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Abstract. We consider a last progeny modified branching random walk, in which the position
of each particle at the last generation n is modified by an i.i.d. copy of a random variable Y.
Depending on the asymptotic properties of the tail of Y, we describe the asymptotic behaviour of
the extremal process of this model as n — oo.

1. Introduction

Branching random walk (or BRW for short) is a particle system on the real line constructed as
follows. It starts from a single particle at position 0 forming the initial generation 0 of the process.
Fach particle reproduces independently of all others by creating an identically distributed point
process of children around its position. We denote by U the set of particles in the branching random
walk. For all u € U, we write S,, for the position of particle u, |u| for the generation to which it
belongs and uy for the ancestor of u alive at generation k < |u|. We only consider in the present
article supercritical branching random walks, satisfying the assumption

E[#{uvel:|ul=1}] > 1. (1.1)
Under this condition, the BRW survives forever with positive probability, or in other words
P#{ueld:|u/=n}>0 VYn>0)>0.

Note that we do not make any assumption on the finiteness of #{u € U : |u| = 1}, the random
variable corresponding to the number of children of a given individual.
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For all > 0, we denote by x(0) = logE [szl eeS“} € (—o0, 00] the log-Laplace transform of
(the intensity measure of the reproduction law of) the BRW. Assuming that x(6) < oo, we write

K(O)=E | Syesr)

ful=1

whenever this integral is well-defined, irrespectively of the well-definition of x in a neighbourhood
of 0. If k/(#) is well-defined, we also write

K'(0) = E

> (Su - H'(e))%esu—ﬂ(")] € [0, 00].

lul=1

By Hélder’s inequality, one immediately remarks that x is convex, therefore {# € R : k(0) < oo}
forms an interval. Moreover, by Lebesgue’s dominated convergence theorem, it is straightforward
to verify that x’(0) and £ (#) indeed correspond to the first and second derivative of « for € in the
interior of that interval. We also remark that x”(f) = 0 implies that almost surely, all particles in
the first generation have the same position. We bar this degenerate situation from consideration
by always assuming throughout this article that

Ve eR, PEuel:|u=1,S,#z)>0. (1.2)

Branching random walks have been the subject of a large and still expanding literature. One of
the most studied features of this model is the asymptotic behaviour of the position of particles at
the right tip of the BRW. Biggins (1976) proved that the maximal displacement M,, := max,|—y, Sy

satisfies
M, k(0
lim — = v := inf Q a.s. on the survival event of the BRW,
n—oo n, 6>0

as long as there exists § > 0 such that k(0) < co. Addario-Berry and Reed (2009) (see also Bramson
and Zeitouni, 2009) showed that if there exists §p > 0 such that

90/@’(90) — K(@o) = 0, (1.3)

and additional integrability conditions hold, then setting m,, := nv — % log n, the sequence (M, —
my,) is tight, although Hu and Shi (2009) proved that this sequence exhibits almost sure fluctuations
on a logarithmic scale. Aidékon (2013) proved the convergence in distribution of the centred
maximal displacement under close to optimal integrability conditions for a BRW satisfying (1.3).

In order to study the joint convergence in distribution of the first few rightmost particles, one
can consider the so-called extremal process of the BRW, defined as

Zy = T—m, Xn,

where X, = Z|u|:n dg, is the empirical measure of the BRW and 7, is the operator corresponding to
a shift by x of the point measure. Madaule (2017) proved that under mild conditions, the extremal
process Z, of the BRW converges in law for the topology of vague convergence of point measure
to a limiting decorated Cox process Z,. We refer to Shi (2015) for an overview of branching
random walks, and to Maillard and Mallein (2021) and Subag and Zeitouni (2015) for background
on decorated Cox processes and their connections with branching particle systems.

In this article, we are interested in the last progeny modified BRW, introduced by Bandyopadhyay
and Ghosh (2025), which can be constructed as follows: Let v be a probability measure on R and
(Yy,u € U) be a collection of i.i.d. random variables of law v, which are independent of the BRW.
This model is the family of point measures defined for n > 0 by

En=> 05,4Y.-

lul=n
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In other words, in the process &,, the positions of particles at the last step n in the BRW are
modified by the i.i.d. random variables (Y,,|u| = n). This can be seen as a noisy observation of
the positions of particles in the branching random walk.

Bandyopadhyay and Ghosh (2025) considered a last progeny modified BRW with perturbation
law v given by the Gumbel law of parameter 1/6. Assuming that 6x’(6) — x(6) < 0, they showed
that

nh_)ngo Tomn(0&n =Yg  in law for the topology of vague convergence, (1.4)
with )V a random point measure. On the one hand, if x'(0) — k(0) < 0, then m,,(0) = n@ and
the limiting point measure )y is a Cox process (i.e. a Poisson point process with a random intensity
measure) with intensity 0Ws(6)e=% dz. On the other hand, if 6x'() — k() = 0, (1.4) holds with
mu(0) = nk'(0) — % logn and )Yy a Cox process with intensity 1/%,(g)GZooe_al’ dz. Here, W (0)
and Z., are the almost sure limits of the additive martingale (W, (0),n > 0) and the derivative
martingale (Z,,n > 0), as defined in (1.6) and (1.9), respectively. These results were extended by
Kowalski (2024), who studied the asymptotic behaviour of the position of the right-most atom in
the last progeny modified BRW for v belonging to a larger class of probability distributions.

The main objective of the present article is to study the asymptotic behaviour of the full extremal
process &, as n — 0o, assuming that the tail of the law v is exponential, more precisely that there
exists # > 0 and a regularly varying function L such that

v([z,00)) ~ L(z)e ™ as z — . (1.5)

Let us recall that a function L is called regularly varying at oo with parameter a € R if for all A > 0,
we have
L(A\x)
im =
A function is called regularly varying at oo if there exists such a parameter a. We refer to the book
by Bingham et al. (1987) for background on regularly varying functions.

We endow the set of point measures on R with the topology of vague convergence. For 1 a Radon
measure on R and @ a non-negative random variable, we denote by PPP(Qu) a Cox process with
intensity Qu on R, i.e., conditionally on @, a Poisson point process with intensity Qu.

We show in this article that the asymptotic behaviour of &, is mainly predicted by the parameter 8
in (1.5). More precisely, it satisfies a different asymptotic depending on whether 6 < 6y, 6 = 6,
or 6 > 6y with 6y the critical parameter of the BRW defined in (1.3). We refer to these three
asymptotic regimes as subcritical, critical and supercritical, respectively, and we present our main
results in each of these three regimes in the next three sections. We end the introduction with an
heuristic explanation for our results.

[0}

Remark 1.1. Aiming for generality of our results, we do not wish to work under the assumption
that the parameter 0y exists except if necessary. However, by strict convexity of x, we remark that
0 — 0r'(0) — k() is increasing whenever it is well-defined. Therefore, we will determine if the last
progeny modified BRW is in the subcritical, critical or supercritical regime by observing the sign

of 6x'(0) — k().

1.1. Extremal process in the subcritical regime. Let v be a probability distribution satisfying (1.5)
and S a BRW such that k() < oo. In the subcritical regime, we claim that the asymptotic
behaviour of &, can be described using the so-called additive martingale of the BRW, defined as
follows:

Wa(0) = > efSumns@), (1.6)

|ul=n
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It is immediate from its definition that (W, (0),n > 0) is a non-negative martingale, therefore
converges almost surely to a limit W (6). Assuming that «/(6) is well-defined, Biggins (1977)
obtained a necessary and sufficient condition for its uniform integrability (with an alternative proof
by Lyons, 1997 based on a spine decomposition argument). More precisely, if £'(6) is well-defined,
then the martingale (W,,(0),n > 0) is uniformly integrable if and only if

0r'(0) — k(0) < 0 and E [Wy(0)log, W1(6)] < oo, (1.7)

where log, (z) = logmax(x,1). If (1.7) does not hold, then W () = 0 a.s. This result was
extended by Alsmeyer and Tksanov (2009), who obtained a necessary and sufficient condition for
the uniform integrability of (W,,(8),n > 0) regardless of the well-definition of x’(6).

For the last progeny modified BRW, we show that the asymptotic behaviour of its extremal
process is in the subcritical regime whenever (W,,(6),n > 0) is uniformly integrable, i.e., as soon as
the conditions of Alsmeyer and Iksanov are satisfied. However, the more restrictive condition (1.7)
allows us to work with a larger class of perturbation distribution v. We therefore state two versions
of our results in the subcritical regime, the first one holding under minimal conditions on the BRW
but with stronger assumptions on v, the second under minimal conditions for the law v but with
the more restrictive conditions on the BRW.

We first consider a BRW satisfying the assumptions of Alsmeyer and ITksanov (2009, Theorem 1.3)
and a perturbation distribution v having an exact exponential tail.

Theorem 1.2. Let 6 > 0 such that k() < oco. We assume that (W,(0),n > 0) is uniformly
integrable. Let v be a probability distribution on R such that there exists a constant L € (0,00)
satisfying

v([z,00)) ~ Le™ %  as  — oco. (1.8)
Then, writing
0 1
My = nﬁ(g) + glogL,

the extremal process T_p, E, converges in law to a PPP(0Ws(0)e™% dx).
Next, we consider a BRW satisfying (1.7) and a perturbation distribution v satisfying (1.5).

Theorem 1.3. Let 6 > 0 such that k(0) < oco. We assume that there exists § > 0 such that
Kk(0+06)+ k(0 —0) < 0o and that (1.7) holds. Let v be a probability distribution on R satisfying (1.5)
with a regularly varying function L of index . Then, writing

My = nm(:) + %log L(n) and ¢ = (K'Jgg) - n’(é’))a,

the extremal process T_p, Ey, converges in law to a PPP(ci0Wx(0)e™%% dz).

Noting that a constant is a regularly varying function of index 0, we see that these two statements
are consistent. Theorem 1.2 corresponds to the case « = 0 and ¢; = 1; however, for its conclusion
to hold, it is not necessary to assume that « is finite at any point other than 6, or that x’(8) > —oo,
unlike in Theorem 1.3. The conditions we worked under in these results were chosen to obtain an
explicit centring sequence (m,). However, we believe that it is a generic result in the subcritical
regime that there will exist a centring sequence such that 7_,,, &, converges in law to a Poisson
point process with intensity W, (8)e %%dz.

1.2. Extremal process in the critical regime. Let S be a BRW, we assume that there exists 6y > 0
such that (1.3) holds, and that v satisfies (1.5) with § = 6y. We refer to this situation as the
critical regime. We observe that the martingale (W, (6y),n > 0) converges to 0 almost surely, by
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the previously mentioned result of Biggins. However, the so-called derivative martingale defined
for n > 0 by

Dy i= Z (nk'(00) — Su)eGOS“_”“(HO) (1.9)

lu|=n

works as a good replacement for this martingale. Immediate computations show that (Z,,n > 0)
is a signed martingale, which is generally not uniformly integrable. Assuming that x”(0) < oo,
Aidékon (2013) obtained necessary condition that Chen (2015) proved to be sufficient for the
convergence of Z,, to an a.s. non-negative non-degenerate limit Z,,. This necessary and sufficient
condition is

E [W1(6)(log Wi(60))?] + B [W1log, (Wh)] < oo, (1.10)

where W = Pjul=1 (K" (0o) — Sy) 4 ef0Su=r0) and z, = max(z,0).

Under these conditions, as well as a slightly more stringent condition on the tail of v, we obtain a
similar result to the subcritical regime, with Z, playing the role of W, (6), and a modified centring
term for the extremal process.

Theorem 1.4. Let 6 > 0 such that k() < co and k" (0) < co. We assume that
0k’ (0) — k() = 0,

i.e., 0 = 0y and that (1.10) holds. Let v be a probability distribution on R such that there exists a
reqularly varying function L at oo with index o € (—2,0) satisfying (1.5). Then, writing

1 1
6 6

2 a
log L (v/n) — 2*9108% and c3 = 7 (0) (26"(0))2 T (g + 1) ,

the extremal process T_m,, En converges in law to a PPP(CQGZOOe_ez dz).

Remark 1.5. Theorem 1.4 also holds assuming that v satisfies (1.5) with L a positive constant, using
the same proof techniques as the ones we develop below. This result therefore extends the previous
estimate of Bandyopadhyay and Ghosh (2025) for v a Gumbel distribution with parameter %.

Remark 1.6. We believe that up to adding a stronger integrability condition on the reproduction
law of the BRW, one could prove a result similar to Theorem 1.4 assuming that v satisfies (1.5) with
L a regularly varying function with parameter o > 0. However, we predict a sharp phase correction
around o = —2, and that the limiting extremal process should resemble the one obtained in the
supercritical regime if @ < —2.

1.3. Extremal process in the supercritical regime. We finally turn to the case of perturbation law
v satisfying (1.5) with 6 > 6y. In this situation, the perturbation has such strong tails that its
asymptotic behaviour can be deduced from the asymptotic behaviour of Z,,, the extremal process of
the BRW. As a result, we consider here a BRW satisfying the assumptions used by Madaule (2017)
to prove the convergence of Z,,. These conditions include notably (1.10). In this situation, it will

be sufficient for the tail of v to be light enough for the convergence of &, to hold.

Theorem 1.7. We assume that the reproduction law of the BRW is non-lattice, and there exists
0o > 0 satisfying (1.3). We assume that " (6y) < oo and that (1.10) holds. Let v be a probability
measure such that there exist C > 0 and 0 > 0y verifying

v([z,00)) < Ce™% for xz € R. (1.11)
Then, writing

mp = nk' () — ;;0 logn,
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the extremal process T_y,, E, converges in law to

> beiv (112)

1€N

where (z;,i € N) are the atoms of the limiting extremal process 2o, of the BRW and (Y;) is an
independent sequence of i.1.d. variables with law v.

1.4. Heuristics for our results. The asymptotic behaviour of &, can be explained by observing the
distribution of particles at the nth generation of the BRW. We assume here that «(#) is finite for
all # > 0, and that there exists 6y satisfying (1.3). In this situation, for all § < 6y it is well-known
that the contributions to the value of the martingale W,,(6) are mostly supported by particles in a
neighbourhood of nx’(#). Otherwise stated, there are at time n approximately Wi, (8)e~™(0%'(0)=r(0))
particles to the neighbourhood of nk’(#). Moreover, with high probability, there is no particle to
the right of nx'(6p).

Let us now estimate the maximal position reached by S, +Y,, by a particle u such that S, is close
to nk’(f). Under the assumption that v has an exponential tail with parameter 9, we know that
the maximum of N independent copies of Y will be close to IO%N . Therefore, we expect particles
in a neighbourhood of nx’(#) to create a cloud of perturbed observations with the furthest point
being found around

n | 6) + 5 (5(6) — 0s'(68))| +  log Wi (6).
Differentiating the linearly growing term with respect to 8, we obtain " (6)(1 —6/19), therefore this
quantity will be maximal, for large n, when 6 = min(4, 6).

When 9 < 6y, the extremal process &, is thus obtained by generating a large number of i.i.d.
copies of Y. As a result, this extremal process, centred by nk(1) /9 will converge to a Poisson point
process with intensity Ye~Y% dz, shifted by %log W (9) to take into account the exact number of
random variables. This corresponds to the situation described in Theorems 1.2 and 1.3.

When 9 > 6, then the maximum of the last progeny modified BRW is generated by one of the
leading particles, in a neighbourhood of nx'(6p). This explains the shape of the limiting extremal
process in the supercritical regime, which is obtained by perturbing the limiting extremal process
of the BRW. In Theorem 1.7, the tail of the perturbations is so thin that only particles very close
to the edge create a large perturbation, which yields the natural form of the limiting extremal
process, obtained by perturbing the limiting extremal process of the original BRW with i.i.d.
random variables. In Theorem 1.4, the main contribution near the tip of £, comes from particles
at distance ©(y/n) from the leading edge of the BRW, which are counted using the derivative
martingale of the BRW. This explains the extremal process, given by a Poisson point process with
exponential intensity, shifted by % log Z, instead of % log Weo (), and the apparition of L(y/n)
in the centring term m,,, as the typical perturbations observed at generation n make jumps of that
size z € ©(y/n), with probability approximately L(z)e™*.

Our proof techniques consist in validating this heuristic computation, by identifying the set of
particles in the BRW that contribute to the generation of the tip of the point measure &,, then
carefully proving the convergence towards the identified extremal process.

1.5. Organization of the article. We introduce in the next section some estimates that allow us to
study the Laplace transform of £,. We then use the convergence of this Laplace transform to prove
our main theorems in Section 3.
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2. Laplace transform of the last progeny modified branching random walk

To prove the convergence in distribution of 7_,,, &, to a limiting point measure Z in law for the
topology of vague convergence, it is sufficient to show that for any continuous compactly supported
function ¢, we have

lim (17—, En, @) = (Z,¢) in law,

n—oo
where we write (X, ) = [ dX. As a result, it is sufficient to prove the convergence of the Laplace
transform of 7_,,, &, defined as

o €T = Elexp (—(T—m, En )] s

where 7T is the set of all non-negative continuous compactly supported functions, i.e., to show that
for each ¢ € T, we have

Jim E [exp (—(7—m,,&n, )] = E[exp (—(Z, ¢))]. (2.1)
In the rest of the section, we introduce some methods and results allowing to study this Laplace
transform.
Let z € R and n € N. Using the independence between (Y,,u € U) and the BRW, we observe
that

E [exp (—=(72&n, )] = E = Eexp (= (72X, 9,))] (2.2)

exp (— Z go(x + Su))

|u|=n

where we have set
Jp 1 T+ — log/e_W(“'y) v(dy),

and we recall that X, is the counting measure of the BRW at time n.

Applying Madaule’s theorem (Madaule, 2017) to (2.2) yields Theorem 1.7 (see Section 3.3). To
prove Theorems 1.2, 1.3, and 1.4, we first show that M, — m, converges to —oo in probability,
where we recall that M, := max,—, Sy (with m, as defined in each theorem), and then study
the asymptotic behaviour of g,(z) as © — —oo. Let us first state the following generic lemma for
BRW, which follows from Shi (2015, Lemma 3.1), using the transformation x — —6fz + k() on the
underlying point process.

Lemma 2.1. If k(0) < oo, then lim,_,o M, — nk(0) = —c0 a.s.

Lemma 2.1 is enough to conclude that M,, — m,, — —oo under the assumptions of Theorems 1.2
and 1.3. To obtain a similar result under the assumptions of Theorem 1.4, we use the tightness of

3
M, —nx'(0) + = logn,
which was proved in Mallein (2016) under the assumptions’ of Theorem 1.4. Using the above
observations, the asymptotic behaviour of the Laplace transform of &, as n — oo can be obtained
by studying the asymptotic behaviour of g, under assumption (1.5) as x — —o0.

Lemma 2.2. Let v be a probability distribution satisfying (1.5). For all p € T, we have

67993 0
; -~ _ —0z(1 _ o—p(2)
xll}liﬂoo L(_x)g¢(x) /9e (1—e )dz.

Proof: Let ¢ € T. We observe that we can rewrite
go(z) = —log <1 - / 1 — e #(zt2) V(dz)) ,

1By Aidékon (2013, Equation (B.1)), if £”(6o) < oo then (1.10) implies Mallein (2016, Equation (1.4)).
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and that y — 1 — e ¢ is continuous and compactly supported, i.e., an element of 7. By the
dominated convergence theorem, we have that

lim /1 — e ) p(dz) = 0,
T——00
which implies

gp(x) ~ /1 —e P y(dz)  as z — —o0.

Therefore, it is enough to show that
—0x
. e _ —0z
lm / Tyt v(de) = / fe= %2y (z) dz (2:3)

for all ¢ € T to prove Lemma 2.2. Using (1.5) together with the Uniform Convergence Theorem
(Bingham et al.,; 1987, Theorem 1.5.2), we observe that for all a < b,

e—@a:

xgrfloo L(—x)

v(la—z,b—x))

a— e@(a—m) —r e@(b—ac)
= Hm <eea LL((—x)) La—oy e 7)) - eebLL(l()—x)) oo == OO”)

b
_ o0 _ o—0b _ / fe0= dz,
a

from which we deduce (2.3) by approaching ¢ by a family of stair functions, thereby completing
the proof. O

To simplify the notation, in the rest of the article, we write for all ¢ € T and 8 > 0
cpo(0) = /Ge_ez(l —e )y dz.

We can then restate Lemma 2.2 as g, () ~ cy(0)L(—x)e? as 2 — —oo under assumption (1.5).
Similarly to Lemma 2.2, we observe that an upper bound for the right tail of v implies a similar
upper bound for g, as x — —oo.

Lemma 2.3. Let v be a probability distribution satisfying (1.11). For all ¢ € T, there exists C' > 0
such that for all x € R,
gp(z) < O™

Proof: Let ¢ € T, as ¢ is compactly supported, there exists B > 0 such that ¢(z) = 0 for all
z < —B. Therefore,

e 9(@) = /e*W(HZ) v(dz) > v((—o0, —z — B)) > 1 — CeP@+B),

As a result, we deduce that

lim sup e_eﬂ”gw(az) < lim —e % log (1 — Cee(”B)) = CefB.

oo pra—
Using that g, is bounded, the proof is now complete. O
To complete the proofs of Theorems 1.2, 1.3 and 1.4, it will be enough to show that
Z 9o (Su — my) converges in probability,

lul=n
and to identify its limit. This is mainly done using the so-called many-to-one lemma (see Shi, 2015,
Theorem 1.1), that we now state.
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Lemma 2.4. Let 0 > 0 such that x(0) < oco. There exists a random walk (T,,n > 0) such that for
all measurable non-negative function f, we have

E ZeGSu—nm(Q)f(Sm"“’Sun) :E[f(Tl""’Tn)]'

|ul=n

Moreover, E[T1] = £/(6) whenever this quantity is well-defined.

3. Proof of the theorems

We prove in this section our main theorems. We first consider the asymptotic behaviour of &,
below the boundary case, i.e., when 6 < 6, assuming that this quantity is well-defined. We then
turn to the proof of Theorem 1.4, i.e., assuming that # = 6y. Finally, we prove Theorem 1.7 in
Section 3.3.

3.1. BRW below the boundary case. In this section, 6 is a fixed positive constant, and we assume
that k(f) < oo and (W,,(0),n > 0) is uniformly integrable. We denote by W, (6) = lim,,—oc Wy, (0)
the almost sure limit of this martingale. We start by proving Theorem 1.2.

Proof of Theorem 1.2: Let ¢ € T, using Lemma 2.2, under assumption (1.8), for all € > 0, there
exists A > 0 such that for all x < —A, we have

‘g¢(x) — ¢, () Le| < eef?. (3.1)

Observe that for all a,b > 0, we have [e™® —e™%| < |a — b| A 1 using that exp is 1-Lipschitz on R_.
Therefore,

E He—w,mnxn,gcp) _ e—w(e)wn(e)u < E[[(T—mp Xy 90) — co(O)Wi(0)| A 1]

M],

where hy, (1) = gy(7) — cp(0)Le?®, using that e~ = L=le™™%(0), By (3.1), we have

SE || he(Sy—my)

lul=n

lu|l=n

Lent, <mp—A)

A 1] < eL 'E[W,(0)],

hence
E [|e=(m o) — omeeOWn)]] < o714 P(M, > my, - A).

Letting n — oo and then ¢ | 0, we conclude, by first using Lemma 2.1 and then using Lebesgue’s
dominated convergence theorem and (2.2), that

—C e w—nk(0)
lim E [e*@'—mngnv@} — lim E |:e W(H)ZW‘:»,L o8 8:|

n—o0 n—oo

_E [exp (—WOO(H) / fo02(1 — o—#()) dz)] .

To complete the proof, it is then enough to observe that this limit is the Laplace transform of the
PPP(0Wa (0)e %% dz). O

Theorem 1.3 follows from very similar computations. We use the extra integrability condition
k(0 + ) < oo to guarantee that under our stated assumptions, M, — m, almost surely decays
linearly, and the condition k(6 — §) < oo to control the contributions of particles far from position
My,
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Proof of Theorem 1.3: We compute the asymptotic behaviour of the Laplace transform of 7_,,, &,
using similar computations as for the proof of Theorem 1.2. We recall that for all ¢ € T, we have

exp ( > 9o(Su—mny )] :
|ul=n

and that ¢; = (@ — /i’(@))a. Let n > 0 such that 4n < # — k/(0). Using Lemma 2.2 and the
regular variations of L at oo, we deduce that almost surely, for all n large enough,

(1= Zam)“lercp(0) Y- " Oy, o) <nm

€1
ul=n

Z — M) L (15, —nw! (6)] <nm}

E [exp (—(T—m,.&n, )] =

< (1 - 01%77) |a‘clc<p(9) Z eesu_nn(e)1{|Su—nn’(9)|§nn}'

! ful=n

Here we use the Uniform Convergence Theorem (Bingham et al., 1987, Theorem 1.5.2), which states
L(xz) _

that lim, .o L(( ;= A% holds uniformly on compact subsets of (0,00). Note that there exists r > 0
so that
[(1- C}%n)'a‘, (1- Ci%n)“o"] C[1—rn, 1+ ry).
Using Lemma 2.4, together with the law of large numbers for the random walk (7},,n > 0), w
observe that

lim E
n—oo n—oo

ul=n

S IS Oy g )|>nn}] = lim P (|T;,, — E[T},]| > nn) = 0. (3.2)

Consequently, using the a.s. convergence of W, (0) to W (6), we deduce that

nh_)ngo Z e0Su~ "”(a)ﬂﬂsu i (8)|<nny = Weo(f)  in probability.
ul=n

Hence, we conclude that

g

converges to 0 as n — oo. In order to show that 3, _,, gp(Su — mn) converges to cicy,(0)Woo(0)
in probability and complete the proof of Theorem 1.3, we now show that

Z g@(su - mn)ﬂ{\Su—nn’(e)\gnn}_ CICLP(H)WOO(Q)

ful=n

> rneicy(0)Weo («9))

nh_}rglo Z 9o (Su — mn) L5, —nw(6)|>npy = 0 in probability. (3.3)

ful=n

On the one hand, using that ¥ ~ x(¢9) is C? on (6 — 6,0 + §), and that 0x'(0) — x(0) < 0, we
observe that x(19)/9 is decreasing on [6, 60 + 0] for sufficiently small §, which implies ”(9) > %.
Hence, by Lemma 2.1, there exists € > 0 such that
lim M, —n (FJ(Q) — z-:) = —00 a.s.

n—o0 )
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As log L(n)/n — 0 as n — oo, we conclude that almost surely, for all n large enough, M,, — m,, <
—en/2. Therefore, almost surely, for n large enough

Z gs&(su - mn):ﬂ-{Su—nn’(G)>m7}

|lul=n
= Z g@(Su - mn)]l{Su—nﬁ’(9)>nn,3u—mn<—n£/2}
|lul=n
GGSufn/i(G)
< 264,0(9) Z L(mn - Su)Tn)]l{Su—nn’(0)>nn75u—mn<—n8/2}-

Therefore, using again the Uniform Convergence Theorem (Bingham et al., 1987, Theorem 1.5.2),
there exists a constant C' depending on € and 7 such that almost surely, for all n large enough

Z gga — Mn ﬂ{Su nk/(0)>nn} <C Z e@Su (0 ):H'{Su nk'(9)>nn}-

lul=n |u[=n

This, together with (3.2), implies that

nll%lz 9o (Su = mn) (s, —nw(6)>nyy = 0  in probability. (3.4)

With similar computations, we observe that for all B > 0, we have
nh—>ngo Z g¢(Su — mn)l{su,nﬁ/(9)<,nn}]l{su,mn>,n3} =0 in probability. (3.5)

lul=n

On the other hand, using that lim, ., 2~ !log L(z) = 0, we observe that for all z large enough,
we have

go(—x) < 2¢,(0)L(x)e % < de,y(0)e™0—0/D)2,
Therefore, for all n large enough, we have

Z ggo — Mnp H{S —mn<—nB} < 46@(9) Z e(0_5/2)(Su_m")ﬂ{Su—mn<—nB}

lul=n |ul=n

< 4C¢(9)Wn(9 _ 5)e”“(9*5)*(9*5)mnf§nB/2‘
Using that W, (6 — 0) converges almost surely, we observe that for B large enough, we have

nlggo IZ_ 9o (Su — mn)lis, —m,<—npy =0 in probability. (3.6)

Consequently, combining (3.4), (3.5) and (3.6), we get (3.3), which implies

nhﬁnolo Z 9o (Su —my) = c1c,(0)Weo(0)  in probability.

Using the dominated convergence theorem together with (2.2), we conclude that for all ¢ € T,

lim B e~ (0] = B [exp (—e1 Wao(0)c, ()]

n—oo

We can now complete the proof, observing that the right-hand side is the Laplace transform of the
PPP(c10Wa (0)e %% dx). O
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3.2. BRW in the boundary case. We turn in this section to the proof of Theorem 1.4. The proof
follows a similar scheme as the one used above, with the added introduction of a shaving procedure.
More precisely, for all A > 0, we set

Gn(A)={uel:|ul=n, Sy, <k'(§)+A Vk<n},

the set of particles that stayed at all times below the line 2 — zx/(0) + A. Using that lim, .o M, —
nk'(6) = —oco a.s. we observe that almost surely, for A large enough, we have G, (A4) = {u € U :
|u| = n}. In other words, writing

S84 := {sup M,, — nx'(0) < A},
neN

we observe that on the event S4, we have G,(A) = {u € U : |u|] = n} for all n € N, and that
limg 00 P(S4) = 1.

As a first step towards the proof of Theorem 1.4, we show that no particle in G,(A) above
position m,, — en'/? contributes to the extremal process with high probability, as soon as € > 0 is

small enough.

Lemma 3.1. Under the conditions and notation of Theorem 1./, for all B > 0, we have

limlimsupP(3u € U : |u| =n, Sy, > m, —z—:nl/Q,Su +Y,>m,—B)=0.

el0 n—oo

Proof: We first recall from Mallein (2016, Theorem 1.1), that

lim lim sup P(M,, > nx'(6) — 3 logn + 5*1) =0.
el0 n—oo 20

Letting a,, = § (logn + log L (v/n)), we can rewrite this as

lim lim sup P(M,, > m,, — a,, + 5_1) =0.
el0 n—oo

Moreover, we have limg_,o, P(S4) = 1. Therefore it is enough to prove that for all A > 0 large
enough,

Sy, +Y,>m, — B (3.7)

_ -1 12
lim lim sup P (Elu € Gn(A): My = Sy € lan — e, en’/7], ) =0.
el0 n—oo

Using the Markov inequality, we have

P (Eu € Gn(A) :my, — Sy € [ay, — 6_1,6n1/2],5u +Y,>m, — B)

é E Z Il{mn—SuE[an—a*1,5n1/2]}l/([mn - B - Su, OO))
u€Gn(A)
S 2 E Z l{m”_STLE[an—571,€n1/2]}L(mn - Su)ee(S“+B_m”):|
u€Gn (A)

for all n large enough, where we used the independence between Y and S, and the fact that a,, — oo,
therefore we can apply (1.5) to m, —S,.
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We then use the formula of m,, and the many-to-one lemma to compute

E

Z ﬂ{mn*Sue[anfs—l75n1/2]}L(mn - Su)e9(5umn)]
UEG (A)

> L(mn — Su) g5, —nr(0)

_ . 1/2
= 2R L(nl/Z) e H{mnsue[ang—l75nl/2]}]

u€Gy (A)

Ly, —T),)
— 1/2 “\'m TnJ ~ ~
=n E [ L(nl/Q) ]l{fr\zn—TnE[an—a1,6n1/2],—Tj2—A,j§n}‘| ’

where Ty, = T}, — kr'(6) and 7, = my, — nk'(6). Let p € (0, + 2), we define £ : z — 2#~*L(z).
Observe that £ is a regularly varying function at co with index p > 0. Therefore, by the Uniform
Convergence Theorem (Bingham et al.; 1987, Theorem 1.5.2), for all 6 > 0, there exists Ns such
that for all x > Ng,

’L()\l’)
L(x)

L£(Ax)
@

al — ya=p

<IN for all X € (0, 2¢].

As a result, for all n large enough, we have

L(y, —Ty) R R
L(nl/Q) {fﬁn7Tn€[an75—1,sn1/2],7TjzfA,jgn}

~ j% o
My — 4n
=F (W) l{m—ﬁe[an—eaanlﬂl,—ﬁz—f“’jf”}]
A
mn - TTL
+ 5E (W) :H-{;;Lnan[ansl’Enl/szjzA’jgn}] '

We now compute this quantity using the ballot theorem to the centred random walk (—f n) with
finite variance.

Using e.g. Aidékon and Shi (2010, Lemma 4.1), there exist C' > 0 and h > 0 such that for all
n €N, a>0andb> —a, we have

1/2 1/2
P(-T, c [b,b+h],—TjZ—a,jén)§0<(a+1)/\n ) (la +b+ D An)

372
Let v € (—2,0). For all n large enough, we have
. ~\7
E |:(mn - Tn) H{ﬁmn—fne[an—a1,€n1/2},—@>—A,j<n}}

(5n1/2/h—|

< Y (k) P(iv, — Tn € [kh, (k+ 1)h], ~T; > —A,j <n)

k=1
[6n1/2/h-|
Ch7(A+1)
S ]; kKY(A+ kh+ C'logn+1)
n1/2/h-|

2Ch7(A 4 1)2 ¢
n3/2) kzl k" (kh + C'logn),



38 Partha Pratim Ghosh and Bastien Mallein

where C” is chosen so that |m,| < C'logn for all n large enough. Decomposing this sum for
k <logn and k > logn, we obtain, for n large enough

5T\ ~ .
E (mn Tn) :H'{T/T\LnTnG[anE_l’Enl/z]vTj>A7j<n}:|

2Ch’7(A—{—]_)2(C/+h) (snl/Q/h—|
< 372 (logn)7 2 + Z g+
n3/ .
=[logn]

K, K’
42 Y o v+2, /241
< 32 (logn)7™< + n3/26 n ,

for some K, Kﬁy > 0 since v+ 1 > —1. As a result, letting n — oo, we obtain

: My — Sy € a, — e en!/?),
hgl_)SgpP (Elu €Gn(A): S LY. >m B

L(iy, — T,
< 2¢7B lim sup n'/?E l(mnn)

s Tni/2) M{n—Thelan—etent/2] T2 Ag<n)

< 2e"PK et 4+ 2e"P5 K], 212
Using that o > a — p > —2, we conclude that (3.7) holds, which completes the proof. ([l
We now turn to the proof of Theorem 1.4.

Proof of Theorem 1./: For any n € N and € > 0, we write

gr(f) = Z 5Su+Yu]l{su§mnfsn1/2}'

lul=n

Using Lemma 3.1, together with the inequality e —e™?| < |a—b| A1, we observe that for all p € T,

e(e)
lim sup lim sup ‘E {e_<7*m”5"’@>} —-E [e_<7m”5" "p)] ‘ (3.8)

E\LO n—oo

<limlimsup E

el0 n—oo

( > o(Su+Yy— mn)ﬂ{su>mn_m1/2}) A 1] =0. (3.9)

|ul=n

. . . gle) . . c
It is therefore enough to study the asymptotic behaviour of E [e*“—mn‘gn ’5">] to identify the limiting

distribution of 7, &y.
Let ¢ € T. Using the same computations as in (2.2), we have

eXp (_ Z g‘p(Su _mn)l{5u<mn5n1/2})] :

lul=n

E {exp (—(T_mng'ﬁf), go))} =E

We study the asymptotic behaviour of 37, -, g, (Su — mn)]l{su<mn_m1/2} as n — oo then € | 0.
By Lemma 2.2, we get that for all § > 0, for all large enough n,
L(my, — Su) g, —
1/2 n u) 6Sy 0
(]. — 6)C¢(0)n / Z We TZF»:( )]].{mn_suzanl/Z}

|ul=n

S Z gﬂo(Su o mn)ﬂ{mnfsu25n1/2}

ul=n

L(my — Su —nk
< (14 0)cp(O)n'? 3 (me))e““ O 5, 5en1i2)-

|u|=n
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Recall that L is regularly varying with index o < 0. We use again the Uniform Convergence
Theorem (Bingham et al., 1987, Theorem 1.5.2), yielding

lim sup L(Az)
©00 \sea | L()

As a result, for all 0 < 6 < ¢, for all n large enough, we have
(1-— 5)%(0)”1/2 Z hes((mn — Sy)/nt/2)edSu=ns(®)

[ul=n

Z ggo — My ﬂ{mn Su>€n1/2}

lul=n
< (L4 0)cp(O)n'? 37 Res((mn — Su) /n!/2)e?S 7m0,

lu|l=n

— x| =o.

where h, 5 and 55,5 are continuous functions such that, for all z € R,
(2% = 6) U feqs,00)) < hes() < (2% = 6) L e 000}
and (.Z'a + 5)]1{[5700)} < h&g(l‘) < (.ra + 5)]1{[&_5700)}.

As a result, using a combination of Madaule (2016, Theorem 1.2) and Aidekon and Shi (2014,
Theorem 1.1), then letting ¢ | 0 we conclude that

nll)m Z g‘P — Mn ]l{m —Su >an1/2}

|ul=n

2 a . N
= W&p(@)Z@o E [<R1 \/W) H{Rl NCZOES! in probability,

where (Ry,t € [0,1]) is a Brownian meander. Since R; has Rayleigh distribution, we observe that
E[(R1)”] < co. Now, letting € | 0, we obtain by monotonicity that
lim lingo Z 9o (Su _m”)ﬂ{mn—SuZEnl/Q}

el0 n—
ul=n

2 @ . 1.
= WH//(@)CW(H)ZOOE [(Rl H"(9)> ] in probability.

Finally, we set

e — 7”?3@) E [(Rl ﬁ"(e)ﬂ _ MEW) (2(0))5 T (‘;‘ + 1) .

We now conclude, by equation (3.8), that

a(e)
E |:e_02590(6)zoo:| — lim lim E [e—<7mn5n 790)] — lim E [e—<7—mn5n,w>} )
el0 n—00 n—00
Identifying the Laplace transform of the PPP(c20Z40e™%% dz), the proof of Theorem 1.4 is now
complete. O

3.3. BRW above the boundary case. We prove in this section Theorem 1.7 as a consequence of
the convergence of the extremal process of the BRW observed by Madaule (2017). Recall that
by Madaule (2017, Theorem 1.1), for all ¢ € T, we have

lim E [e_@""p)} =E {e_@‘”’@} ,

n—oo
where Z,, is the limiting extremal process of the BRW, a decorated, randomly shifted Poisson
point process with exponential intensity. Moreover, Madaule (2017, Proposition 2.1) shows that
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> ful=n f(Su=mn) js tight for all # > 6. Using these two results and assuming (1.11), we show that
forall p € T,

lim B o (@0l B [o(@a2)]

n—oo

which implies the convergence of the extremal process of the last progeny modified BRW.

Proof of Theorem 1.7: Let K > 0, we write xx a function in 7 such that
Ik k) < Xk < 12k 2K)
Let ¢ € T, using (2.2), we can write for all n € N,
‘E [e%T—mnEn#’)} _E {e%zm,g@} ’
_ ’E {ezum 999(5“”")] — B [e7(Fx0l] ’ < Ii(n, K) + Iy(n, K) + I3(K),
where we have set
Lin, K) = B [ X 9*9(5“"””)] _E [e_ 2 utn X”W(S“‘m")] ‘

IL(n,K) = |E -ef Zlu\=n XKg“"(S“m")} —E [e_<z°°vXK9<p>H

L(K)=|E :e—<Zoo,x;<ggo>} _E [e_<20079<.0)} ‘ '

Observe that xxg, € T. Therefore, by Madaule (2017, Theorem 1.1), we know that for all K > 0,
limy, o0 I2(n, K) = 0. Additionally, limg_,~ I3(K) = 0 by Lebesgue’s dominated convergence
theorem. To complete the proof of Theorem 1.7, we now bound [;(n, K) in n.

Let 61 € (6, 0), using the inequality [e=® —e~°| < |a — b| A 1 for all a,b > 0, we have

L(n,K)<E Z (1—XK)g¢(Su—mn)> /\1]

lul=n

<SE || Y go(Su—ma)lys, mn|>K}> A 1]

ul=n

<E Z g¢(5u - mn>]l{5u—mn§—K}) A 1]

[ul=n

(Z gtp — Mp ]l{Su mn>K}> A 1] )

Jul

by the sub-additivity (a +b) A1 < (aA 1)+ (bA1) for all a,b > 0. We first observe that

S P(Mn_mn Z K)7

(Z 9o (Su —mp)lyg, mn>K}) N1

|ul
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which converges to 0 uniformly in n as K — oo, by tightness of (M, — m,). Moreover, using
Lemma 2.3, we have

( > 9o(Su— mn)ﬂ{Sumn<K}> A 1]

E

1
{Elu\:n eel(su_m")SK}

for an arbitrary 6, € (0p,6). As a result,

( Z ggo(Su - mn)ﬂ{Su—mnS—K}) A1

lul=n

lu|=n
S E (Cl Z ee(su—mn)l{su_mn<_K}) A 1]
lu|l=n
= C'E Z ea(su_mn)ﬂ{su—mnS—K} P (Z eel(su_mn) - K) ’

lul=n |u|=n

E

< O'Ke KO0-01) 4 p (Z A1 (Su=ma) > K) .

|ul=n

Using Madaule (2017, Proposition 2.1), we observe that >, _, ef1(Su=mn) jg tight, and therefore
we conclude that
lim sup [;(n, K) = 0.

K—o0 neN
Finally,
n]l_{{.loE |:e_<7'—mn5n759>:| — E |:e_<zoovg</7>:| = E eXp (_ Z (p(zz + }/;,)) 5
1€N
which completes the proof. O
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