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A remark on the spectrum of sample covariance matrices
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Abstract. We study limiting spectral distributions of sample covariance matrices associated with
large isotropic random tensors generated by i.i.d. zero-mean random variables on the unit circle.
We consider the symmetric and non-symmetric random tensor models. In the non-symmetric case,
we give a short derivation of the result of Yuan (2024).

1. Introduction

For n ∈ N and [n] = {1, . . . , n}, consider a random vector x = (ξk)k∈[n] in Cn and two models:
The non-symmetric random tensor (RT) model. Let X = x1 ⊗ . . . ⊗ xd, where d ∈ N, ⊗ is the

Kronecker product, and x1, . . . ,xd are independent copies of x. By definition, X = (xi)i=(i1,...,id)∈[n]d

takes values in Cp for p = nd and has the entries

xi =

d∏
k=1

ξikk,

when xl = (ξkl)k∈[n], l ∈ [d]. We write X ∼ RT(n, d, ξ) if the entries of x are i.i.d. copies of ξ.
The symmetric random tensor (SRT) model. Let X = (xi)i={i1,...,id}⊆[n],|i|=d be a random vector

in Cp for p =
(
n
d

)
and d ⩽ n with the entries

xi =
d∏

k=1

ξik ,

here all ik’s are distinct. We write X ∼ SRT(n, d, ξ) if the entries of x are i.i.d. copies of ξ.
Recall that Z is an isotropic random vector if it has zero mean and identity covariance matrix.

The above models give isotropic X under the following assumptions: x is isotropic and X follows
the RT model, x is isotropic with independent entries and X follows the SRT model.
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Further, let {τ1, τ2, . . .} be a sequence of real numbers, and consider the matrix

Mp,q =
1

p

q∑
α=1

ταXαX
∗
α

with Xα being independent copies of an isotropic random vector X in Cp. Pajor and Pastur (2009)
considered so called good vectors X = X(p) in Cp for p ∈ N, i.e., such that

there are εp > 0, p ∈ N, such that εp = o(1) as p → ∞ and Var(X∗AX/p) ⩽ εp∥A∥2
for all p, A ∈ Cp×p, and ∥A∥ being the spectral norm of A.

They proved the following fundamental result:

Theorem 1.1 (Pajor and Pastur (2009)). Let X = X(p) ∈ Cp, p ∈ N, be good isotropic random
vectors. If q = q(p) satisfies q/p → c > 0 and

1

q

q∑
α=1

δτα → σ weakly as p → ∞,

then, with probability one, the empirical spectral distribution (ESD) of Mp,q defined by
1

p

∑
λ in the spectrum of Mp,q

δλ

weakly converges to a non-random probability measure µ that is uniquely determined by equation

S(z) = −
(
z − c

∫
R

τσ(dτ)

1 + τS(z)

)−1

for its Stieltjes transform S(z) =
∫
R µ(dλ)/(λ − z), z ∈ C, Im(z) > 0. In particular, µ is the

Marchenko-Pastur law with parameter c > 0, when τα ≡ 1 and σ = δ1.

The case τα ≡ 1 for good (not necessarily isotropic) random vectors X = X(p) ∈ Cp is studied by
Bai and Zhou (2008). The literature on limiting spectral distributions (LSD) of sample covariance
matrices obtained from a random vector with dependent entries is vast. However, to the best of our
knowledge, the most general assumptions that cover most specific data models in the literature and
guarantee the universality of LSDs are based on the idea of good vectors or its generalization (e.g.,
see Adamczak (2013), Dembczak-Kołodziejczyk and Lytova (2022), Girko and Gupta (1994), Pajor
and Pastur (2009), Yaskov (2016), Yaskov (2018a), Yaskov (2018b), among others). There are very
few examples of data models that give universal LSD with ‘bad’ vectors (see Adamczak (2011), this
case is explained in Yaskov (2024)).

Lytova (2018) (Lemma 3.3) proved that
if x = x(n) ∈ Cn, n ∈ N, are isotropic random vectors that are good w.r.t. the
sequence (εn)n∈N, then X = X(n, d) following the RT model will be good isotropic
random vectors for d = d(n) satisfying dεn = o(1) as n → ∞.

In particular, Xn ∼ RT(n, d, ξ) are good vectors if d = o(n) and Eξ = 0, E|ξ| = 1, E|ξ|4 < ∞. Thus,
Theorem 1.1 gives the LSD of Mp,q generated by this RT model under the condition d = o(n), here
p = nd. Collins et al. (2022) studied the case d/n → γ > 0, additionally assuming that all absolute
moments of ξ are finite and imposing moment conditions on τα. They derived the limiting moment
sequence of ESD of Mp,q that differed from the case d = o(n) when P(|ξ| = 1) < 1. The case
|ξ| = 1 a.s. was analyzed by Yuan (2024), who proved that the limiting moment sequence is the
same regardless of d = d(n) when d → ∞. Yuan has used the method of moments, which required
extensive computations. In this paper, we give a short derivation that Xn ∼ RT(n, d, ξ) are good
vectors when Eξ = 0 and |ξ| = 1 a.s. and d = d(n) is arbitrary. As a result, Theorem 1.1 could be
applied to get LSD for the corresponding matrix model Mp,q.
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The SRT model was studied by Bryson et al. (2021) and Yaskov (2023). In particular, it was
shown by Yaskov (2023) that

if d = d(n) ⩽ n and x = x(n) ∈ Rn, n ∈ N, have independent entries distributed as
ξ (in R) with Eξ = 0, Eξ2 = 1 > P(|ξ| = 1), Eξ4 < ∞, then the following conditions
are equivalent:
(i) Xn ∼ SRT(n, d, ξ) are good isotropic random vectors,
(ii) d = o(

√
n) as n → ∞.

Furthermore, it was proved that the condition d = o(
√
n) is also a necessary and sufficient condition

for the Marchenko-Pastur law for this SRT model (when P(|ξ| = 1) < 1). In this paper, we study the
case |ξ| = 1 a.s. and show that the condition min{d, n− d} = o(n) implies that Xn ∼ SRT(n, d, ξ)
are good vectors and, as a result, Theorem 1.1 can be applied.

The results and their proofs are presented in the next section.

2. Main results

Let us state our main result.

Proposition 2.1. Let ξ be a complex random variable with Eξ = 0 and |ξ| = 1 a.s. If d, n ∈ N,
then, for all A ∈ Cp×p,

(i) Var(X∗AX) ⩽ 2p tr(AA∗)/n when X ∼ RT(n, d, ξ) and p = nd,
(ii) Var(X∗AX) ⩽ 4p tr(AA∗)min{d, n− d}/n when X ∼ SRT(n, d, ξ) and p =

(
n
d

)
.

The proof of Proposition 2.1 is deferred to the end of this section. As follows from the proof, (i)
and (ii) hold for X = x1⊗ . . .⊗xd and X following the SRT model with x = x1, respectively, where
xj are columns of a random matrix X = (ξkl)k∈[n],l∈[d] in Cn×d such that E[ξkl|ξpq, (p, q) ̸= (i, j)] = 0
and |ξkl| = 1 a.s. for all k, l.

By Proposition 2.1 and the bound tr(AA∗) ⩽ ∥A∥2p, Xn ∼ RT(n, d, ξ) are good vectors for
arbitrary d = d(n) and zero-mean ξ with |ξ| = 1 a.s. Also, Xn ∼ SRT(n, d, ξ) are good vectors
when d = d(n) is such that min{d, n− d} = o(n) as n → ∞. So, Theorem 1.1 could be applied.

The following proposition shows the sharpness of the condition min{d, n− d} = o(n) in the case
of the SRT model.

Proposition 2.2. Let ξ be a complex random variable with Eξ = 0 and |ξ| = 1 a.s. If d = d(n) ⩽ n
and min{d, n− d} ̸= o(n) as n → ∞, then Xn ∼ SRT(n, d, ξ), n ∈ N, are not good vectors.

Let us prove Proposition 2.1 and 2.2.

Proof of Proposition 2.1. (i) Let X ∼ RT(n, d, ξ). Write X = (xi) and A = (aij), where i =

(i1, . . . , id), j = (j1, . . . , jd) run all elements of [n]d. Set |i ∩ j| =
∑d

s=1 1(is = js) and let ∆t =∑
aijx

∗
ixj1(|i ∩ j| = t) for t ∈ [d] ∪ {0}, where the sum is over all i, j. Then X∗AX =

∑d
t=0∆t,

E∆t = 0 for t < d, ∆d =
∑

aii, and

Var(X∗AX) = E
∣∣∣ d−1∑
t=0

∆t

∣∣∣2 = d−1∑
s,t=0

E∆∗
s∆t. (2.1)

We have
E∆∗

s∆t =
∑

i,j,k,l:|i∩j|=s,|k∩l|=t

a∗ijaklExix∗jx∗kxl, (2.2)

here and in what follows i = (is)
d
s=1, j = (js)

d
s=1, k = (ks)

d
s=1, l = (ls)

d
s=1 ∈ [n]d.

Let us show that E∆∗
s∆t = 0 when s ̸= t. To see that the terms |Exix∗jx∗kxl| are zero, we may

assume w.l.o.g. that s > t and i1 = j1, . . ., is = js (all other cases could be considered similarly).
As |k ∩ l| = t < s, there is a pair (kp, lp) among (k1, l1), . . . , (ks, ls) such that kp ̸= lp and either
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kp ̸= ip or lp ̸= ip, say, kp ̸= ip. Therefore, Exix∗jx∗kxl = E[(ξkpp)∗ × . . .] = 0, where everything in
. . . is independent of ξkpp.

Let us estimate E|∆t|2 for fixed t < d. By the Cauchy-Schwarz inequality,

E|∆t|2 ⩽
1

2

∑
i,j,k,l:|i∩j|=|k∩l|=t

(|aij |2 + |akl|2)|Exix∗jx∗kxl| ⩽
∑

i,j:|i∩j|=t

|aij |2
∑

k,l:|k∩l|=t

|Exix∗jx∗kxl|. (2.3)

As |Exix∗jx∗kxl| ⩽ E|xix∗jx∗kxl| ⩽ 1, the very last sum does not exceed the number of its non-zero
terms. Let us compute this number.

Recalling that |i ∩ j| = t, we may assume w.l.o.g. that is = js for s ∈ [t] and is ̸= js for
s ∈ [d] \ [t] (all other cases could be considered similarly). When Exix∗jx∗kxl ̸= 0, we necessarily
have that ks = ls for s ∈ [t] and (ks, ls) ∈ {(is, js), (js, is)} for s ∈ [d] \ [t]. So

(1) the number of possible choices of ((ks)ts=1, (ls)
t
s=1) is nt;

(2) for fixed i, j, the number of possible choices of ((ks)ds=t+1, (ls)
d
s=t+1) is 2d−t.

Therefore, for all i, j with |i ∩ j| = t,∑
k,l:|k∩l|=t

|Exix∗jx∗kxl| ⩽ nt2d−t

and

Var(X∗AX) =

d−1∑
t=0

E|∆t|2 ⩽ nd
d−1∑
t=0

( 2

n

)d−t ∑
i,j:|i∩j|=t

|aij |2 ⩽
2nd

n

d−1∑
t=0

∑
i,j:|i∩j|=t

|aij |2 ⩽ 2nd−1tr(AA∗).

(ii) Let X ∼ SRT(n, d, ξ), i.e., X = (xi)i⊆[n],|i|=d, where xi =
∏

s∈i ξs for i ⊆ [n], |i| = d and ξs,
s ∈ [n], being independent copies of ξ. Let A = (aij), where i, j run all d-element subsets of [n].
We may assume w.l.o.g. that d ⩽ n − d. Indeed, when n − d < d, we have xi = x∗[n]\ix[n] for all i
(since |ξs| = 1 a.s.) and could always write

X∗AX =
∑

i,j⊆[n]:|i|=|j|=d

aijx
∗
ixj =

∑
i,j⊆[n]:|i|=|j|=d

aijx[n]\ix
∗
[n]\j = Z∗BZ

for Z ∼ SRT(n, n − d, ξ∗) and B = (bij) ∈ Cp×p with p =
(
n
d

)
, bij = a[n]\i,[n]\j , and tr(B∗B) =

tr(A∗A).
Define i ∩ j in the standard manner and let ∆t =

∑
aijx

∗
ixj1(|i ∩ j| = t), where i, j run all

d-element subsets of [n]. In particular, ∆t is zero for all t such that n < 2(d− t) + t (if |i ∩ j| = t,
then n ⩾ |i∆j|+ |i∩ j| = 2(d− t) + t). As in the proof of (i), we have X∗AX =

∑d
t=0∆t, E∆t = 0

for t < d, ∆d =
∑

aii is constant, and

Var(X∗AX) = E
∣∣∣ d−1∑
t=0

∆t

∣∣∣2 = d−1∑
s,t=0

E∆∗
s∆t, (2.4)

where
E∆∗

s∆t =
∑

i,j,k,l:|i∩j|=s,|k∩l|=t

a∗ijaklExix∗jx∗kxl (2.5)

and here and in what follows, the sum is taken over i, j, k, l ⊆ [n] with |i| = |j| = |k| = |l| = d.
Let us show that E∆∗

s∆t = 0 when s ̸= t. To see that the terms |Exix∗jx∗kxl| are zero, we
may assume without loss of generality that s > t. In this case, there is α ∈ (k∆l) \ (i∆j) (as
|k∆l| = 2(d− t) > 2(d− s) = |i∆j|) and

Exix∗jx∗kxl = Exi\jx∗j\ix
∗
k\lxl\k =

{
E[ξα · xi\jx∗j\ix

∗
k\lxl\(k∪{α})], if α ∈ (l \ k) \ (i∆j),

E[ξ∗α · xi\jx∗j\ix
∗
k\(l∪{α})xl\k], if α ∈ (k \ l) \ (i∆j),
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here ξα (or its complex conjugate) is independent of the second factor under the above expectations,
as a result, Exix∗jx∗kxl = 0. This proves that E∆∗

s∆t = 0.
Let us estimate E|∆t|2 for fixed t < d. As in the proof of (i), by the Cauchy-Schwarz inequality,

E|∆t|2 ⩽
1

2

∑
i,j,k,l:|i∩j|=|k∩l|=t

(|aij |2 + |akl|2)|Exix∗jx∗kxl| ⩽
∑

i,j:|i∩j|=t

|aij |2
∑

k,l:|k∩l|=t

|Exix∗jx∗kxl|. (2.6)

As |Exix∗jx∗kxl| ⩽ E|xix∗jx∗kxl| ⩽ 1, the very last sum in (2.6) does not exceed the number of its
non-zero terms. Let us bound this number.

When |i ∩ j| = |k ∩ l| = t(< d) and |ξ| = 1, we see that xix
∗
j is the product of ξα, α ∈ i∆j, (or

its complex conjugate ξ∗α), similarly, x∗kxl is the product of ξα, α ∈ k∆l, (or its complex conjugate
ξ∗α). As a result, when Exix∗jx∗kxl ̸= 0, we are to have i∆j = k∆l and k ∩ l ∈ [n] \ (i∆j). Therefore,
there are no more than

(
n−2(d−t)

t

)
possible choices of k ∩ l (we have used that |i∆j| = 2(d− t));

there are no more than
(2(d−t)

d−t

)
possible choices of (k \ l, l \ k).

Thus, for all i, j with |i ∩ j| = t,∑
k,l:|k∩l|=t

|Exix∗jx∗kxl| ⩽ At =

(
2(d− t)

d− t

)(
n− 2(d− t)

t

)
1(n ⩾ 2(d− t) + t),

hereinafter the sum over the empty set iz zero. Using inequality
(
a
b

)(
c
d

)
⩽

(
a+c
b+d

)
for a ⩾ b and c ⩾ d,

we see that
At ⩽

(
n

d

)
⩽

(
n

d

)
4d

n

whenever 4d > n. Let us consider the case 4d ⩽ n. As is well known,
(
2a
a

)
⩽ 22a. Also, it follows

from t < d ⩽ n that(
n−2d+2t

t

)(
n
d

) =

(n−2d+2t)!
(n−2d+t)!

(n−d+t)!
(n−d)!

d!
t!
n!

(n−d+t)!

=
t∏

r=1

n− d− (d− t) + r

n− d+ r

d−t−1∏
m=0

d−m

n−m
⩽

⩽
d−t−1∏
m=0

d−m

n−m
=

(d
n

)d−t
d−t−1∏
m=0

1−m/d

1−m/n
⩽

(d
n

)d−t
,

where
∏t

r=1 is equal to one if t = 0. Hence, for all t ∈ [d− 1] ∪ {0} and 4d ⩽ n,

At ⩽

(
n

d

)(4d
n

)d−t
⩽

(
n

d

)
4d

n
.

Using (2.4) and the above estimates, we finally conclude that

Var(X∗AX) ⩽

(
n

d

)
4d

n

d−1∑
t=0

∑
i,j:|i∩j|=t

|aij |2 =
(
n

d

)
4d

n
tr(AA∗).

The proof of the proposition is finished. □

Proof of Proposition 2.2. Let x = (ξα)α∈[n] generates Xn ∼ SRT(n, d, ξ) for each n, where x = x(n)

and ξα = ξα(n), α ∈ [n], are independent copies of ξ. Take zero-diagonal An =
(
aij

)
i,j⊆[n],|i|=|j|=d

with aij = aij(n) = 1((i, j) ∈ Sn) and

Sn = {(i, j) : i, j ⊆ [n], |i| = |j| = d, |i ∩ j| = d− 1, i∆j = {1, 2}}.
By definition, An is symmetric and for each i with |{1, 2} ∩ i| = 1, there is only one j such that
|{1, 2}∩j| = 1 and aij = 1 (such j will be not equal to i as A is zero-diagonal and aii = 0 ̸= 1 = aij).
Therefore, the submatrix

Ān = (aij)i,j⊆[n],|{1,2}∩i|=|{1,2}∩j|=1,|i|=|j|=d
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is the permutation matrix and ∥Ān∥ = 1. As aij = 0 when aij is not an element of Ān, we have
∥An∥ = ∥Ān∥ = 1. Also, if (i, j) ∈ Sn and ι = i∩ j, then |ι| = d− 1 and either 1 ∈ i, 2 ∈ j or 2 ∈ i,
1 ∈ j. Therefore,

Var(X∗
nAnXn) =

∑
i,j,k,l:(i,j),(k,l)∈Sn

Exix∗jx∗kxl

=
∑

ι,κ⊆[n]\{1,2},|ι|=|κ|=d−1

(Eξ1ξ∗2ξ∗1ξ2 + Eξ1ξ∗2ξ∗2ξ1 + Eξ2ξ∗1ξ∗2ξ1 + Eξ2ξ∗1ξ∗1ξ2)

=
∑

ι,κ⊆[n]\{1,2},|ι|=|κ|=d−1

(2 + 2|Eξ2|) ⩾ 2
( ∑

ι⊆[n]\{1,2},|ι|=d−1

1
)2

= 2

(
n− 2

d− 1

)2

and (
n− 2

d− 1

)2

=

(
n

d

)2(d(n− d)

n(n− 1)

)2

.

This proves that Var(X∗
nAnXn/

(
n
d

)
) ̸= o(1) when min{d, n− d} ̸= o(n).

□
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