individual with a lifetime equal to ¢. In Section 2.3 we explore Green’s functions as these along with
the Williams decomposition are useful for calculations for all our main results.

Then in Section 3 we prove results for diffusions under Assumption A. In Section 3.1 we prove
Theorem 1.3 which is necessary to have the SPLP “scaffolding”. Then, in Section 3.2 we prove
Theorem 1.4 which determines that the levels of health are summable at a fixed point in time, and
this is necessary to produce interval partitions. Section 3.3 proves necessary disintegration results
for the excursion measure of the SPLP. In Section 3.4 we restrict cases in Assumption A to find the
possible initial states for an IP-evolution.

In Section 4.1 we consider the parameters for the untransformed diffusion under Assumption B,
which we use in Section 4.2 where we show conditions for the recurrent SPLP of unbounded variation
to have local time that is jointly continuous in time and space. This is required in our Kolmogorov—
Centsov continuity criterion argument in Section 4.4 along with some further calculations in Section
4.3. We do not use a Kolmogorovféentsov argument for diffusions under Assumption C as we do
not have an equivalent to the continuity of local time result that was given in Section 4.2 that
only holds for SPLPs of unbounded variation. We prove Theorems 1.6 (without the strong Markov
property) and 1.7 in Section 4.5. We then show the strong Markov property for Theorem 1.6 under
Strong Assumption B in Section 4.6 by showing continuity in the initial state.

2. Preliminaries

In this section we give an overview of the results we use from the existing literature. We explore
the excursions of a spectrally one-sided Lévy process away from level 0 as described in Bertoin
(1996) and Pardo et al. (2018). We also use the excursion measure of a one-dimensional diffusion
from Pitman and Yor (1982); in particular we use the Williams decomposition (Pitman and Yor,
1982, Description (3.3)) which describes the Pitman-Yor excursion measure. We require a notion of
a conditional expectation for o-finite measures, and for this we use the concept of a disintegration
from Chang and Pollard (1997). Finally, we look at Revuz and Yor (1991) for the Green’s function
for real-valued diffusions and use a result from Karlin and Taylor (1981, Section 15) which applies
to such diffusions under Assumption A3.

We define path spaces and various functions on these spaces.

Definition 2.1. We define the following metric spaces of functions:
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(1) Let D be the Skorokhod space of one-dimensional cadlag functions g : R — R. Let C be the
metric space of continuous functions f : R — R under the uniform metric.
(2) Let X : D — D be the canonical process on D, and let Y be its restriction to C, given by

Xi(w) =w(t), weD; Yi(w)=w(t), wecC.

We have defined two processes here, X and Y for clarity later on.
(3) Let Dexe C D be the subspace of D consisting of cadlag excursions away from 0, i.e.

Dexe = {g € D‘Elz € (0,00) : gl(—o00,0Uz,00) = 0,g(z) > 0 for all x € (0,2)}.
Let £ C C of be the subspace of D,y of continuous positive excursions from 0, given by

&= {f € C‘Elz € (0,00) 1 fl(—00,0)u[z,00) = 0; f positive, continuous on [0, z]} = Dexe NC.

Definition 2.2. We define functions on the spaces given in Definition 2.1:

(1) For g € Dexc, we define ((g) == sup{s > 0: g(s) > 0}, and we call {(g) the lifetime of g.

(2) For g € Dexc, we define A(g) :== sup{g(s),0 < s < ((g)}, and we call A(g) the amplitude of
g.

(3) For g € Dexc, we define R(g) = inf{s > 0: g(s) = A(g) or g(s—) = A(g)}.

(4) For g € D, we define T, (g) = inf{t > 0 : g(t) > 0}. We call T, (g) the crossing time of
0 for g, and we call g(T;" (g)—) and g(Ty (g)) the undershoot of g and the overshoot of g
respectively.

(5) For g € D, and E C R measurable, we define Tg(g) = inf{t > 0,¢(t) € E} € [0,00]. For
y € R, we define Ty (g) := Ty,1(g) and we call T, (g) the hitting time of y for g.

Finally, we formally define the notion of concatenating interval partitions from Forman et al.
(2020a, Section 2.2).

Definition 2.3. Let (8,)qca denote a family of interval partitions indexed by a totally ordered set
(A, =). Let S(a—) = Y y_,llB]l for a € A. If S(a—) < oo for every a € A, then we define the

concatenation
KacaBa = {(x+ S(a—),y+ S(a—)) :a € A (2,y) € Ba}

and otherwise we define the concatenation as the empty interval partition (). When A = {aq, a2},
a1 < az we denote this by Ba, * Ba,. If D c 4[1Ball < 00, we call this collection (f4)ac4 summable.

2.1. It6 excursion theory for recurrent SPLPs of bounded and of unbounded variation. As discussed
in Section 1.1, the scaffolding X is a recurrent SPLP either of bounded variation or of unbounded
variation but with no Gaussian component. We discuss the excursions of the SPLPs in both cases.

Firstly, let X be a recurrent SPLP of bounded variation. For z € R, let P, be the distribution
on D of X started at Xy = z, and let E,, denote the expectation operator. For all y € R, the level
y is irregular (P, (7T, (X) = 0) = 0), see Bertoin (1996, Corollary VIIL.5). For any fixed level y € R
the number of returns to y after some time ¢ > 0 is finite a.s. (Lambert, 2010, Lemma 4.2), but the
set, of levels for which the number of returns to a level is infinite is dense in the range of the SPLP
a.s. (Lambert, 2010, Theorem 5.3).

Now instead consider a recurrent SPLP X of unbounded variation and with no Gaussian compo-
nent. For all y € R,

the level y is regular (P, (7, (X) = 0) = 1) and instantaneous (Py(Tg\,(X) = 0) = 1) for X,

see Bertoin (1996, Chapter IV.1-4). Therefore we can define the local time ¢¥ for X at level y.
The local time at all levels y € R is an occupation density for the Lévy process such that for any
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bounded and measurable function f and any ¢ > 0 we have

/Oo_ F) e (8)dy = /0 F(XJ)ds  as. (2.1)

The local time at level y is a continuous increasing function ¥ : [0,00) — [0,00), and so we can
define a right inverse 7¥. Define 7¥ : [0,00) — [0,00) as, for s > 0, 7Y(s) = inf{t > 0 : £Y(t) > s}.
Note that 7° is a subordinator (Bertoin, 1996, Theorem IV.8). Then, following Bertoin (1996,
Equation IV.6), we can define the excursion process e = (es,s > 0: 7%(s) — 7%(s—) > 0) for X,

es = (Xro(sm)1r 0 <7 < 0(s) — %(s—)), (2.2)

where each e5 € Dey.. There are only countably many points s such that 7°(s) — 79(s—) > 0 a.s.
From Bertoin (1996, Theorem IV.10) we note that e is a Poisson point process.

Define S = (St)ic[0,00), Where, for t > 0, S; = supg<;<; Xs, i.e. S is the running supremum of
X. The process S — X is non-negative for all ¢ > 0 and only hits the level 0 at the points where
X attains new suprema. Note that the level 0 is also regular and instantaneous for S — X and we
can define € to be the excursion process for S — X in the same way that we defined e for X. Let n
be the characteristic measure for e; i.e. the excursion measure for X, and let n the characteristic
measure for €; i.e. the excursion measure for S — X. The Laplace exponent, 1 : [0,00) — R, for X
is formally defined to be the function that satisfies

Eo(e—/\Xt) = etV

and in our setting is equal to

o0
b(\) = / (e_)‘z 1+ Ax) A(dz), (2.3)
=0
see Bertoin (1996, Chapter VIL.1).

As the recurrent SPLP X has no Gaussian component we have that, up to a null set, all excursions
under n have the following structure a.s.: initially the excursion takes values in (—o0,0), before
entering (0, 00) by a jump across 0, and then taking values in (0, co) until hitting 0, see Pardo et al.
(2018, Theorem 3).

We define a relation between the excursion measure n of X and the excursion measure 7 for
S — X, with the scale function W for X := —X, defined in Bertoin (1996, Section VII.2). The
scale function W : [0,00) — [0,00) is a continuous increasing function which relates to the Laplace
exponent for X in the following way: for all A > 0,

| e =
e MW(x)de = ——.
=0 1/}()‘)
Let P, be the probability measure for the law of the dual process X started at X(O) = z. The
scale function W for X solves the two-sided exit problem for X (Bertoin, 1996, Theorem VIL.8): for
x,y > 0, the probability that X makes its first exit from [—z,y] at y is
. W
IP’O( inf (X)) > fx) _ W)
05, Wia+y)

In the following, we use notation such as
n(g(t) € A,¢ > 1) =n({g € Dexc : g(t) € A,¢(g) > 1}),

where A is a measurable set of R in this setting. To relate n to 7, we use an instance of a general
result for recurrent SPLPs from Pardo et al. (2018, Theorem 3 (iii)): there exists k1 > 0 such that
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forall y, z >0

n(—g(Ty =) € dy,g (Ty) € dz, T,F >t) = k1/
=0

[e.e]
(W(2)=W(z—y))a(g(t) € dz, ¢ > t)A(dz+y)dy,
(2.4)
where W (t) := 0 for ¢ < 0.
For > 0, when we consider events of X up to a finite fixed time ¢ (i.e. any event A such that

A € Fy, the natural filtration for the process X), P! is the distribution on D of X when started from
x and conditioned to be positive in (0,¢), which can be found in Bertoin (1996, Equation VIIL.6):

~

- w
IP)I;(Xt S dy) = = (y) Px(Xt S dyaT(—oo,O)(X) > t).
W(z)

Furthermore, Bertoin (1996, Proposition VII.14) states that the probability measure for X condi-

tioned to stay positive when started at level 0, IP’g, can be defined by the limit lim, g }P’;Tc. Then,
from Bertoin (1996, Proposition VII.15), we have that for some k2 > 0 and for any z, t > 0,
ko

n(g(t) € dz,((g) > t) = W(x)ﬁvg(xt € dz). (2.5)

2.2. Pitman-Yor excursion theory for one-dimensional diffusions and disintegration theory. Con-
sider a diffusion that satisfies Assumption A1. We construct an excursion measure following Pit-
man and Yor (1982, Section 3). This is equivalent to the It6 excursion measure when 0 is a regular
boundary point, but is more general as it also applies in the case where 0 is an exit boundary point.

Before we define the excursion measure, we need to define two more diffusions — the 0-diffusion
and the f-diffusion. For x > 0, the 0-diffusion started at x is simply the original diffusion started
at x which we stop when it hits level 0. For z > 0, the T-diffusion started at the level x has law
given by the limit, as y 1 oo, of the conditional probability measure for the original diffusion (again
started at x) conditioned on {7, < Tp}; details of this can be found in Pitman and Yor (1982,
Section 3). We can define the 7-diffusion starting at 0 and in this case the process never returns to
level 0. The scale function s and the speed measure M" of the 1-diffusion can be determined in

terms of s and M: )
sT(z) = —;  M'(dz) = s(x)?M(dx). (2.6)

s(z)
The scale function s' result follows from the defining characteristic of a scale function in (1.2) and
some simple calculations. The speed measure result is noted in the literature in e.g. Salminen et al.
(2007). With the f-diffusion and the 0-diffusion we can define the Pitman-Yor excursion measure

V.

Definition 2.4 (Pitman-Yor excursion measure ). We define the o-finite excursion measure v on
the space of positive continuous excursions £ by the following conditions:
(1) v(f =0)=v(f(0) #0) = 0;
(2) for all y € E\{0} we have v (T,(f) < co) =1/5(y);
(3) for all y € E\{0}, the conditional distribution v (-|T}(f) < c0) is the law of the following
V = (Vi)yeo,00)- The process (Vi),cio 1) has the law of an f-diffusion started at 0 and run

until it hits y, and (VTy-i—t) t€[0,00) has the law of an independent 0O-diffusion started at y.

[0,00

The interpretation for v is that the excursions come into E\{0} from the level 0 according to the
P-diffusion and then evolve in E\{0} according to the 0-diffusion. Like the scale function, this
measure is unique up to a normalising constant in the sense that if v is an excursion measure
and k£ > 0 then kv is also an excursion measure (the normalising constant for s determines the
normalising constant for v).
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FIGURE 2.2. Left: an excursion with amplitude a € (0, h), constructed from an 1-
diffusion (red) and a time-reversed f-diffusion (green) both started at 0 and stopped
at a. Right: an excursion with amplitude h, constructed from an f-diffusion stopped
at h (red) and a 0-diffusion started at h and stopped at 0 (purple).

We give an overview of the results from Chang and Pollard (1997) on the theory of disintegration,
which will allow us to condition over infinite dimensional measures such as the Pitman-Yor excursion
measure .

Definition 2.5 (Disintegration). Let A be a o-finite measure on a metric space X and let S : X — R
be a measurable map. Then A has a disintegration {A(-[S = t)},c[0,00) With respect to S, known as
an S-disintegration, if
(1) A(:|S =t) is a probability measure on X concentrated on {S = t}.
In other words, A({S # t}|S =t) =0 for A\(S € -)-almost all ¢,
(2) for any F': X — [0,00), t —> ngX F(g)\(dg|S = t) is measurable and

(3) fgeX F(g)A(dg) = [,cr ngX F(g)\(dg|S = t)A(S € dt).

The next theorem states sufficient conditions for a function S : X — R on a complete and
separable space to disintegrate a measure .

Theorem 2.6 (Existence Theorem for a disintegration for \). Suppose (X,3(X), ) is a complete
and separable space and that S is a measurable map. Then A has an S-disintegration. Furthermore,
the measures A(-|S = t) are uniquely determined up to an almost sure equality: that is to say that if
At is another S-disintegration then A\(S™1(t € [0,00] : A\t # A(:|S =1))) = 0.

Definition 2.5 and Theorem 2.6 are given in greater generality in Chang and Pollard (1997,
Definition 1) and Chang and Pollard (1997, Theorem 1) respectively — what we refer to as an S-
disintegration they refer to as a (S, SA)-disintegration. The Williams decomposition in Theorem
2.7 satisfies the conditions of Definition 2.5 and so is an A-disintegration of v. Furthermore, by
Theorem 2.6 there exists an (-disintegration of v.

We abuse notation and write s(dw), for w € E\{0}, to denote the Lebesgue-Stieltjes measure
on E\{0} as defined from the continuous increasing scale function s. Formally, s(dw) is the Borel
measure ¢(dw) for which we have for any 0 < x < y < h that ¢((z,y)) = s(y) — s(z). We remark
that under Assumption A3 we have that s(dw) = s'(w)dw but that s is not in general differentiable.

The following description of the Williams decomposition of v depends on whether s(h) < co.
If s(h) < oo then the level h is a regular boundary point for the diffusion, and therefore the
diffusion can hit A in finite time. In this case the process reflects off the point h and the Williams
decomposition of the excursion measure therefore includes a case where the amplitude A is equal
to h which can occur with positive probability. The graph on the right in Figure 2.2 shows an
excursion that hits level A in this setting.

Theorem 2.7 (Williams decomposition of v). Consider a diffusion that satisfies Al on a state
space [0, h] for some finite h or on a state space [0,h) for some h which is either finite or infinity.
Then its Pitman-Yor excursion measure v is the unique measure that satisfies the following:
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(1) v (A € dw) = s(dw)/s(w)? for w € (0,h).
If s(h) is finite, we further have that v(A = h) = 1/s(h).

(2) For w € (0,h), a process V under v(-|A = w) has an a.s. unique time at which it attains
its amplitude, given by R, so that Vi = w. Furthermore, the processes

(Vi,0<t<R) and (Ve—,0<t < (—R)

are independent T-diffusions each started at the level 0 and then stopped at time Ty,. See the
graph on the left in Figure 2.2.

(3) In the case where s(h) is finite the process V under v(-|A = h) is defined and evolves as the
following. The process (Vt)te[o,Th) has the law of an 1-diffusion started at 0 run until it hits
h, and (VTh-H)te[o,oo) has the law of an independent 0-diffusion started at h. See the graph
on the right in Figure 2.2.

Theorem 2.7 is proven in Pitman and Yor (1982, Section 3) in slightly less generality, but the
generalisation in our version follows from this.

2.3. Green’s functions of diffusions. In this section we explore the properties of Green’s functions of
diffusions that we use in this paper. For a probability measure Q we let Eg denote the expectation
operator under Q. For a diffusion on a state space E and for x € E let Q, denote the probability
measure of the diffusion started at x. This first result is from Revuz and Yor (1991, Corollary
VIIL.3.8).

Theorem 2.8. Consider a diffusion on a state space E C [0,00) which is of the form E = [0,h) or
E =10, h| for some h < co. Leta, w € E with a < w, and let F : R — R be a locally bounded Borel
function. We have for x € (a,w) that

Eg, ( / et F(Y;)ds) _ / zaF(v)G(aM)(x,fu)M(dv)

=0
where G (g ) 1s the Green’s function for the diffusion on (a,w) as in (1.3).

The next result is from Revuz and Yor (1991, Proposition VII.3.10) and includes some immediate
consequences that apply to our setting.

Lemma 2.9. Consider a diffusion which satisfies Al and has speed measure M such that
M((0,b)) < oo for some b € E and let F : R — [0,00) be a locally bounded Borel function.
Then, for w € E, we have

Eqy < / ; Fm)ds) -/ zo F(0)(s(w) — s(v))M(dv).

In particular, if a diffusion Y satisfies A1, A2 and s(h) is finite then h is a reqular boundary point

for Y and we can define the diffusion Y =h-Y. Also, using “hats” for anything associated with
Y, we have that Y satisfies Al, My ((0,b)) < oo for some b € E and

To Th
Eg, </ F(Ys)d5> =Eg </ F(h— Ys)ds>
s=0 0 s=0
h h
_ / F(h — 0)(s (k) — 5 (0)) My (dv) = / Fv)sy (v) My (dv).
v=0 v=0
We now look at results about {-diffusions. For z € E, we define Qg to be the distribution of

the f-diffusion started from z. This final lemma uses results from Karlin and Taylor (1981, Section
15.3).
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Lemma 2.10. Consider a diffusion that satisfies A1, A3 and has infinitesimal drift p and infin-
itesimal variance o that are continuous on E. Then we can define the 1-diffusion in this setting
and we have that the infinitesimal drift u' and infinitesimal variance (o2)" for the 1-diffusion are
the continuous functions

@) (0% (x) = *(a). (2.7)

Furthermore, for a > 0, we define functions Uy .y and Vig u) from U and V in Karlin and Taylor
(1981, Equation 15.3.37): for x € (a,w) let

U(a,w) (x) = EQ; ((Ta A Tw)2>a V(a,w) ($) = 2EQ; (Ta A Tw)- (2'8)
Then Uauw)(+), Viauw)(+) satisfy:
1
(O @)U &) 151 @)U (@) + Vi (&) = 0. (2.9

Furthermore, there exists a unique solution (U(qu)(T))ze(aw) to (2.9) with boundary conditions

Utgw)(@) =0 and U g ) (w) = 0, which is given by

Utaa () = Faay 67 () =50 + [ [ (61 @)Viaan e () for 2 € (a,)
where

-1 wo oy .
b = ) =) s S OV

We prove the solution satisfies the differential equation (2.9) in Lemma 5.2 in the Appendix. The
formulae for ' and (02T, stated in (2.7), can be found in the literature, e.g. Pinsky (1985, p. 371).
In (1.4) we have V{, ,(2) in terms of the speed measure and the Green’s function for the diffusion

on (a,w) which is given in (1.3). We can then make substitutions for s" and m" using (2.6). We
take monotonic limits as a decreases to 0 and then as x decreases to 0 to obtain

Bgy(Tu) = [

v=0 v

By (T2) =2 /y wo / yo / wz (S(lv) - - (l)) s(v)2m(v)dvs(z)2m(z)dz::;(;;)2dy (2.11)

for w € E. This ultimately follows as 0 is not a regular or exit boundary point for the 1-diffusion
and so we have limgo Eg (Tu NTy) = Eqr (Tw) and limg o Egr (Tw) = Eqr (Ty) and similarly for
z T T 0

EQE (Tz%)

w

(5T (w) — s (v)) M (dv) = / zo (S(lv) - (L))S(UVM(CZU) forwe B, (2.10)

3. Scaffolding and spindles — Assumption A

In this section we give results for the interval partition produced at a fixed level y € R by our
scaffolding-and-spindles construction.

3.1. Proof of Theorem 1.3. We use Green’s functions to determine the Lévy measure condition in
Theorem 1.3. We prove that with the conditions of Theorem 1.3 the lifetime measure under the
Pitman-Yor excursion measure is the jump measure of a recurrent SPLP, and the conclusion of
the theorem follows. Our diffusion takes values state space E C [0,00) of the form E = [0,h) or
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E =0, h] where h < co. For b € (0, h) we can split the excursions f € £ of the diffusion based on
whether or not they have amplitude A(f) greater than b:

/Oo(wz/\x)V(Cde)z/ (C(FPA L)) wldf) < N ap<r @)+ | C(HLagpsov(df)-
=0 fe& fe€ fe€ (3.1)

Lemma 3.1. Consider a diffusion that satisfies A1 and A2 with Pitman-Yor excursion measure v.
Then for b € (0,h) we have that

/ C(HLapyspr(df) < 0.
fee

Proof: The disintegration described in the Williams decomposition in Theorem 2.7 gives the ex-
cursion conditional on A = w as the concatenation of two {-diffusions, the second one being time-
reversed so that the concatenated pair form a non-negative excursion of amplitude w, see the left
graph in Figure 2.2. Therefore for w € (0,h) the expectation of the lifetime under v(-|4A = w) is
given by

Cwidia=w) =2

R(f)v(df|A = w) = 2E 1 (To).
ree 0

fe€
We have calculated the expectation of T, under Qg in (2.10), and so
comiaia=w) =1 [* (s ) swrara)
v =w) = — = s(v v).
fee v=0 \8(v)  s(w)

We integrate over the amplitude A = w € (b, h) and take the upper bound of 1/s(v) for 1/s(v) —
1/s(w) to obtain

ctagpeanrian =1 [ [* S0 (L LY aaystauy

w=b Ju=o 5(w)* \s(v)  s(w)

h w 1
< 4/wa /U:O s(v)M(dv)Ws(dw).

Finally, we split the integral for v € [0,b] and for v € (b, w) to show the claim.

ho b 1 -
/wb /vO S(U)M(dv)s(w)gs(dw) < m /VOS(’U)M(d’U),
which is finite by Al and

h w 1 h h 1
/wb/vbs(”)M(d“)s(w)2s(dw) = / / 55(dw)s(v)M (dv) < M((b,h))

=b Jw=v S(w)

fee (3.2)

which is finite by A2.

The final part we need to consider are excursions that hit level h, and this occurs when s(h) is
finite (equivalently when A is a regular boundary point of the diffusion). In this case, as stated in
the Williams decomposition in Theorem 2.7, we have that conditional on {A = h} the excursion
follows a probability distribution that consists of an f-diffusion started at 0 and stopped at T}, the
hitting time of h, followed by an independent O-diffusion started at h, i.e. a diffusion started at h
and stopped at Tj.

We calculate the contributions. The first term is given for w = h in (2.10) and the second
contribution is given in Lemma 2.9. The combination is

C(f)v(df,A=h)=v(A=h) (EQg (Th)+Eh(To)> = /6(0

fe&
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This is less than (2 / s(h) f _o8(y)M(dy). The result follows as f _o 8(y)M(dy) is finite by Al and
we have that fy:b M (dy) is ﬁmte because s(h) is finite and as M((b, h)) is finite by A2. O

Lemma 3.2. Consider a diffusion that satisfies Assumption A and let v be the Pitman-Yor measure.
Let b € (0,h) be as in A4. Then we have

G Lagpyapm(df) <8 / [ stomz)dzm(eyde, (3.4)
fe€ 2z=0

Proof: As we assume A3 in this lemma we can write M (dv) = m(v)dv and s(dw) = §'(w)dw,
i.e. M has a density m with respect to the Lebesgue measure and s is differentiable. As in the
previous lemma, we use from Theorem 2.7 that, for w € (0,b), R and ( — R are independent and
identically distributed under v(|A = w) with the distribution of T;, under Qg. By expanding
(2 = (R+ (¢ — R))? we obtain the upper bound

/feg (R())*+2R(N(C(f) = R() + () = R(N)?*)v(df|A = w) < 4/ng R(f)*v(df|A = w).

To find an upper bound for the right-hand-side we consider a different diffusion 7 with infinitesimal
drift fi and infinitesimal drift 62 given by

f(w) = p(w), &%(w) = c*(w) for w € (0,b); f(w) = ub), &%(w):=c*(b) for w > b.

Let §, m and ¥ be the scale function, speed measure density and Pitman-Yor excursion measure for
Z. Then Z is a diffusion that satisfies A1 and A3 and /i and 62 are continuous on E and so we can
apply Lemma 2.10 and, substituting the expectation for T2, we obtain

[rupeia=w =2 [7 [ [ (e LY srmsorneeS B

for w € (0,b). However as, for w € (0,b), we have §(w) = s(w), m(w) = m(w) and also
v(-|[A = w) = v(-]A = w) by the Williams decomposition in Theorem 2.7, we can substitute
the terms in the equation above. We then integrate over A = w € (0,b) and take the same upper
bound of 1/s(v) for 1/s(v) — 1/s(w) as in the previous lemma to get

CF)2v(df|A = w)dw < 8 v)dvs(z )Qm(z)dzs/(yldnguldw
fee 2=0 Ju=z (y) (w)

for w € (0,b). We swap the order of 1ntegrat10n and then extend the range of the now inner y and
w integrals to upper bound the integral above by

Lol L S smstomtyineys< [ [ miestymios

where we again use the same upper bound of 1/s(v) for 1/s(v) —1/s(w) and also in z. Finally we
swap the order of integration of z and v to give the upper bound in the claim. [l

CIJ

Proof of Theorem 1.3: Consider a diffusion under A1 and A2. Then as in (3.2), but now without
the amplitude constraint of A(f) > b, we note that

e C(fv(df) = 4/::0 /zo j((z))z (8(1”) - S(L)) M (dv)s(dw)

which we can rearrange to give

S aian
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We split into two cases. When s(h) is infinite the above term is equal to 2M ((0,h)) and therefore
we have the Pitman-Yor excursion measure satisfies (1.6) if and only if (1.7) holds. When s(h) is
finite we have the above integral is equal to

h h
2M((0,h)) — s(4h) /vzo s(v) M (dv) + s(i21)2 /vzo s(v)? M (dv).

To complete the proof in this case it suffices to show that fvh:o s(v)M(dv) is finite. We have

fyb:() s(v)M (dv) is finite by Al and furthermore we have that fvhzb s(v)M (dv) is finite as M ((b, h))
and s(h) are both finite.

For the second setting described in Theorem 1.3 (where the diffusion satisfies all of Assumption
A) the result follows immediately from Lemmas 3.1 and 3.2. ]

3.2. Proof of Theorem 1./. Throughout this section we consider a diffusion that satisfies A1 and
A2 and has a Pitman-Yor excursion measure v that satisfies (1.9), which we recall means that for
a scaffolding-and-spindles pair in this setting, the scaffolding X is an SPLP of unbounded variation
with no Gaussian component (we deal with the bounded variation case in the final proof of Theorem
1.4 as the end of this section). With this in mind, we begin with a lemma that applies to such Lévy
processes.

Lemma 3.3 (Excursion undershoot-overshoot measure). Let X be a recurrent SPLP of unbounded
variation with Lévy measure A and with no Gaussian component. Let n be the excursion measure
for the law of X. For some constant kg > 0, the undershoot and overshoot joint measure under the
excursion measure n is given by the following measure on (0, 00)>

n(—g(Iy =) € dy,g(Ty) € dz) = koA(dz + y)dy. (3.5)
Proof: We substitute the expression for the excursion measure of S —X from (2.5) into (2.4) to give

n(—g(TJ—) € dy,g(TJ) € dz,TOJr > t)

= Nt x) — W(x — 2 _pr x z
([ (- ) s Bl e ))Ada: + )i

Forx > 0andy > 0, (W(w) — Wiz — y)) /W (z) < 1. Also, limg o (W(x) —W(x — y)) IW(z) =1

by monotonicity. Finally, for X with law P, we have that X; — 0 as ¢t | 0 a.s. Also we have
n(Ty" = 0) = 0, see Pardo et al. (2018, Theorem 3), and so

n(—g(Ty —) € dy, g(Ty") € dz) = ltiﬁ)ln (—9(TF =) € dy, g(Ty) € dz, T > t)

[ W () = W(z—y) oy
= kiko [ 1 A PY(X, € dx) | A(dz + 3)d
12(551 o W) (Xe € de) | Aldz+y)dy

= koA(dz + y)dy where kg == k1ks,
and where the limit of measures is a vague limit. U

Definition 3.4. For a complete and separable metric space S, let N'(S) be the set of counting
measures on S that are boundedly finite. We equip N (S) with the o-algebra 3(N(S)) generated
by the evaluation maps N + N (B) for Borel subsets B C S. Let N € N([0,00) x £) and define

(1) len(N) :==inf{t > 0: N([t,00) x &) =0} € [0, o0];

(2) Nljgp) 18 N restricted to the interval [a,b]: N4 = > 8t,f0)-

te(a,b),(t,ft) atom of N
(3) N|f;b} is N with the time index shifted back by a: N|f;,b} = > S(t—a,fo)
tela,b],(t, f+) atom of N
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(4) for an atom (t, f;) of N we define, for y € (En(t—),&n(t)) (recall (1.1) and paragraph
below the equation for definition of £y), the decomposition of the spindle f; between the
component of f; that falls below level y, denoted as f; € £, and the component of f; that is
above level y, denoted as ft eé&:

(2) = fil) Leepy—eni—y), [P (2) = fily —En(t=) + 2)Loco.en (6)—y)

and we write f; .= f0 and f; = f0;
(5) we define a subspace of N'([0,00) x ). Let Ng® be the set of counting measures with the

additional properties:

(a) N({t} x &) <1 for every t € [0, 00),

(b) N([0,t] x {f € £E:¢(f) > z}) < o0 for every t, z > 0,

(c) len(N) < oo and limit {n () exists for each ¢ € [0,len(V)];

(6) we define the subspace N*" C N by saying that N € N*P if and only if Ny, € Njp for

each t > 0.

With the above definitions, we can define the following sets that contain measures associated
with cadlag excursions away from 0. We define

Yoa = AN € Nyt €(N) € Dexc}
Niaa ={N e Ny : inf{n (t) = 0}, Taa =N € Vi : Sup En(t) =0},
to classify the possible excursions of X marked with the points of N. We split
N € N \(NVRq UNTq)

into what we call its clade component N* € NP telq and its anti-clade component N~ € NP el by

N = Ny + 0I5, o), N* =50, f%) + Nl (3.6)

)7
(and we define (N, NT) to be (N,0) for N € N vq and similarly for N € A7%),). The terminology
is inherited from our main reference Forman et al. (2020a). The component N represents all the
descendents of an individual, and this is therefore a clade of the total population. The term anti-
clade was then coined due to it being the inverse to the clade. Finally, we use the term bi-clade
for the combination of the clade and the anti-clade. We also refer to elements of i old> Ni}zl q and
N—Iz:ld as bi-clades, clades and anti-clades respectively.

In Definition 3.5 we define V¥ to be the set of all complete excursions about level y and we define
Vi to be V¥ along with the possibly incomplete first and last excursions in the following way from
Forman et al. (2020a, Definition A.1).

Definition 3.5. For a cadlag function g € D and y € R we define

<b<ooyg(t—) #y #g(t) for t € (a,b); }

VY a,b] C [0,len ¢ ’ A

@) {[ b Aol g0y =y or gla) = w3 g(b=) = y or g(b) =y

The set Vy(g) D V¥(g) then includes any incomplete first or last excursions. To define this rigor-
ously, let

TY(g) = inf({t € [0,len(g)] : g(t) =y or g(t—) = y} U {len(g)}),
T?(g) = sup({t € [0,1en(g)] : g(t) = y or g(t—) =y} U {0}).

Then, for y # 0, we include [0,7%(g)] N[0, 00) in V{/(g), even if T¥(g)=0. Also, if T¢(g) < len(g) or
g(len(g)) # y, then we include [T¥(g),len(g)] N [0, 00) in Vi (g). For N € NP we define
) =

)
VI(N) = VY(E(N))

and similarly for V.
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Finally, we need to take care with possible non-degenerate excursions and so we carefully define
intervals I3 (a,b) to be one of [a,b], (a,b], [a,b), (a,b) as follows: we exclude the point a iff a < b
and g(a—) < y = g(a); we exclude b iff both a < b and g(b—) =y < g(b).

With this definition we can consider the measure on excursions of the process X := £(IN) where
the jumps are marked by the spindles that generate them. For N € NP, let V¥(N) for y € R,
N € N®P be the set of intervals of complete excursions of X, so that [a,b] € VY(IN) means that the
path ({x(a+t),0 <t < b—a) is an excursion about level y — we define this rigorously in Proposition
5.4 in the Appendix. As X is of unbounded variation we have that, for each level y € R, there are
no degenerate excursions of X a.s. and X has local times. Furthermore, the local times are injective
a.s. for each y in the sense that for [a,b], [c,d] € VY, £Y(a) # £Y(c) unless [a, b] = [c, d]; this is shown
in Millar (1973) which summarises whether Lévy processes either first jump across or first hit fixed
levels. While it holds at any fixed level a.s., across all levels simultaneously this would be false. We
define FY for N € NP and F for N by

0 — 0._ 70
FON) = Y S, F=F'N). (3.7)
[a,b]€VO(N)
We note that FU is a Poisson random measure where each element is the collection of spindles that

generate an excursion about level 0 for the process £n. We define the measure g on Nﬁld by

vada(A) = E(F°([0,1] x A)) for a measurable set A C e

The bi-clades here will have a unique jump that crosses zero, that is to say that the set of all
bi-clades with no unique crossing jump has measure 0 under vgq, and the unique jump will have
associated with it an excursion of our diffusion. Therefore we can discuss the crossing width m° of
the unique crossing jump:

m'(Ny= > max{f((=&n(r=))=), fr(=En(r=))}; N e NPy (3.8)

(r,fr) atom of N

The reason that we define m? in this way is that it makes sense for N € Niild U/\/'j_ild. Indeed, we
have

MO (N) = frt gy (ZEn (T3 (En) =) for N € N\ UNT )

This second formulation for the crossing width is more intuitive. We use the following nota-
tion, similar in style to that used in Section 2.1: take as an example, for a measurable set A of
[0,00) x (—00,0] x [0, 00),

vaa(m®, En (T =), En(T5)) € A) = vaa({N € N+ (m°(N), En (T (Ev) ). En (T3 (En))) € AD).

Proposition 3.6. Consider a diffusion that satisfies A1 and A2 with Pitman-Yor excursion measure
v that satisfies (1.9). Let (N, X) be a scaffolding-and-spindles pair for this diffusion. Then, in the
setting described above, we have that

E (St,mO(N’)

(t,N") atom of FO(N)

is a Poisson random measure with intensity veq(m® € dx) = koM (dx) where kg is the constant in
Lemma 3.3 for the SPLP X.

Proof: The fact that this measure is a Poisson random measure with intensity Vdd(mo € dx)
follows from the fact that FC is a Poisson random measure with intensity vqq. It remains to show
vad(m® € dz) = koM (dx). We rearrange the result in Lemma 3.3 to obtain

Vaa(—En (T =) € dv, En(Ty) — En(Ty —) € du) = kodvrv(¢ € du) for kg > 0, for 0 < v < u,
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where k is the constant stated in Lemma 3.3. Recall that A is the jump measure of X and therefore
v(¢ € -) = A(") in this context. Let H be a positive measurable function H : [0,00) — [0,00). We
claim that

o () = [ ) dN) = o [ ().

First note that

/ H(m°(N))vaa(dN)

NENﬂs:}:():ld
- / / H(@)vaa(m® € da, —En (T =) € dv, En(T3) — En (T =) € du)
u=0 Jv=0 JxeFE

and in the next step we disintegrate vqq(m® € -) with respect to (—&n (T4 =), En(Ty)). This is
possible as the bi-clade measure v.q can be obtained from marking the jumps of an excursion of
a cadlag process under the excursion measure of the Lévy process X, see Forman et al. (2020a,
Proposition 4.9). We obtain

ko /oo /u H(x)vaa(m® € dz| — En(Ty =) = v, En(Ty) — En(Ty —) = w)dov(¢ € du)
u=0 Jv=0 JxEFE

~w [ [ [ U= )¢ < ),

by (3.8) and the fact that vgq(N, U _S:;ld) = 0. We can rewrite this as

00 <)
ko / - /f | G draic = upwic € ),

where f represents the excursion associated with the unique crossing jump and v is the Pitman-
Yor excursion measure of our diffusion. We can express this in terms of an integral against the
Pitman-Yor excursion measure as

o [ (7 ) otan

v=0
From Theorem 2.7 we see this disintegrates with respect to the amplitude A to give

¢(f)
ko /weE\{o} /fes ( - H(f(v))dv>y(df]A =w)r(A € dw). (3.9)

As shown in the left graph of Figure 2.2, for w € (0,h) the Williams decomposition result gives
a disintegration with the conditional distribution v(-|A = w) being the concatenation of two 1-
diffusions both stopped at T,,. Therefore for the w € (0, k) in (3.9) we have that

h qE)) . .
/wo /fe‘g ( . H(f(v))dv)u(dfyA = w)v(A € dw) :/

s(dw)
w:02EQg<

s(w)?’

- H(Y;)dt)

which is equal to

| [ 2t = senartan 3
0Jy

w= =0
by Theorem 2.8 (where we have taken monotonic limits a | 0 and = | 0 as we did in Lemma 2.9).
With the equations for sT and M measure from (2.6), we substitute these terms and swap the order
of integration to obtain

2/;0 /wh—y <8(1y) N s(lw)) s(zlu)2S(dw)H(y)S(y)2M(dy)-
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We split into cases depending on whether or not s(h) is finite. If s(h) is infinite then E = [0, h) and
the above integral is equal to nyE H(y)M(dy). When s(h) is finite we instead have that E = [0, h]
and the above integral is equal to

s(y) | s(y)?
/yeE (1 - 2% + s(h)z)H(y)M(dy).

Furthermore when s(h) is finite we have that the measure v(A € -) has an atom at h and so there
is a positive contribution to the integral in (3.9) at w = h. We can calculate this from the Williams
decomposition in Theorem 2.7 to obtain

Th

v(A=h) (EQE(/M H(Ys)ds) + E@h(

We have that v(A = h) is equal to 1/s(h) and

To

)

s=0

By ([ Hs)+E, ([ H(Y)ds) - [ B () s@PM @)+ [ Hw)sw) My
Qo y=0 " s=0 yeE S(y) S(h) yekE
S 2 ‘ .
which equals fyeE H(y) (23(y) — s((yh)) )M(dy) Therefore we have (3.9) is equal to nyE H(y)M (dy)
in both cases as required. O

With Proposition 3.6, we can prove Theorem 1.4.

Proof of Theorem 1./: Let (N, X) be a scaffolding-and-spindles pair stopped at an a.s. finite T" for
a diffusion Z. In the setting where vy satisfies (1.6) for v = vz, the scaffolding X is an SPLP of
bounded variation. Therefore the set {r € [0,¢] : X,— < 0 < X, } is finite a.s., i.e. there are only
finitely many crossing widths to sum; therefore, the aggregate health MRLX(T) at level 0 is finite
as it is a finite sum of positive values.

In the setting where vy satisfies (1.9) for v = vz we can apply Proposition 3.6. This proposition
states that, for fixed ¢t > 0, the aggregate fitness process M&X (t) is a sum over a Poisson random
measure with intensity Leb ® Mz on [0,¢] x E\{0}. Let b:= 1A h/2 € (0,h). We deal with the sum
of crossing widths less than b and the crossing widths of size greater than b separately. The crossing
widths of size less than b form a Poisson random measure with intensity Leb ® Mz on [0,t] x (0,b).
Therefore, by Campbell’s Theorem, see Kingman (1993, Section 3.2), these are summable if and
only if

b
/ zdtMz(dz) = t/ 2Mz(dz) < o0
[0,] % (0,b) 2=0

and this is finite by the assumption in the theorem. The crossing widths of size greater than b are
from a Poisson random measure with intensity Leb ® Mgz on [0,¢] x [b, h]. Note that

/ dtMy(d=) = tMg (b, h])
[0,¢] x[b,h]

and this is finite by A2 and therefore there are only finitely many such crossings so the sum is clearly
finite. The result then follows for the aggregate fitness process evaluated at the a.s. finite time T'.
To see the result in terms of an untransformed diffusion Y with transformation g, apply Proposi-
tion 3.6 to diffusion Y to obtain that the crossing widths in this case are a Poisson random measure
with intensity Leb ® My . We apply the transformation g to these crossing widths and this is equal
in distribution to the crossing widths from the diffusion Z. The condition for summability of the
small crossing widths then becomes the condition in (1.10). O
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3.3. Disintegration with respect to the crossing width. In this section we disintegrate the bi-clade

measure Vgq with respect to the crossing width m". As in the previous section, we assume that

our diffusion satisfies A1 and A2 and that the Pitman-Yor excursion measure v satisfies (1.9). We
define some operators that time-reverses excursions and point measures.

Definition 3.7. Let f € £ and N € N;°. Then
(1) We define the time-reversal for f by

Repal(f) = (f((C(f) —y)—).y €R), (3.10)

following the definition given in Forman et al. (2020a, Equation (2.16)).
(2) We also define the time-reversal for N by

Rea(N) == > d(len(N) —t, Rypar(f)), (3.11)
(t,f) atom of N

following the definition given in Forman et al. (2020a, Equation (4.19)).

The reversibility of the excursions under the Pitman-Yor excursion measure v, see e.g. the
Williams decomposition in Pitman and Yor (1982, Section 3), along with the independence between
excursions away from 0 for the Lévy process X, means that

Vad(A) = vaa(Rada(A)) for a measurable A ¢ N3P, . (3.12)

The next result is a generalisation of Forman et al. (2020a, Lemma 4.13), and it proves conditional
independence between the clade and the anti-clade given the crossing width.

Lemma 3.8 (Mid-spindle Markov property). Consider a diffusion that satisfies Al and A2 with
Pitman-Yor excursion measure v that satisfies (1.9), and let (N,X) be a scaffolding-and-spindles
construction for this diffusion. Let T be a stopping time either of the form T=Y for some y > 0 or
of the form

ng = inf {t > O’ / Ly—x(s=))>1/mdN(s, f) > j} foryeR,j,neN, (3.13)
’ [0,t]xE

and let fr denote the spindle of N at this stopping time T. Then, conditionally given
fr(y —X(T-)) =z > 1/n, we have that
(Nljo,7), f4) is independent of (N1{7,00)> 4
(see Definition 5. for f% and f%) Under this conditional law, N|<(_T’Oo) is a Poisson random measure

with intensity measure Leb ® v independent of fT, which is a 0-diffusion started at x.

Proof: The proof given in Forman et al. (2020a, Lemma 4.13) applies in our setting as we have
the following conditions: the Pitman-Yor description of an excursion that hits level 1/n is given by
an T-diffusion started at 0 and stopped at 1/n, followed by an independent O-diffusion started at
1/n; the Poisson random measure N has a strong Markov property; the scaffolding process X is of
unbounded variation and so we have T2Y = inf,,>1 Tg,r O

For x > 0, let Q¥ be the probability measure on D for the O-diffusion started from .

Lemma 3.9. In the setting of Lemma 3.8, for n > 1 and x > 1/n we have that
P(fry, € A frg, € B.Nlgogrs,)-y19,) € CNIGo | ogogro ) € D]frg, (-X(T3,-)) = @)

— [ PNy € D) [ P(N|o 7<) € RetalC))QL(dF)).
feA

fl ERspdl(B)
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Proof: First note by the conditional independence property given in Lemma 3.8 we have, for z > 0,
that

P(fro, € A fro, € B|fro (-X(T0,-)) =) = QUAP(fro, € B|fro, (-X(T2,-)) = ).

Let A > 0 and let ey be an exponential random variable with rate A. The excursions of X away from
0 are indexed by its local time. Therefore N‘[OJO(G)\)] consists of a collection of complete bi-clades.
Therefore, by reversibility of the clade measure, noted in (3.12), we have

d
Nljo,r0(e)) = Retd (N|[0,TO(6A)1>- (3.14)
Now, on the event {T,(i1 < 19%(ex)} there exists j € N such that
T1(Nljgey)) = 7°(ex) = T j(Raa(Nlg.e,1)- (3.15)

Furthermore, we have that
P(fro, € Blfro, (-X(T3,-)) = )

o
= 1;&)1 2 P(fTEL’l € B>T79,j <7%(er) < TS,j+1‘fT371(—X(TS,1—)) = 33)

as limy o P(TT(L)’1 < 79%(ey)) = 1. We consider each term in the sum. We apply the time reversal and
the mid-spindle Markov property (Lemma 3.8) to obtain

P(JET;Q,1 €B Tg,j <7%(ex) < TT(L],jJrla fTT?J(_X(Tr(L),l_)) = 55)
= P(fro, € Ropai(B)| o (-X(T1;-)) = @)

where the conditioning 7?9 ;i < (ey) < TV j+1 was able to be removed due to the conditional

independence given fo ) (—X(T] 0’1—)) = z from the mid-spindle Markov property.

n

Let py = P(7%(ey) >VT7971). Then

P(T0, < 7(ex) < T | Fro (- X(T0,-)) = 0) = P(T; < 7°(en) < Tf i1 ) = pA(1 = pa).

Pulling all this together we obtain
im P (fro, € B.10; < 7%(ex) < Tl jia| o, (-X(T21-)) = ) = im >~ (1~ ) QY (Rupan(B)).
j=1

which equals Q%(Rspai(B)) because py — 1 as A — 0. The generalisation to the statement in the
proposition follows from the Lemma 3.8; the strong Markov property of N at TQJ leads to the
independence of the Poisson random measures N|[07T2’1) and N|E_T£‘1700). O

We now describe the regular conditional distribution of v¢q disintegrated with respect to m®. Let
x > 0 denote the crossing width. Let f and f be independent O-diffusions started at . Let N and
N be independent Poisson random measures with intensity Leb ® v.

We define the idea of concatenating point measures in the analogous way to how we defined
concatenating interval partitions in Definition 2.3. Let IN; € J\/’gﬁ be a collection of point measures
where 7 € I is an ordered index set. We define IV := ;7 IV; to be the concatenation with respect
to the ordering of I in the following way. On the condition that for all i € I we have S(j—) =
> jerj<ilen(lN;) < oo we take IV to be the point measure with length ;. len(lV;) < oo such that
N’?S(z’—),S(i—)—i—len(Nﬁ) = N;. If the condition does not hold we take N = (. When I = {1,2,...,n}
is a finite set we write N1 % - - - x N, for d;crV;.
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We define a function to stick spindles together: for fi, fo excursions we define fi_,o by

f1(C(f1) —y) for 0<y<d{(f1)
fise(y) =4 fa(y = C(f1)) hfor C(f1) <y <C(f1) +<(f)
0 otherwise.

Define the map for paths fi, fo and for Ny, Ny € N®P

H(f1, f2, N1, N2) = Rewa(Nilpg p-cs)) * 00,11,0) * Naljo r—cra)ys
and define the measure M by ) R
M = H(f, f,N,N),
and let v, be the distribution of M on ./\/'CSII()Jl We note from the independence in the construction

that for z > 0 and G; C /\/’j_p1d7 Gy C NP, that

C.
l/x(N+ eGi,N™ € Gz) = VI(NJ'_ € Gl)l/x(N_ S Gz)
Furthermore, let f be a 0-diffusion started at x, independent of N. Let

T° = inf{t > 0: &n(t) = —C(f)}.
Then o R
N, =6(0, f) + Nl 7o,

has the law v, (Nt € -), and Rcld(ﬁ;r) has the law v, (N~ € +).

Proposition 3.10. Consider a diffusion that satisfies A1 and A2 with Pitman-Yor excursion mea-

sure v that satisfies (1.9). Then v,, x € E, is a disintegration of vejq with respect to mV.

Proof: This proof concerns kernels as defined in Kallenberg (2021, Chapter 1.3). Let u, be the
distribution of (f, f,N,N). We first show that x — i, is a kernel. First note that z — P(N € -) is
a kernel and we also have that x — QU is a kernel. The first follows as the image is independent of =
and the second follows as the measure Q¥ is continuous in the weak sense and is therefore measurable.
It therefore follows that @ — p, is a kernel as we have that y, = Q'@ Q2@ P(N €)@ P(N € -),
see Kallenberg (2021, Lemma 1.3.3). The result then follows as H is a measurable map and v, is
pz(H~1(-)), and therefore the map x + v, is measurable and therefore is a kernel, see Kallenberg
(2021, Lemma 1.3.1). Therefore the map on Ry — Niild given by x — v, is a kernel because the

map H from (f, f.N, N) to M is measurable.
We now verify that (v, z > 0) do integrate to the bi-clade measure v.q. Let A, B C £ measurable
and let C, D C /\ffsiﬁ measurable. By definition of v.q we have that

Vaa(H(A x B x C x D)n{m® > 1/n})
= Vcld(fTO+ € A, fTo* € B, N |jen(v-)) € Cs N lg1en(v+)) € D,m” > 1/n)
= koM (E\[0, 1/”])P(ng’1 €4, ng,l € B, Nljoo(r0 )10, € CvN|<&“g’17TO(gO(Tg’1))) € D).

Let B' = Repai(B) and C" = Rga(C). Then with the result from Lemma 3.9 along with the crossing
width intensity measure from Proposition 3.6 this is equal to

/ | PNl € 002N [ PNy € DIRUA kM (da).
z€FE\[0,1/n] J feB’ fleA

We take the limit as n tends to infinity to obtain

Vcld(H(A X B xC x D)) = Vcld(fATO* € A, JETO+ € BaN_‘[O,len(N*)) e, N+|[0,len(N+)) S D)

— [ PMNlprny € Q) [ PNlgrocon, € DIQR 2K M (do).
zeB\{0} JreB freA
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By the definition of v, and p, this is equal to

/ (A X B x C x D)vgg(m® € dz) = / Ve(H(A X B x C x D))vga(m® € dz).
z€FE\{0} z€E\{0}

The generality of A, B € £, and C, D € N is sufficient here to prove the proposition by the
monotone class theorem. O

We also note from the proof of the proposition above that u,, € E\{0}, is in fact a disintegration
of Vcld(fTOJr € fTO+ € '>N7|[0,len(N*)) € '>N+‘[O,len(N+)) € ).

3.4. Lévy process scaffolding from fized initial interval partition. In this section we give the con-
struction of scaffolding-and-spindles pairs started from certain interval partitions 8 € Zg, which
we denote as (Ng, Xg). We give the construction of Ng in Definition 3.11 and we prove that this
construction is possible under certain conditions in Proposition 3.12. We define random measures

N3 on the space NVgb.

Definition 3.11. Let Zy(F) == {y € Zy : Leb(U) € EVU € v} and let § € Zy(E). If = @
then define Ng to be the zero measure. Otherwise, for each interval U of 3 we construct each Ny
independently in the following way. First let fiy have law Q% eb(U) and let N be a Poisson random
measure with intensity Leb ® v.

Let T':= inf{t > 0: &n(t) = —((fv)} and let Ny == §(0, fu) + NJjg 7. Under the condition that
> veplen(Ny) is finite, let N := J%yesNy (and otherwise take Ng to be the zero measure). Let
Xp = {(Ng) be the corresponding scaffolding constructed from Ng. We write Pz to denote the
law of N on NVP.

In all the results that follow we consider intervals partitions 5 € Zgy(FE). We give sufficient
conditions on an interval partition 3 for concatenating clades (N, U € ) C ./\/led as in Definition
3.11.

Proposition 3.12. Consider a diffusion that satisfies A1, A2 with a Pitman-Yor excursion measure
v that satisfies (1.9). Further suppose that

1
lim sup (/ s(v A x)M(dv)) =: k3 < 00. (3.16)
zl0 L veE

Then, in the setting of Definition 3.11, for any interval partition B € Zy(F), we have that
ZUeﬁ len(Ny) is finite a.s. and hence (Ng, Xg) is a non-trival scaffolding-and-spindles pair (unless
B=0)

Proof: We calculate the expected lifetime of an interval with initial width x, for x € E, and we
define the function r(z) = Eqo(() to be this expectation. We first assume that s(h) is finite and
we calculate Eqo (To ATh). For 0 <a <z <w < h we use Ego (T AT)y) from (1.4) and we can take
the monotonic limits of @ | 0 and w 1 h to find

s(z) s(v)
Eo (To ANTy) = —~(s(h) — Tpco + —+%1(s(h) — Ty<z | M (dv).
@@ nT) = [ (S (50 = s0) Loco+ 2 (50 = 5(0)) Bes ) ()
To account for the path from h to 0 on the event that T, < Ty we have
Eq, ((To - Th)]lTh<To) = Qu(Th < To)Eqg, (To)-
Firstly we have Q. (1}, < Tp) = s(x)/s(h) (see (1.2)). The second term can be calculated from
Lemma 2.9 to give
s(x)

Eq, ((TO - Th)]lTh<T0) =) /UGE s(v)M (dv).
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We add the two contributions to obtain
r(z) = / s(v A x)M(dv) (3.17)
vEE

In the case where s(h) is infinite we use Eqo(Ta A Tip) from (1.4) and we can take the monotonic
limits of a | 0 and w 1 h and this equals Eqo (7p) and this limit is as in (3.17).

Under the assumption given in (3.16), there exists &’ > 0 such that for all z < &’ we have that
r(z) < (14 ksg)x. Therefore, for an interval partition 5 € Zy(E) we have

E( > C(fU)) = Y r(LebU) < > (1+ky)Leb(U) = (1+ky)||B]| < oc. (3.18)
Uep vep Uep
Leb(U)<e’ Leb(U)<e’ Leb(U)<e’

Therefore we have that ) ;. BLeb(U)<e! ((fu) < oo a.s. and as there are only finitely many intervals
U of the interval partition 3 that have length greater than &’ we have that > ;5 ((fv) < oo as.
From here the result follows; to see this consider a scaffolding-and-spindles pair (IN, X) stopped at
T sy escfo) the hitting time of — 3 ;5 ((fr) by X. Let < denote the total order of the intervals
in the interval partition 8 and, for U € 3, define Sy, Wy by

SU = T* ngﬁ;v_<U C(fV); WU = T* EVGﬁ:VjU C(fv)
Finally let Ny = & f,) + N’EEUJ/VU] and Ng = %pegNy. Then ) 5len(Ny) is equal to
T Sves C(fv) which is finite a.s. and by the Strong Markov property for the Poisson random
measure N and we have that Ng has the distribution given in Definition 3.11. O

We show in Corollary 3.13 that (3.16) is satisfied for a large class of diffusions and in Remark
3.14 we highlight a class of diffusions that satisfy A1, A2 and (1.9) but that do not satisfy (3.16).

Corollary 3.13. Consider a diffusion that satisfies A1, A2, A3 with Pitman-Yor excursion measure
that satisfies (1.9) and suppose that there exists ky < 0 such that
lim sup pu(y) = kg4 < 0.
yd0

Then the diffusion satisfies (3.16) and therefore for any interval partition 8 € Iy (FE) the construc-
tion of (N, Xg) as in Definition 3.11 exists and len(Ng) is finite a.s. Furthermore we have that the
function r, defined as r(x) = Eqo(¢) in the proof of Proposition 5.12, has a continuous derivative
" on (0,h) and limsup,_,,7'(z) < co.

Proof: As our diffusion satisfies A3 we can use the equations for the scale function derivative and
speed measure density from (1.11). This means that we can calculate r'(z) and note that the
condition in (3.16) is satisfied if limsup,_,o /() is finite because this is greater than or equal to

limsup,_,o7r(x)/x. We obtain
h

r'(z) = s'(m)/@ m(v)dv

=z
and this function is continuous on (0, #). By the condition given in the corollary, there exists € > 0
such that for y < e we have u(y) < k4/2. Now, for x < €, we have that

o[ o= [ o[ 2o [ ([ B

and therefore

lim sup s’ () /E m(v)dv < lim sup /8 2 exp (/U ﬂdz)dv
z0 v=x o z0 v=x 02(U) Z=x 02(2)

—2 € k4 —2
= limsu —(1—ex (/ 7dz)>§—<oo.
210 P ka4 P vz 02(2) ky

(3.19)
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It remains to show that limsup, o s'(z) fvh: . m(v)dv is finite. We have that fvh’: . m(v)dv is finite by
A2. Also as p is negative locally at 0 we have that the limit lim, o s'(z) exists and equals

T

where b € (0, h) is from (1.11) as the function s'(z) is monotonic decreasing for x € (0,¢). Therefore
we have an upper bound for limsup,,_, 7(z)/x and for limsup,_,o 7'(x) of —2/ks+5'(0) [,__ m(v)dv
and from this we see that the diffusion satisfies (3.16) by Proposition 3.12 and therefore a construc-
tion of (Ng, Xp) exists. O

We note that the untransformed diffusions under Assumption B satisfy the condition in Corollary
3.13 and so satisfy (3.16). This does not extend to all diffusions under Assumption B as (3.16) is not
invariant under spatial transformations g (unlike our previous conditions with the speed measure
and scale function in (1.7) and (1.8)).

Remark 3.14. The untransformed diffusions in Example 1.12 satisfy A1, A2 and (1.9) but do not
satisfy (3.16): using (1.14) for the density m of the speed measure M and for the scale function s
we have, for z € (0,e2),

i(/UEE s(vAx)m(v)dv) = i(/v; ;dwr/v“ x%dU—FxM((Ez,h]))

=T

_ - log(z) +21 + log(e2) M (60, 1)

and this goes to infinity as x goes to zero.

The purpose of Proposition 3.12 and Corollary 3.13 is to give a framework from which we can
develop a simple Markov property for the IP-evolutions for Theorem 1.6. For the remainder of
propositions and lemmas in this section we assume (3.16) and so that for any interval partition
B € ITg(E) we have a non-trivial scaffolding-and-spindles pair (Ng,X3). We now define several
functions that will allow us to construct suitable filtrations in space and in time, and then prove
the simple Markov property in the setting of the Poisson random measure N on the probability
space (2, A, P). We omit the exact proofs, rather, we give references to results from Forman et al.
(2020a) and explain how they generalise to our setting. First we define M-diversity which is crucial
for the arguments for the Markov property.

Definition 3.15. Let § be an interval partition and ¢ > 0. Then we define the M-diversity of 5 at
t as the following limit when it exists:
1
T N | P P .
) = lim e {000 € 82— al > b <1 € .00, (3.20)
and if the limit does not exist then we say that 8 at ¢ does not have an M-diversity. Furthermore,
for an interval U = (a,b) € § we define the limit Dgf U) = D}y (b), when this limit exists. Finally,
we also define the limsup-M-diversity by
iy 1
D3 (t) = limsup ————
» 0= ISP M B b
and the limit always exists for any interval partition 8, and for an interval U € S we define
Dy (U) =Dy (b). Let Tny C Loy be

H(a,b)eﬁz|b—al>x,b§t}‘6[0,00], (3.21)

Iy = {5 € Ty Vt > O,Dg/[(t) exists}; TM = {5 € Ty Vt > 0,52/[(15) < OO}, (322)

and let Zp/(E) = Zy(E) NIy for a measurable subset E C [0,00) and similarly for Zy;(E). We
substitute the M for m and write Dy for Dé” and similarly for the other terms when the speed
measure M has a density m, and we call replace the M- for m- in their names.
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The M-diversity defined here is a generalisation of the notion of a-diversity used in Forman et al.
(2020a). In their work the a-diversity features in a metric d,, that they consider. While we only use
the metric d; in this paper (a metric that does not have diversity in its definition) we use the M-
diversity of interval partitions to determine the Markov property of the IP-evolutions. Specifically,
the M-diversity is used as an index label to order the components Ny of Ng to define another
random measure in (3.26), and we use this random measure to show a conditional independence
result in Proposition 3.19.

Lemma 3.16. Consider a diffusion that satisfies Al and A2 of Assumption A with speed measure
and scale function that satisfies (3.16), and for which the Pitman-Yor excursion measure v satisfies
(1.9). Let (N, X) be a stopped scaffolding-and-spindles pair for this diffusion with an a.s. finite T,
defined on (Q, A,P). Then, fory € R and t > 0, Y := skewer(y, N,X) has an M-diversity at t
a.s. We further have for all intervals U € BY simultaneously that D%(U) = kot¥(U) a.s. (where
ko is the constant given in Lemma 5.5, where £Y is the local time for the scaffolding X at level y as
defined in (2.1), and where, proceeding in the same manner as we did for diversities, for an interval

U = (a,b) we define £Y(U) to be £¥(b)).

Proof: As v satisfies (1.9) it does not satisfy (1.6) and so, by the first part of Theorem 1.3, we have
that M (E) = oco. We first assume that 7' = 7Y(a) for some a > 0 where 7¥ is the inverse local time
at level y, see Section 2.1, and prove the case for general T after. Let x € E\{0}. By considering
the Poisson random measure given in Proposition 3.6 we see that, for u < a,

> Limo (N7 >a} (3.23)

(t,N’) atom of FO(N|[?yY7_y(u>])

is a Poisson random variable with mean kouM (E\[0,x]) (where T}, is the first hitting time of level
y, see Definition 2.2, and FY is defined in (3.7)) as the sum is the number of atoms in an interval
of the Poisson random measure over the interval E\[0,z]. This sum is finite as the mean of the
Poisson random variable is finite by A2 of Assumption A. Furthermore, for 0 < 2’ < z, we have

> Lo <m0 (N7 <a}

(t,N') atom of FO(NIEy,Ty(u)])

is a Poisson random variable with finite mean kouM ((2, z]) independent of (3.23) as this sum is
the number of atoms over the interval (z,z] of the Poisson random measure in Proposition 3.6.

Finally
> L{mo(n7)>0}

(t,N') atom of FO(N'[%,TQ])

is at most 1 (and so will not impact the diversity limit). As we similarly have independence for the
Poisson random variables over disjoint intervals (2/, z], and as we have already noted M(E) = oo,
then by the strong law of large numbers D% (7Y(u)) exists and equals kou for all 0 < u < a. Now,
as for all 0 < u < a we have

> Limo(nr)>0}

(t,N") atom of FO(N‘E:U(u—),TU(u)])

is at most one a.s. we have that Dé\g (t) exists for all ¢ < 7Y(a) where D% (t) = D% (TY(¢¥(t))) which
is equal to kol¥(t) a.s.

Finally, we note for the case of general finite 7" that P({J,-({T" < 7¥%(a)}) = 1 and so the result
applies for general T O

Lemma 3.17. Consider a diffusion that satisfies A1 and A2 of Assumption A with speed measure
and scale function that satisfies (3.16), and for which the Pitman-Yor excursion measure v satisfies
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(1.9). Let p € Zy(E) and let (Ng,Xg) be a scaffolding-and-spindles pair started from B for this
diffusion as in Definition 3.11.

Then for y > 0 fized, the local times of the excursions about level y are distinct a.s. in the sense
that for [a,b], [c,d] € VY(Ng), t¥(a) # £Y(c) unless |a,b] = [c,d], where { denotes the local time of
&(Ng) and where VY is defined in Definition 5.5.

Furthermore, the crossing widths are summable, and the M -diversities exist for all
U € BY = skewer(y, Ng,Xg) and are distinct in the sense that for U # V € Y we have that

DY (U) # DY(V).

Proof: First note that {n,, is a Lévy process of unbounded variation started from a random level
¢(fu), where fy is the incomplete spindle with initial value Leb(U), so that &, (0) ~ geb(U) (Ce).
For y > 0 at most finitely many of the {n,, from Ny intersect level y. To see this, recall from the
proof of Proposition 3.12 where we note that the process Xz with the jumps for the incomplete
spindles (¢(fy),U € ) removed produces a Lévy process X started at 0 and stopped at hitting
time of — 3 ;¢ 5¢ (fu). For every &n,, that intersects level y we either have that {(fy) has length
of at least y/2 or we have an upcrossing of X of size y/2. As there are finitely many such ((frr)
and finitely many such upcrossings we have our assertion. From this, the local times claim follows
from Millar (1973); see Proposition 5.4 in the Appendix for a full description.

The summability of the crossing widths at level y follows from Theorem 1.4 along with the fact
that only finitely many of the Ny intersect level y. The M-diversities claim follows from the previous
two results of this proposition along with Lemma 3.16. (|

We now define cutoff functions which are used to define the filtrations from Forman et al. (2020a).
The idea is to have a filtration indexed by level y € R that can be used to define a Markov property
for the skewer process.

Cutoffg%’v)(s) = En(sup{t > 0: 0% (t) < s}) —min{y,0} where o&;(¢) := Leb{u <t:&n(u) <y},
cutoffzgjv)(s) = En(sup{t > 0: ¢t —o%(t) < s}) — max{y, 0},

&(
(3.24)
cutoffy’ i= Y ey (o yeyeen (@R (1) 7) + Leyty<y0(0% (t), f2),
(t,f)eN (3.25)
cutoffy/ 2y Z ey (t—)<y<en 0t — o% (1), 1)+ Ley(t-)2y0(t — o} (), fo),
(t,f)EN

Definition 3.18 (Filtrations). We define a filtration indexed by level y > 0, (F¥,y > 0), and a
filtration, indexed by time, (F;,t > 0).
(1) We define (FY,y > 0) to be the least right-continuous filtration under which the maps
N cutoﬁ?é’v) and N cutoffjgvy are FY-measurable for y > 0.

(2) We define (F,t > 0) to be the least right-continuous filtration on A®P under which
N+ Nl is Fi-measurable for ¢ > 0.

We define (Fy,t > 0) and (F”,y > 0) to be the P-completions of (F;,t > 0) and (F¥,y > 0)
respectively on ﬁn’ where (€2, A, P) is the probability space on which the PRM N is defined.

For f € Zy(FE) recall Ng, the Ny for U € 8 and the Py probability measure from Definition
3.11. We define the collection of excursion intervals about a fixed level y > 0 for N € N*P by

FU(N) = Y 6(8(a), (Nligy)™)-

[a,b]€VY (N)
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By a slight abuse of notation with the above definition for 8 € Zy/(E) we define for a measure Ng
as in Definition 3.11
FF(Ng) =Y 6(ky "D} (U),Ny), (3.26)
Uep

and we set F7°(Ng) to be the zero measure when 8 € Ty (E)\Zp(E). We state results from Forman
et al. (2020a, Section 5) that generalise to our setting.

Proposition 3.19. Consider a diffusion that satisfies Al and A2 of Assumption A with speed
measure and scale function that satisfies (3.16), and for which the Pitman-Yor excursion measure v
satisfies (1.9). Let (N, X) be a scaffolding-and-spindles pair where N has intensity Leb @ v stopped
at T, an a.s. finite time T with the following properties:

(1) SO := (°(T) is measurable in fo;
(2) X <0 on the time interval (7°(S°-),T).

Then for each y > 0, Fozy(N) is conditionally independent of F* given Y = skewer(N, X, y), with
the reqular conditional distribution P gy (FOZO € ).

Proof: The proof of Forman et al. (2020a, Proposition 5.6) applies in our setting as we have the
following;:

(1) The scaffolding X is a Lévy process of unbounded variation and therefore we can decompose
N into biclades at every fixed level y of X: (N[, I € VJ/(N)).

(2) We have a mid-spindle Markov property (Lemma 3.8).

(3) We have a disintegration for the bi-clade excursion measure v.q with respect to the crossing
width m® (Proposition 3.10).

(4) Local times of the excursions at a fixed positive level y > 0 are equal to the M-diversities
of the interval partitions a.s. (Lemma 3.16). These are measurable functions of the skewer
function at that level.

O

This result is sufficient to prove the simple Markov property with respect to the filtration gener-
ated by the skewer process. For a probability measure p on the bpace of interval partitions Zg(E),
we define the probability measure P, on the space Ni° by P, () := [Pg(-)u(dB).

Proposition 3.20 (Simple Markov property of the skewer process under P ). Consider a diffusion
that satisfies A1 and A2 of Assumption A and either with speed measure and scale function that
satisfies (3.16) and for which the Pitman-Yor excursion measure v satisfies (1.9), or with Pitman-
Yor excursion measure that satisfies (1.6). Let p be a probability measure on Ty (FE). Let z > 0
and 0 < yp < -+ < yp. Letn: Nﬁz — [0,00) be F~ measurable, and let f : (Zy(E))™ — [0,00) be
measurable. Then

Pu[nf(Skewer(Z + Yjs ,f()),] € [TL])] = /n(N)Pskewer(z,N) [f(skewer(yj, 76())%7 € [n])]PN(dN)

Proof: We split the proof into two cases. If the Pitman-Yor excursion measure satisfies (1.6), the
SPLP X is of bounded variation a.s. and therefore there are only finitely many crossings at level y
a.s. Therefore the simple Markov property follows in this case as the concatenation of the simple
Markov properties for each incomplete spindle and its SPLP extension added to it.

For the other case, the proof follows from the previous results and it uses the same argument as
given in Forman et al. (2020a, Corollary 6.7) with the following conditions:

(1) For an interval partition 8 € Zy(F), and fixed y > 0, the local times of the excursions of
£(INg) about level y are distinct a.s. (Lemma 3.17).
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(2) We have conditional independence of Fozy(N) and F? given skewer(N, £(N), ), for certain
stopping times T' (Proposition 3.19). In particular, for an interval partition 5 € Zy(E),
and for U € S, it is shown in Forman et al. (2020a, Proposition 5.10) that Fozy(NU) is
conditionally independent of F* given skewer(y, Ny, én, ). As only finitely many of the
Ny, U € 3, will contribute to the skewer process at levels above y, the result follows.

0

4. Continuity and Markov property — Assumptions B and C

In this section we prove Theorems 1.6 and 1.7. The majority of the section is dedicated to the
proof of Theorem 1.6 which is completed in Section 4.6. The proof of Theorem 1.7 is simpler and
is completed at the end of Section 4.4.

4.1. Scale function and speed measure under Assumptions B’ and C’. We now define a modification
of Assumption B which we will use to prove intermediate results in this paper.

Assumption B’. A diffusion Y with state space E C [0, 00) of the form F = [0,h] or E = [0, h) for
some h < oo satisfies Assumption B’ if it satisfies A2, A3, B1, B2, B3.

Note that this is Assumption B in the cases where the transformation g is the identity map. We
define Assumption C’ in the same way for Assumption C.

Assumption C’. A diffusion Y with state space E C [0, 00) of the form E = [0,h] or E = [0, h) for
some h < oo satisfies Assumption Cif it satisfies A2, A3, C'1, C2.

We use the definition of the derivative s’ of a scale function s from (1.11) and we take b in (1.11)
to be €9 when under Assumption B’ and to be e; when under Assumption C’. We obtain upper
and lower bounds for the speed measure and scale function from the corresponding quantities in the
squared Bessel case given above. We have under Assumption B’, z € (0, &)

€0 _ ot €o -
6aa+xa+ = exp (/ j dz> < §'(x) = exp </ lé?dz) <egp® a“ (4.1)

and under Assumption (', z € (0,&1)

_ _ €1 — €1
el 277 =exp B—dz < §'(xz) = exp Mdz < eyt (4.2)
! z 2z !
Z=x Z=T

For the density of the speed measure this results in under Assumption B’, z € (0, £¢)

1 - - 1
560 @77 <m() < isgu«—l—a* (4.3)
and under Assumption C', z € (0,¢1)
1 _ 1 _5- -
561 Py 1HA* < m(z) < €1 B8 (4.4)
For s(z) we have under Assumption B’
€5a+ 1+a™t at ’ at a~ ’ a~” Eaa_ 14+a~
—_ =¢eg dy < <ey dy = ——— 4.5
T+at 0 /yzoy y<slo) e /yzoy YT ilta " (45)
for € (0,&¢). Finally, under Assumption C’, for s(z) we have that
B~ x x Bt
S By / 8- ﬁ+/ —pt _ 1 j1-p*
x =€ x <s(x) <e T = x 4.6
1— Bi 1 y=0 ( ) 1 =0 1— B+ ( )

for z € (0,¢1).
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Lemma 4.1 (Assumption B and Assumption C imply Al). Consider a diffusion Z with speed
measure Mz and scale function sz under Assumption B or Assumption C. Let g be the corresponding
spatial transformation and Y the untransformed diffusion under Assumption B’ or C” such that Z
is equal in distribution to g(Y). Then Z satisfies Al, i.e. for some (equivalently for all) x € g(E)
we have that

| satwataay) <.
y=0

In particular, if the diffusion satisfies Assumption B then Mz(g(E)) is infinite and the boundary
point 0 is an exit point for the diffusion. On the other hand, if the diffusion satisfies Assumption C
then Mz(g(E)) is finite and so 0 is a reqular point for the diffusion.

Proof: We first note that without loss of generality we can consider a diffusion under Assumption
B” or C’. This is because the integral is invariant under spatial transformation, i.e. we have

x N C))
| szwtzlan = [* T svty(a)
y=0 v=0

where sy and M~y are the scale function and speed measure of Y. This follows from Revuz and
Yor (1991, Exercise VII1.3.18) which states that the scale function sz(z) is equal to sy (¢~ (z)) and
that the speed measure My is the image of the speed measure My under g.

The remainder of the proof uses the bounds for scale functions and densities of speed measures
for diffusions under Assumptions B’ or C’ from the start of this section. For a diffusion Y under
Assumption B’ we have the speed measure My has a density my and by the bounds in (4.3) and
(4.5) we have that

€0 €0 684*—&-04* -
sy (v)my (v)dv < —0% 7% dv < 0.
/v:O v{w)my (v) _/v:O 21+a7)
We could do the corresponding argument for a diffusion Y under Assumption C’ with the bounds
in (4.4) and (4.6). To show the stronger result under Assumption C that Mz(g(F)) is finite we first
note from Revuz and Yor (1991, Exercise VII.3.18) that My (E) is equal to Mz(g(E)). Then, by
the bound in (4.4) and we have

1 o [ g 1

Mz(0,g(e1)) = My(0,1) < 5y v dv = 57— <00

2 v=0 26

and it then follows by A2 that Mz(g(E)) is finite.
To show that under Assumption B that Mz(g(FE)) is infinite we note that by the lower bound

for my (x) given in (4.3) that

€0

Mz(9(E)) = Mz((0, 9(e0)) = My ((0,20)) > %68‘7 / 277 da = .
=0

0

For diffusions under Assumption B, if we further assume A4, then we can show B1, which
implies that scaffoldings can be generated by this diffusion and that such scaffoldings are SPLPs of
unbounded variation. We include this in Proposition 4.2 below for completeness.

Proposition 4.2. Consider a diffusion Z that satisfies Assumption B and let (N, X) be a scaffolding-
and-spindles pair for this diffusion which is stopped at some a.s. finite random time T. Then we
have the aggregate health process MIQLX(T) is finite a.s.

Furthermore, if instead we have o diffusion Z that satisfies all of Assumption A and B2, B3 then
the diffusion also satisfies B1.
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Proof: For the first result we consider an untransformed diffusion Y along with a transformation g
which gives rise to our diffusion Z and we note Y satisfies Assumption B’ so we can use the bound
in (4.3) for its speed measure my. Let ¢ € (a™,qo) and let Cy be the Holder constant for ¢ as in
from Assumption B4. Then we have

= Cq58+

£o 1 + l—at
gymyydySCsa/ y Ty = 0
/g;:() ( ) ( ) 2 70 y=0 2(q - Oé+)

For the second result we begin by noting that on (0,eg) the scale function for Y, sy, is such that

S () = exp < / : “‘;iz) dz> ,

and so as py is negative on (0,e9) by B3 we have s%, is increasing on (0, €0), and so sy (z) < zsiy ()
for z € (0,e0). Recall from (1.11) that my(z) = 2/(0% (2)sy (x)). Then, as 0% (z) = 4z by B2 we
have

€0 x 1 €0 x
my(x)/ sy (z)my (z)dzdx < 5 my(x)/ dzdx

x=0 =0 =0 =0
which by the bounds for my given in (4.3) (that follow from B2 and B3) is less than or equal to
at  reo
f0_ " da
4 =0

which is finite, and so the condition in (1.8) is satisfied. Also, by Lemma 4.1 we have My (F) is
infinite and so the condition in (1.7) is not satisfied. Therefore by Theorem 1.3 we have that the
Pitman-Yor excursion measure for Y (equivalently for Z) satisfies (1.9) as required. O

4.2. Continuity of local time. In our proof of Theorem 1.6 we use the continuity in space and time of
the local time of the scaffolding process X. To show continuity of the local time, we first prove some
technical lemmas and we use them to show a necessary and sufficient condition for the continuity
of local time on Laplace exponents of SPLPs with infinite variation, from Lambert and Simatos
(2015, Lemma 2.2). We note that necessary and sufficient conditions for the space-time continuity
of the local time of Lévy processes more generally had been determined by Barlow (1988) but the
conditions in Lambert and Simatos (2015) are more accessible for us to verify in our setting. To
begin, we define the measure of the overshoot (or equivalently of the undershoot) x from the Lévy
measure v(¢ € ) as

x() = Vc1d(C(fTO+) €)= Vcld(C(fT;) €),

where the second equality is an immediate consequence of (3.12). We also have from Lemma 3.3
that

o0

x(dz) = Vcld(C(ngf) €dz) = /:0 v(( €dz+y)dy =v(( € (z,00))dz.

In the next lemma we also use the stochastic integral equation representation for the diffusion based
on the stochastic differential equation representation given in (1.5). Let Q, denote the probability
measure for the diffusion under Assumption B’. Recall that a diffusion under Assumption B’ satisfies
Al, see Lemma 4.1, and so we can define its Pitman-Yor excursion measure v. For a € (0,1), let
~22Q,(+) denote the law of a diffusion with infinitesimal drift s(z) = —2« and infinitesimal variance
o?(x) = 4z (and we again use a superscript 0 to denote a 0-diffusion and a superscript 1 to denote
an T-diffusion as before).

Lemma 4.3. Consider a diffusion that satisfies Assumption B’. Let v be its Pitman-Yor excursion
measure and let x be defined from v as above. Then there exist eo > 0 and ks > 0 such that

X((z,00)) > ksz™®  for all x € (0,&3).
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Proof: First note that we have

o0

X((2,00)) = vaa(((fry) > @) = ko/ m(w)Q4(C > z)du, (4.7)

u=0
where kg is the constant given in Lemma 3.3. We can bound the density of the speed measure
m below by (4.3). Let u € (0,1), and let B be a standard Brownian motion on some probability
space (€2, F,P). Define the stochastic processes Y, Y, Y~ on this space by the stochastic integral
equations,

t t t
Y = u +/ 1(Ys)ds + 2/ VIYildBs; Y =u— 207t + 2/ VIYEdBs,  (4.8)
s=0 s=0 s=0

until they hit 0 when they are stopped. We have that
P(Y €)=Q(-); PYte)="2"Q)(); P(Y~€)="2"Q5),
and furthermore that
YT <Y, <Y, fort € (0, To(YT) AT, (Y 7)) P-as.,

where the gq is as in Assumption B’. Therefore, by using these inequalities along with the marginal
distributions of Y, YT, Y~ under P, we have that

Q¢ > z) = P(Ty(Y) > z) > IP’(TO(Y+) >z, sup {¥; } < 50) >=20700 (¢ > 7)—207 Q0 (A > &p).
0<E<To(Y )
Going-Jaeschke and Yor (2003, Equation (13)) state ¢ under —2*QY has distribution given by
InverseGamma(l + o, u/2), i.e.
1 u\ 1+a U
—2an0 —2-«
m= () (-1 9
Qe d) = s (5) o e (5 (4.9
By the two-sided exit problem and (4.5) we have ~2% Q%(A4 > gg) = (u/eo)!™™ . For x < e0/4, we
now state an upper bound for x((z,00)) by using the upper bound for Q% (¢ > z) given above along

with the upper bound for m given in (4.3). We also upper bound Q% (¢ > x) by Q%(¢ € (x,£0)) and
obtain

x((z,00)) > /50 kozgu—l_a </yeo/2 ((F(l i - Z;Zi exp ( - %)dy _ (;t))l#"_) A 0))du

u=0 =x

which is greater than or equal to

€0 for gl _ preo/2 1 14+at €0 Jorgl _ [e0/2 14+a—
/ koG —1-a / b exp () dydu- / koG -1-a / (%)™ aydu.
u=0 2 y=x F(l + a+) Yy ta 2y u=0 2 y €0

=z

We consider the two double integrals separately. For the first double integral we may swap the
integrals to find and restrict u € (0,e9) to u € (0,2y) as y € (x,e09/2). We get a lower bound of

k0807 =0/2 —2—at 2 at—a~ ( u )
L ~ " ud
2r(1+a+)/y Y /uzou P\ T gy )

=T

and we can bound exp(—u/2y) from below by 1/e to get a lower bound of

71%58_ /80/2 ?fQiaJr /2y ua+’a7dudy = 20— kot /50/2 Y dy
2I(1+at)e Jy—y u=0 Fl+af)e(l—at+a7) J,

which is equal to

201*‘704_ kog(o)‘_ (m_a, _ (@)*&‘)
MNl+at)e(l —at+a)a~ 2 '
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For the second double integral we see the upper bound given by

€0 k o _ 60/2 14a— k €0 50/2 L
/ T0%_y-1-a / (E) : dydu = 0 / dydu = 0%,
u=0 2 y=0 €0 2e0 u=0 Jy=0 4

Therefore the claim in the lemma is satisfied for some k5 and es. O

Lemma 4.4. In the same setting as in Lemma /.53, we have that, for some positive constant kg,
Y((z,00)) < ke(z~®" +1) for all z € (0, 00),

Proof: We use the formulation of x((z,00)) as given in (4.7), as well as the coupled processes Y,

Yt and Y~ as in Lemma 4.3. We note that
Qu(¢ > z) =P(To(Y) > x)

- P(TO(Y) >, sup  {Y7 1> 50) + IP’(TQ(Y) >z, sup {¥)< 50)
0<t<Ty (Y ) 0<t<Ty(Y )

<P(A(Y ™) 2 g0) + P(C(Y7) > ) = 2% Qu(A > g0) + 2% Q4(¢ > x),
where the €q is as in Assumption B’. Therefore we have that x((x,00)) is less than or equal to

h

kst / ue (72 QR(A > eg) + 2 QUC > @) )du+ g / Q¢ > w)m(u)du

2 =0 u=eq

and we bound this above by

k0€8+ €o —1—at 1+a— > 1 ’LLH_OF u k‘o
— /uzou (u +/y:x T +a )2 exp<—@>dy>du+?M(E\[O,so]).

We deal with the two parts of the integral separately. We have

k058+ /-50 ot /oo 1 ul—i—a* ( u)
U e — — )dydu
2 Jueo ymo DL+ am) y2ra TP LT 9 )Y

+
kg&% /OO y 2—a~ /60 ua_fcﬁ'dudy
N 2F(1 + ai) y=x u=0
which equals
k05(1)+a_ /oo y—l—a+dy _ /{06(1)4'04— x_a+
1+ o )14+a —at) J,—, AA+a ) (1+a —af)at '
For the second part of the integral we have that
+ 1 -
]{30&“8‘ /50 uai_oﬁdu _ k080+a |
2 u=0 2(1 +a” —Oé+)
and so
k0€(1]+067 ot koshto ko
< @ 0 — M (E\[O
X((#,%)) S SEA T a0 o —aF)ar® T ta —ar) T 2 MENO =)
and the result follows. O

Lemma 4.5. Consider a diffusion that satisfies Assumption B’, and let 1 be the Laplace exponent
for the scaffolding process X, see (2.3). Then we have for X € (0,00) that

W) = / T X2y (2, 00))da (4.10)
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Proof: This follows by integration-by-parts applied twice to ¥(\) = f;io(e_’\‘” — 14 Az)A(dx),

where we recall that A(-) = v(¢ € -), and we require the upper bound for x((z,c0)) in Lemma 4.4
to do this. O

We now use a necessary and sufficient condition from Lambert and Simatos (2015) to determine
that the local time is a.s. jointly continuous in time and space.

Proposition 4.6. Consider a diffusion Z under Assumption B and let (N, X) be a scaffolding-and-
spindles construction. Then the local time (£} : t,u € R) is jointly continuous a.s.

Proof: Without loss of generality we can assume our diffusion satisfies Assumption B’. This is
because, as discussed in the introduction after Theorem 1.3, the lifetime under the excursion measure
is not affected by spatial transformations, i.e. vz(¢ € -) = vy (¢ € -) where Y is an untransformed
transformation that satisfies Assumption B’.

By Lambert and Simatos (2015, Lemma 2.2), as X is a SPLP that satisfies (1.9), a necessary and
sufficient condition for the local time to be jomtly continuous a.s. is

/ (A log )

for any (equivalently for all) ¢ > 0. Now, with the lower bound for x((z,00)) from Lemma 4.3 we
have that

é

V(A) > ks / Ne A= 4y,
=0

We let A > 1/§ and consider the Taylor expansion of e™** to obtain that

n)\n+2 1/ e (_1)71 B
>k‘ Z /x e dx:k5(§7M)Al+a

=0

and therefore

oo

S At I S
//\=1/5¢()‘) 10%()\)S<k5nz%”!(n+1_a_)> /,\:1/5)\1+a_ 10g(A)< .

O

4.3. Some further calculations. In this section we give upper bounds of certain probabilities and
expectations for diffusions with a state space E = [0,00) and we use these results in our proof
of Theorem 1.6. In Section 4.3.1 we prove results for diffusions conditioned to not hit 0 and we
reference the literature on quasi-stationary distributions, see e.g. Méléard and Villemonais (2012).
In Section 4.3.2 we consider squared Bessel cases of negative dimension.

4.3.1. Ezpectation for a diffusion conditioned not to hit level 0. In this section we calculate condi-
tional moments for the deviation of a diffusion with state space E C [0,00). As before, for s > 0,
Qs denotes the law of the diffusion started from s and QS denotes the law of the diffusion started
from s and stopped at 0.

Lemma 4.7. Consider a diffusion that satisfies A1l of Assumption A. Then forr, s >0,0<a<h
and 0 < t < r we have

QU(Y; € E\[0,a)) < QY(Y: € B\[0,a)[¢ > 7).
Proof: Let t € (0,7). We first note that
bi= QUC > 1Y € [0,)) < QUC > 7 — ) < QU(C > |Y; € B\, 0)) = ¢,
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by the Markov property and almost-sure continuity of the sample paths. Let p = QY(Y; € E\[0,a)).
We then have that

QY € E\[0,a))QR(¢ > 1) = plep + b(1 = p)) < ep = QL(Y; € E\[0,a), > 7)
which implies that
QY(Y; € E\[0,a)) < QJ(Y; € E\[0,a)[¢ > 7).
Taking ¢ T r we have by a.s. continuity of the sample paths that

QU(Yr € E\[0,a)) < Q(Y, € E\[0,a)[¢ > 7).

Lemma 4.8. In the same setting as Lemma /4.7, for r, s, u >0 and 0 < a < h we have
QUY; € E\[0,0)[¢ > 1) <QJ(Y, € E\[0,a)[¢ > 7+ u).
Proof: In a very similar fashion to the previous lemma we first note that
by = Q¢ > r+ulY; € (0,a)) < Q¢ >u) <QY¢ > r+ulY, € B\[0,a)) =: cu,
and let p = QY(Y; € (a,0)) < Q%(¢ > y) =: ¢. Then we have that
QU¢ >r+u,Y, € E\[0,a)) = cup.
Furthermore note that
p q—7p

Q¢ >r+ul¢>r) = ey T S <, QY(Y, € BE\[0,a)[¢ > 1) = 23,

and therefore

QU(Y: € B\[0,a),¢ > 7 +ul¢ > 1) = % > QX(Y; € E\[0,a)|¢ > r)QL(¢ > 7 +ul¢ > ),

and the claim follows. O

This final lemma, Lemma 4.10, uses the following convergence result for the 7-diffusion from
Meéléard and Villemonais (2012, Theorem 27).

Lemma 4.9. In the same setting as the previous lemmas, for r, s, a > 0 we have
lim QQ(Y; € E\[0,a)|¢ > r +u) = Ql(Y; € E\[0,a)).
Lemma 4.10. Let F : [0,00) — R be an absolutely continuous increasing function. Then, in the
same setting as the previous lemmas, for r, s > 0 we have
Eqo(F(Y;) < Eqo(F(Y:)IC > 1) < Bgy (F(Y;)).

Proof: We first note F' has derivative F’ Lebesgue-almost everywhere, see e.g. Kallenberg (2021,
Theorem 2.15). We therefore have that

Eg(F(Y,) = [  Q)Y: € E\[0,2))F (2)dz,
) z=0
and similarly for Eqo(£'(Y;)|¢ > r) and ]EQT(F(Y,,)). By Lemmas 4.7, 4.8 and 1.9 we have that for
any a € (0,00)
QU(Y: € B\[0,a)) < QY(Y, € E\[0,a)[¢ > 1) < lim QJ(Y; € E\[0,a)| > 7 +u)

= QE(Y;“ € E\[O,a)),
and the result follows. O
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4.3.2. Certain calculations concerning squared Bessel processes with negative dimension. In this
section we work with squared Bessel processes with dimension —2«, where o € (0,1). We make a
slight abuse of notation and write ~2*QY in place of E-2aqo for readability.

Lemma 4.11. Letr, ¢ > 0,0 < a,s <1 andn € N. Then we have
“2QUYy — s[T¢ > ) < TPQU(Yr — ™) + QY — 8|7,
Proof: We note that the functions
2= sz —lz — 8| g,

are absolutely continuous increasing functions that are Lebesgue differentiable almost everywhere.
Therefore, by Lemma 4.10 we have that

QY = s|™¢ > ) < TQUYy — 8|y, 551¢ > 1) = THQU(-Yr — [T Ly <sl¢ > 1)
< QLY — s|T) + T QI(Yy — s|™).
O

We establish upper and lower bounds for the probability that the lifetime ( is greater than r
under ~20QVY.

Lemma 4.12. Forr, s >0, 0 < a < 1, we have

MNl+a+wv)2vr?
'Nl4+a) sv
forv >0 and for 0 < v <14 « respectively.

Nl+a—wv)s’

. —2am\0 .
’ @s(<>r) S F(1+a)2v rv

~2000(¢ < 1) < (4.11)

Proof: For the first inequality let v > 0 and apply Markov’s inequality and (4.9) to see that
o] 1+a

1 s 1 S
—2an0 _—2an)0 —2an0 _ 2
lc=r) =""C <<U - v) S (CU>T - /xzo 21+e(1 4 o) g2tatv P <_ 2w> du
and we integrate out the probability density function of an InverseGamma(l 4+ o+ v, s/2) to obtain

F'l+a+v)2Ur? /°° sitatv 1 ( s ) p F'l+a+v)2"r"
_ exp (—— =
MNl+a) s¥ )20t D(1 + o+ v) a?2taty P\72 MNl+a«a) sv

For the second inequality let 0 < v < 1 4+ «, we use the same ideas:

QR > ) < L) = /

site 1 ( s ) Nl+a—wv)s’
exp (—— =——*-—
214a(1 4 o) z2to—v P\72 1+ a)2v rv’

by integrating out the probability distribution function of an InverseGamma(l + o — v, s/2). O

We also establish a further lemma with some useful probability bounds for squared Bessel pro-
cesses.

Lemma 4.13. Let vy € (—00,0)U[2,00), and d > 0. Then there ezists a constant C = C(~,d) such
that for any r, s > 0, we have

QY - s|Y) < OrPE2 v 512,
Proof: We use Forman et al. (2018, Equation (19)) to note that for d > 2 and v € R that we have

(@:(% — )" < Iyl + 20/~ (sl + (3] + (@~ 2))

< (Il + 2/ @= 1) + (] + @ = 2)) )r 2 (/2 v 52) (4.12)
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Squared Bessel processes with negative dimension never return to the positive half-line after the
first hitting time of 0 a.s. Also, squared Bessel processes with dimension greater than or equal to 2
that start positive never hit 0 a.s. Therefore, for v € (—o0,0) U [2,00) we have that

(02 — )" < (1n1+ 2/[@= DA+ T+ @=2))r/2(r/2 v 5112)

for d > 2,7 € (—00,0) U[2,00) by (4.12). Now let d < 2. Then 4/d > 2 and so we can apply
Jensen’s inequality to obtain that

QYUY — sl < CQUIY; — sV < Oy, )it (112 v 5012)

for 0 <d < 2,7 € (—00,0)U|[2,00). O
Lemma 4.14. Letn e N, 0 < a,7<1,0< k <1—0q, and a4+ k < g < 1. Then there exists a
constant C = C(n,q,a,v,k) > 0 such that for 0 <r <1 we have
1
/ “2Q0(]Y; — s|9™)s 1" ¥ds < Cplama=r)Ae/2),
s=0
Proof: We can apply Lemma 4.13 as

*2“’@8(|YT‘1 —s1") < *QVQS(]YT —s/f™) for0<qg<1,n>1.

We split the integral. We first consider the expectation on the event {¢ < r} and use the upper
bound for ~27QY(¢ < 7) in (4.11) with v = gn — a — &:

! —a— 1 —a—
- _1_ F(l—l—’y—i—qn—a_ﬁ)QqnaH L pn—a—k
V(1Y — 5|1 l=ags < l—aggn’ g
/s:() Qs(| r 3’ CST)S s < F(l n a) - S S T s
D4yt qn—a-mamos
_ , .
1+ a)k

We now consider the integral on the event {¢ > r} on the range 0 < s < r. By Lemmas 4.11 and
4.13 we have that

“2QY(|Y, — s|T|¢ > 1) < (O(=2v,qn) + C(4 + 2, qn))ri™/2 (s7/2 v r /%),

where C'(—2v, gn) and C(4+ 27, gn) are from Lemma 4.13. Let K = (C(—2v,qn) + C(4+ 2v,qn)).
We use (4.11) with v = a + & to bound above ~27QY(¢ > r):

rAl rAl +K
_ 1 KI'l+v—-a—=& saTR
/ 0 2’7@2”}/} - S‘qn]lCN“]S ! “ds < fg(l _|_’y,y)2a+n ) / 0 ra-i—ns ! “rids
S= S=
Kr(l ty—a-— H)rqnfafn /1 S*lJrﬁdS
F(l + 7)2a+ﬁ s=0

KT(1+7y—a—r)

- T(1+y)20tkg

qn—o

We note that
pan=as < nlla-aN/ for 0 <y < 1.
Finally, we consider the integral on the event {¢ > r} over the range r A1 < s < 1. We split

this calculation into two parts to deal with the cases ¢/2 > ¢ — a — k and ¢/2 < ¢ — a — K
separately. In the case where ¢/2 > q¢ — a — k we use the bound in (4.11) for =27QY(¢ > r) with
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O<v=a+rk—¢g/2<1l+a

1 o 1 +rk—q/2
KI'(1+~v+gq/2 aTh—q
/_QWQS(DT — slq"]l<>r)s_1_ads < (l+y+a/2—a=r) / S gleapan/24n/2
s s

=rAl (1 + )20tr—a/2 ppp TOTRA/2
< KF(1+7+Q/2_O‘_K)rqn/2+q/27afn s TR g
- (14 a)20tr—a/2 s=0

KI(1+v+¢/2—a—k) o
< r
- F(l + a)Qa—f—m—q/QFC
For the case where ¢/2 < ¢ — a — xk we do not use (4.11) to bound ~27Q%(¢ > r) (we instead use
the trivial bound of 1):

q—a—~K

)forq/22q—a—/@.

1 1
/QVQg(\YT — 8| esy)s T s < K sTimepan/2gm/2 g
s=rAl s=rAl
1 1
- K 8717a+qn/2d8rqn/2 < K,rqn/2/ sTItr s = Erqn/2'
s=rAl s=0 K

O

4.4. Continuity of the skewer process. In this section we prove the continuity results for Theorems
1.6 and 1.7. We begin with some definitions. Consider a diffusion under Assumption B’ with Pitman-
Yor excursion measure v, and a transformation g : E — g(E) (where E = [0,h) or E = [0, h] for
some h < c0) that satisfies the conditions stated in Assumption B. Without loss of generality we
can take the gy in Assumption B to be less than 1 and we do this here. As before, let N be a
stopped PRM with intensity Leb ® v, where the stopping is at an a.s. finite random variable T
Finally, for M, eg > 0 we define Nz, by

Noare, = ]lsupueR e (T)<M Z 5(t,f)- (4.13)
(t,f) atom of N:
A(f)<eo

Lemma 4.15. Let x, y € R, z € {z,y}, and let k € N. Let 7 denote the set of compositions of k,
i.e. T = {(n1,...,nq)a,n; € N\{0},>". n; = k}. Then we have that

E((( > ‘g(f(y—Xt—)) —g(f(rc—Xt—))Dk>

t,f) atom of Ny ey
X <z<X¢ 0% (t)>0

<G Z(koM)aH/ Om(s)<’2“+@2(mx7y| = 8[7) 4 QYUY — s ) ) ds, (4.14)
Tk =175

where Cy is the Holder constant for g as in Assumption B and ko is as in Proposition 5.0.

Proof: The bound is trivial for x = y so assume x # y. First recall from Assumption B that there
exists Cy > 0 such that |g(a) — g(b)| < Cyla —b|? for 0 < a, b < €g. We can bound the term on the
left-hand-side of (4.14) by

k
C§E<< > FUES SEFIC —xt_>]q) ) (4.15)
(t.f)

atom of N:A(f)<eo
0<l?(t)<M,X¢—<z<X¢

As T# is a stopping time for X, we have by Lemma 3.9 that the process & (N|E}Z oo)) can be split
into excursions about level 0, and all these excursions a.s. include a single jump across level 0.
We have a.s. a one-to-one correspondence between crossing across a level and excursions about the
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level. Therefore the sum in (4.15) less than or equal to a sum indexed by the Poisson point process
of crossing widths at level z and is summing functionals of the clades or anti-clades associated with
each of these crossing widths. Specifically, let N’ be the unstopped Poisson random measure, then

J = Z O¢= N1z (1) - e 1))
£:0<l*(t)<M,
A(f)<eo

is distributed as a Poisson random measure with intensity
Leblo @ ko | maa(Lags  <eoN € L (=T ) = 5)ds.

where ko is as in Proposition 3.6 and £¢ is as in Assumption B. Let w € {x,y}\{z}. Then, we define
F(N) = |frs(w— 2 = En(Tg =) = fr (=En(Tg )| for N € Ny

and therefore the expectation in (4.15) is bounded above by

k a
o X ) )-xe( ¥ Tl
(s,N) atom Tk (51,N1),...,(8a,Ng) i=1

of J distinct atoms of J

We apply Campbell’s formula for Poisson random measures, see Kingman (1993, Equation (3.14)),
to obtain, for a composition (ni,...,n,) of k, that the expectation in the right-hand-side of the
above equation equals

(ko M)® H1 / :Odsm(s)-

Vc1d<|fTO+ (w—2—En(Ty —)) - fTO+(_gN(T(;i__))|qmﬂA(fTJ)<€o fra(=en(Ty =) = 5>‘

Now, let Y be a diffusion with infinitesimal parameters
x) for x € (0, gg);
0% (x) =dz;  pyg(x) :{ ) (0,20

w(eg) for x > o, (4.16)

and let Dgq be the bi-clade excursion measure for Y. Then for any measurable set B C C of
continuous paths we have for C':= {N € N7¥ fTO+ € B} that

C

veia ({A(f2) < €0} N C| e (=En (T5 =) = 5) = Paa ({A(fp) < 20} N C| e (—en (T =) = 5)

because the two excursion measures differ only on excursions with amplitude greater than £¢g. Indeed,
you can construct a Poisson random measure N with bi-clade measure .4 by first constructing a
Poisson random measure N with bi-clade measure Dgq, removing the finitely many bi-clades with
spindles with amplitude greater than ey (up to a finite time 7") and adding finitely many bi-clades
with spindles with amplitude greater than gy since such bi-clades have finite intensity under the
bi-clade measures.

In Proposition 3.10 we established that the bi-clade measure about a fixed level disintegrates with
respect to the crossing width. Let n € N. The terms in the sum in (4.15) are the functionals of the
clade (if z = min{z,y}) or the anti-clade (if z > min{x, y}) of excursions about level z. Therefore
we have an upper bound given by

Dcld<|fT0+(w — 2= &N (Ty ) = Frp (SN (T DI | f (=68 (T5 ) = 8) = QU(IYjo—y) — 51",
and as —2a™ < py () £ —2a~ we have, through a coupling argument, that

M n —2a™t n —2a~ n
Q(s)(|yv|ac—y| _8|q )§ 2 Qg(‘nx—m _5|q )"’ 2 @2(|Y\x—y| _8|q )a (4'17)
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X, A

skewer(z, N, X)) 1 skewer(z, Nz ¢, , X) 13

FIGURE 4.3. Left: The skewer process at level x constructed from the PRM N and

scaffolding X. Right: The skewer process at level z constructed from the reduced
PRM Ny, from (4.13) and scaffolding X.

which gives the bound stated in this lemma. O

The next lemma deals with the first spindle to cross level z > 0. In this case, we do not have a
complete excursion about level z, and moreover the distribution of the crossing width is not clear.
However, it is sufficient to know that some probability density function p,,z € [0,00) gives the
distribution for the crossing width where the anti-clade has infimum less than or equal to —z, i.e.
the distribution of

vaa(frs (—€n(Ty" =) € -|inf &n < —2).

Lemma 4.16. In the setting of Lemma /.15 we have that

E(( ( > ’g(f(y—Xt—)) —g(f(w—Xt—))‘)k>

t,f) atom of N:
t<T*(t)=0,
A(f)<€0,Xt, <Z<Xt

<Cy / :Opz<s>(*2a+@2(mx,y| — 8| 4+ QYUY — sl))ds (4.18)

where p, is the probability density function on [0,00) that gives the distribution for
vea(m® € -|CH(N7) > 2)

(i.e. the distribution for the crossing width under veg conditional on the anti-clade having depth at
least —z) and where Cy is the Hélder constant given in Assumption B.

Proof: We use the same method as in the previous lemma. The sum on the left-hand-side consists
of the first spindle to cross level z a.s. if it exists and has amplitude less than 9. We can then apply
Lemma 3.8 with stopping time T%Z. This tells us that the spindle above level z evolves diffusively.
We compare this to the diffusion Y to upper bound this expectation in the same way as in Lemma
4.15. O

Theorem 4.17. Consider a diffusion that satisfies Assumption B. Let (N, X) be a scaffolding-and-
spindles pair for this diffusion stopped at an a.s. finite random variable T on some probability space
(Q, A, P). Then there is a continuous IP-evolution that is a modification of (skewer(y, N, X),y € R)
which takes values on (Zg(g(E)), dy).

Proof: First assume g(F) is closed and x, y > 0. Let x > 0 be small enough so that a™ + k < ¢.
Let Njy g(c,) be as in (4.13) but now with (N, X) a scaffolding-and-spindles pair for our diffusion
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under Assumption B. We first show that there exists A > 0 such that

k
E(( Z ‘f(y ~X) — fz— Xt_)D ) < Alx — y|k(q/2A(q—a+_n))_ (4.19)
(t.1)

atom of N]y[750:
Xi—<x<X¢
or Xy <y<Xg
Note we do not have the g transformations applied to the spindles f in the equation above as these
spindles are from the Poisson random measure for the diffusion under Assumption B and not the
untransformed diffusion under Assumption B’ as in the previous lemmas. First we upper bound
sum in the equation above by

(¥ v v o 5 o 3 Yo se-xo
(t,f) atom of  (¢,f) atom of  (¢,f) atom of  (¢,f) atom of

NA{Y502t<T, N]\/[Y502t<’117 1“]\/17502t<717 NI\/I,sO:t<T’

Xi—<zr<Xy, X <y<Xi, Xi—<x<Xy, Xi—<y<Xt,

£=(t)=0 2 (1)=0 £2(t)>0 ()>0

Now note that for any a, b, ¢, d > 0 we have that (a + b + ¢ + d)* < 4¥71(a* + b + ¥ + d¥) and
therefore we can deal with each of the sums in the term above individually. We apply Lemmas 4.14
and 4.15 and the upper bound for m given in (4.3) to obtain an upper bound for the third sum in
the equation above:

k
E<< Z ‘f(y—Xt_) _f(;E_Xt_))) ) < A/|x_y|k(Q/2/\(q—a+_m))’
(t.f)

atom of Ny o
t<T, X <x<X¢ £%(t)>0

for some A" > 0 and similarly for the fourth sum. We deal with the first two sums in the same
way, using Lemma 4.16 and therefore obtain the upper bound given in (4.19). We now consider the
P-random times

So:=0; Sy :=inf{t > Sp_1: (¢, f) atom of N, A(f) > eo} for n > 1. (4.20)

As N is a stopped PRM stopped at random time T there exists P € N such that Sp_; <T < Sp.
For 1 <n < P we define the random measures

Nireomn = Z 5(t,f) forn >0
(t,f) atom of Ny
t€[0, 71N (Sn,Snt1)

so that Njse, = 25:0 Nuseon- Let n € N. Consider the correspondence between
skewer(z,Naseon, X) and  skewer(y, Nascon, X)

given by pairing all the intervals generated by spindles that cross both levels x and y. This is
a correspondence as we only have finitely many spindles cross level & and level y P-a.s and has
distortion

> Jfu-Xeo) - fe-Xe)[tmax{ Y f-Xe), Y fla-Xe)}

(t,f) atom (t,f) atom (t,f) atom
Of NA{1507’"‘: Of NA{1507’"‘: Of NN[750:
X <z<y<X: <X <y<Xy X <x<X<y

This sum is less than or equal to the sum in (4.19). Therefore we have skewer(Nps . n,X) sat-
isfies the Kolmogorov-Centsov continuity criterion and so there exists a continuous modification
(v4;,,,y > 0). We can take M to infinity as by Proposition 4.6 we have that sup,cp ¢*(T) is finite

P-a.s. and so we have a continuous modification (v, y > 0) of skewer(N|g, s, ., X).

n+1
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From here we can construct a continuous modification of skewer(N, X). For n € N let f,, be the
n'™ spindle of N with amplitude greater than or equal to €, i.e. so that 0(S,,f,) 15 an atom of N.
Then we define the IP-evolution (4¥,y > 0) by

’Vy = *5:1 (7%*{(van(y_ XSn—))})v (4'21)

where x and % are the concatenate operations from Definition 2.3. Note there are only finitely
many spindles with amplitude greater than or equal to g9 on [0, 7] P-a.s. Therefore we have that
(7¥,y > 0) is the concatenation of finitely many d;-continuous IP-evolutions (the IP-evolutions
({(0, fu(y — Xs,))},y > 0) are clearly d;-continuous) and therefore (4¥,y > 0) is d/;-continuous.
Finally we note that concatenating modifications gives modifications and so (¥, y > 0) is a modifi-
cation of skewer(N, X) on (Zg, d};). The subspace (Zr(g9(E)), d%) is closed and so this modification
exists on the appropriate subspace. To finish the proof assume g(F) is not closed. This only occurs
if g(h) is finite and g(E) = [0,g(h)). In this case however we still obtain our result as we do not
take a modification of the diffusions with amplitude greater than £y and as each of these diffusions
with amplitude greater than g9 do not hit g(h) then (4¥,y > 0) does take values on the subspace
(Zu(9(E)). diy).

Finally, assume z, y < 0. Then this case follows ultimately by (3.12). If x <0 < y then we have
the result by the previous two cases and the triangle inequality. (Il

We conclude this section with the analogous result for diffusions under Assumption C.

Proposition 4.18. Let Z be a diffusion that satisfies Assumption C, and let (N, X) be a scaffolding-
and-spindles pair stopped at an a.s. finite stopping time. Then skewer(N,X) is a.s. continuous and
takes values on (Zr(g(E)),dy).

Proof: Let Y be an untransformed diffusion that satisfies Assumption C’ and ¢ be a transformation
that satisfies C'3 of Assumption C such that Z = g(Y).

By the bounds in (4.4) we have that M ((0,e0)) is finite. Therefore by Theorem 1.3 the Pitman-
Yor excursion measure for Y (equivalently Z) satisfies (1.6). For the diffusion Z let (N, X) be a
scaffolding-and-spindles pair stopped at an a.s. finite stopping time.

To show continuity of the IP-evolution we first show that the sum of the amplitudes of all of
the spindles is finite. From Theorem 2.7 we know that the intensity of spindles for unstopped N
with amplitude greater than x is 1/s(z). Therefore, the amplitudes of the spindles form a Poisson
point process with intensity s’(z)/s(x)? which, when N is stopped at an a.s. finite random time, is
summable a.s. With the substitution y = s(z) we have that it is equal to

b "(z s(b) (=1
/x:(]g (x)s(gs)gd”“’ - /y » g(yz(y))dy <o (4.22)

for some (equivalently all) b € (0,h) (we have included the integral obtained with the substitution
y = s(x) here as we use it below). By the bound in (4.2) on s we have

»

e
1—-p6-
Therefore for y = (Efﬁ_(l — B’))l/(lfﬁi)xl/(lfﬁi) we have

2'7P7 < s(x) for z € (0,¢1).

ey

1_B7y < s(y) for y € (0,e1).

X

This means that

sTHa) < (77 (1= )RV for 1 < s(e)
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and so the second integral in (4.22) is less than or equal to

/s(b) g((EIﬂ7(1 _ 5—))1/(1—6*)y1/(1_57))
2
y=0 Yy

dy  provided that b < ;.

To put this into the form of C'3 requires a linear transformation z = ay for a = (51_’8 (11— B_)).

Therefore, the integral in (4.22) is finite by C'3 and the summability of the amplitudes follows.
From here we can show that skewer(N,X) is continuous a.s. with respect to the metric d’;.

Let I be an index set for the spindles of N, ¢ > 0 and C = }_,.; A(f;) < oo be the sum of

amplitudes Let (t1, f1),..., (tx, fx) be atoms of N such that Zfil A(f;) > C —¢/2, and let N
be the Poisson random measure N with the atoms (¢1, f1),..., (tx, fx) removed. The spindles f;
are continuous functions with finite lifetimes so are uniformly continuous. Let 6 > 0 such that
for any 1 < i < K and any s, t with |s — t| < § we have |fi(s) — fi(t)| < ¢/2K. Let z, y € R
with |z — y| < 0. Then, for the interval partitions skewer(xz,N,X) and skewer(y, N, X) we can
define the correspondence of size at most K that matches every interval generated by spindle f;
in skewer(z, N, X) to the corresponding interval in skewer(y, N, X). The remaining intervals in
skewer(z, N, X)) or skewer(y, N, X) have sum less than /2 and therefore the distortion is equal to

K
;’fi(m—Xn)—fi(y—Xn)|~I—max{ Z flz—X; ), Z f(y_Xt)}SKM+2

(t,f) atom of N (t,f) atom of N

and therefore d’; (skewer(z, N, X), skewer(y, N, X)) < e. As in the previous result the process takes
values on the subspace (Zy(g(E)),d};) as required. O

4.5. Further continuity results and proof of Theorem 1.7. For a measurable map g : E — g(F)
(where as before E' = [0,h) or E = [0, h] for some h < 0o0) we define ¢g* : Ty (F) — ¢*(Zy(F)) in the
following way: for an interval partition 3 = (U;,i € I) such that ), ; g(Leb(U;)) is finite we define
g*(B) to be the interval partition v = (V;,i € I) where we have Leb(V;) = ¢g(Leb(U;)) and the
order of the intervals in 3 and + is consistent; when ", ; g(Leb(U;)) is infinite we take g*(3) == 0,
the empty interval partition. Note that, ¢*(Zy(E)) C Zy(g(E)). Also, as g is an injection, g*
restricted to {8 € Zu(E) : Y217 9(Leb(U)) < oo} has an inverse (¢*)~! and for any v € ¢g*(Zy(E))
we have that (¢*)71(y) = (¢71)*(7). We also note that g* is a measurable function. To see this,
first define the functions (g,,n € N) by gn(z) = g(z) if x > 1/n and g,(x) = = otherwise and
observe that g* is the limit of the sequence of the functions (¢,n € N). The measurability of ¢g*
then follows by the fact that for all n € N the functions g are continuous. The proof of continuity
of the functions (g},n € N) follows from the continuity of g and that for any interval partition [
the interval partition differs from its image ¢ (5) on only finitely many interval widths (see also
Lemma 4.30).

The next step is to develop a simple Markov property. In Corollary 3.13 we have that for an
interval partition 8 € Zy(FE) and a diffusion that satisfies Assumption B’, we can construct a
scaffolding-and-spindles pair (Ng, Xg) as in Definition 3.11. We state a corollary here for diffusions
under Assumption B.

Corollary 4.19. Consider a diffusion Z that satisfies Assumption B and let v € ¢g*(Zgy(E)). Con-
sider a scaffolding-and-spindles pair started from vy, denoted as (N,,X) as in Definition 3.11.
Then we have that len(Ny) =3 ;¢ len(Ny) is finite a.s.

Proof: Let Y be the untransformed diffusion that satisfies Assumption B, let v € ¢*(Zy(F)) and
then let 8 € Zy(F) such that ¢g*(8) = 7. As mentioned above, by Corollary 3.13 we can construct
a scaffolding-and-spindles pair (N?j, Xg{) for Y started from (3 and len(Np) is finite a.s. Therefore
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we can define a scaffolding-and-spindles pair for diffusion Z and started from ~ by

NZ = > Ot.g(f))

Y
(t.f) atom of N7

where for a function (f(x),z € R) we write g(f) to be the function (g(f(x)),x € R). Then define
X% =¢ (N%) which is equal to X?{ as the spatial transformation of the spindles does not change
the scaffolding. O

We now state a continuity result for an IP-evolution with a fixed initial state. For N € /\/'lflﬁ , let
(T(N) = supyegr En (t).

Lemma 4.20. Consider a diffusion Z that satisfies Assumption B and let v € g*(Zg(E)). Let
(N, X)) be a scaffolding-and-spindles pair vy as in Definition 5.11. Then there exists a modification

of skewer(N,,X) that we call (v¥,y > 0) that is continuous for y € (0,00). Furthermore, for
y € (0,00) fized, we have v¥ € g*(Zy(E)) a.s.

Proof: Let n € N and v € ¢g*(Zy(F)). From Corollary 4.19 we can construct (Ny,U € ) as in
Definition 3.11. Recall that Ny = 0o 5,,) + N|[0 Ty where N is a Poisson random measure.

The process (skewer(y, N|[0 ng(fU)],é\(N“O ng(fU)})), y € R) has a continuous modification by The-

orem 4.17 and it follows that skewer(Ny, Xy) has a continuous modification. Also, from the fact
that ZUG'y len(Ny) is finite a.s., from Corollary 4.19, we have that for only finitely many U € ~
that ¢(*(Ny) > 1/n. Therefore we can conclude that there exists a continuous modification of
skewer(N, X,) on (1/n,00). As this is true for all n € N, we have a continuous modification on
(0, 00).

It remains to show that for y € (0,00) fixed, we have v¥ € ¢*(Zy(FE)) a.s. Let y > 0. For each
U € v we have that Ny is constructed by an initial incomplete spindle fiy and then a stopped Poisson
random measure N with stopping time 7-¢(fv). We claim that skewer(y, Ny, Xy) € ¢*(Zu(E))
a.s. By the spatial homogeneity of the scaffolding-and-spindles pair and the independence of fi;
and N it is sufficient to show that skewer(0,N,X) € ¢*(Zg(E)) a.s. We have that skewer(0, N, X)
is in Zy(F) by the first part of Proposition 4.2 and we can conclude that it is in fact in ¢*(Zg(E))
by again using the first part of Proposition 4.2 with the identity transformation g(x) = x (this tells
us the untransformed spindles produce an interval partition and therefore the transformed spindles
produce an interval partition in ¢*(Zg(F)) a.s.).

We concatenate the interval partitions skewer(y, N7, Xy7) for the finitely many of the U € « with
¢(*(Ny) > 1/n to form skewer(y, N, X,) and conclude that skewer(y,N,,X,) € ¢*(Zu(E)) a.s.
and therefore the modification ¥ € ¢*(Zy(F)) a.s. O

Define the filtration (F¥,y > 0) to be the right-continuous filtration generated by (7¥,y € (0,00))
on Q = C((0,00),Zg), the class of all paths in Zy continuous on (0,00). We define a filtered
probability space (Q, Fz, (F¥,y > 0),P,) where Fr := Uy>o FZ, and P, (-) is the probability measure

Py(-) =P((v,y>0) ) (4.23)

where (v¥,y > 0) is the modification of skewer(IN,, X) that is continuous on (0, 00) that is given
in the lemma above.

Corollary 4.21 (Simple Markov property under Assumption B). Consider a diffusion under As-
sumption B. Let p be a probability distribution on interval partitions that is supported on g*(Zg(E)),
and define the probability measure P, () = f'yEg*(IH(E)) Py (-)p(dy). For any y € (0,00) let 0, be
the shift operator, and let n, f : C((0,00),Zg) — [0,00) be measurable where n is measurable with
respect to ]-"?IJ. Then we have that

Pu[nf o 0y] =Py [Py f]].
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Proof: This proof uses the same arguments as the analogous result in Forman et al. (2020a, Corollary
6.13); specifically, by Lemma 4.20 we have that the sample paths a.s. are in 2 and the simple Markov
property for the skewer process on a larger probability space is given in Proposition 3.20. O

We now show the analogous result for diffusions under Assumption C and prove Theorem
1.7 We let Zg, C Zg be the interval partitions that consist of finitely many intervals and
Tin(9(E)) = Zn N Zu(g(E)). For any interval partition v € Zg,(g(£)) we define P, as before
and note that the scaffolding-and-spindles pair (N, X,,) can always be constructed for such initial
interval partitions . Let Qy := C(]0,00),Zx) be the space of continuous paths on Zz indexed by
[0, 00).

Proof of Theorem 1.7: Let Z be a diffusion under Assumption C, and let v € Zg,(g(E)). Let
(N,,X,) be a scaffolding-and-spindles pair started at v as defined in Definition 3.11. For y > 0 let
7Y = skewer(y, N,,X,). Then (7¥,y > 0) is continuous by the same reasoning as in Proposition
4.18; for each y we have only concatenated finitely many interval partitions.

In this setting let (F%,y > 0) be the right-continuous filtration generated by (v¥,y > 0) on the
smaller space €)g, rather than on €2 as we had done previously. The simple Markov property for the
skewer process from Proposition 3.20 applies in this setting as for fixed y > 0 the interval partition
v € Zan(g(E)) a.s. To see this, note that for each U € v the SPLP Xy is of bounded variation and
so only crosses a fixed level finitely many times a.s. (Bertoin, 1996, Corollary VIL5), and therefore
~¥Y consists of finitely many intervals as it is the concatenation of finitely many interval partitions
that each consist of finitely many intervals. To conclude the proof for the setting described in
Theorem 1.7 we note that, for n € N, if we stop the PRM N of a scaffolding-and-spindles pair
(N, X) at the n'® hitting time of 0 then skewer(0, N, X) € Zg,(g(E)) a.s. O

We used Q¢ C © under Assumption C whereas under Assumption B we were required to use {2 as
we did not have a proof of continuity at time 0. However, if we restrict the class of initial interval
partitions then we can use ¢ to state the simple Markov property under Assumption B, and we
do this in the following subsection. This subsection is not necessary to prove Theorem 1.6 but we
include it to show the class of initial interval partitions for which we have a proof of continuity at
time 0.

4.5.1. Continuity at time 0 under Assumption B. To prove the results of this section we define
certain classes of interval partitions. For any ¢ > 0 and any class of interval partitions Z C Ty we
define
TW = {8 = (UicI)€T:» Leb(U;)? < oc}.
i€l
Note that for ¢ > 1 we have that Z(?) = Z. We now state a corollary of Theorem 4.17.

Lemma 4.22. Consider a diffusion that satisfies Assumption B’ with a stopped scaffolding-and-
spindles pair (N, X) on some probability space (2, A, P), and let ¢ > at. Then, for (skewer(y, N, X),

y > 0), there exists a modification (8Y,y > 0) which is continuous on (II(L?)(E), dy).

Proof: We first note that for ¢ € (0,1) we can apply Theorem 4.17 with a diffusion Z constructed
from an untransformed diffusion Y and transformation f(z) = 29, to produce the continuous
[P-evolution (¢Y,y > 0). Also, note that the map (f~!)* is continuous on the space of interval
partitions Zy (this ultimately follows because the map f~! is Lipschitz on [0,1], see also Lemma
1.30). Therefore ((f~1)*(¢¥),y > 0) is P-a.s. continuous in Zpg.

Now, (¢¥),y > 0) is a modification of f*(skewer(N, X)) and therefore ((f=1)*(¢¥),y > 0) is
a modification of skewer(N,X). Also, again by Theorem 4.17, there exists a continuous process
(8Y,y > 0) which is a modification of skewer(N,X) and so is also a modification of
(f71)*(¢¥),y > 0). Asboth (8Y,y > 0) and ((f~')*(¢¥),y > 0) are both continuous processes they
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are therefore indistinguishable from one another, and therefore (8Y,y > 0) is a continuous process
in I}?)(E) a.s. O

As in the previous sections, we consider a diffusion Z under Assumption B, which is equal in
distribution to g(Y) where Y is a diffusion under Assumption B" and g : E — ¢g(F) is a continuous
bijection as in Assumption B. Let go, a*, a~ be the associated constants and let ¢ € (a™,qp).
Finally, let my and mz be the speed measure densities of Y and Z. We now state a corollary of
Lemma 3.16 and Lemma 4.22.

Corollary 4.23. Consider a stopped scaffolding-and-spindles pair (N, X) for the diffusion Z which
satisfies Assumption B, and let (vY,y > 0) be a continuous modification of skewer(IN,X). Then for
any fized y > 0 we have that

v e g, (q)( E)) = {7—(‘/17261)69 Zg (Leb(V; <oo} P—a.s.
i€l

Proof: Let N be the Poisson random measure of untransformed spindles. The my-diversity of
skewer(IN, X) at any fixed level has already been established in Lemma 3.16. This shows that
skewer(y, N, X) € ¢*(Zy (E)) a.s. and so 7Y € g*(Zy (E)).

It remains to show that 1Y € g*(ZJ(L?)(E)). To do this we note that the process (7¥,y > 0) is a
modification of ¢*(skewer(N, X)). Therefore ((g~')*(7¥),y > 0) is a modification of skewer(N, X).
By Lemma 4.22 skewer(N, X) has a continuous modification that takes values in IEJ)(E), and the
result follows as for fixed y > 0 we have that (¢~ 1)*(7¥) = skewer(y, N, X) a.s. O

The following lemma concerns the initial spindles of the IP-evolution, i.e. the spindles that are
not equal to 0 at time 0.

Lemma 4.24. Consider a diffusion that satisfies Assumption B’. Let (a;,i € I) be a potentially
infinite sequence of positive numbers such that Y, ; aq/\l < 00. Consider a family of independent
diffusions (f;,i € I) distributed as independent dzﬁuszons started from (a;,i € I) stopped at O on
some common probability space (0, A,P), i.e. fi ~ Q). Then we have that Y ,.; A(fi)? < oo
P-a.s.

Proof: By the coupling given in (4.8) we have for 0 < a < y < &g that QJ(A > y) < 72 Q%(4 > y)
which in turn is equal to (a/y)'*®" (by (1.2) and as 2'*®" for 2 € [0,00) is a scale function for a
squared Bessel process with dimension —2a ™). Therefore we have

Z P(A(f;) > e0) <egg'™™ Z a; T < oo,
i€l:a;<eq el
and so by the Borel-Cantelli lemma and by the fact that only finitely many a; are such that a; > ¢,
we have that a.s. only finitely many of the incomplete spindles f; will have amplitude greater than
£€0-
Furthermore, again with the upper bound for QY(A > y) stated above, we have

€0

B(A(f) Lagjy<oy) = / P(y < A(f)) < o)dy.

y=0
This is less than or equal to

/:0 Q) (A > y)dy = / ((ai/m)= A1)y = (O%_ +1)a; — o (i_ +1)ar

y=0

Therefore, when ¢ < 1, we have that

E(A(fi)1T a(f,)<e0) < (E(A(fi)]lA(fi)<eo))q < Cq<ai_ + 1) al
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where Cy is the Holder constant from Assumption B. Therefore we have that

Z E(A : A(fi) < g¢) is finite, and so Z A(fi)? is finite P-a.s. O
el i€l A(f;)<eo

In the next lemma we give a result that compares certain interval partitions with skewer(0, N, X)
for a particular stopped scaffolding-and-spindles pair (N, X), which we then use in a coupling
argument in the proposition after to prove continuity of a [P-evolutions with certain initial interval
partitions.

Lemma 4.25 (Interval partition domination). Consider a diffusion Z that satisfies Assumption B
and let v € L, (g(E)). Recall the notation D and D from Definition 3.15 and let (N,X) be a
scaffolding-and-spindles pair stopped at To(kal(ﬁi/nz(oo) +1)) (where 70 is the inverse local time of
X at level 0 and kg is the constant from Lemma 5.3), and let 4 := skewer(0, N, X). Firstly we have

that

D% (c0) = 5:12(00) +1 a.s.

Also, with positive probability we have that there exists a matching between v and 4 such that every
interval of v is matched with a larger interval of 4 (but that does not necessarily respect the total-
order of the intervals). We say that 4 dominates v by matching in this case. Finally we have that

9" Ty (E)) = Iz (9(E)) and also g*(Iny (E)) = Im, (9(E))-

Proof: The diversity of 4 follows from Lemma 3.16. The second part of this lemma generalises
Forman et al. (2020a, Lemma 6.8) to interval partitions with finite mgz-diversity and the proof is
the same. It requires the aggregate health summability under Assumption B which was shown
in Proposition 4.2. The result further generalises to any interval partition with a finite limsup-
myg-diversity as intervals can be added to an interval partition with finite limsup-mg-diversity to
produce an interval partition with a finite myz-diversity and, therefore, the domination result carries
over.

For the final part first note that if a pair of interval partitions B, 4 # () satisty g*(B) =¥
then 3 € Zyy (E) if and only if 4 € Z,,,(g(F)) and also DgLY(OO) = D'%(00) (and similarly for

limsup diversities). Therefore for 4 € Z,,(g(E)), to show 4 € g*(Zyy (E)) it suffices to show that
dves g Y(Leb(V)) is finite.

Let 4 € Iy, (9(E)) and for the diffusion Z let (N, X) be a scaffolding-and-spindles pair stopped
at To(kal(ﬁgnz(oo) +1)). Let 4 := skewer(0,N,X). As untransformed diffusions also satisfy
Assumption B (as the identity transformation g(x) = z satisfies the hypotheses in Assumption B)
we also have the aggregate health summability result for the untransformed diffusions by Proposition
1.2, Therefore we have § = (¢g~')*(¥) is also a non-trivial interval partition (as well as 7) because
f is equal in distribution to skewer(0, N, X) for a stopped scaffolding-and-spindles pair (N, X) for
the untransformed diffusion. Furthermore as we have with positive probability that ¥ dominates ¥
we can take a realisation of 4 and B where 4 dominates 4 and we find that

> g (Leb(V)) <> g (Leb(V)) = ) " Leb(U) = ||| < oo

Vedy Vey Uep

and therefore we have that 4 € g*(Z .y (E)) as required.
Therefore we can conclude that ¢*(Z,,y, (E)) = Zm, (g(E)) as it is immediate that

9" Ly (E)) € Ly (9(E)).
The other case g*(Zpy (E)) = Ly, (9(E)) follows by the same reasoning. O
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Proposition 4.26. Let v = (V;,i € I) € g*(f,(gl(E)) and let (N,,X,) be a scaffolding-and-

spindles pair for v as in Definition 5.11. Then there exists a modification of skewer(Ny,X,) that
is continuous on [0,00).

Proof: As in the proof of Theorem 4.17 first assume that g(FE) is closed. Let
Y € 9" Ty (E)) = Ly (9(E))

and let 4 be a random interval partition such that D% (c0) = 5,772 (00) + 1 and that dominates
as in Lemma 4.25. We describe a coupling for a scaffolding-and-spindles pair (N, X,) and another
stopped scaffolding-and-spindles pair (N, X).

Let (V;,i € I) be the intervals of 4 and let I C I so that (V;,4 € I) denotes the matching intervals
of 7. For each i € I, we consider an independent Brownian motion (Bé,y > 0) and we define ff/,-

and fy; to be strong solutions to the stochastic differential equations

dfy (y) = Leb(Vi) + pz(fy, (v))dy + oz(fy, (y))dBy;
dfv,(y) = Leb(Vi) + uz(fv.(v))dy + oz(fv; (y))dBy,
and we stop f‘~/i and fy, when they hit 0. With this construction we have that ( f‘z,i € I) are

independent diffusions with the same dynamics and with initial states (f/;,z € I), and similarly for
(fvi»i € I). We also have for each i € I that ((fv;) < ((fy,) and for each y > 0 that fv,(y) < fy. (v)-

We then define a pair of point measures (N, N,). For z > 0, let QY denote the law of the diffusion Z
started from z, and let v be the Pitman-Yor excursion measure of Z. Consider independent Poisson
random measures (IN;,7 € I) with intensity Leb ® v and scaffolding £(N;) = X; for ¢ € I; we use
this to define

Ny, == 0(0, f,) + Nilg ) where T, = inf{t > 0: X;(t) = —C(fy)}-
We further define N, = %;c/Ny, where Ny, is given by

Ny = (0, ) + Nif{g, 7 with = inf{t > 0:X,(6) = C(fu) — C(fy))} (420)
and TZ is as stated above. Let T = Zie ; T; and note T is a P-a.s. finite random variable. Finally
let N = *ieINVi and 1\]'7 = *iEINVi-

The rest of the proof uses the same ideas as the proof of Theorem 4.17. Let ¢, x > 0 such that
a™ + Kk < q < go where a™, o are as in Assumption B and let p := (¢ — a™ — k) A ¢/2. We recall
N, from (4.13) and define N, a7,

Nureo = Lsup, g eu(T)<M Z Ot,)s Ny Meo = Lsup,cp (1)< M Z Ot f)

(t,f) atom of (t,f) atom of N:

N:A(f)<eo A(f)<eo,f(0)=0
where ¢* for u € R denotes the local time of {(N). We note that the set of atoms of N, are,
is a subset of the set of atoms of Njs., and so we can use the bound in (4.19) as N is equal in
distribution to the concatenation of the clade components of a Poisson random measure stopped
at To(ko_lﬁ;nz(oo) + 1), see (3.6). The constant in front of the bound in (4.19) will change from A
to A/p where p := P(5 dominates ) > 0 and the definition of domination is given in Lemma 4.25
(note that the fact that the domination of v by 4 does not respect the order of the intervals in the
interval partition does not impact the upper bound for the sum).

At this point we need to incorporate the initial spindles and the spindles with amplitude greater
than g¢. In the proof of Theorem 4.17, we only had the spindles with amplitude greater than ¢y to
add in, and as there were only finitely many of these we could concatenate finitely many continuous
[P-evolutions to finish the proof. In this setting however as we have potentially infinitely many
initial spindles we need to take care to incorporate these.
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We adapt the proof of the Kolmogorov-Centsov continuity criterion from Revuz and Yor (1991,
Theorem 1.2.1). We define

Dy, ={i27":ieNnNJ[0,2™)} formeN; D:= U D,
meN
and

z,yeD,z#y

M,:= sup |m—y|_p{ Z ‘g(f(y—Xt))—g(f(fB—Xt))‘}'
(.f)

atom of Nz ¢,
Xy <x<Xt or
X <y<Xi

Then it follows from the proof in Revuz and Yor (1991, Theorem 1.2.1) that M, is finite P-a.s. as
we have shown the bound in (4.19) with N, 3/, in place of Ny o,. Let N, 3 = Liup,cp 04(T)< M Ny

From this point we show that skewer(IN, a7, Xy) is djy-continuous on D. Let ¢ > 0, let K € N,
i1,... ik € I'such that >0, . A(fv,) <e/4, and let K' € N and (t1, f1),..., (tk', fxr) be
the atoms of N, with amplitude greater than or equal to g9. There exists 6; > 0 such that for z,
y € D with |z — y| < §; we have

K K/
> Joth @) =g @)| < 5 D |olhi—Xe0) — g(fie — Xe-)| < 5
J=1 j=1

Furthermore, for z, y € D with |z — y| < d2 == (¢/4M,)/? we have

> ’g(f(y—Xt_)) —g(f(x—Xt_))‘ <Z
(t,f) atom of Npscyt,
Xi—<x<X or
Xi—<y<Xi
Let 6 = min{dy, d2}. Then for all z, y € D with |[x—y| < ¢ the sum of |g(f(y—X:-))—g(f(z—X;—))]
over all atoms (¢, f) in N a7 is less than € P-a.s. This is an upper bound for the distortion between
skewer(z, Ny a7, X)) and skewer(y, N, a7, X) for the correspondence that matches intervals with
each other if they both are generated by the same spindle. This is a correspondence as we have
only finitely many spindles with lifetime greater than |z — y|; it is the same correspondence used in
Theorem 4.17. We can take M to infinity at this stage as by Proposition 4.6 the local time of X
is continuous and therefore bounded. Therefore we have that skewer(N,, X, ) is continuous on D
P-a.s. To finish, we can define for y € [0, 00)

VY = ;gl’ll/ skewer(s, N, X))
seD

and (7¥,y > 0) is a continuous modification of skewer(N.,,X,). This modification is in the ap-
propriate subspace (Zg(g(E)),d};) as this subspace is closed. Now assume g(E) is not closed. To
complete the argument in this case we avoid taking modifications of IP-evolutions with intervals
great than €g. Asin Theorem 4.17 there are only finitely many spindles with amplitude greater than
g0 and so we can consider stopping times in (4.20) with N, in place of N. Denoting these stopping
times by (Sp,n € N) we can obtain finitely many skewer processes (skewer(N7|(ngsz+l)), n < P) for
some P € N and concatenate these with the skewer processes generated by the individual spindles
with amplitude larger than g as in (4.21). O

Remark 4.27. The previous proposition shows path continuity at 0 for certain initial states but not
for all possibles ones. This is a partial response to the claim just after Forman et al. (2020a, Corollary
6.19) that states “We believe that d;-path-continuity extends to time 0” which is in reference to
their [P-evolutions generated from self-similar diffusions. As their self-similar diffusions satisfy our
Assumption B we have confirmed that this belief is correct for at least some initial states.
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Proposition 4.28 (Simple Markov property under Assumption B on ). Consider a diffusion
under Assumption B. Let v € g*(ffgi((E)) and let (N, X,) be a scaffolding-and-spindles pair with
initial state skewer(0,N,,X,) = v a.s. as in Definition 3.11. Let (v¥,y > 0) be a modifica-
tion of skewer(N.,X,) that is continuous on [0,00) which exists by Proposition /.20. Recall the
filtration (Fy,y > 0) fmm Corollary 4.21. We define (Qo, F, (Fy,y > 0),Py), a filtered probabil-

ity space, where g is the set of all paths over Ly that are continuous on [0 o0) and with initial
states in g*(Z,, 7\ ) F = UysoF7, and also Po(-) == P((v%,y > 0) € -). Finally, let p be a

probability distribution on interval partitions that is supported on g*(f,(gl( (E)), and define the prob-
ability measure Py (-) = f’yEg*(IH(E)) P (-)u(dy). Then (v¥,y > 0) is a simple Markov process on
(QOaF7 (F%)y > 0)7]P) )

Proof: This proof uses the same arguments as the analogous result Forman et al. (2020a, Corollary
6.13). In particular, we have continuity of the sample paths from Proposition 4.26 Wlth initial states

in 9*@7(2{ (E)) as well as the simple Markov property for the skewer process given in Proposition

3.20. Furthermore, at each level we have, for y € (0, 00), that the
skewer(y, N,, X,) € g"(Z\2 (E)) C g*(f,(gl( (E)) a.s.

by Corollary 4.23. Therefore, for any fixed y € (0, 00), the continuous modification takes values in
g*(z(gl( (E)) a.s. as required. O
4.6. Strong Markov property and proof of Theorem 1.6. In this section we assume that the diffu-
sion satisfies Strong Assumption B, that is Assumption B along with the assumption that either
liminf, 0 g(z)/x > 0 or limsup,_,5g(x)/x < co. Note that the identity transformation g(z) = =
satisfies these conditions, and therefore Strong Assumption B is more restrictive than Assumption B
but more general than Assumption B’. Before we begin the proof we give a class of transformations
g that do not satisfy B5 of Strong Assumption B to show that this really is a restriction.

Ezample 4.29 (Transformation g that does not satisfy B5).
Consider a function g : [0,1/32] — [0,1/32] such that for all n > 3 we have:

g2 ) =27 g2 ) =27 g2 ) =7,

and where for all n > 3, z € [272""" 272"741] [272"T1H1 9-2"—1] [9-2"~1 9-2"] that g is smooth
and strictly increasing and ¢g(0) = 0. Then g is a smooth continuous strictly increasing bijection
and moreover

—2n—1
hminfﬂ < lim 9 — ) = lim 27" =0,
zl0 x n—oo 272"—1 n—00
9—2"t14+1
lim sup = 9(z) > lim i T ) i 2 — o
zl0 r n—oo 272"+l n—00

We state key results about the transformations g* and (g~!)* which apply under Strong Assump-
tion B.

Lemma 4.30. Let g : E — g(FE) be a strictly increasing continuous function with g(0) = 0 where
E C [0,00) is of the form E = [O,h) or E = [0,h] for some h > 0 and g(E) C [0,00). If
limsup,_,qg(z)/x < oo then the map g* : Ty (E) — Zy(g(E)) is injective and continuous. If instead
lim inf, .o g(z)/x > 0 then the map (g71)* : Zy(g9(E)) — Ty (E) is injective and continuous.

Proof: First suppose that limsup,_,qg(z)/x < co. Let € > 0, let 8 € Ty (E) and let (a;)jen be the
interval lengths of 5 in a non-decreasing order and let (Uj;, j € N) be the corresponding intervals of 3.
If g(h) is finite let D = (a1+g(h))/2 and if g(h) is infinite let D = a1+1. Let C = sup,¢(o,p 9(z)/z.
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We note that >,y g(a;) < C)  cya; which is finite so g*(8) is a non-trivial interval partition.
The fact that ¢g* is injective then follows immediately from ¢ being injective.

Let K € N be large enough so that > oK @ < e/4C. As g is continuous, then ¢ is uniformly
continuous on [0, D], and therefore let £ > 0 be small enough so that for z, y € [0, D] with |z —y| < &
we have [g(x) — g(y)| < ¢/2K.

Let 6 == min{¢ ax/2,6/4C,D — a1}. Let v € Iy(E) such that d};(8,7) < 6. Consider a
correspondence (Uj, f/j)l<j<f( from S to v with distortion less than §. Since § < ax, we must have
that K > K and {U;}1<j<rx C {Uj}1<j<[~(. Let (Vj)i<j<k denote the intervals of v paired in the
correspondence with the respective U. jj and let b; :== Leb(V}).

Consider the correspondence of g*(3) and ¢g*(7y) that uses the corresponding interval pairs to
(Uj, Vi)i<j<k. This has distortion

K K
Z l9(a5) = 9(b;)| + max { " (B)] = D" glas). lg" (NI = 3 9(6:) }-
=1 i=1

First, let 1 <j < K. Then |a; — bj| < € and therefore we have |g(a;) — g(b;)| < ¢/2K. Also note
that ||| — Z 1 aj < €/4C, and therefore we have

K

9

Il - Zb < d(B,7) + 181 = Y0 < 5
j=1

From this we can conclude that

K K
* * E
max {lg" (9)| = 3" 9(a) llg" (Nl = D gbn)} < 5
j=1 j=1
and the first result follows. To prove the second result, we show that if liminf, o g(z)/z > 0 then

-1 1
lim sup m < (hminf M) < 00
z—0 x y—0 Yy

and the result then follows as previously. To see this let (z,,n > 1) be a positive sequence that
converges to 0. Then (¢~ '(zy,),n > 1) is also a sequence that converges to 0. Therefore we have

that
1
liminfzcin = hmlnfw > i mlnf(—) > 0.

n—oo g~ 1(xy) n—oo g~ (xy) y—=0 Y
Therefore limsup,, o, g~ (¥n)/xn, < 1/(liminf, 0 g(y)/y) < oo and the second result follows in
the same way as the first result. ]

Lemma 4.30 states that under the condition liminf,_,o g(x)/z > 0 we have the equality of sets
9" (Zg(F)) and Zy(g(F)). We recall a similar result in Lemma 4.25 which applies to smaller spaces
of interval partitions where interval partitions have diversities; in that setting, under Assumption
B, we have the equality of ¢*(Z,, (F)) and Z,, (9(E)).

Remark 4.31. In fact the conditions in Lemma 4.30 are necessary as well as sufficient in the sense
that if limsup,_,qg(x)/x = oo then the map g* is not injective and if liminf,_,o g(z)/z = 0 then
the map (g~!)* is not injective (they both map certain interval partitions to () as the transformed
intervals are not summable).

We now give certain bounds for the diffusion under Strong Assumption B which we will use to
prove continuity in the initial state in Proposition 4.35.



Branching IP-diffusions 1199

Lemma 4.32. Consider a diffusion Z that satisfies Strong Assumption B with untransformed dif-
fusion Y and spatial transformation g such that liminf, .o g(z)/xz > 0, and let z > 0 and let € > 0.
Then there exists k7 = kr(e,2) > 0 such that for any interval partition v € Ty(g(E)) such that

7]l < k7 we have that
P(T(X,) <z)>1—¢,
where X, is constructed as in Definition 5.11 and (H(X) = SUPyc[o.ten(X)] X(#) for X € D.

Proof: Let e, 2 > 0. The injectivity of (g7!)* from Lemma 4.30 leads to the surjectivity of ¢g* and
s0 ¢*(Zy(E)) = Zy(g(E)). Also we note that the untransformed diffusion satisfies Corollary 3.13.
Therefore we can create a scaffolding-and-spindles pair (N,, X,) with an initial interval partition
v € T (g(E)) as in Definition 3.11 where we construct the scaffolding by adding ¢(fy;) jumps for
each interval V; of the initial interval partition v. We will compare this to an SPLP with a single
initial jump P = ZU@ ((fu) at the beginning of the process which we run until it hits level 0 and
we will denote this process as Xp. By a natural coupling we have Xp(t) > X, (¢) for all t > 0 and
therefore the event {(7(X,) > z} is a subset of by {¢*(Xp) > z}. We construct X p by considering
a Lévy process started at ZUEB ¢(fv) such that Xp — ZUeﬂ ¢(fv) has the same distribution as an
SPLP X with Lévy measure v(¢ € ).

Let W be the scale function for the Lévy process X. This function is continuous and increas-
ing with W(0) = 0 (Bertoin, 1996, Theorem VII.8), and therefore there exists x > 0 such that
W (z)/W(z) < /2. Also note that for the empty interval partition () we have d(7,0) = ||v]|. Re-
call that we can apply Proposition 3.12 to the untransformed diffusion by Corollary 3.13. By Lemma
4.30 (g~ 1)* is continuous at () and therefore there exists k7 > 0 such that for all v € Zy(g(E)) with
7|l < k7 we have |[(g=1)*(7)|| < ex/2(1 + k3) where k3 is constant from Proposition 3.12. Recall &’
from the same proposition and take k7 < g(¢’). Then, by (3.18), we therefore have that

E(DC(w)) < (L+ke) Yo g7 (Leb(Vi) = (1+ ka) | (g™ ()]l

iel el
Therefore, for v € Zy(g(E)) such that ||y|| < k7, we have that

P(CH(X,) > 2) < P(CH(Xp) > 2) <P(D0C() > o) +

el

O

In the following lemma, for z € g(E), let QY(-) denote the law of the diffusion under Assumption
B.

Lemma 4.33. Consider a diffusion under Assumption B, let D € g(E) and let dy, dy > 0. Then
there exists dy > 0 such that for all a, b € [0, D] with a < b < a + dy we have

QYTy < d) > 1 — do.
Proof: This result uses the Markov inequality. We first note that
EQQ (Ta)
dy
and recall from Corollary 3.13 that the function r(z) := EQO (¢) has a derivative that is bounded
~1(a)
above near 0 (we have the transformation g~! here as the corollary we use only applies to untrans-
formed diffusions). Therefore, setting C' := sup,¢(g 4-1(py) 7' () we have for all 0 <a <b < D

Eqo(Ta) = (g~ (b)) — (g7 (a)) < Clg™(b) — g~ (a)l.

Now, ¢~" is uniformly continuous on [0, D] and so there exists do > 0 such that for a, b € [0, D]
with b > a and b — a < dy we have g~1(b) — g1 (a) < dod1/C and the result follows. O

Qg(Ta 2 dl) S

-1
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Lemma 4.34 (Continuity in the initial state for skewer(Ny, Xy)). Let ds, d4, z > 0, D € g(E)
and let a € [0, D]. Then there exists ds > 0 such that for b € [0, D] with |a — b| < d5 we have the
following. Let U = (0,a) and V = (0,b). Then, on some probability space (2, A, P), there exists a
coupled pair of scaffolding and spindles (Ny, Xyr), (Nv, Xy) started from U and V' as in Definition
3.11 on which we have

P (dy (skewer(z, Ny, Xy ), skewer(z, Ny, Xy )) > d3) < dy.
Proof: Let ds, dg, z >0 and let a < D € g(F). Let dg > 0 be small enough that
W(z —2dg)/W(z) >1—dys/5

where W is the scale function for the SPLP from Lemma 4.32. Let d7 = d3/2 where dj is the constant
obtained from Lemma 4.33 when applied with dy = d4/5 and d; = dg. Let f be a 0-diffusion started
at (a + d7) A D and note that

dy
P<Go = {T(a—d7)v0(f) < d6}) >1-=

where T{q_q,)vo(f) is the hitting time of (a —d7) vV 0 by f. The diffusion f has a finite lifetime and
so is uniformly continuous and therefore there exists dg > 0 such that

P(G1 = {|f(x)—f(y)| < % Ve, y e R: |z —y| <d8}> >1—%.

Now consider an independent Poisson random measure N with scaffolding X and which is stopped
at T_¢(y). First note that

M>1_d4

P(G2 = sup Xy §z—((f)}> > 7 =

te[T_¢(p)+2dg-T—c(1)]

by the independence of f and N and the strong Markov property of X and where we follow conven-
tion that the supremum over the empty set is —oo. Furthermore note that (skewer(y, N, X),y € R)
has a uniformly continuous modification (7Y, y € R) by Theorem 4.17. Let dg > 0 be small enough
so that
d
P<G3 = {d’H(’y‘”,fyy) <dg/2forallz,yeR: |z —y| < dg}) >1-— 34.

Now, let dyg = do/2 where ds is now the constant obtained from Lemma 4.33 when applied with
dy = dg N dg and dy = dy/5 and let ds := d7 A d1g. Then we have

dy
P(G4 = {T(afd5)\/0(f) — Tards)an(f) < ds A d9}) >1-—
Now let b € [0, D] with |a — b] < d5. Let fy(:) = f(T, +-) and let fi (-) = f(Tp + -). We define
Nu = Nloz 5,5 Nv =05, +Nvs Nv:=Nlpz o0 Nv =0,z +Nv.
Note that

P(G5 - {f*“fv) — skewer(z — C(fp), N, X), ~*SUv) = skewer(z — ¢(fi), N, X)}) -1

by the spatial homogeneity of the scaffolding-and-spindles pair and the independence of fiy and N
and of fyy and N. Therefore we have

skewer(z, Ny, Xy) = 'yZ_C(fU), skewer(z, Ny, Xy) = vz_g(f‘/) on GoNGoNGs.
Furthermore we have that

|fu(z) — fy(2)| <ds/2 on G1 NGy and  dy(v*~CU0) 4#=CUV)) < ds /2 on G N Gy.



Branching IP-diffusions 1201

Therefore, as
d’y (skewer(z, Ny, Xy/),skewer(z, Ny, Xy/))
< |fu(z) = fv(2)] + dy(skewer(z, Ny, Xpr), skewer(z, Ny, Xy/))
then it follows that
d’y (skewer(z, Ny, Xy ), skewer(z, Ny, Xy )) < d3 on G := GoNG1 NG NG3NGyNGs,
and as P(G) > 1 — dy4 the result follows. O

Proposition 4.35 (Continuity in the initial state). Consider a diffusion under Strong Assumption
B for which liminf, .o g(x)/z > 0. For v € g*(Ix(E)) recall P(-) == P((1¥,y > 0) € -) from
(4.23), where (v¥,y > 0) is a modification of skewer(N,,X,) that is continuous for y € (0,00).
Let E, be the expectation operator for P,. Let z > 0 and let f : Ty — [0,00) be a bounded and
continuous function. Then the map v — E(f(7?)) is continuous on (Zy(g(E)),dy).

Proof: This was shown for self-similar diffusions in Forman et al. (2020a, Proposition 6.15). We
adapt the proof to generalise to our setting.
As in Lemma 4.32 we are under the assumption liminf, o g(z)/z > 0 and so

9" (Zu(E)) = Zu(9(E)).

Let v € Tr(9(F)), €, z > 0, and let (Q, Fz,P,) be the probability space as defined in Section
4.5, where  := C((0,00),Zp), Py is the probability measure for (4¥,y > 0) and F7 is the natural
filtration for (7y¥,y > 0). As f is continuous at v* we can define a (0, co)-valued random variable
A.(v?%) on (9, Fz,P,) for which we have that for § € Zy(g(E)) we have diy(v*,8) < A(v?)
implies that |f(v*) — f(B8)| < /3. Let M = supgeg,,(g4(r)) f(B). Then there is & > 0 such that
P,(A.(v?) < ) < ¢/3M. We take 4 € Zg(g(F)) and consider a probability space (©,A,P)
for a pair of processes (7¥,y > 0) and (3¥,y > 0) which have marginal distributions P,, and P4
respectively; we will later specify an explicit coupling. By Lemma 4.30 note that g* is surjective
so as the untransformed diffusion satisfies Corollary 3.13 it is possible to construct IP-evolutions
(v¥Y,y > 0) and (4¥,y > 0) with initial states v and 4. We first note that

[, ~ By 67| < B(1567) - £65)).
Then we can further bound the expectation above by
E<|f(72) - J(%) (ﬂd}{(vz,&z)<€,Ag(72)25 + Lar (12 57)>e + ILAE(WZ)<€)>'

The first of the three terms is less than or equal to €/3; the second is less than or equal to
MP(d}y(v*,54%) > €); and the third is less than or equal to €/3. Therefore it suffices to show
that there is some ¢ > 0 such that for ¥ € Zy(g(E)) with d;(v,4) < d we have a coupled pair of
[P-evolutions (¥, y > 0) and (9Y,y > 0) starting from these two initial states, with

€
P(dy(v*,4%) > &) < —. 4.25
(A (v*,77) > &) < 337 (4.25)
To this end, let Uy, Us, ... denote the blocks of v, listed in non-increasing order by mass and let

a;j = Leb(Uj).
Let k7(e/9M, ) be the constant from Lemma 4.32 and let K be large enough that .. ;- a; < k.
If a; < g(h) then take D € g(E) such that a; < D < g(h) and if a; = g(h) then take D = a; = g(h).
For 1 < j < K let 0; = ds as in Lemma 4.34 with d3 = ¢/K, dy = ¢/IMK, D as above and a = a;.
Now let
min{dy,...,0k, ax, %,D —a1}ifap < D < g(h),
{min{dl, e 0K, g, %} if instead a1 = D = g(h).
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Let 4 € Zy (g9(F)) with d; (v,4) < 8. By definition of d);, there exists a correspondence (Uj, ‘7j)1§j§f(
from 7 to 4 with distortion less than §. Since § < ax, we get K > K and {U;}1<j<x C {Uj}1§j§f(-
Let (V})1<j<k denote the terms paired with the respective U; in the correspondence. For 1 < j < K,
let b; == Leb(V;). Let (V},j > K) be the remaining intervals of 4. Note that necessarily we have
laj —bj| < ¢ for 1 <j < K. Consider coupled scaffolding and spindles pairs (Ny;, Xy;), (Ny;, Xy, )
independently for each 1 < j < K asin Lemma 4.34. For j > K we consider independent scaffolding
and spindles (Ny;, Xy;) and (Ny,, Xy,). We construct coupled scaffolding and spindles (N, X)
and (Njy,X4) constructed from coupled scaffolding and spindles (Ny,,Xy;) and (Ny;, Xy;) for
j € N as in Definition 3.11. Let (7¥,y > 0) and (4¥,y > 0) be the modifications of skewer(IN,, X)
and skewer(INx, X4) that are continuous on (0, 00) which are shown to exist in Lemma 4.20. First
we make the obvious note that

P(FO = {’yz = skewer(z, N, X,); 4° = skewer(z,N@,X@)}) =1

as (7Y,y > 0) and (4¥,y > 0) are modifcations of the skewer processes. Also, for 1 < j < K, we
have |a; — b;| < 0; and so

€
IMK

P(Ff = {d’H(Skewer(z,NUj,XUj),skewer(z,NVj,ij)) < %}) >1-— for1<j<K.

Furthermore we have

P(F2 = {Vj > K, C+(NUj) < z}) >1- 9LM by Lemma 4.32.

Also we have that

K K
) ) 1
131 = Db < dig(v,A) + [l = D0y <0+ Shr < hr.
=1 =1

Therefore
P(Fg = {g‘*(NVj) < z,Vj > K}) >1- QLM again by Lemma 4.32.

Pulling all these together we conclude

K
; 13
P(F::Fm( FJ)ﬂFﬂF)>1——,
0 301 i o NFE3) > Y

z LJZ

and we now show that d’;(v#,4%) < € on F to finish the proof. First we note that on F» 7* consists
only of intervals from spindles from Ny, for 1 < j < K and similarly for 4* on F3 and therefore

K
dy (7%, 57) < Zd’H(Skewer(z, Ny, , Xy;), skewer(z, Ny,, Xy,)) on Fy N Fy N F3,
j=1

and so d;(v?,4%) < € on F and the result follows. O

Theorem 4.36 (Strong Markov property). Consider a diffusion under Strong Assumption B and
then let v € g*(Zg(E)). Let (Ny,X,) be a scaffolding-and-spindles pair started from v as in
Definition 3.11 and let (vY,y > 0) be a modification that is continuous on (0,00) as in Lemma /. 20.
Recall the appropriate filtered probability space a filtered probability space (Q, Fr, (Fi,y > 0),P,) as
used in Corollary /.21. Then we have that (v¥,y > 0) is a strong Markov process on this filtered

probability space.
=(a)

Furthermore, in the case where v € g*(Z

my (E)) we have that (v,y > 0) is continuous at 0 and
so (vY,y > 0) is an IP-diffusion.
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Proof: We first consider a diffusion that satisfies Strong Assumption B and we begin with the case
where liminf, .o g(z)/x > 0. As in Forman et al. (2020a, Proposition 6.17) we extend the result in
Proposition 4.35 to the claim of continuity of the process

ol Ev(ﬁfi(’?’yi))»
=1

where f1,..., fm : Zg — [0,00) are bounded and continuous. This can be shown by induction on m
using the simple Markov property from Corollary 4.21. Then we show the strong Markov property
from this by the method given by Kallenberg (2021, Theorem 17.17) where the continuity in the
initial state stated above then works in place of the Feller property that is used in the result in
Forman et al. (2020a, Proposition 6.17).

Next we consider the case where limsup,_,;g(z)/xr < co. We first note that Proposition 4.35
applies to the identity transformation g(x) = z. Also we have the map ¢* : Zy(F) — ¢*(Zu(FE))
is continuous and bijective by Lemma 4.30 which means that the Strong Markov property in the
untransformed case leads to the strong Markov property in the transformed case.

Finally for the case where v € g*(Z,, 79 +(E)) we use Proposition 4.28 which states that (7¥,y > 0)
is continuous on [0, 00) as required. O

We can now prove Theorem 1.6.

Proof of Theorem 1.0: First consider the case where we have a diffusion under Assumption B and
we have a scaffolding-and-spindles pair (N, X) for this diffusion stopped at an a.s. finite random
time T'. Then there exists a continuous modification of skewer(IN,X) by Theorem 4.17 and the
furthermore X has a local time that is continuous in time and space by Proposition 4.6.

Now, instead consider an untransformed diffusion under Assumption B’ and let s > 0. Let
(N, X) be a scaffolding-and-spindles pair for this untransformed diffusion that is stopped at 79(s).
Then by Corollary 3.13 the diffusion satisfies (3.16). Therefore, as it also satisfies B1 we can apply
Proposition 3.19 as 79(s) satisfies the conditions of the proposition. This gives a regular conditional
distribution of the clade component for level 0 given 80 := skewer(0, N, 5() By Proposition 3.20 we
have a simple Markov property for skewer(N, X) on the probability space (€2, A, P) for N.

We have aggregate health summability at level 0 of the transformed diffusion by Proposition
4.2 and Theorem 1.4 and so we also have the simple Markov property in the transformed case.
Moreover, under Strong Assumption B, by Theorem 4.36 we have a strong Markov property for a
modification of the transformed skewer process on the space of paths continuous on (0, 00) which
we denote as (2, F,P,) where y is the probability distribution on g*(Zg(E)) of g*(3°). O

5. Appendix

Lemma 5.1. Let v be a o-finite measure on €. Then, for any measurable map S : € — [0, 00], there
exists an S-disintegration (Vt)te[o,oo]- This disintegration is uniquely determined up to an almost sure
equivalence, i.e. if (U} )ie[,00] 15 another S-disintegration of v then v(S™(t € [0,00] : vy # v})) =

Lemma 5.2 restates Lemma 2.10. The Green’s function for the 7-diffusion is given by
) _ 4t
T _ 8 (ﬂf) s'(a)
G((Lw) (CE, 'U) = 2m <3T(w) — ST('U)) mT(U)]]-J)<U<w

sT(w) — sT(x)
st(w) — sT(a)

Recall the functions U,y and V4 ) from (2.8):

+2 (ST(U) - ST(CL)) m(0)Lycpes.

Uta)(®) = Egy (Ta ATw)"), Vigu)(®) = 2Egy (T A To).
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We have from Section 2.3 that for 0 < a < w < h that U, ) is the solution to the following
differential equation, from (2.9), in z € (a,w)

1

502('%')[](/;,111) (x> + MT(Q;>U(/a,w) (1’) + V’(a,w) (.%') =0,

with boundary conditions U, (@) = Upg ) (w) = 0.

Lemma 5.2 (Proof of Lemma 2.10). We claim that the solution to the differential equation in (2.9),
with boundary conditions given by U(a) = U(w) = 0, is the following:

Uta,w)(T) = EQ; ((Ta A Tw)Q) = k(a,w)(s"(w) — s"(z)) + /w (s (y) /i (j‘)//(é%dzdy,

y:
where k(a,w) is a constant given by

__—1 N sty ’ M o
)= Gyt 00 [ Gy

and where Vg .,y (z) is
V(“vw) (x) - 21[3@T (Ta A Tw) - 2/ G?a w) ($7 U)dv’
* v=0 ’

where G1 is the Green’s function for the T-diffusion.

Proof: We first note that the 1-diffusion satisfies A3 and that the infinitesimal drift ! and infin-
itesimal variance (¢2)! are continuous functions on (0,h). Therefore the differential equation in
(2.9), from Karlin and Taylor (1981, Equation 15.3.37), has solution given in (2.8).

We now check that the boundary conditions are satisfied:

Vo) = Kas)610) = ') + [ 1Y) [ S0 ey =

e =t [y [f PMewB) o) - st
Ve =50y w1 |0 [ iy sl ) =o' )

=a

v ST/ Y 2V(a,w)(z) P o
+/y 0 [ =0

Now we show that the differential equation itself is solved by this solution. Taking a derivative with
respect to x gives

T 2Waw (2
Uty (@) = —hla,w)(s"Y ) = (1Y (o) [ <2T>(<>)a<<)>d

Then multiplying by 1/(s")/(x) = exp (ft b = ()) dt) gives

ex ° 2 (1) T . Y r) = —k(a,w) — ' 72‘/((1’“))(2) z
p(/ 1 a2<>dt> Uloan @) = Gy Vloa(#) = Hlavw) = [ ol

Finally taking another a derivative with respect to x gives

* Q,LLT(t) 2MT($) , B _Qv(a,w)(x)
e </t:b 2(1) dt) <U<a RIS U<“vw><w)> = w)e?@)’

and multiplying by (s7)(z) = exp (ftx b 2§(t()t) dt), adding Ma, Z“))( ) then multiplying by 20 2(z)
gives the differential equation in the form of (2.9). Therefore the result follows by standard results

for the uniqueness of solutions to differential equations. O
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This final result generalises Forman et al. (2020c, Lemma 8) to our setting. The other relevant
results from this supplementary paper apply without any modification.

Lemma 5.3. For fivzed y € R, the map N — skewer(y, N,&n) is measurable on the set ./\/}Siz Recall
that we map (y, N,&{n) to the empty interval partition ) in the event that the aggregate mass is
infinite; i.e. when N£(N)( 00) = 00, see Definition 1.2.

Proof: The proof in Forman et al. (2020¢, Lemma 8) that the map restricted to the finite aggregate
mass summability case is measurable generalises to our setting because the o-algebra of (Zp,d);)
is the same as (Zp,dy) (Forman et al.; 2020b, Theorem 2.3(b)), where for 5 and v € Zy we define
dp(f,7y) to be the Hausdorff distance between [0, ||5]|]\5 and [0, ||7v|/]\y. The extension to the map
to include the case where the aggregate mass is infinite follows as the subset AVZP for which the
aggregate mass at level y is finite is measurable. O

5.1. Ezcursion intervals. This section follows Forman et al. (2020a, A Excursion intervals) very
closely. All their measure theoretic results hold in our setting, and we state the results and state
why they generalise to our case.

Proposition 5.4. Let X be an SPLP with jump measure that satisfies (1.9). For y € R recall the
concept of the sets of excursion intervals VY(X) and Vy/(X) from Definition 3.5. Let N € N*P and
y € R. Then we have the following a.s.:

(1) V¥(X) = {[a,b] C [0,00)|a < b; Xy =y = Xp; and X, £0 fort € (a, b)}.
(2) For I, J e VY (X), I+#J, the set INJ is either empty or a single shared endpoint.

(3) If two interval [a,b], [b,c] € V{(X) share an endpoint b then X does not have a jump at b.
(4) For every t ¢ UIeVOy(X) I, we have that X;— = X; = y.

(5) Leb([0,00\Upergx) T) = 0.

(6) There are no degenerate excursions of X about level y, that is to say that for all excursions
we have 0 < TJ < ( a.s.

(7) Local times (¢Y(t),t > 0) of X exist and are injective with respect to the excursion intervals
in the sense that, for [a,b], [c,d] € V, t¥(a) # €¥(c) unless [a,b] = [c,d].

(8) If y >0, we have TY > T=Y := inf{t > 0: X; > y}.

(9) For [a,b] € VY(N), the process N\E{] is a bi-clade.

Furthermore, the set {N|Iy

(a,b)
(ah) : la,b] € V{/(N)} partitions the spindles of N.

Proof: These results are given in the self-similar cases in Forman et al. (2020a, Proposition A.2-
4). The proofs in Forman et al. (2020a, Proposition A.2) immediately generalise. As for the
results of Forman et al. (2020a, Proposition A.3), they rely on the exit properties of Lévy processes
characterised by Millar (1973) which applies to our general setting. The final part, from Forman
et al. (2020a, Proposition A.4), is a result of the careful constructions of the intervals I%(a,b) and
also applies in our general setting. O

We conclude this section with definitions, specifically concerning incomplete excursions, to for-
mally define the cutoff processes stated in (3.24) and (3.25). We first define 72¥ and T2Y in the

same way as we have defined 7Y and 77 and then with these define Nﬁrst’ Nljs?{m Nfigt, lesyt

T=Y .= inf({t € [0,len(N)] : En(t) >y} U {len(N)});
T7Y = sup({t € [0,len(N)] : En(t—) < y} U{0});
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