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Abstract. We study the time constant C'(v) of last passage percolation on the complete directed
acyclic graph on the set of non-negative integers, where edges have i.i.d. weights with distribution
v with support included in {—oco} UR. We show that v — C(v) is strictly increasing in v. We also
prove that C(v) is continuous in v for a large set of measures v. Furthermore, when v is purely
atomic, we show that C(v) is analytic with respect to the weights of the atoms. In the special case
of two positive atoms, it is an explicit rational function of these weights.

1. Introduction

We study the problem of last passage percolation on a complete directed acyclic graph. Let Z,
denote the set of non-negative integers. We consider the directed graph with vertex set Z, and
(directed) edge set { (i,7) : 0 < i < j}. Let v be a probability distribution on {—oco} UR and let
X = (Xij)o<i<j be iid. random variables with distribution v. For 0 < i < j, we assign weight
X;,j to the directed edge (i,7). We call directed path a sequence of integers m = (i1,...,4;) such
that 0 <41 < --- <. The associated weight w, of the path 7 is defined by

Wr = Xiyip + o+ Xip i

The quantity we are interested in is the weight of a heaviest path starting at 0 and ending at n (see
Figure 1.1):

Wy, = max{wy : ™ = (i1,...,1) is a directed path with iy =0 and i, =n }. (1.1)

As usual with last passage percolation models, the sequence of last passage times (W,,)n>0 satisfies
a super-additive property, namely:
Wm > Wn + Wn,m7
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Ficure 1.1. Hlustration of the last passage percolation problem on the complete
graph with 5 vertices. With the weights given below each edge of this graph, Wy = 0,
Wy =Wy =1, W35 =3, and Wy = 1.7. A heaviest path from 0 to 4 is 7 = (0, 1,2, 4).

for all n < m where
Whm = max{ wy : ™ = (i1, ...,i) directed path with ¢; =n and iy, =m } (1.2)

has the same distribution as W,,_,,. Therefore, by Kingman’s sub-additive ergodic theorem, there
exists a deterministic constant C'(v) € RU {£o0}, called the time constant for last passage percola-
tion, such that

Wn a.s.

Note that there are other conditions to check in order to apply Kingman’s sub-additive ergodic
theorem. In the case where v({—o0}) = 0, all the assumptions of the theorem are satisfied (cf. the
version of the theorem in Liggett (1985)). The existence of the time constant in the general case is
proved in Foss et al. (2014).

The main goal of this article is to study the regularity of the function v — C(v) and, in particular,
study the analyticity of C(v) with respect to the probabilities of some atoms of v. Indeed, in
statistical physics, the analyticity of observables is of particular importance because a breach of
analyticity usually pinpoints a phase transition in the model. A canonical example is the non-
differentiability of the function p — 6(p), the probability that the origin belongs to an infinite
cluster in classical Bernoulli bond percolation on Z?2, at the critical value p, = % A similar result
holds for the magnetization in the Ising model. One may refer to Menshikov (1986); Aizenman and
Barsky (1987) and Aizenman et al. (1987) for more details. We also point out that results similar
to those stated in this paper were previously obtained in Cerf and Dembin (2022); Dembin (2021)
for Bernoulli first-passage percolation on the lattice Z¢ in the supercritical regime.

More precisely, it is proven that the time constant is Lipschitz continuous in Cerf and Dembin
(2022); Dembin (2021). Similarly, one of the results that we will present in this paper concerns the
continuity of the time constant C'(v) seen as a function of v. Although those results are similar, the
methods employed to prove them are different due to the difference between the two models.

Let us note that there is a trivial scaling property of the model when multiplying all the weights
by a deterministic constant M > 0: let X be a random variable with distribution v and let vy,
denote the distribution of the random variable M X. It holds that

C(var) = M - C(v). (1.4)

However, we point out that there is no such simplification when adding a deterministic constant to
every weight (because the heaviest paths do not have a fixed number of edges). In particular, we
do not know any simple relation between C'(v) and C(v + M).

For x € {—o0} UR, let us denote by d, the Dirac measure at x. We remark that setting an
edge with weight —oo is equivalent to removing this edge from the graph (at least for computing
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the heaviest paths). As a consequence, when v = (1 — p)d_o + pd1, the last passage percolation
problem is equivalent to the study of the longest path for the Barak-Erdds graph model from Barak
and Erdds (1984), which is a directed acyclic version of the Erdgs-Rényi model. This specific case
has known applications in applied mathematics on stability in queues (Foss and Konstantopoulos,
2003), in biology on food chains (Newman, 1992; Newman et al., 1986), and in computer science on
parallel computing (Gelenbe et al., 1986; Isopi and Newman, 1994). Mallein and Ramassamy (2019,
2021) proved that the function p € (0, 1] — C((1—p)d_oo+pd1) is analytic, that its Taylor expansion
around p = 1 has integer coefficients, and they computed the first 17 terms of this Taylor expansion.
They also computed the first two terms of the asymptotic expansion of p — C'((1 — p)d_oo + pd1)
around p = 0. Those results are consequences of the coupling between last passage percolation on
Barak-Erd&s graphs and the infinite-bin model, which is an interacting particle system introduced
in Foss and Konstantopoulos (2003).

A simple generalization of the last passage percolation problem for Barak-Erddés graphs is the
case where v = (1 — p)d, + pd; for z € {£oo} UR. It is proved in Foss et al. (2023b) that the time
constant C'((1—p)d, +pdy1) seen as a function of x is strictly increasing and convex for all p € (0,1),
and that its non-differentiability points are the non-positive rational numbers, the integers greater
than one and their reciprocals. Finite negative edge weights for last passage percolation on the
complete graph were first considered in Foss and Konstantopoulos (2018).

Kingman’s sub-additive theorem ensures only that C'(v) € R U {+£oo} so that the time constant
may possibly be infinite. Let

M, =inf{t e R:v([t,+00)) =0}

denote the essential supremum of v. Obviously, we have W,, < nM,, almost surely and therefore C'(v)
is necessarily finite wherever v has upper-bounded support. A less restrictive sufficient condition to
ensure that C'(v) € [0, 400) is given in Foss et al. (2014) for probability distributions with support
included in {—oco} UR,. It states that C(v) is finite when E[max(0, X1 2)?] < 4+00. Reciprocally,
it has been shown in Foss et al. (2014) that if v is regularly varying with index s € (0,2) (which
implies in particular that E[max(0, X3 2)?] = 4+00), then C(v) = +o0. In fact, the non-negativity of
the time constant and the fact that it is finite which are both proved in Foss et al. (2014) can both
easily be extended to all probability distributions v on {—oo} UR by approximations and using the
monotonicity of v +— C(v). However, the study of the time constant C'(v) is greatly simplified when
the support of the weight distribution is upper-bounded and this will be our standing assumption
throughout the paper.

Let us mention that the assumption that v has finite essential supremum was previously enforced
in Foss et al. (2023a) where they used this fact to study the last passage percolation model via a
coupling with an interacting particle system called maz growth system (MGS) which is a general-
ization of the infinite-bin model introduced in Foss and Konstantopoulos (2003). Using tools from
renovation theory, they proved that it is possible to perform perfect simulations of the time constant
C(v) when M, < +oo. This connection between last passage percolation on a directed complete
graph and the MGS is also an essential ingredient for several proofs of this paper.

The remainder of the introduction is devoted to presenting the main results proved in the later
sections of this paper.

We first study the monotonicity of the function v — C(v). If v; and vy are two probability
distributions on {—oo} U R such that v; is stochastically dominated by vs, then C(v1) < C(v2) by
a trivial coupling. This means that the time constant C(v) is a non-decreasing function for the
stochastic (partial) order. The more delicate question is whether it is strictly increasing. Our first
result provides a positive answer and generalizes a previous monotonicity result stated in Foss et al.
(2023b) concerning the function m — C'((1 — p)dy, + pdnr)-

Let us denote by M the set of all probability distributions on ({—oco} U R, B({—0c} UR)),
where B({—oo} UR) is the Borel algebra for the usual topology on {—oco} UR. For every Borel set
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A € B({—o00} UR), let us denote by M;(A) the set of probability distributions v € M;j such that
v(A) =1.

Theorem 1.1. For every distributions vy and va on {—oco} UR, let us recall that vy is stochastically
dominated by vo if and only if for all t € R,

vi([=o0,1]) = va([=00,t]).

For all M > 0, C(v) is strictly increasing for the stochastic order on the set of probability distribu-
tions v € My ([—o0, M]) such that v({M}) >0 .

Remark 1.2. e The theorem above tells us something about the geometry of the heaviest
paths: because the time constant is strictly monotonic, edge weights with arbitrarily large
negative values in the support of ¥ may contribute to a heaviest path. Thus, avoiding all
the edges with weights below a certain cutoff is not the optimal strategy, as one could have
naively expected. A similar phenomenon occurs for the model of first passage percolation
on Z% with unbounded weight distributions: asymptotically, for this model, geodesics use
arbitrary large positive values. For more details in the case of first passage percolation on
7%, one can refer to the remark above Theorem 2.12 in Auffinger et al. (2017).

e Let also remark that the assumption that M > 0 cannot be dropped without further assump-
tions because the strict monotonicity does not hold anymore for probability distributions
v € Mi([—00,0]). Indeed, for any such distribution different from §_o, it is easy to check
that C'(v) = 0 (because in that case, every step is a penalty so the best strategy is to go
from 0 to n with only a finite number of steps that does not increase to infinity with n), cf.
Foss et al. (2023a) for details.

e Theorem 1.1 may still holds without the assumption v({M}) > 0. However, the renovation
events we introduced in this article exists only at the condition that v({M}) > 0. Therefore,
it would require different renovation events than the ones considered in this article to prove
it. It may be possible to do so with the renovation events from Foss et al. (2023a).

Denote by /\/lll’ ={v e M;: M, <o} the set of all probability distributions in M; with finite
essential supremum and by dyp the Lévy—Prokhorov metric on M. It is known that this metric
corresponds to the topology of weak convergence of measures when working on a separable space,
which is the case here. For vq, 15 € My, we set

d(Vl,I/Q) :maX(de(l/l,Z/Q), ’Ml,l _Mug‘)- (15)
It is straightforward that d defines a metric on Mj.
Theorem 1.3. The map v € M4+ C(v) is continuous for the metric d defined in (1.5).

Remark 1.4. One may notice that v — C(v) is not continuous on M; for the Lévy-Prokhorov
metric. With v, = (1 —e,)01 + €,9,, and v = 91, v, converges to v for the Lévy-Prokhorov metric
when &, tends to 0 as n tends to infinity. However, with Co(p) := C((1 — p)do + pd1), Cy ' its
inverse and e, = Cj 1(27”f1)7 one can show that liminf, ., C(v,) > 2 as follows: first, notice that
the inverse of Cy exists since Cy is increasing by Theorem 1.1. In addition, since Cj is continuous
and equal to 0 at p = 0, &, tends to 0 as n goes to infinity. Then, by the rescaling property (1.4)
and the monotonicity of the time constant (Theorem 1.1), one obtains

C(q':") = C((1 = )01 /s + €nb1) = C((1 — €4)30 + €nd1) = Co(en).

By definition of &,, Co(e,,) is equal to 2n~!. Therefore, liminf, 1 C(vy) > 2.

Remark 1.5. The fact that the essential supremum is an atom for the measures considered is crucial
for our construction. This is why we consider the metric d instead of the Lévy-Prokhorov metric.
It might be possible to prove the continuity for the Lévy-Prokhorov metric of the map v — C(v)
on {veM;:C(v) <M} for any fixed M > 0, but this might require a different construction.
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The following technical result is a key ingredient for proving Theorem 1.3.

Theorem 1.6. For all M € RY := (0,+00) and p € My([—o0, M)), the map p — C((1—p)u+pdnr)
is analytic on (0,1]. In other words, p — C((1 — p)u + pdpr) is given by a convergent power series
around each p € (0,1].

This result is also interesting in itself since it shows that it would suffice to know the coefficients
of the Taylor expansion in p of the time constant at some pg € (0, 1] to obtain C((1 —p)u+pdys) for
all p € (0,1]. The scope of Theorem 1.6 is rather general since every distribution with finite essential
support can be decomposed as (1 — p)u + pdys for some M € R, p € [0,1], and p € My ([—o0, M)).

In addition, we give a lower bound for the radius of convergence of p — C((1 — p)u + pdys) at
p = 1 in Remark 3.3, which improves the lower bound given in Mallein and Ramassamy (2021) in
the case where p = §_o.

In Mallein and Ramassamy (2019), Theorem 1.6 was proved in the specific case where p = §_o,
which corresponds to the case of the longest path in the Barak-Erdds graph. Our proof of Theorem
1.6 is an extension of the analyticity proof of Mallein and Ramassamy (2019). It relies on a formula
for C((1—p)p+pdnr) as a sum, over an infinite class of words, of polynomials in p whose coefficients
depend on p (Proposition 2.13).

For measures with finite support, we obtain the following result, which is a generalization in a
different direction of the aforementioned analyticity result of Mallein and Ramassamy (2019):

Theorem 1.7. For all N € N and a1 > as > -+ > ay > —o0, the map

N
(p2,---,pN) = C(Zpifsai)

i=1
is analytic on { (p2,...,pn) € [0,1]N : 0<pa+---+py <1}, wherepy =1— (pa+ -+ pn).

Remark 1.8. In general, we cannot extend the analyticity of the function considered in Theorem 1.7
to the set { (p2,...,pn) € 0,11V : 0 < py+---+py < 1}. For instance, p — C((1 — p)d_o0 + pd1)
is not analytic at 0 cf. Mallein and Ramassamy (2019, 2021).

Until now, we have considered general measures, possibly taking negative values. The model is
easier to study when the support of v is included in the set of all positive real numbers R* . For
measures v of the form (1 — p)d,, + pdyr with 0 < m < M, the study of the time constant can be
reduced to the study of a Markov chain on a finite state space, and we have the following result:

Theorem 1.9. For all0 <m < M, p+— C((1 — p)dm + pdarr) is a rational function on [0, 1].

In addition, we can compute the explicit numerical expression for C((1 — p)d,, + pdas) for all
positive values of m and M. The computational complexity of the algorithm used to compute
these expressions increases exponentially fast in % We provide in Subsections 4.1 and 4.2 these
numerical expressions for m in [%, M.

When m = 0, one can write the time constant as M times the reciprocal of the Ramanujan
U-function (Dutta, 2020). We give in this article an alternative proof of that result:

Theorem 1.10 (Dutta (2020)). For all M > 0 and p € (0,1],

o0 ~1
C((1 —p)do + ponr) = M(Z(l —p)(g)) ,

n=1

Organization of the paper. In Section 2, we recall the coupling from Foss et al. (2023a) between last
passage percolation and the MGS. We construct a time-stationary version of the MGS for measures
(1 —p)p + péyr with p € (0,1}, M € R} and p € My([—o0,M)) (Proposition 2.3). To do so, we
use different (yet of similar flavor) renovation events from those in Foss et al. (2023a) and Mallein
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FIGURE 2.2. On the left, the configuration A\ = §_1 + 2d9.3 + d1. On the right, the
configuration ®,(A), with z = (0.5,-0.3,1.7,1,...). Here, m(\,z) = 0.3 4+ 1.7 = 2.

and Ramassamy (2019). With these, we obtain a formula for C'(v) in Proposition 2.13 that we use
in Section 3 to prove the regularity results on v — C(v).

In Section 3, we study the regularity of v — C(v). The main results proved in this section are
Theorem 1.6, Theorem 1.7, Theorem 1.3 and Theorem 1.1.

In Section 4, we study the case of measures supported by two elements. Firstly, we prove Theorem
1.9 using results from Foss et al. (2023b) and we give the expression of C((1 — p)d,, + pdar) for
values of m close to M. In the last subsection, we give an alternative proof of Theorem 1.10 using
the stationary MGS.

2. Stationary max growth system and a formula for C(v)

This section is dedicated to the max growth system (MGS) which was introduced in Foss et al.
(2023a). In Subsection 2.1, we recall the max growth system. This model was introduced by
Foss, Konstantopoulos, Mallein and Ramassamy in order to perform perfect simulation of the time
constant C'(v). In Subsection 2.2, we construct a stationary version of the MGS using tools from
renovation theory. This construction differs from the one in Foss et al. (2023a). In Subsection 2.3,
we use this construction in order to obtain a new formula for C(v) as an infinite sum of quantities
depending on v.

2.1. The mazx growth system. The max growth system (MGS) is an interacting particle system in
discrete time on {—oco} U R introduced in Foss et al. (2023a). A new particle is added to the
configuration at each step according to a specific Markovian dynamics.

We consider AV the set of atomic measures A on {—oo} UR taking values in Z, and such that

vVt € R, A([t, +00)) < +o0.

An element of N represents a configuration of particles on the real line in the following sense: if we
consider A € N and A € B(R), A(A) represents the number of particles with positions in A in the
configuration \. For instance, 6_1 + 240 is an element of N. It corresponds to the configuration
with one particle at position —1 and two at position 0.

For A € N, we set \; > X2 > ... the positions of the particles in A in decreasing order (with
repetitions). For example, A\ = d_; + 2dp, we have A\ = Ag = 0 and A3 = —1. Notice that A(R) is
the number of particles in the configuration .

We set W = ({—oco} UR)Y to be the set of weights. For z = (z;);>1 € W and A € N, we set

m(\, z) = 13%%\}612{)()\1 + x;).
The deterministic dynamics of the MGS is defined as follows: the weights sequence x applied to the
configuration A adds a particle to A at position m(A,z). Therefore, for all z € W, we define the
map ®, : N'— N such that for all A\ € N,

o (A) = A+ G-

See Figure 2.2 for an example.
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An MGS with starting configuration X% € N and weight distribution v is a process ()\(n))nz()
taking values in A such that A"+ = & (,0)(A™) for all n € Z, where X(™) = (X-(n)

i )izl and

1
Note that at all times, one needs to know the positions of all the particles’ positions in the system

in order to obtain the configuration at the next step. In the case corresponding to the longest
the Barak-Erdés graph, these configurations can be seen as functions on Z since all the particles
have integer positions, and the resulting particle system is called the infinite-bin model (Foss and
Konstantopoulos, 2003; Mallein and Ramassamy, 2021, 2019). However, this representation of the
configurations is less natural for the MGS with general weight distribution since the particles’
positions may take any values in R.

We are interested in this process because of the following coupling from Foss et al. (2023a) relating
the MGS to last passage percolation on complete directed acyclic graphs. It is an extension of the
infinite-bin model introduced in Foss and Konstantopoulos (2003).

(X -(n))(m)eNQ are i.i.d. random variables with distribution v.

Proposition 2.1 (Foss et al. (2023a)). We consider Wy, as defined in (1.1) where X;; has distri-
bution v for all 0 < i < j. Then, if we set

A =3 6,
=0

for alln > 0, then ()\(n))nz() is an MGS with starting configuration X% = &y and weight distribution
v. In particular, )\gn) =max{ W;:j € [0,n] }, where [a,b] denotes the set [a,b|NZ for alla < b € Z.

Let us at least give some information about this coupling property. By construction, ()\‘gn))lgjgn_i'_l
is an enumeration in the decreasing order of the elements of the sequence (W;);c[o,n)- More precisely,
there exists a (random) permutation o, such that )\gn) = Ws,(j)—1 for all j € [1,n + 1]. With the
notations from Proposition 2.1, note that for all n > 1,

setpramy"3 T i)

n(J

This is a clear consequence of the definition of W,,. The analog equality for the MGS comes from
the definition of the MGS: for all n > 1,

m(A=D x M)y = A= 4 x () 7
( ) jeﬁ?.)fn]]( » A
where X](n) = Xo,_,(j)—1,n and oy, is the permutation corresponding to the re-ordering of the values
of the heaviest paths previously defined. Then, by construction, for all n > 1,

W, = m(\™=D x "),

In words, the position of the new particle in the MGS at time n corresponds to the weight of a
heaviest path starting at 0 and ending at n.
See Figure 2.3 for an illustration of this coupling. Since v has finite essential supremum, E[(X7 2) ]
is finite. We give in Remark 2.9 a self-contained proof of the fact that (n~! max{W;,j € [0,n]})
and (n~!'W,,) have the same limit almost surely and in L'. Then, by Proposition 2.1:
)\gn) a.s, L

I RN T (2.1)

n n—oo

This result is also derived in Foss et al. (2023a).

Remark 2.2. In fact, the limit (2.1) also holds for any MGS with weight distribution v, not neces-
sarily with starting configuration §g. We explain this fact more in details in Remark 2.10.
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FIGURE 2.3. On the left, the weighted graph from Figure 1.1. On the right, the
corresponding configuration for the MGS via the coupling from Proposition 2.1.

2.2. Stationary MGS for weight distributions with an atom at their essential supremum. For the
remainder of this section, we assume that v has the form (1 —p)u+ pdy with M > 0, p € (0,1] and
i a probability distribution on [—oo, M). We construct a stationary (in time) version of the max
growth system (MGS) with weight distribution v. Similar constructions have been done in Foss
and Konstantopoulos (2003); Mallein and Ramassamy (2019) for the infinite-bin model using tools
from extended renovation theory. Another similar construction has been done for the observable
describing the speed of the front in the MGS in Foss et al. (2023a). In both cases, the construction
of the stationary process comes from renovation events, as introduced in Foss and Konstantopoulos
(2003), which consist in random times at which the future becomes independent from the past.

Let us denote by Fs(\) the configuration obtained by shifting all the particles in A by s € R. In
other words, (Fs(\)); = A\; — s for all 4.

Proposition 2.3 (Time-stationary MGS). We consider M € R% and (Xi(n))ieNmeZ i.i.d. random
variables with distribution v on [—oo, M| such that v({M}) := p > 0. Almost surely, there exists a

unique process (\™),ez taking values in N such that:
A1 Vn e Z, XD = &y () (M),
A2 X0 =o.
In addition, FX&") (X(")) is Fn-measurable for all n € Z, where F, is the o-algebra generated by

(Xz‘(k))iEN,kzgn-

Let us explain in a few words how we will construct the stationary version (X(”))nez of the MGS
using renovation events. The renovation events we will consider are (X (”))nez—measurable. The key
property of the renovation events we will consider is the following: if one knows (X(),,~,, and the
front’s position at time ny, and if a renovation events starts at time nq, then one knows the position
of every particle added after time n;. In addition, if the front at time n; is at a position f, all the
particles added at a time ne > ny have their positions greater or equal to f + M. We detail this
facts in Lemma 2.5. With that key property, we will then prove the existence and unicity of the
stationary MGS. For any n € Z and any N € N, consider the N greatest times before n at which
a renovation event starts. By the fact that the positions of the new particles after a renovation
event are greater or equal to M plus the front’s position at the time where the renovation event
starts, the N renovation events happening just before time n characterise the restriction of the
MGS configuration (™ at time n to the interval [Xgn) — MN, Xgn)] Since this holds for all N > 1,
the restriction of A" to the interval [—oo, Xgn)] is characterised by the sequence (X*))icz. Since
there is no particle with position greater than Xgn) in X(”), we have proven that A s uniquely
defined, up to the choice of Xgn) Then, if we impose that A has its front at position 0, then )
is characterised by (X (k))keZ for all n € Z, since the front’s position at times n and 0 are linked by
the recursion formula A.7.

Remark 2.4. Calling (X("))nez a stationary process is an abuse of notation. The process (X("))nez
is stationary in the sense that the distribution of (FX({” (AM)),.ez is invariant by a shift in n. This is
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FIGURE 2.4. Illustration of Lemma 2.5 for M = 1. The configurations ®,(\)
and ®,(\) where A = dg, X = 6y + 203 and =z = (z1),2?) 2B ™) with
¢ = (1,02,-3,...), 2@ = (0.5,1,0.5,...), 2 = (-0.2,1,0.3,1,...) and
@ = (—1.5,0.5,0,1,...). The configurations A\ and X' are represented in black.
The particles added are in blue and indexed by their order of appearance (the parti-
cle indexed by ¢ corresponds to the particle obtained from the weight sequence :r(i)).
Here, changing the values appearing after the first 1 in the sequences z(? would
not change the obtained configurations. In this case, the word a(z) = (1,2,2,4) is
indeed triangular.

i ))iEN,nEZ have the same distribution since
those are both i.i.d. random variables with distribution v.

a consequence of the fact that (Xi(n))ieNmeZ and (X(’H'1

The proof of Proposition 2.3 relies on the existence of renovation events. They consist in particular
sequences of weights, which are introduced in the following Lemma 2.5. Firstly, let us introduce
some necessary notations.

A word is defined as a finite sequence of positive integers. Let A = Upecz, N" denote the set
of all words. For @ = (aq,...,a,) € A, |a] := n is the length of the word . We denote by
T={aecA:Vie[l,|a|],a; <i} the set of all triangular words.

For | € Nand 2 = (z,...,20) € W!, where we remind that W = ({—oo} UR)Y, we set
®, =P gyo---0P 1) the map corresponding to the successive applications of the weight sequences
W 2@ 2O on configurations in N. Let us define a(z) the word associated to the weight
sequence x as the word of length [, for which the n-th letter corresponds to the index of the first
occurrence of the value M in the sequence z(™. More explicitly, for all n € [L,1],

ap(z) ;== inf{i € N, a:z(»n) = M}.

Since v({M}) > 0, it follows that a;(X(@, ..., X®) is finite a.s. for all a < b € Z and i € [a, b].
We denote by W<y := [—00, M|N the set of all the elements 2 € W such that x; < M for all 4 > 1.

For every a,b € Z, recall that [a,b] consists in the set {a,a + 1,...,b} of all integer between a
and b. When a > b, we take the convention that [a,b] = @.

Lemma 2.5. For alll € N and x = (W, ..., 2®) € W)t such that a(z) € T, the quantity
m(@(x(l)’m,m(z_n)()\),x(l)) — A1 depends only on o(x) and (xy))ie[[l,l]],je[[l,ai(x)—l]]- In particular, it
does not depend on the configuration X. In addition, m(‘ID(mu),m’x(Fn)()\),x(i)) — A1 > M for all
i€ [1,1].

We illustrate this Lemma 2.5 in Figure 2.4. In Remark 2.8, we give an interpretation of the
renovation events presented in this lemma in terms of last passage percolation.

Proof: We proceed by induction on I. We consider z = z(1) € W such that a(z) € T. We have
:Cgl) — M because a(z) is a triangular word. In this case, m(\, z(Y)) — A\; = M and the result is
proved for [ = 1.

We now assume that Lemma 2.5 holds for all ¢ € [1,!] for some [ € N. Consider x =
(M., 20D) in Wep)Ht! such that a(z) € T. Since a(z) € T, there exists ko € [1,1 4 1]
such that l‘g:_l) = M. In addition, 2D ¢ Wcer. Therefore, x(lH) < x,(cloﬂ) for all + > kg. As a

7
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consequence,

m(®,(N), z0D) = max (@ (N)); + m§l+1))
UKo

where 2/ = (¢, ..., z®). We set y; = m((I>(Z(1)’m7x(i_1))()\),x(i)) — A1 forall i € [1,1], yi41 = 0
and ¢ a permutation of [1,kq] such that Yp(1) = " = Yyp(ko)- By induction hypothesis ap-
plied to (¢, ..., 2("), for all A\ € N and k € [1,1], yr depends only on (ay(x),...,a;(z)) and
(xg'i))z‘e[[l,l]]ge[[l,ai(x)—l}]- In addition, yx > M > 0 for all k& € [1,[]. Then, we obtain

(), 2D = NS
m(Par(A), 2) = max (A1 +ypn) tai ).
Since y1, . .., y; depends only on (aj(z),...,q(x)) and (a:g-i))ie[l’lﬂ’jeﬂl,ai(gj),lﬂ,

m(By(N), D) =\
depends only on «(z) and (l’y))ie[[l,lﬂ]],je[[l,ai(x)—l]]~ In addition, g; > 0 for all 7. Then,

(@, (N), ) = A = giug) + iy, 2 = M
which concludes the inductive step. [l

Remark 2.6. As a consequence of Lemma 2.5, for all A € N and € (W<j;)! such that a(z) € T,
we have

1
Bo(N) = A+ 3 S
=1

where y; = m(¢($(1)"“7$(i—1))(A),x(i)) — A1 > M >0 for all i € [1,{]. The important point here is
that y; does not depend on A and that it is greater or equal to M. As a consequence, for (xg-i))(i’j)eNz

such that a((z™M, ..., 21)) € T for all | € N, if we know only \; and (xg»i))ie[[l,l]],jeN, then we can
obtain the positions of all the particles with positions greater than A\; in QL0 20) (\) foralll € N.
Another consequence of Lemma 2.5 is that the front in X' := ®,()\) is greater or equal to the front’s
position in A plus M since y; > M for all ¢ € [1,1]:

)\,1 >N+ M.

We use Lemma 2.5 to construct the stationary version of the MGS. To do so, we set &, := inf{i €

N: Xi(") = M } for all n € Z, where (XZ»(")),-GN,%Z are i.i.d. random variables with distribution v.
With the previous notations, note that «,(X) = £,. We now prove that there are almost surely
infinite triangular words in the sequence (&,)ncz. We consider R :={n € Z :Vi € N,§4+,-1 < i}
the set of all the times at which an infinite triangular word starts. By the previous Remark 2.6,
those times are renovation events in the sense that, for all n € R, we are able to reconstruct the
future of the process after time n knowing only the front’s position at this time.

Lemma 2.7. Forp € (0,1], inf R = —0co and sup R = 400 almost surely.

Proof: We notice that the probability distribution of (ngn))nez,ieN is invariant by the shift map

RZXN ; RZXN

(2
(xE"))nez,ieN — (OCERH))neZ,z‘eN

since (X™),cz are iid. In addition, P,(0 € R) = [[45,(1 — (1 — p)¥), which is positive for
p € (0,1]. Then, by the Poincaré recurrence theorem (Viana and Oliveira, 2016), almost surely,
there exists infinitely many values of n € N such that n € R. Similarly, for the same reason, there
exists infinitely many values of n € N such that —n € R. Therefore, inf R = —oo and sup R = 400
almost surely. O

)
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Remark 2.8. One can give the following interpretation for an element of R in terms of last pas-
sage percolation via the coupling from Proposition 2.1: consider ()\(”))n.gz+ the MGS with ini-

tial configuration A(®) = §; and weight distribution v as constructed in Proposition 2.1. Set

&, = min{i € N : Xi(n) = M} for all n € N. One may prove that the word (&,,...,&y) is
triangular if and only if for every k € [n,n'],

NeZy,In<ip<---<ig=k, Vje[Ll], X - M, (2.2)

where X;; is the weight of the edge (i,7) in the graph and where iy := 0,-1(1) — 1 (with the
notations of the coupling presented bellow Proposition 2.1). In words, this means that (&,,...,&y)
is triangular if and only for every k between n and n’, there exists a path going from ig to k in
the graph such that the weight of each of its edges in the path is M, and such that the path
can only contain the vertices in {ip} U [n,k]. Note that ig is a vertex in [0,n — 1] such that
Wi, = max;c[o,n—1] Wi- See Figure 2.5 for an illustration.

This last fact can be proved by induction on n’ —n > 0 as follows. First, let us start with the
initialisation. More precisely, let us prove that for all n € Zy, §, = 1 if and only X, , = M. By
definition of ¢y and by construction of the coupling from Proposition 2.1, X ,, = X fn). Therefore,
by definition of &,,, initialisation is proved.

Now, assume that the equivalence holds for some 0 < n < n'/. First, let us assume that
(&ny .-y &ua) is triangular. A fortiori, (&,,...,&y) is also triangular. Therefore, by induction
hypothesis, for all k& between n and n', (2.2) is satisfied. Therefore, it remains to check that
there also exists such a path going from iy to n’ + 1 with vertices in {ip} U [n,n’ + 1]. Note
that every term of (W) c[n,n is greater or equal to Wj, + M by the existence of a path with
edges’ weights M from g to any j € [n,n']. Therefore, every term of (Wj) cn,n is greater than

maxego,n—1] Wj = Wi,. Since (X.("/H))Z-e[[l’n/ﬂﬂ is the permutation of the terms of (X; /4 1)icfo,n]

G—15ij

1

where the relabeling of the indexes is done according to a permutation that makes the sequence
(Wi)ie[o,n) non-decreasing by construction of the coupling, (Xi(n/+1))i€[[17n/_n+2]] is a relabeling of
the sequence (Xi,n’—f—l)ie{ig}u[[n,n’]]' As a consequence, since &1 < n' —n + 2, there exists at least
one element 7' € {ip} U [n,n'] such that X 11 = M. Since there exists a path v of edges with
weight M ending at ¢ by induction hypothesis, and since X 41 = M, the concatenation of the
path v and the edge (i,n + 1) is a path made of edges with weights M, starting at iy and ending
at n’ + 1. This conclude the proof of the first implication.

Reciprocally, assume that (&,,...,&y 1) is not triangular. Let us prove that (2.2) is not satisfied
for some k € [n,n’ + 1]. There are two possible cases: either (&,,...,&y) is not triangular, either
(&ny ..., &y) is triangular and &,/ 1 > n’ — n + 2. In the first case, for some k € [n,n'], (2.2) is
not satisfied according to the induction hypothesis, which concludes the proof. In the second case,
(Xi(n,Jrl))ieHLn/,nHH is a permutations of the sequence (Xi,n’-l-l)ie{io}u[[n,n’]] for the same reason as
before since (&, . ..,&y) is triangular. As a consequence, and since &,/y1 > n’ —n + 2, none of the
terms of (X n/11)iefio}uln,n/] are equal to M, which implies that (2.2) is not satisfied for k = n’ 41
since none of the edges starting at some vertex in {ig} U [n,n’] and ending at n’ + 1 have their
weight equal to M.

By Lemma 2.7, we can enumerate the elements of Ras --- <T 1 <Tp <0<Ti<Tp <....

Remark 2.9. Let us give a proof that (n~! max{W;, j € [0,n]}) and (n~'W,,) have the same limit,
assuming those two sequences both converge almost surely to some constant. Let us recall that
()\I(Cn))lgkgn_i_l is a re-ordering of (W )o<k<n by Proposition 2.1, and W), corresponds to the position
of the particle added at time n in the corresponding MGS. By Lemma 2.5, all the particles added
after time T} has their positions greater or equal to the front’s position at time Tj. Therefore,
Wi, < Wyp < Wrye for all n € N, where (T})r>1 enumerates the elements of R for the MGS
defined in Proposition 2.1 and K, := max{k € Z : T, < n}. In addition, Lemma 2.5 also implies
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0 1 1 0 2 -0.2 3

Ficure 2.5. Illustration of Remark 2.8 with M = 1. For the edge weights repre-
sented on the graph, (£1,&2,&3) = (1,2,2) is a triangular word, and there is a directed
path made of edges with weights 1 from 0 to any element of {1,2,3}.

that Wy, = maxo<m<r, W = )\ng) for all £ € N since W, = M + maxo<p<7,—1 Wy. The fact
that Wr, = M + maxo<n<7,—1 Wy is a consequence of the fact that X 1(T’“) = M Dby definition of T}
and that m()\(”*l), X(")) = W, for every n > 1 by Proposition 2.1. Now, since T}, tends to +oo as k

tends to +oo and since )\ng) and Wy, have the same value for all k£ > 1, (n_lx\gn))n and (n='W,)n
have the same limit as n tends to +o0o, which means that (2.1) is proved.

Remark 2.10. By Proposition 2.1, notice that the time constant C(v) is equal to the limit of
n (W, — Wrg,) = maleSkgn()\gk) - )\ng)) as n tends to infinity. Since this quantity is indepen-
dent of the initial configuration of the considered MGS by Lemma 2.5, (2.1) holds for any initial
configuration A\(9) for \.

Proof of Proposition 2 )) For keZ, weset YB) = (X(Th) . XT1=1)) where X = (Xi(n))ieN.
By definition of Ty, a(Y®)) € T for all k € Z. We set

y](k) = m((b(X(Tk)w.,X(j—l))(9)7 X(])) - 01

for all k € Z, j € [Tk, Tk+1 — 1] and any 6 € N. Thanks to Lemma 2.5, yj(.k) depends only
on (X(i))ieﬂTthH_l]] and not on 6. As a consequence, if (X(”))nez verifies assumption A./ from
Proposition 2.3, then the position m(X(i*I),X(i)) of the particle added at time i € [Tp,71 — 1]
depends only on XgTO*l) and (X(T0) . x(Ti-1):

mA\GD, x @) = X 4 () (2.3)

Note that a((X), ..., X)) € T by definition of Tp. By Lemma 2.5, the position of all the new
particles added after time T — 1 have their positions greater or equal to the front’s position at time
To — 1 plus M. Therefore, since Ty < 0 < 717, the position of the front at time 0 corresponds to the
position of a particle added at a time between T and 0. More explicitly,

2O = max /\(T0 DOy 300D 4 pay 4@,
1 i€[To,0 ]]( vi) ! i€[T0,0] Yi

If we assume that (X(”))nez also verifies assumption A.2 from Proposition 2.3, then necessarily

XgTO_l) =— Iﬁljé}xo]] ygo). (2.4)
1€ 0,
We set zi(o) = yz@ —max;e[r;,0] y§0) for all i € [Ty, T1 —1]. By (2.3) and (2.4), for all i € [Ty, T — 1],
we have
(K, x0) = O,

By Remark 2.6, we notice that

2O = XT-n 4§ O5(mo-1 4 @ = A= 3 0.
i [To0] 1€[70,0]



Regularity of the time constant for LPP on complete directed acyclic graphs 1263

For i € [Ty, 11 —1], yz@) > M by Lemma 2.5. Then zi(o) > XgTO*l) + M. In addition, all the particles
in the configuration AT0=1) have their positions in (—oo, XgTO_l)]. Therefore, the positions of all the

particles in A(?) whose positions are in (=M, 0] are all the zi(o) for i € [Tp,0] such that zi(o) > —M.

Now, we can iterate this method in order to obtain all the particles’ positions in (—2M, 0] of the
configuration A9, and then in (kM, 0] for all k < —1. Let us consider an integer k < —1. For all
i € [Ty, Tho1 — 1],

m(AD, X0y = XY 4y W) (2.5)

(2

As a consequence, since o(z(T¥), ... z(Tkt1=D)) € T by Lemma 2.5,

max (k) .

X(TkJrl*l) y!
JE€lTr Tup1—1] 7

N (Tx—1
i N+

Then, if we have Xng“_l), we obtain Xng_l), and we can compute all m(x(i_l),X(i)) for i €

[Tk, Thr — 1] by (2.5). As a consequence, by induction on k, we obtain m(AG=1, X)) for all T}, <
i <0, and those positions contains all the particles’ positions in (kM, 0] since )\gTi) — )\gTi_l) > M
for all ¢ < 0. Therefore, A s almost surely uniquely defined by assumptions A.7 and A.2. In
addition, we notice that by construction, FXE()) (X(O)) =0 j5 Fp-measurable.

Now that we have constructed X(O), foralln > 1, (™ is obtained by iterating n times assumption
A.1 (with n =1 to obtain X(l), then with n = 2 to obtain X(Q), etc.). By construction, it is clear
that FX@ (AM) is F,,-measurable for all n > 1.

Now, let us construct A and prove that it is uniquely defined for all n < 0 by induction on n.
Initialization is completed since (™ is constructed and is almost surely unique for all n > 0. For
n < —1, assume that, almost surely, M%) is constructed for all k > n+1 and uniquely defined for all
k> n+1. Consider A\(") the configuration constructed by the same way that we have constructed
A but with the weight sequence (X*+7), s instead of (X*)icz. Namely, (A®)) >, is the
almost surely unique sequence of configurations for which there may be a sequence of configurations
(A", such that

X(k+1) = By t1) (5\(]6))

for all k € Z and such that

Therefore, if we consider the configuration A% := 5\(0)(5\(]“)) for all k& > n, then (A(*));>,, is the
1
almost surely unique sequence of configurations for which there may be a sequence of configurations
(A", such that
AR = (DX(kJrl)(;‘(k))

for all k € Z and such that

(0

A —o.
As a consequence, by uniqueness, (S\(k‘))kzn_Fl = (X(k))anJ,-l» and necessarily, A = XM since A

is the only configuration that fits with the hypothesis satisfied by M),
O

Now that we have constructed the stationary version (X("))nez of the MGS, we can couple it with
the standard MGS (A("))neer using the same renovation events.
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Proposition 2.11 (Coupling property). We consider (X(”))nez the stationary version of the MGS
introduced in Proposition 2.5 with weights (XJ(Z))Z’EZ,]EN- We consider a configuration A9 € N and
we set AW = @,y AV for alln > 1. Then, (\™),>¢ is a standard MGS. For all n > T,

mAO=D, X)) (X0 x ) = \[TmD X0, (2.6)
In addition, /\gn) - Xgn) = )\ng—l) - Xng*l) for alln > T.

In what follows, we call front’s position the position of a particle with maximal position in a
configuration.

Proof of Proposition 2.11: By definition of Ty, a((z™),..., (™)) € T for all n > Ty. As a conse-
quence of Lemma 2.5, m(® x) _ xm-1)(0), X)) —6; does not depend on the configuration 6 € N.
Then, for all n > T7,

m(A(nfl)jX(n)> _ )\ng—l) _ m(')\v(nfl)’X(n)) N X§T1—1).
which completes the proof of (2.6). By Lemma 2.5, we also know that
m(¢(x(l>,,,_7x<n71>)(9)7X(n)) -th>M>0

for all n > T3. Therefore, all the particles added at a time n > 77 in the two versions of the MGS have
positions greater than the front’s positions at time 77 — 1 in both MGS. In addition, all the particles
added at time n < T3 have positions less or equal to the front’s position at time 77 —1 for both MGS.
Then, for all n > T3, A" — A7 = X — X = maxiepry o m(@ oy, xe0y(0), XP) — 61
where 6 is any element of V. O

Remark 2.12. In Foss et al. (2023a), a similar construction of the stationary MGS is done for
all measures with p € [0,1], which is a more general case: the stationary MGS is not con-
structed explicitly in Foss et al. (2023a). Instead, they construct a stationary version of the process

(m(A™), x (") — )\gn))nzo. In addition, we do not obtain the formula in Proposition 2.13 from that
other construction since the renovation events considered are different. In Mallein and Ramassamy
(2019), the weight distribution has form pd;+(1—p)d_no, and the renovation events consist in “good”
and “bad” words appearing in a sequence of i.i.d. random variables with geometric distribution. The
construction leads to a formula for C'((1 — p)d_o + pd1) as a sum, over an infinite class of words, of
polynomials in p. This formula leads to the proof of the analyticity of p — C((1—p)d_oc+pd1). The
renovation events used in this article are similar in shape to those of Foss et al. (2023a). However,
the construction done in this article using those events looks more like what have been done in
Mallein and Ramassamy (2019) where a stationary version of the infinite-bin model is constructed:
similarly, we constructed a stationary version of the MGS and we obtained a renovation events
based formula for the time constant. In our case, the renovation events we use lead us to a formula
for C'(v) as a sum, over an infinite class of words, of polynomials in p whose coefficients depend on

.

2.3. An abstract formula for the time constant for last passage percolation. In this section, we give
a formula for C((1 — p)p + pdar) in terms of the renovation events given in Subsection 2.2.

For a € A, we denote by H(a) = Zﬁ‘l(ai — 1) the height of the word ar. We set T, to be the
set of all the words in 7 with no strict suffix in 7. More precisely, a € T, if and only if a € 7 and
for all 7 € [2, |a]], (@i, ..., q)q) & T. The elements of Ty, are called minimal triangular words. We
will use the definition of minimal triangular words later on.

For 8 € T and = = (xg'z))ie[[l,l]],je[[l,ﬂi—l]} with [ := |8| and l‘gi) € [—oo, M) for all (7,j), let
sy (B, ) be the difference of front’s positions between steps | — 1 and [ when applying a weight

sequence 2’ € (W< y)! such that a(z') = 3 and x;@ = xg-i) foralll1<i<land 1<j <8 —1to
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any configuration A € N'. By Lemma 2.5, this quantity depends only on 3 and ($§'i))ie[[l,l]],je[[l,ﬁi—l]]o
It is clear that sy (53, x) € [0, M].
More precisely, Lemma 2.5 asserts that m(é(z/(l)’.“’x/(l—l))()\),x/(l)) — A1 depends only on 8 and

($§‘Z))z‘e[[1,l]],je[[1,ﬂi—1}]- Then,

sm (B, (xg'Z))ie[[l,l]],je[[l,,Bi—l]]) I L S (2.7)

where y; = m(@(m/@)r“,x/(i_l))()\),x’(i)) — A1 for all 4 € [1,1], any configuration A € N and any
7' € (W<p)! such that a(z’) = 8 and sc;-(i) = wé.i) forall1<i<land 1<j < —1.

Proposition 2.13. For allp € (0,1], M € RY and p € My ([—o0, M)),

C(( -t pia) = Y 090 -p)" [on(3. @) T[T dutal?).
BETm 1S’L§‘B|
1<j<Bi—1

Proof: By (2.1), for (\™),ez, an MGS with a starting configuration A\(’), we know that (nil)\gn))
converges to C'(v) almost surely and in L' as n tends to infinity. Consider )\ the stationary MGS

1 ()\ngfl)

introduced in Proposition 2.3. Since n~ - XgTrl)) converges almost surely and L' to 0 as
n tends to infinity by Proposition 2.11, we also have

3

a.s 1
21 _L> C(v).
n n—oo
Then, by L' convergence,
Lo

By stationarity of (A("),cz (see Remark 2.1), E[ngﬂ) - ng)] = E[Xgl) - Xgo)] = E[Xgl)] for all
k € Z. Therefore,

3
—

B[] = SRF 5] = nE[i).
k=0

As a consequence, by (2.8), C(v) = E[Xgl)] Now, we rewrite this formula in terms of triangular
words and weights sequences. We set

Tpast == inf{t € N : a(X(_HQ), . ,X(l)) €T}

By definition of Tpast, we have a((X @~ Trast) . X (D)) € T,.. Note that Tpast is almost surely finite
since Tp < 2 — Tpast < 1. In addition, for every 3 € 7,,, since 3 has no strict triangular suffix by its
definition,
Pla((X @ Teed) L XM)) = B) = Pla((X 1D, X)) = )
18|

_Hp 3k1

— plﬁl(l —p)H®)
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Then, by the law of total probability

- t — e - ast —
Cw)= Y Bla((x® M) xW)) = BE[N | a((xC M) X D)) = ]
BETm
= Y P - pHOERY | a((x@ T, X D)) = g]. (2.9)
BETm
Conditionally to the event {a((XZ Tpast) 7'X(l))) = [}, (X]@)ie[[l,lﬁﬂ],je[[l,ﬁi—l}] are i.i.d. with
distribution p. By definition of syz, sar(f, (XJ('Z))ie[[l,l,@l]},je[[l,ﬁfl}]) corresponds to the increment
Xgl) —XEO) of the front’s position between times 0 and 1, conditionally to a((X @ Teast) X 1)) =

)

. Therefore, since Xgo) = 0 almost surely,
EY | a((XE T, x W) = g]
=EY -2 [a((x@ T, xM)) = 5]
=E[sm (B, (X]('i))ie[[1,|[3|]],je[[1,6i—1}]) |a((X@ M) X)) = ]

:/sM(ﬁ,(xgi))i,j) H du(x§-i)). (2.10)
1<i<|A)
1<j<B;i—1

Putting (2.9) and (2.10) together, we obtain the formula from Proposition 2.13, which completes
the proof of the proposition. O

3. Regularity properties of the time constant

The four subsections are devoted respectively to the proofs of Theorem 1.6, Theorem 1.7, Theorem
1.3 and Theorem 1.1.

3.1. Analyticity in p for measures of the form (1 — p)u+ pdps. With the results from Section 2, we
now prove Theorem 1.6 regarding the analyticity of p — C((1 — p)p + pdas) on (0, 1].

Proof of Theorem 1.6: We fix M € R%.. We denote by D(zg,r) := {2z € C: |z — 2| < r} the open
disk of radius r and center zg. By Proposition 2.13, it suffices to show that for all gy € [0, 1), there
exists a 0 > 0 such that for all z € D(0,0),

S a0 g0 = [, T dutal?) < +oc.
BETm 1<i<|B|
1<j<Bi—1

Note that 7y, is the union over I € N of the sets of all the triangular words of length I, and there
are exactly [! triangular words with length [ for all [ € N. Therefore, 7, is countable.

We consider ¢o € [0,1) and z € C. Since sy (5, (:cgl))”) takes values in [0, M] and p is a
probability distribution, it suffices to show that for some § > 0 and all z € D(0, ),

Z lgo + 2|71 — o — 2| < +00. (3.1)
BETm
By the triangle inequality, we have

> lao+ 2" —a0 2" < 37 (@0 +12) DA~ g0+ |7
BETm BETm
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For z such that 1 — gy — |z| > 0, we have

H H 1—go+ |2\

Sl A1 =217 < 3 (ot D1 = g0 = )P (TR
BETm BETm L=~ 2]

For p € (0,1] and p a probability distribution such that p([—oo, M)) = 1, we denote by E, ,

the expectation corresponding to a probability space where the weights X @ have distribution (1—

j
p)it+ pérr. Let us recall that Thae = inf{t € N : (X2 XMWYy e T is defined as the length

of the shortest triangular word ending at time 1, where (X (™), 7 are the random variables used to
construct the stationary MGS. For r > 1, we notice that

Epw [TTPast] — Z (T‘p)'m(l _ p)H(ﬂ)

BETm
by the law of total probability applied to a((X @ Teest) X (1)) Therefore,
L go ]\
H
Z g0 + 2| (ﬁ)|1 — 4o — Z“m < IElfqoflzw [(1_%_‘4 . (3.2)

BETm
If we show that the moment generating function of T}, is finite on an open neighborhood of 1,
then we can show that both quantities in (3.2) are finite for |z| small enough. To do so, we introduce

& = inf{i € N,Xi(n) = M} for all n € Z. We consider the random sequence (M, ),>0, where M,
corresponds to the number of elements 7 in [—n + 2, 1] such that & > i +n — 1. More explicitly, we
consider My = &, and for all n > 1,

My ={ie[-n+2,1]:§&>i+n—1}.
For n € Z,, we set M,, = #M,,. By definition of T, we notice that
Tpast =inf{n e N: M, =0}.
See Figure 3.6 for an illustration. Equivalently, by definition of (&;);ez, for all n € N,
Mu={ie[-n+21]:Vje[Li+n—1], X" <M}
We also notice that for all n > 1,

Mp={ic{-n+20UM,_1: X <M}

(2
Let us prove this last recursive formula. First, note that if ¢ € [-n + 3,1] and i ¢ M,,_1, then
i ¢ M,,. Therefore, M, ={ie{-n+2}UMy,_1:& >i+n—1}. Since § > i+ n — 2 for all
1€ Mp_1, & > i+ n—1if and only if XZ.(jr)ni1 < M, which concludes the proof of the recursive
formula for M,,.

Since M,,_1 depends only on the random tuple (X]('i))ie[[—n+1,1ﬂ,je[[1,i+n—2]]7 which is independent

of (Xi(i)n71)ie[[—n+2,1}]v the conditional distribution of M,, given M,,_; is Binomial(M,,—1 + 1,1 —p).
We notice that M,, has the same law as a Galton-Watson process with immigration, with distribu-
tion Bernoulli(1—p) for the number of offspring of one particle and with distribution Bernoulli(1—p)

for the immigration at each step. In other words, M, has the same distribution as a process M,
where M,, := 2/[:"1_1+1 En,k; (Bik) (n,k)enz are i.id. with distribution Bernoulli(1 — p) and ]\70 =0
almost surely.

In Zubkov (1972) the following result is shown :

Theorem 3.1 (Zubkov (1972, Theorem 1)). For any p € (0,1), there exists a constant ¢ such that
for all k > 0,

P(Tpast > k) ~ e(rp)~ Y,
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FIGURE 3.6. A dot is represented at position (n,) if and only if Xi(n) = M. Notice
that (&, ..., &o,&1) is triangular if and only if, for all i € [k, 1], there is at least one
dot with abscissa ¢ below or on the dashed line passing through (k,1). For n € N,
M,, is the set of all ¢ € [2 — n, 1] for which there is no dot with abscissa i below or
on the dashed line passing through (2 —n,1). Here, M; = My = {1}, M3 = {-1},
My = M7 =2, M5 ={-3} and Mg = {—4, —3}. Then, Tpast = 4.

where 1y, is the only element r of (1, 1%}7) such that 3 52 o(gr)k+t H]:L:1(1 —q") =1 with g :=1—p.
As a consequence of Theorem 3.1, Tpag has finite exponential moments. More precisely:
Lemma 3.2. For all p € (0,1], there is p, > 1 such that for all p’ € [p,1] and p € M;([—o0, M)),
Tpas
By ulpp™] < 0.

Proof of Lemma 3.2: For p = 1, the result is trivial since Tpast = 1 almost surely. Now, we assume
that p € (0,1). By Theorem 3.1, for any 1 < p, < 1, Ep#[pgpa“] < o0. In addition, Tpaet is a
non-increasing function of p for the trivial coupling. Therefore, Ep/#[pgp‘"‘“] < oo for all p’ € [p,1],

since 1, > 1. O

Now, we consider 1 < 7 < pi1-4, from Lemma 3.2. Setting § = min(lgqo, (17(1791({71)) and z €
2
D(0,6), we have El_q0_|z|7u[rTPast] < 00 by Lemma 3.2 since |z| < 1_%’0. Furthermore, }:ngt} <r

because |z| < %. Then, we have (3.1) by (3.2), which concludes the proof of Theorem
([l

1.6.

Remark 3.3. There is no easy way to compute r, explicitly, but we can approximate its value.
We can obtain a lower bound for the radius of convergence of p — C((1 — p)u + pdar). This
lower bound is valid for all p € M;j([—o0, M)) since Tpast does not depend on p. Let us consider
e € (0,1),q0 € [0,1) and r = 7.1_¢,). One can show by similar computations as above that

d = min((1 — go)(1 — ¢), (1_%2_#) is also a lower bound for the radius of convergence of p —
C((1 — p)u+ popr) around 1 — gg. For go = 0, we can numerically optimize this lower bound in e.
We obtain that the radius of convergence around 1 is lower bounded by 0.298167. This lower bound
does not seem to be optimal according to numerical simulations, but it is a slight improvement over
the previously known lower bound @ ~ 0,20710678 from Mallein and Ramassamy (2021) for the

case where pt = J_o.
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3.2. Analyticity for measures with N atoms. We first simplify the formula from Proposition 2.13 in
the specific case where v has finite support:

Proposition 3.4. We consider N weights a1 > as > --- > ay > —oo such that a; > 0, and
piy...,pN € [0,1] such that pr + -+ pny =1 and p1 > 0. Then,

N
C(Zm%) SN sa(Ba)pps L pRe (3.3)
=1

BETm CCEE/;

wﬁere Eg={ (37;?))ie[[1,|,8\]],je[[1,,8i—1]] : my) €{ag,...an}} and ey = |{ (¢,7) € [1,|8]] x [1,8; — 1] :
my) =ay }| for all k € [1,N] and x € E;.

Proof: We apply Proposition 2.13 with p = p; and p = 1} fiQ Dida;. We obtain

N
C(sz%) > Al —p)® / s (8@ [T dutal?y
i=1

BETm 1<i<||
1<j<Bi—1
H 7
=3 3 - p) @sy g [T TT )
BeTm $€EB i=1 jzl
— Z Zpl (1_p1) Sal 67 (HH 1_p1 —1 2172...p]\17'J'N)
IBemeEE/B i=1 j=1
- Z Z Sal(ﬁa p|15|p32z pi\lfvz,
BETm z€Eg

where Izgk = ]l )7(1
k

Let us now prove Theorem 1.7:

Proof of Theorem 1.7: We consider N weights a1 > ag > -+ > ay > —oo with a; > 0. By Hartogs’
theorem on separate holomorphicity (Krantz, 2001), if f is a function defined on an open set U C C™
such that, for all ¢ € [1,n], z; — f(z1,...,2,) is analytic when the other coordinates zj for k # i
are fixed, then f is analytic on U. Therefore, it suffices to show that for every k € [2, NJ,

N
Pr = 0(2191-6% +(l=po—- —pzv)%)

=2

is analytic on {px € [0,1],0 < pa+---+pny < 1} for all pa,...,pp—1,Pk+1s---,PN € [0,1] such that
p2t- -+ pre-1tpet oo tov < L

Now, we fix k € [2, N]. By (3.3), it suffices to show that for all (pa,...,pn) € [0,1]" such that
0<po+---+pn <1, there exists § > 0 such that for all z € D(0, ),

_ ol C2.x k 1z Ck,x Ck41,z CN,z
=Y > -pr——py—2pP . [P + 2| - i P < oo
O{GTm{L'EEa
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since 0 < sfffd < a;. Weset pj =1—py —--- —py. By the triangle inequality, we obtain the
following upper bound

DS 3 T D e el B

aGmeEEa
2\
1 x —_ x x xT
=> > <P1 - M) (p1 = 12D)1p5 o (o + 12D - P R
OzEmeeEa

We take § < min(1l — pg,1 — p1) so that pp + |2| € [0,1] and 1 — p; — |2| > 0. If we denote by
E, . the expectation corresponding to the probability space where the weights have distribution

(1 —p)p+ pd1, then
Tpast
p1+ 2|
p1— |2 ’

where T}ast is the length of the first triangular word in the past for a word of i.i.d. random variables
with distribution G(p; — |z|). This expectation is exactly the same as in (3.2), and its finiteness has
already been proved by Lemma 3.2 for |z| < ¢’ for some §’. Then, with § < min(1 — pg,1 — p1,4’),
(%) < +o0.

Therefore, py, — C(Zi\/:? Dida; +(1—pa—-- -—pN)51> is analytic on {p; € [0,1],0 < po+---+pn <
1}. O

(x) <E

N p
p1—|Z|,%5ak +3ite ﬁaai

3.3. Continuity.

Proof of Theorem 1.3: We proceed by successive approximations to prove the theorem. Firstly, we
show that it suffices to prove the result on the set of measures v with essential supremum equal to
a fixed M and with v((M —e, M)) = 0 for some £ > 0. Secondly, we use Theorem 1.6 and we prove
the continuity of p — C((1 — p)u + pdar,) via Proposition 2.13 in order to prove the continuity of
v +— C(v) on this class of measures.

Let us consider v,,v € Mj such that d(v,,v) converges to 0 as n tends to +00. Let us recall
that M, :=inf{t € R: p([t,+00)) = 0} is the essential supremum of y for all distribution p € M.
In other terms, (vy,), weakly converges to v and M,, converges to M, as n tends to +oo. We want
to show that C'(v,) converges to C(v) as n tends to 4oc.

For ¢ > 0, we set 1) = (1 — pu) 4 p)sy,  where p© = v([M, — e, M,]) and p& =
%}W. Similarly, we set 1/7(16) =(1- pgf)),uf) + pf) dnr, where pgf) = vp([M, — e, M,,]) and

ple) = pnllzoey—e)0e) Notice that the probability distribution p(®) is well-defined if and only if

1_1771
p® < 1. When pl©) =1, set (&) = Opr, . Similarly, ,uT(f) is not well-defined when pT(f) =1, and we

set 1/7(5) = dpy, in that case.

Since a probability distribution has a set of atoms which is at most countable, we can assume

that v({M, —€}) = 0 for € as small as we need. Then, pgf) converges to p(®) as n tends to +o0o by

Portmanteau theorem (cf. Billingsley (1999)) for such €. Then, ugf) is also well-defined for n large

enough when p(®) < 1 by convergence of (psf))n to p®). Similarly, it is easy to show that (Mﬁf))n
weakly converges to u(®) by the Portmanteau theorem when p(®) < 1. As a consequence, (1/7(;:))”
weakly converges to v/(€).

By the triangle inequality, for all n € N and € > 0,
C(vn) = C(v)] < |C(wn) = CED)| +[C)) = CWE) + |C(W) - Cw). (3.4)
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The first and last terms in the right-hand side of (3.4) are easy to control. We consider (Xi(?))Kj
i.1.d random variables with distribution v,,. If we set

v(n) _ (n)
Xy = MVﬂX}Z)zMV_g + X5 1X§3’<M,,—s’
then ()N(i(’?))iq are i.i.d random variables with distribution 1/,(16). Formy = (in1,-..,iNky) & heaviest
path starting at 0 and ending at N for the weights (Xi(?))Kj, we have
=
. ) >(n)
C(V”) o C<V”E)) < 1}%}5? N Z (Xi(;z,izv,lﬂ - Xi(;z,iN,zH)
=1
by (1.3). Note that ky < N. For all i < j, (XZ»(Z) — )N(Z(T;)) is positive only when M, < XZ-(Z) <M,,.
In this case, )NCZ(Z) = M,. Then, we obtain the following domination
C(vn) — C()) < max(M,, — M,,0). (3.5)
Similarly, if 7%y = (iy 1,...,7y,, ) is a heaviest path starting at 0 and ending at N for the weights
b b N
(Xi(,r;))i<j’ then
L
N _ < liminf — v () _ x (™
Cvy’) = C(vn) < lﬁglof ~ ; (XZ.,N,M.QW+1 XZ.,N,MWH)
by (1.3). Since ()?1(3) - XZ-(Z)) is positive only when M, —e < XZ-(ZT) < M, we obtain
CW) = Cvy) < M, — (M, —¢) <e. (3.6)

As a consequence of (3.5) and (3.6), |C(I/7(f)) —C(vn)| < e+ |M,, — M,|. A similar reasoning shows
that 0 < C(1®)) — C(v) < e. Then, |C (1) — C(W)| < |[CW)) — C(WE)| + 2 + | M,,, — M,| for all
n > 0 by (3.4). By convergence of (M, ), to M,, we obtain

limsup |C(v,) — C(v)| < limsup |C(1F)) — C( )] + 2.

(€)

Since we can take ¢ as small as we want, it remains to see that |C(vy ) — C(¥%))| converges to
0 as n tends to +o0. To do so, we use the following two lemmas:

Lemma 3.5. For all p € (0,1] and M > 0, > C((1 — p)u + pdrr) is continuous for the Lévy-
Prokhorov metric on the space of probability distributions in My ([—oo, M)).

Lemma 3.6. For all M > 0 and p € (0,1], there exist L € RT and p— < py € R% such that
p— < p < pt and such that for all p € My([—o0, M)), p — C((1 — p)pu + pdnr) is L-Lipschitz on
[p—, min(L, py)].
Assuming that those two lemmas are true, we obtain the result as follows. We set
pT(lE) =(1— p(E))MS) + p(E)(;MV_

By the triangle inequality,

ICwS) - CW)| < |CW) - o) +100F)) - ). (3.7)
By Lemma 3.5, the second term in (3.7) converges to 0 as n tends to 400, since (,ugf))n weakly

converges to M(E) when p(®) < 1. When p®) = 1, the second term vanishes. For the first term,

we apply Lemma 3.6 with p = p®): since (pgf))n converges to p(®), there exists N € N such that

for all n > N, pgf) € [p—,min(1,p;)]. Then, there exists L € Ry such that for all n > N,
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|C'(V,(f)) - C(l%(f)ﬂ < L|p£f) — p®)| by Lemma 3.6. Therefore, the first term in (3.7) converges to 0,
which concludes the proof of Theorem 1.3. O

Let us now prove Lemmas 3.5 and 3.6.

Proof of Lemma 3.5: We consider fixed p € (0,1] and M > 0. For p a probability distribution on
[—00, M), we denote by E,, , the expectation corresponding to a probability space where the weights
(Xij)i<j are i.id. with distribution (1 — p)p + pdar. By Proposition 2.13,

C(1=p)u+piy) = Y pPl(1—p HW)/ B @) T dutl™),
1<5<B;—1

where s is defined in (2.7). Notice that for all § € T, and M > 0, sp(3,e) is continuous and
bounded by M. As a consequence,

/ su(B, @M T du=")

1<i<|B|
1<5<B;-1

is a continuous function of u for the Lévy-Prokhorov metric. Since this last quantity is bounded by
M, we obtain the continuity of u — C((1 —p)u+ pdar) by the dominated convergence theorem. [

Proof of Lemma 3.0: Let us consider M > 0, p € (0,1] and p € M;([—o0,M)). Assume that
0 < p— < p < p;y where p_ and py will be adjusted later. By Theorem 1.6, the map p —
C((1 — p) + pdpr) is analytic on (0,1]. Then, by the mean value theorem,

|C((L = p1)p+p1oar) = C((1 = p2)p+ p26ar)| < Lyupy polp2 — 1, (3-8)

for all p_ < p1 < pa < min(1,py), where

0
Lyprpo = sup{ (8})0«1 —p)p+ por) |pp')

We need to dominate L, ,, by some quantity which does not depend on p. For all 8 € 7,
€ (0,1) and 2 € [—o0, M), we set g(8,p, (2\"):5) = plI(1 = p) @ s (B, (217); ;). Then, by
Propositlon 2.1 3

: p' € (p1,p2) }

C((1—ptpin) = Y / B.o @) [ dua?).
BETm 1<i<|B]
1<j<B;—1

The function p — g(5, p, (mgz))”) is differentiable on (0, 1] since it is polynomial, and we have

0 i _ - )
3?85 = (1B (1= )" = H @R (1= )" O7) 500 (8, (i)

for all 5 € T, \{1}. We exclude the choice of the word 1 from 7y, since H(1)—1 = —1 and H(1)(1—
p)PMW=1is not well defined at p = 1. In that case, Qg(l D, (x(-l))' i) = M since g(1,p, (x§l))i7j) =
Mp. Since sy (5, (xy))”) € [0, M], for all 8 € Ty, by the triangle inequality,

< M(|gp - p
(Iﬁl 1_( )) Pl (1 = p_)H)
1_( )) 811 — p_)HC

(e ()

MO HE) (1 - p) O

d i
a*pg(@% (1’5- Nid)

| /\

IN
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Since f is triangular, H(f3) < w Then, H(B) < |3]? and we have
0 () L, 1\ ) (P
= 9(B,p, (7)) | < M( — + —— |pl (1 —p )P |52 =~ 3.9
508 < 3 (- g o= (39)
for all 5 € T,,. Since the term on the right in (3.9) does not depend on p, it suffices to show that
it is integrable in order to exchange the derivative and the sum by the Leibniz integral rule. With
E, ,, the expectation corresponding to the probability space where the weights have distribution
p7M
(1 —p)p + pdar, we obtain

18 Toast
Z p‘f‘(l _pi)H(ﬁ) . |5|2 (it) =E,_, [Tpasf <i+> } (3.10)

BETm B

by the law of total probability. Now, let us consider a pg € (0,p). By Theorem 3.1, if pgry, > p, the
quantity in (3.10) is finite with p_ = pg and any p4 € (p, porp,). If porp, < p, let us consider p_ such
that p—po(rp, — 1) < p— < p. Since r, = sup{r > 1: E, ,[rTrsst] < 400}, p = 7, is non-decreasing
on (0,1] since Tpast is non-increasing in p by trivial coupling. Then, 0 < p — p_ < po(rp, — 1) <
p—(rp_ — 1), which implies that p < p_r,_. Therefore, for any py € (p,p_r,_), the quantity in

18|
(3.10) is finite. We set L = M > 5 7 (i + ﬁ)p'ﬁ‘(l —p_)H®). ]ﬁ\Q(i—f) , which is finite and

depends only on p_ and p;. Then, by (3.8) and the Leibniz integral rule, p — C((1 — p)u + pdar)
is L-Lipschitz on [p_, min(1, p4)]. O

3.4. Strict monotonicity of C'(v). In this subsection, we consider v; € M of the form (1 —p;)p; +
pion for j = 1,2, where M > 0, p1,p2 € (0,1] and pq, 2 € Mi([—o0, M)). Recall that vy is
stochastically dominated by vy if for all ¢ € R,

vi([t; +00)) < wa([t, +00)).

In that case, note that p; < p2. Assuming that 14 is dominated by v» for the stochastic order,
there exists (XZ-(n)(yl), XZ'(n)(VZ))nGZ,iEN ii.d. random variables such that Xi(n)(yl) (resp. Xi(”)(y2))
has distribution v; (resp. v2) and such that Xi(")(yl) < Xi(n)(yg) almost surely for all i,n > 1
by trivial coupling. More precisely, the trivial coupling is constructed as follows: assume that
X" () = F 1 (UM), where (U™ ) ez, ien are i.4.d. with uniform distribution on [0,1] and F, ! is

the inverse distribution function of v, for k € {1,2}. We set A and 6 to be the MGS with respective

weights sequences (Xi(n)(ul))i,nzl and (X.(")

. (12))in>1, and starting configuration do.

Proposition 3.7. With X\ and 0 as previously defined, consider
& = inf{i € N, X" (1)) = M}
foralln € N. Let Ty < Ty < ... be the enumeration of the elements of
R={neN:VieNE&.i1<i}.
Then,
C(n) =npERY =AY, (3.11)
Cln) = p BT — 0], (3.12)
where g = [, (1 — q*) for all ¢ €[0,1).

Note that the coefficient v;_p, is common to the two equations (3.11) and (3.12). This is due
to the fact that, with the trivial coupling, the renovation events that we consider for the weight
distribution v also are renovation events for the weight distribution vs.
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Proof: For j = 1,2, the sequences ((X(l)(Vj))TkngkH)keN are stationary by definition of (T} )ken-
Also note that (X T (vy), ..., X(T2=D (1)) is a minimal triangular word by definition of T} and T.
Then, by Lemma 2.5 and Remark 2.6, ()\(Tk+1 2 )\(T’“_l))keN depends only on (XU (1)1, <1<y, -

Therefore, ()\ng+1 b_ )\ng ))keN is a stationary sequence. Set K, :=max{k >0:T,—1<n}
with the convention that Ty = 0. Note that
n+1

K, = Z Tier-
k=1

Recall that a transformation is ergodic if and only if any event that is invariant by that transfor-
mation has probability 0 or 1. Therefore, by Kolmogorov’s zero—one law, the shift o defined in the
proof of Lemma 2.7 is an ergodic transformation of (X (n))nEZ since those random variables are i.i.d.
As a consequence, by Birkhoff’s ergodic theorem (Viana and Oliveira, 2016),

K
— 2S5 PAER)=71-p, >0

n n—oo

By definition of K,

Kn—1
)\(n) — )\ T1 1 + Z Tk+1 1 (kal)) + ()\gn) o )\gTKn—l)).

It is easy to see that n~ T} almost surely goes to 0 as n goes to infinity since 7} does not depend
on n. Also note that n + 1 — Tk, has the same distribution as Tpast — 1, where we recall that
Tpast = inf{t € N: (XEH2) (1), .. X(l)(yl)) € T }. In addition, Tpast has finite second moment
by Theorem 3.1. This implies that n~!(n — Tk, ) almost surely goes to 0 as n goes to infinity by the
Borel-Cantelli lemma. Therefore, since 0 < )\gt/) — )\gt) < M@ —t)forallt <t €N, n A1
and n_l()\(”) — )\(TKn_l)) both almost surely goes to zeros as n goes to infinity. Since K, goes to
infinity as n goes to infinity, one obtains that

Kn—1
1S - -
C(11) :nli)Ifooﬁ Z E[)\ngH 1) _)\ng Dy
k=1

In addition, IE[/\(T]““_U )\gT"'_l)] does not depend on k > 1 by stationarity. Therefore, we obtain
(3.11). To obtain (3.12), we notice that Xi(n)(ul) = M implies that Xi(n)(yg) = M with the trivial
coupling since p1 = v1({M}) = v1([M,+0)) < 1o([M,4+0)) = 1o({M}) = p2. As a consequence,

(XM (1), ..., X1 (15)) is also a triangular word. Therefore, (0?’”171) - GgT’“*l))keN is also
stationary by Lemma 2.5 and Remark 2.6. Finally, the same argument as for (3.11) allows us to
obtain (3.12). O

The following lemma allows us to compare the positions of the fronts in two MGS with comparable
weights sequences:

Lemma 3.8. Consider (™),en and (™ )nen two deterministic sequences of elements of W<y
Set (/\(”))nez+ and (9(”))%2+ the deterministic MGS with starting configurations A and 6

satisfying )\go) = 950) and respective weights sequences (a:gn))iyneN and (ygn))meN. More explicitly,

for all n € N, set AW = (=1 4 6m()\<"*1>,x<")) and 0™ = g(n—1) 4 6m(9<"*1),y(”))' Assume that
(™) pen) and o (y"™)nen) are triangular (infinite) words. If l‘gn) < yl(n) for all i,n € N, then
)\(n) SG(n) forallneNand1 <i<n-+1.

Proof: By Lemma 2.5 and Remark 2.6, the position of the particles in the system A (resp. #) added

at any time n > 1 depends only on (2®);<;<, and /\g ) (resp. (y*))1<p<n and 95 )). In addition,
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(0) ( (0))

all those positions are greater or equal than A;~ (resp. 6,
without loss of generality that A(0) = 9(0) = 4.
Let us show that )\En) < Hz(n) for all 1 <4 < n 4+ 1 by induction on n. For n = 0, the result is

clearly true. Assume that the result is true for n — 1 € Z,: )\Z(Anfl) < HZ(n*l) foralll < < n.
Therefore, by definition of m,

. Asa consequence, one may assuine

(1) 4y — (1) | () (1) |0y (gD ()

Note that ()\En))lgign_irl (resp. (Hgn)>1gi§n+1) corresponds to the elements of {/\l(n_l) 1 <i <
n} U {mA®=D 21 (resp. {Hl(n_l) 11 <i<n}u{m@™ 1D y™)}) counted with repetitions in
non-increasing order.

Now that we have compared the positions of the new particles at time n, let us show that
)\E ) < (9( " for all 1 <i < n+ 1. Consider A, = Z?:Jrll 5)\1@) and ©,, = Z?Ill 50§n). To prove that
)\Z(n) 9( ™ for all 1 < i < n-+1 is equivalent to prove that A ([t, +00)) < O,([t, +00)) for all t € R.

Note that A=A+ 5111()\("*1),3:(”)) and 0, = 0,1 + 5m(0<"*1>,y(")) in view of what above. Since

An([t+00)) = [{i € [1,1] s A" > £} + Ty (yn-1) 4y

and
On([t,+00)) = {i € [1,n] : ez(nil) >t} + Li(on—1) ym)>¢-

Since )\Enfl) < 01(”71) by induction hypothesis and m(A=D z() < m(#=D y(™) then
An([t, +00)) < On([t, +00))

for all £ € R, which concludes the proof of the lemma.
O

Proof of Theorem 1.1: Assume that v strictly dominates v for the stochastic order. More precisely,
w1 ([—o0,t]) > po([—o0,t]) for all t € R, and this inequality is strict for at least one t € R.

By Proposition 3.7, it suffices to prove that E[)\gTrl) - )\gTrl)] < E[GgTrl) — 9?171)]. By the
law of total probabilities,
To— T Ty — T —
E[)\g b—1) 1— 1 Z p|5\ — 1) (5)JE[>\§ h—1) _)\g 1 1)|Dﬂ],
BETm
where Dg := {a(XT)(1y),..., XT2"D (1)) = B} for all 3 € T,,. A similar formula holds for
(o) -
E[egTzfl) T1 1 Z p|5\ — 1) (ﬂ)E[egTzfl) . 9§T1*1)|D6]‘
BETm
Notice that a((XT1)(v;),..., X2~ (1,))) is a minimal triangular word for j = 1 by definition
of T1 and triangular for j = 2 since Xi(n)(lll) < XZ-(n)(VQ) for all i,n > 1. Therefore, by Lemma
2.5, )\gTTl) - )\ng—l) (resp. GgTrl) — 9?171)) depends only on )\ng—l) and (X (v1))p>7, (resp.
9§T1—1) and (X (v2))n>1,). As a consequence, )\ngfl)_Ang—U < H(Trl) 0(T1—1) almost surely by
application of the Lemma 3.5 to the processes (F\ (r, 1) (AHT=1)Y), < and (F, §T1=D (O+T=1)), 5.
1
Therefore, it suffices to find 3 € 7, such that

ENY - AV Dg) < BB — 0D D).
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Ficure 3.7. Illustration of the particles added between steps 71 =1 and 15 —1 =8
for an MGS with weight distribution v at the top and v, at the bottom conditionally
on the event Ay, with k = 4 and —3M <t < —2.5M. We also assume here that

)\](LO) = 9%0) = 0. The particles are labeled by their appearance times. For this
realization, X1(T1+k)(1/2) = —25M and XfTﬁk)(yl) < -3M.

For k € N, we consider the word S*) = (1,...,1,(k+1),k,...,3,2) € Ty, of size 2k. For k € N
and t € R such that M (1 — k) <t < M(2— k), we also set Ay, to be the intersection of the events

(XM ) = = x D) = My,
{Xk74;11+k)(1/1) _ X]£T1+k+1)(7/1) L X(T1+2k_1)(y1) _ M},
(X (1) € [t, M(2 - K)]},

(X 1) < X ()},

N xP Vw) <).

1<n<2k
1<i<g®
(i;m) A(Lk+1)

Let us explain the reason why we consider this event in the case where 17 = 1, )\ng—l)

=0 and
9§T1_1) = 0 (which is easy to extend to the general case). Assume that the event Ay, is realized.
Then for both processes A and 6, the particle added at time n for 1 < n < k is placed at position
nM. The particle added at time k 4+ 1 for A (resp. for €) is placed at some position Py such that
M < Py, < 2M (resp. Py such that M < Py < 2M). Note that Py < Py. Finally, the particle added
at time k+14n for 1 <n <k —1 is placed at position Py + nM for the process A and at position
Py +nM for the process 0. See Figure 3.7 for an illustration.

We have A7 — A = Py (k= )M and 07D — 6"V = Py 4 (k — 1)M, hence
)\(T2 2 )\ng D < 9(T2 b _ 6?171). To complete the proof, it suffices to find ¢ and k such that
]P’(Akt) > 0 and M(1 —k’) <t < M(2-k).

For any ¢ € R, we set ky = [tM~!] so that M(k; — 1) <t < Mk,. Let X and X be two random
variables of respective laws v and v coupled by trivial coupling such that X < X. Fort € R, we
define the events:

o B ={X <t}
e O ={X < X}N{t <X < Mk}.
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We search for some ¢ € R such that P(B;) > 0 and P(C¢) > 0. If such a t exists, then we would have
P(Ag, +) > 0: let us recall that Ay, ; is defined as the intersection of the five events presented above.
The first two events occurs with positive probability since v1({M}) and vo({M}) are positive. The
intersection of the third and fourth events occurs with positive probability if P(C;) > 0. Any
event in the intersection describing the last of the five events occurs with positive probability since
P(B;) > 0. Then, the probability of the intersection of those five event is positive by independence
of the random variables (Xi(")(z/l), Xi(n)(ug))ieN’nez. Since P(X < X) > 0, there exists ¢ € R such
that P(Cy) > 0. Let us consider

K =max{keZ:3teR k=k and P(C;) >0}.

Notice that ¢ — P(B;) and t — P(C};) are respectively right continuous non-decreasing and left
continuous non-increasing functions on (M (k' — 1), Mk']. We define

tp =inf{t € (M(K' —1),MK]:P(B;) >0}

and
tc =sup{te (MK —1), MK]:P(C;) >0}.

Let us prove that M (k' — 1) < tp < tc < MK. If M(k' — 1) = tp, these inequalities are clearly
true. Assume that M (k' — 1) < tp. Notice that vo([—00,t5)) = 0 by definition of t5. Therefore,
t — P(CY) is constant on (M (k' — 1),tp) by definition of C;. Since t — P(C}) is non-increasing and
non-zero on (M (k' — 1), Mk'], we have P(Cy,_c) > 0 for all small enough & > 0, which implies that
tp < to by definition of t¢.

If tg < tc, then we take t € (tp,t¢) and we have P(B;) > 0 and P(Cy) > 0. If tg = t¢ (which
implies that M (k' — 1) < tp), we notice that

P{X < X}N{tp < X < MK})=0
by definition of t¢. In addition,
PHX < X}n{M(K —1) < X < MK'})>0
by definition of k’. Therefore,
P{X < X}N{M(K —1) < X <tg}) >0
Since _ N _ _
PH{X < X}IN{M( —1) < X <tp}) =PH{X < X}N{X =tp})
by definition of ¢g, we conclude that P(B;) > 0 and P(Cy) > 0 for t = tp = tc. O

4. The case of probability distributions supported by two non-negative real numbers

In this section, we study the case where two non-negative real numbers support v.

In Subsection 4.1 and Subsection 4.2, we study the case where two elements 0 < m < M support
v. We prove Theorem 1.9 in two steps. The first step consists in proving the theorem for m = % for
some k € N. In this case, the MGS reduces to a Markov chain on a finite state space which makes
explicit computations possible. The second step consists in extending this result to all 0 < m < M.
To do so, we use results from Foss et al. (2023b) in Subsection 4.2 to show that for kﬂﬂ <m < %,
C((1—p)dm~+pdnr) is obtained by linear interpolation of C’((l—p)é% +pdy1) and C((l—p)&% +pdy).

We give formulas for C((1 — p)dm + par) for values of m € {2 : i € [1,5]} at the ends of
Subsections 4.1 and 4.2. By linear interpolation, note that one can also obtain an explicit formula
for C((1 — p)dm + pdar) for any m € [%,M] (see (4.3)). In Subsection 4.3, we consider the case
where v is supported by 0 and M > 0 and we give an alternative proof of Theorem 1.10 via the
MGS.
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FIGURE 4.8. Illustration of the reduction of the MGS to a Markov chain on a finite
state space when M =1 and k = 4. Since the dynamics of the MGS depends only
on the particles at a distance less than 1 from the front, only particles at positions

)\gn), )\gn) —0.25, )\gn) — 0.5 and )\gn) — 0.75 matter for the evolution of the system at
time n by Lemma 4.2.

4.1. Rationality in p for measures of the form (1 —p)dum + pdps. By the rescaling property (1.4), it
k

suffices to prove Theorem 1.9 for M = 1. The following proposition is equivalent to Theorem 1.9 in

the particular case when M =1 and m = % for some k € N.

Proposition 4.1. For allk e N, p— C((1 — p)éi + pd1) is a rational function on [0, 1].

If k=1, then C((1 — p)(S% + pd1) = C(01) = 1 is clearly a rational function of p.

Now, we fix k > 2 and we set v = (1 —p)5% +pd1. By (2.1), it suffices to study the front’s position
of ()\(n))nzo an MGS with weight distribution v and starting configuration A(?) = §; in order to
study C'(v). In our case, the study of the MGS is easier than in the general case by the following
lemma:

Lemma 4.2. We consider a starting configuration X0 = &y and (X](-n))nJeN i.%.d. random variables
with distribution v = (1—p)5% +pbdy. We consider (\™),en the MGS defined by N = D (n) (A(=1))
for alln € N. Then, for alln € Zy, if k, = |{i € [1, \"(R)] : )\Z(-n) > )\gn) — 1} is the number of

particles at distance less than 1 from the front at time n,

mO®, XOTD) = mae (44 X, (4.1)
vell,kn

As a consequence, almost surely, for alln € N,

B.1 The dynamics of the MGS at each step depends only on the particles at a distance less than
1 from the front.
B.2 The position m(/\(”_l),X(”)) of the new particle at time n satisfies:

m(}\(n—l)’X(n)) _ Agn_l) e {]Z = [[17k']] }

B.3 The front moves at each step: )\gn) =m\"D x®) > )\gn_l).

B.4 All particles have positions in +Z: A"V € 1Z for alln € N and j € N.

B.5 There is at most one particle at a given position.
Proof: We notice that XYLH) > % for all n € Z. Therefore, if )\En) < )\gn) —1, then )\gn)+Xi(n+1) <
/\gn) + an—i-l). Therefore, by definition of m, we obtain (4.1):

™, X0H) = max (A X["),
1€ 1,kn

Points B.7 to B.5 are simple consequences of (4.1) and of the fact that XZ-(j ) € {4,1} almost
surely. O

For a configuration A € N, we set u(\) the configuration obtained by removing from A all the
particles at positions smaller or equal to Ay — 1 and by shifting all the particles so that the front’s
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position in u(A) is 0. More explicitly, for all A € N,

)\) = Z 5/\1'7>\1]1)\1*)\i<1'

€N
See Figure 4.8 for an illustration. By Lemma 4.2, we can now define our Markov chain (y(”))nez L

Proposition 4.3. Let us consider ()\("))nez+ an MGS with starting configuration X0 = & and
measure v = (1 — )51 + pdy. If y™ = u()\(”)) for alln € Zy, then (y"™)nez, is a Markov chain

on the finite state space Ey, = {dp + Zl L xi0—i (21, .., xp-1) € {0,1}*71}. In addition, there is
a unique recurrent class for this Markov cham, and for alln € N,

=1

Proof: Tt is easy to check that u(® s (A™ 1)) = u(®y 0 (w(AP~D))) for all n € N since the
dynamics of the MGS depends only on the particles at a distance less than 1 from the particle(s)
at the front by (4.1). Therefore, u(A™) = u(® () (u(A™V))) for all n € N. Then,

Y™ = w0 &y (y"Y)

for all n € N by definition of (y("))nez+. Since (X)), ey are i.id., (y("))nez+ is a Markov chain.

By construction, for all n € Z,, y™ is the configuration consisting of all the particles in A at
distance less than one from the front’s position, and where all the particles are shifted in space by
)\gn) so that the front’s position of y(™ is 0. By B./ from Lemma 4.2, all the particles in y(™ have
their positions in { —i/k : i € [0,k — 1] }, and there is at least one particle at position 0 since it
is the front’s position. In addition, there is at most one particle at each of those positions by 5.5
from 4.2. Therefore, y™ € Ej, for all n € Z.

We prove the uniqueness of the recurrent class by proving that, starting from any configuration
in E}, for the Markov chain, there is a non-zero probability for the next configuration to be dy. For
all \g € Ey, it is easy to compute that P(y™ = &y | =1 = \g) = }P’(X{n) =1)=p >0 for all
n € N.

It remains to prove (4.2). By B.3, )\gn) — )\gnfl) = )\gn) — )\gn) for all n € N. As a consequence,
)\YL) = Z?Zl()\gl) - )\g)). Therefore, by construction of (y™),ez, )\gn) => " 1(yil) yg’)). Since
ygz) =0 for all ¢ € N, we obtain (4.2). O

Proof of Proposition /.1: We can now complete the proof of Proposition 4.1. By Lemma 4.2, there
exists a unique stationary distribution for the Markov chain (y(”)). Let us denote by p, this
stationary distribution. Then, by Proposition 4.3 and (2.1),

By the ergodic theorem for Markov Chains, C(v) = E[—y2] where y has distribution ;. Since

(Xi(n))z-,neN are ii.d. with distribution ¥ = (1 — p)d1 + pdy, the transition probabilities for this
k

Markov chain are polynomials in p. As a consequence, since one can obtain j,; as an eigenvector

for the eigenvalue 1 of the transition matrix of (y(”))nzl, its coefficients are rational functions in p.
Therefore, the theorem is proved. ]

Since (y("))nzl is a Markov chain on a finite state space, one can explicitly compute the stationary
distribution for this model by computing the eigenspace of the transition matrix for the eigenvalue
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FI1GURE 4.9. Illustration of skeleton points in a graph with 6 vertices. The red edges
have weights m, the blue ones have weights 1. In this graph, 2 is a skeleton point
on the right, 4 is a skeleton point on the left, and 3 is a skeleton point.

1. As a consequence, we can give an explicit formula for C((1 — p)1 + pd1) for small values of k:

C(0) =1,

1
C((L = q)d1 +¢o1) = 5(2—q),
34+q—4¢*+ ¢
3(1+q—¢?)
4—3q+2q2—q4+4q5—11q6+7q7—q8
A1 +¢° = q* +2¢° = 3¢° + ¢7)

C((1=q)h1 +¢d1) =

bl

C((1—q)d + CI%) =

1
C((1 = )1 +qd1) = 2 (5+ ¢ — 6"+ 11¢° = 8¢" — T+ ¢" + 14¢" — 23¢" + 16¢” + 23¢™°
— 68¢' + 81¢"? — 68¢"3 + 33¢M + 28¢'° — 85¢1¢ + 90¢'" — 48¢'® + 12¢"° — ¢*°)
x(14+q—q*+2¢° =3¢ + ¢° + ¢ — 2¢° — ¢” +10¢"° — 16¢"" + 12¢"* — 2¢"* — 114"

4 23q15 _ 27q16 4 19q17 _ 7q18 4 qlg)fl'

4.2. Rationality in p for measures of the form (1 — p)dy, + pdyr for 0 < m < M. In this subsection,
we complete the proof of Theorem 1.9. To do so, we recall the notion of skeleton points from Foss
et al. (2023b), which are the renovation events used by Foss, Konstantopoulos and Pyatkin to prove
the convexity of m — C((1 — p)d,, + pd1) and to characterize its points of non-differentiability for
all p € (0,1).

We consider (X j)i<jez i.i.d. random variables with distribution v = (1 —p)d,, +pdy with m < 1.
An integer n € Z is a skeleton point on the left if for every integer k < n, there exists a directed
path from k to n made of edges with weight 1. Similarly, n € Z is a skeleton point on the right if
for every integer k > n, there exists a directed path from n to k£ made of edges with weight 1. A
skeleton point is a skeleton point on the left and the right. In other words, n € Z is a skeleton point
if, for all @ < n < b, there is a directed path of edges with weights 1 from a to n and a directed path
of edges with weights 1 from n to b. Analogously, one could define the notion of skeleton points in
other weighted directed acyclic graphs. We give an example of skeleton points for a complete graph
with 6 vertices in Figure 4.9.

Remark 4.4. Notice that the renovation events that we use in Subsection 2.2, which consist in
triangular words, precisely correspond to the skeleton points on the right when v = (1 — p)d,, + pd1
by Remark 2.8.
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For n1 < ng € Z, let Wy, n, be the weight of a heaviest path between the vertices n; and ng as
defined in (1.2). We also denote by (I';);cz the sequence of all the skeleton points in Z with the
convention that --- < Ty < Ty <0< Ty <.... To prove Theorem 1.9 for all m € (0, 1], we use
the following result from Foss et al. (2023b):

Proposition 4.5 (Foss et al. (2023b, Proposition 4)). For all0 <m <1 and p € (0,1],
C((1 = p)om +po1) =21, E[Wr, 1],
where g = [1721(1 — ¢") for all g € [0,1].

n=1

By Proposition 4.5, we only need to study the expectation of the heaviest path between two
consecutive skeleton points. For n € N, let SP, be the set of weights (z;;)i1<icj<n € {m, 1}(2)
such that 1 and n are the only two skeleton points for those edge weights in a complete graph with
n vertices. Let us consider SP := Up,>2S8P,. For v = (2;;)1<i<j<n € SP and © = (i1,..., 1)
a directed path from i1 = 1 to i = n, denote by N(m) = [{j € [1,k — 1] : @;;;,,, = 1}| and
Ny(m)={je[l,k—1]: x4, , =m}| the respective numbers of edges with weights 1 and m in
the path 7, and denote by wy(7) = Z’;;ll T, .., the weight of the path 7. For mpnax a directed path
from 1 to n maximising w,, we set Ny = Nu(Tmax) and Ny = Ny (Tmax). With those notations,
WFl,FQ = NX/ + mNX/, where X’ = (Xi,j)F1§i<j§F2~

In general, Ny, and Ny are not uniquely defined since there could be several ways to ob-
tain the maximal weight in terms of the number of edges with weight 1 and m in a maximal
path for fixed weights. Yet, it is possible to show that those two quantities are uniquely defined
for all 0 < m < 1 such that m is not the reciprocal of an integer greater or equal to 2. If
Ppm(Nx and Ny are not uniquely defined) > 0 for some p € (0,1), then m is called a critical
point. It has been proved in Foss et al. (2023b) that the positive critical points are all integers
greater than 1 and their reciprocals:

Proposition 4.6 (LFoss et al. (2023b, Theorem 5)). For 0 < m < 1, m is critical if and only if
m = % for some integer k > 2.

The proof of Proposition 4.6 from Foss et al. (2023D) is based on a combinatorial analysis of the
possible maximal paths between times I'; and I'y. To prove that the points 1/k for k > 2 are critical,
it suffices to find some element of SP for which the number of weights 1 and m in a maximal path
is not uniquely defined at m = 1/k. For instance, if we consider the weights (x;;)1<i<j<s € SP
such that x;; = 1 if and only if (4,5) € {(1,2),(1,3),(2,4),(3,5),(4,5)}, then a heaviest path is
7t :=(1,2,3,4,5) for m > 1/2 and 7~ := (1,2,4,5) for m < 1/2. This implies that 1/2 is a critical
point since N, (71) = 2 and N,(7~) = 3. A similar argument can be used to prove that 1/k is
critical for all £ > 2. The fact that the other points are not critical requires a more precise analysis
of the elements of SP.

Since the probability that X’ = z is positive for all z € SP and p € (0, 1), there is a deterministic
definition of the critical points: m is a critical point if and only if there exists z € SP and m =
(i1,...,1q) and m2 = (j1,...,Jr) two directed paths with 4y = j; = 1 and iy = j, = n such
that wy(m) = wy(m) = max; wy(mw) and Ny(m) # Ng(m2). With our notations, notice that
max, wg(7) = Ny + mN,.

In Subsection 4.1, we proved that p — C((1 — p)d,, + pd1) is a rational function for any critical
point 0 < m < 1. The following lemma enables us to extend this result to all m € (0, 1).

).

Proof: Consider an integer £ > 1 and x = z(m) € SP, for some n € N. By Proposition 4.6,

every element m € (k%rl, %) is non-critical. Therefore, Ny, and Nm(m) are well-defined for all

=

Lemma 4.7. For any k € N and x € SP, N, and N, are constant functions of m on (k%_l,
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1
k+1

1 1 — —
Uz = {m € (M k,) P Na(m) = Na(e) and Ngm) = No(e) }

1
k+10 &k

open relatively to (17 nt 1). The first point is clear since ¢ € Uy

, %) (for instance, ¢ := (L1 + %)/2) and set

m € (k%rl,%) Let us fix ¢ an element of ( kT

To prove Lemma 4.7, let us show that U, . = (5 ) We show that U, . is non-empty, closed and

Firstly, let us show that U, . is closed relatively to (k+1’ i) If (my);>1 € (Upe)N converges
to some m € (k+1v k:) as | tends to infinity, then max; wy(y,)(7) converges to max; wy(m,)(m) by
continuity of m +— maxy Wy () (7), where we take the max over all directed paths starting at 1 and
ending at n. Since m; € Uy, for all I > 1, maxq wy () (7) = Ny) + MmNy (), which converges

Ny(ey + mN () as | tends to infinity. Therefore, maxy wy(m)(7) = Ny) + mNy). By the
non-criticality of m and the definition of N and N, we have proved that m € Uy, since there is a
path with N, edges with weight 1 and Wx(c) edges with weight m in the sequence x. Then, U, .
is closed relatively to (ﬁ, 7).

Now, we prove that U, . is open relatively to (%H’ %) By contradiction, let us assume there
exists m € Uy . and (my);>1 € (k%_l, %)N such that m; converges to m as [ tends to infinity and such
that m; ¢ Uy, for all [ > 1. Since N,y and N(y,) are bounded by the number of vertices in the
graph with weights =, there is an extraction (my)); of (my); such that (N, (z))) and (N y(m,, )
both converge. Let us denote their respective limits by ng and 7. Since those sequences are integer-
valued, they are equal to respectively ng and g for n large enough. Then, maxz; w () (m) = no+mmnyg
by continuity of m + max; wy(y,) (7). By definition of Nx/ and Ny, and since m is non-critical,
we have N,y = no and N, = o, which contradicts the fact that m; ¢ U, .. As a consequence,
Uy is open relatively to (k%rl, 7).

1
k+1° k) k+1

lently, m + Ny, and m +— N ., are constant functions on (m, %) O

Since U, . is open and closed relatively to (- which is connected, Uy . = (777, %) Equiva-

Proof of Theorem 1.9: We consider an integer £ > 1 and p € (0, 1).l3y Lemma 4.7, if 'y < I’y
are the first two positive skeleton points, then E,,[Nx/] and E, [N x/] are constant functions

of m on (kJrl, k) for fixed p. Therefore, by Proposition 4.5, if we set f% (p) = yf_pEp,c[NX/] and
91 (p) = ’Y]_—pEp,C[NX,} where ¢ = §(E + m), then

C((1 = p)om +po1) = f1(p) +m-g1(p) (4:3)
for all m € (k+17 1) and p € (0,1). Since m +— C((1 — p)d,m + pd1) is continuous on R according

to Theorem 1.3, (4.3) is also true for m € [ﬁ, ] and p € (0, 1]. Therefore, considering (4.3) with

_1 - _ 1
m = 1 and then with m = =,

C((1—p)g +pé1)
C((1=p)ggg +p01) =

we get

~ S+
-7
e
o
S
N~—

==
S
+ +
=
s

e

+

=
)

el

—
s
~

which is equivalent to
filp) = (k+1)-C((L—p)ggg +p01) — k- C((1—p)g +pé1)
g91(p) = k(k+1)(C((1—p)j +po1) — C((1 = p) gy +po1)).

By Proposition 4.1, p — C((1 — p)d,, + pd1) is a rational function for all m = % with & > 1. Then,
f% and g1 are also rational functions on (0,1) by (4.4), which implies that p — C'((1 — p)dy, + pd1)

(4.4)

is rational on (0,1). By Theorem 1.6, this function is continuous at p = 1. Therefore, p —
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FIGURE 4.10. Illustration of the case v = (1 — p)dy + pd1. Here, Yy =3, Y5 = 1 and
Yy = 2 with notations from the proof of Theorem 1.10. Knowing A¥), the probability
to obtain A(®) as above is 1 — ¢* since there are 3 front particles in A(4).

C((1 = p)dy, + pdy1) is rational on (0, 1]. It remains to prove that p — C((1 — p)dm, + pd1) is rational
_ A —
Tk

at p = 0. Note that for every p € (0,1], k € N and A € [0,1], if m : + ﬁ, then

C((L = p)dm +pd1) = AC((L = p)d1 +pdr) + (1 = N)C((1 =p)d_1_+pdy).
This is a consequence of the fact that (4.3) holds for every m € [k—_lH, ] and p € (0,1]. In addition,

note that this last equality also holds for p = 0 since C(d,,,) = m for every m > 0. As a consequence,
since p — C((1 — p)(S% + pdy) is rational on [0, 1] for every k € N by Proposition 4.1, one obtains

that p — C((1 — p)dy, + pd1) is rational on [0, 1]. O

Since C((1 — p)&i + pd1) has been computed for k£ € [1,5] (c.f. Subsection 4.1), we obtain the
following formulas for f 1 and g 1 by (4.4):

fl(l—Q):1—q7 gl(l_q):q’
1-q)(1+gq g1 —q+¢°
fl(l_Q):%’ g;(l—q):(—z),
2 1+qg—¢q 1 o2

f1l—q) = 1—q)(1+q+¢+2¢° —2¢° — ¢" +¢®)

3 (1+q_q2)(1+q3_q4+2q5_3q6+q7)

(g = Mg+ @)1 +d’ g +5¢ 3¢ + 1)

1 — — |

gg (1+q—q2)(1+q3_q4+2q5_3q6+q7)

One could also compute f% (p) and 91 (p) using (4.4) and the formulas we give for C((l—p)éi +pd1)
and C'((1 — p)5% + pd1). As a consequence, we get an explicit formula for p — C((1 — p)dy, + pd1),
for m € [4, 1] by (4.3).

Remark 4.8. By the rescaling property (1.4) and (4.3), C((1—=p)dm +pd1) =g
for all k > 2 and m € [k, k + 1].

(1=p)+m-f1(1-p)

1
k

4.3. A formula for the time constant for measures of the form v = (1 — p)dg + pdpr. One can give
an explicit formula for p — C((1 — p)dy + pd1). Dutta first found such a formula in Dutta (2020).
We give here an alternative proof of Theorem 1.10 via the coupling with the MGS with weights 0
and 1.

Proof of Theorem 1.10: By the rescaling property (1.4), it suffices to prove the result for M = 1.

We consider an MGS (A(™),,>¢ with weight sequences (X ™),>¢ with distribution v = (1—p)do +
pd1 and starting configuration A(9) = §y. Since Xi(n) € {0, 1} almost surely for all n,7 € N, it is easy
to show that )\En) € Z>p almost surely and that (4.1) still holds in this case. Therefore,

m()\(”_l), X(")) = )\gn_l) +  max Xi(n)
iEHl,Yn_l]]
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where Y3, = [{i € [1,A\F(R)] : )\Z(k) = )\gk) } for all k € Zy (see Figure 4.10 for an illustration).
Since Xi(") € {0,1} almost surely, max;cqy, Xi(n) € {0,1} and m(A(*~D), X)) = )\gn) almost
surely for all n € N. Notice that Y, = 1 if and only if the front’s position moved from time n — 1
to time n. Then, for all n € N, we obtain

AW A gy (4.5)

We consider F,, the o-algebra generated by (X (k))kgn for all n € N. Since Y,,_1 is Fp_1-
measurable, Y;,,_; and X are independent by construction. As a consequence, it is easy to show
that (Y,,)n>1 is a discrete-time Markov chain on N with transitions (p; j); jen where p; ;11 = (1—p)°
and p;1 = 1 — (1 — p)’. The result of Theorem 1.10 is trivial for p = 1. For p € (0,1), this Markov
chain is clearly irreducible. Furthermore, a distribution 7 on N is stationary if and only if

V] > 2 y TG = 7rj_1(1 —p)j'fl,
1 :Zj2177j(1_(1_p)])'

As a consequence, there is a unique stationary probability distribution 7 defined by
(1-p)®)
Yozt -p))

for all j € N. By (4.5), /\gn) = > 1y,—1. Then, by the ergodic theorem for Markov chains and
(2.1), C((1 — p)do + pd1) = 71, which completes the proof. O

j =
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