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Abstract. We investigate a model of a parasite population invading spatially distributed immobile
hosts on a graph, which is a modification of the frog model. Each host has an unbreakable immunity
against infection with a certain probability 1−p. We show that, on Zd with d ≥ 2 and the d-regular
tree Td with d ≥ 3, the survival probability of parasites exhibits a phase transition at a critical
value of pc ∈ (0, 1). Also, we show that the value of pc is, in general, not a monotonic function of
the underlying graph. Finally, we show that on quasi-vertex-transitive graphs, with probability 1,
a fixed vertex is only visited finitely often by a parasite under mild assumptions on the offspring
distribution of parasites.

1. Introduction

In this work, we investigate the spread of parasites in a spatially distributed host population on
different graphs G = (V,E). The main focus will be on the integer lattice Zd for d ≥ 2 and the
d-regular tree Td for d ≥ 3. By abuse of notation, we denote by 0 a distinguished vertex in any
graph G, which only for Zd will actually be the origin. In this model, each vertex v ∈ V is inhabited
by a host, and we assume that initially the host at 0 is infected, and a random number of parasites,
distributed as some random variable A, is placed at 0. Parasites move on G according to symmetric
simple random walks in discrete time and, when they jump onto a host, attempt to infect this host
and reproduce themselves. As hosts often have an immune response against infections, we assume
that a host with probability 1−p ∈ (0, 1] is completely immune (immune for short) to infection; that
is, whenever a parasite tries to infect such a host, parasite reproduction is prevented and the parasite
is killed. If the host is not immune, it is called susceptible. In this case, an attacking parasite kills
the host, the attacking parasite reproduces (and dies afterwards), and sets free a random number of
offspring, distributed as A and independent of everything else. For simplicity we assume that hosts
do not reproduce. We note here that the infecting parasite also dies at a successful infection, and
we allow for 0 offspring to be produced at an infection.

In this paper we investigate the survival probability of the parasite population and show that
there is a phase transition for a positive survival probability in the parameter p on both Zd and
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Td. Also, we investigate recurrence to the origin and show that this does not happen on any graph
if the offspring distribution has a finite mean. We will call our model the Spatial Infection Model
with host Immunity, or SIMI for shorthand. Franck and Pokalyuk (2025) make a more thorough
analysis of a similar model on Z, which we also call SIMI, where hosts can lose their immunity
after getting attacked a random number of times. Our model generalises the frog model that was
introduced by Telcs and Wormald (1999). The frog model is a classical branching system on some
graph G = (V,E), which involves two types of particles that are usually called active frogs and
sleeping frogs. In the frog model, initially, there are sleeping frogs on the vertices of G and one
active frog on some distinguished site 0 ∈ V . Sleeping frogs do not move, and active frogs move
as simple symmetric random walks on G, waking up all sleeping frogs that they encounter and
turning them into active frogs as well. The active frogs correspond to parasites in our model, and
the sleeping frogs on a vertex v ∈ V correspond to the offspring that are produced in our model
after the host at v gets infected. The frog model coincides with the SIMI for the case that p = 1
and that there is almost surely at least one offspring produced after a successful infection.

It was shown by Alves, Machado, Popov, and Ravishankar (2001) that the frog model on Zd

satisfies a shape theorem for the set Sd(n) of vertices visited by some active frog up to time n.
They showed that, if an i.i.d. amount of sleeping frogs is placed on each vertex, there is a convex
deterministic set Ad, such that for any ε ∈ (0, 1) we have

(1− ε)Ad ⊂ Sd(n)

n
⊂ (1 + ε)Ad almost surely for all n large enough.

We will use this result to show our main result, Theorem 2.4. The proof relies on coupling with a
supercritical site percolation and using that, due to the shape theorem, if all hosts in a large region
are susceptible, then with high probability an infection starting in that region will reach any vertex
in a suitable subregion after a linear amount of steps. Making the region big enough and then p
close to 1 will allow us to conclude that the coupled site percolation is supercritical and show the
positive survival probability.

Next to the trivial survival of the frogs in the classical model, another main difference from a
mathematical standpoint is the following. In the classical frog model, using a collection of inde-
pendent simple symmetric random walks to assign each frog its trajectory after waking up yields
an intuitive way to couple initial configurations in a monotone way. However, doing this in our
model will not be a monotone coupling if we allow for 0 offspring to be produced after a successful
infection. This happens because when and where a specific parasite dies depends on the location of
hosts that are still alive and will produce 0 offspring. A concrete example of this phenomenon can
be found in Example 3.5.

Alves, Machado, and Popov (2002) introduced and studied a different kind of death mechanic for
the frog model. In their model, each time a frog takes a step, it dies with probability 1− p̃ ∈ [0, 1).
In this setting the death mechanic only depends on p̃, in contrast to our model where it also depends
on P(A = 0). Hence, it is directly clear that the survival probability of frogs is monotone in the
parameter p̃.

In another work (Franck and Pokalyuk, 2025) we investigate a generalisation of the model in the
current paper on the graph Z, in which hosts can lose their immunity and get infected after being
attacked a random number of times. Under certain moment assumptions on the amount of times
a host needs to be attacked before infection, we show that the spread of the parasite population
is occurring at linear speed. A similar model as in Franck and Pokalyuk (2025) with hosts that
lose their immunity after a random number of attacks but without the killing of parasites was also
introduced by Junge, McDonald, Pulla, and Reeves (2023) and studied on infinite d-ary trees.
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2. Main results

In this section we present the main results of this work. We will establish a phase transition
for the probability of survival of the parasite population in the parameter p. Also, we provide an
example to show that the critical parameter is not a monotonic function of the underlying graph.
Finally, we investigate recurrence to the origin and show that under some mild assumptions on the
offspring distribution, recurrence cannot occur on any transitive graph.

2.1. Survival of the parasite population. In this section we will, for any graph G and offspring
distributed as A, investigate the value of the critical parameter pc(G,A), which is defined as

inf

p ∈ (0, 1] : P


The parasite population in the SIMI on G

with offspring distribution A and
susceptible hosts appearing with probability p

survives forever.

 > 0

 .

In Definition 4.1 we will give a formal definition of pc(G,A) after constructing the process and show
in Lemma 3.6 that pc(G,A) is a critical parameter, in the sense that for p > pc(G,A) the parasite
population on G survives with positive probability and for p < pc(G,A) it dies out almost surely.
First, we note that on a finite graph G = (V,E) the critical parameter pc(G,A) is trivially 0 for
any offspring distribution, because with probability (P(A ≥ 1)p)|V | > 0 there is no immune host at
all, and every infection produces at least one offspring. Hence, in the following, we always assume
that G is an infinite graph.

Our first result states that on any (infinite) graph this critical parameter is positive for any A
that has finite expectation.

Theorem 2.1. For any infinite graph G we have pc(G,A) ≥ min
{
1, 1

E[A]

}
, where 1

∞ := 0.

Proof : Let p < min
{
1, 1

E[A]

}
. On any infinitely large graph, the number of sites visited by a simple

symmetric random walk is infinite. Since completely immune hosts remain in the system forever,
each parasite will eventually hit a susceptible host or hit a completely immune host, and surviving
through parasites that walk through empty space and never meet a host (and thus do not die) is not
possible. Say some parasite jumps onto a host at a vertex v ∈ V . Then, if it is the first time that
this host at v is attacked by a parasite, with probability p the host is susceptible and the parasite
generates offspring distributed as A, and with probability 1 − p the host is completely immune
and no offspring are generated. If the host at vertex v was already visited by a different parasite,
then the host has to be a completely immune host, or else it would have been killed by that other
parasite. Hence, in this case no offspring are generated. In particular, ignoring if it was the first
time v was visited, we obtain that the offspring generated by a parasite are stochastically dominated
by a variable that with probability p is distributed as A and is 0 with probability 1− p. Because a
susceptible host can only be used once for reproduction, this means that the limit of the number of
living parasites as n → ∞ is stochastically dominated by the limit limn→∞ ξn, where (ξn)n≥0 is a
Bienaymé-Galton-Watson branching process with offspring distributed as A with probability p and
0 with probability 1− p. Since this Bienaymé-Galton-Watson branching process has mean offspring
pE[A] < 1, the claim follows. □

We can compare our model to a site percolation on any graph G, which is a classical model in
probability theory (see e.g., Grimmett, 1999 for an introduction). In this model, each vertex on a
graph G, independently of everything else, is either open with probability p ∈ [0, 1] or closed with
probability 1 − p. An important quantity is the critical parameter p̃c(G), which is the supremum
over all p ∈ [0, 1], such that with probability 1 there is no infinite, connected path of open vertices



66 Sascha Franck

starting at some distinguished vertex 0. A classic result is that on graphs with bounded degree, the
critical parameter is always positive, which yields the analogue result for the SIMI.

Theorem 2.2. For any graph G and any offspring distribution A, we have that pc(G,A) ≥ p̃c(G),
where p̃c(G) is the critical site percolation parameter on G. In particular, if each vertex has a degree
bounded by some ∆ < ∞, then pc(G,A) ≥ 1/(∆− 1) and thus pc(Z, A) = 1.

Proof : We declare a site percolation on G by saying a site is open if it is inhabited by a susceptible
host. We recall that in a site percolation on G with parameter p < p̃c(G), almost surely there
is no infinite path of open vertices. In particular, this means that for p < p̃c(G), almost surely
there is some finite connected (as a subgraph of G) set J ⊂ V that contains 0, such that every
x ∈ J \ {0} is inhabited by a susceptible host and every x ∈ V \J , for which there is a y ∈ J such
that {x, y} ∈ E, is inhabited by an immune host. Since every neighbour of J is immune, a parasite
dies when it attempts to leave the finite set J . Because only finitely many parasites get generated
inside the finite set J , the parasite population dies out in finite time. The second and third claims
are a direct consequence of Grimmett (1999, Theorem 1.33). □

Remark 2.3. We note that Theorem 2.2 in particular makes no assumptions on the distribution of
A. This distinguishes the SIMI from the similar frog model with death introduced by Alves et al.
(2002), for which a positive critical parameter on graphs with bounded degree was only shown under
additional (mild) assumptions on the offspring distribution (cf. Alves et al., 2002, Theorem 1.3 and
Lebensztayn and Utria, 2020, Theorem 2.1).

2.2. Survival on Zd. Our main theorems will establish that pc(Zd, A) < 1 for all d ≥ 2 under mild
conditions on A. Our main theorem states the following.

Theorem 2.4. For any d ≥ 2 and A such that A ≥ 1 almost surely and E[A] > 1, we have

pc(Zd, A) < 1.

The proof relies on coupling with a supercritical site percolation and that for p = 1 the SIMI
coincides with the frog model, for which a shape theorem is known. The details will be given in
section 4.1.

As a corollary we immediately obtain the following result for general A.

Theorem 2.5. Let d ≥ 2 and A be such that E[A] > 1. Let Ã be a random variable that is
distributed as A conditioned to be at least 1, and suppose P(A = 0) < 1 − pc(Zd, Ã). Then also
pc(Zd, A) < 1.

2.3. Survival on Td. Similar to Zd, we obtain a phase transition whenever at least one offspring is
generated at an infection.

Theorem 2.6. Let A ≥ 1 almost surely and E[A] > 1 and d ≥ 3. Then pc(Td, A) < 1.

The proof is similar to the approach of Alves et al. (2002, Theorem 1.5) and relies on coupling
with a supercritical Bienaymé-Galton-Watson branching process. The details will be given in section
4.2.

Using the same argument as on Zd, we will obtain the following.

Theorem 2.7. Let d ≥ 3 and A such that E[A] > 1. Let Ã be a random variable that is distributed
as A conditioned to be at least 1, and suppose P(A = 0) < 1− pc(Td, Ã). Then also pc(Td, A) < 1.

For a large degree d, parasites will jump away from the root onto a site still inhabited by a host
most of the time, and hence, the survival will approximately be like that of a Bienaymé-Galton-
Watson branching process. Precisely, we obtain the following asymptotic.
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Theorem 2.8. Suppose that 1 < E[A] ≤ ∞, then limd→∞ pc(Td, A) =
1

E[A] .

Again, the proof follows a similar approach to Alves et al. (2002, Theorem 1.7), relying on coupling
with a Bienaymé-Galton-Watson branching process, and will be given in section 4.2.

2.4. Non-monotonicity of pc as a function of the graph. With the established phase transitions in
certain graphs in Theorem 2.5 and Theorem 2.7, a natural question is what influence the underlying
graph has on this phenomenon. In particular, how increasing a graph by adding additional vertices
and edges affects the critical value pc. In case of site percolation it is immediately clear that
p̃c(G1) ≥ p̃c(G2) for any graphs G1, G2 such that G2 contains G1 as a subgraph, because an infinite
path of open vertices in G1 is also an infinite path of open vertices in G2. However, for the frog
model with death, it was shown by Fontes, Machado, and Sarkar (2004) that increasing the graph
on which the system evolves can in some cases decrease the critical parameter and in other cases
increase it. The reason for this is that the graph needs to be explored by random walks to create
new offspring, and thus, attaching large complete graphs to each vertex causes the random walks
to get stuck inside these finite subgraphs and die before they can spread out further. A similar
approach also applies for the SIMI, and in section 4.3 we will show the following result.

Theorem 2.9. There exist graphs G,G1, G2 such that G is a subgraph of both G1 and G2, but the
critical parameters for the SIMI with deterministically 3 offspring at an infection satisfy

1 > pc(G1, 3) > pc(G, 3) > pc(G2, 3) > 0.

2.5. Recurrence to the origin. In this section, for a quasi-vertex-transitive graph G, i.e., when the
automorphism group Aut(G) has finitely many orbits, we investigate recurrence to the origin. Let

ϑ(G, p,A) := P


In the SIMI on G with initially only the origin 0 infected,

offspring distributed as A and
susceptible hosts appearing with probability p,

the origin 0 is visited by a parasite infinitely often.

 .

Our main result reads that on quasi-vertex-transitive graphs, this probability is 0 for any p < 1 and
offspring distribution with finite expectation, i.e., the SIMI is a.s. transient.

Theorem 2.10. Let G be a quasi-vertex-transitive graph, p ∈ [0, 1), and A be such that E[A] < ∞.
Then ϑ(G, p,A) = 0.

Remark 2.11. For the case p = 1, the recurrence of this model on general graphs is still open. It
is recurrent on any Zd for d ≥ 1 and any offspring distribution (Popov, 2001). Also, depending
on the offspring distribution, the frog model can be recurrent or transient on Td for any d ≥ 3
(cf. Hoffman, Johnson, and Junge, 2016). The frog model with deterministically 2 offspring at an
infection is recurrent on T3 and transient on T6, but the behaviour on T4 and T5 is not solved (cf.
Hoffman, Johnson, and Junge, 2017).

3. Construction of the Process

In this section we construct the SIMI on G. Although it is intuitively clear that the survival
probability should be monotone in the parameter p, Example 3.5 shows that we cannot conclude
that simply by relying on the monotonicity of the classical frog model construction. For that reason,
we consider two ways of constructing the model. The first approach is the classical way to assign
each parasite that enters the system a label (x, i) ∈ V × N and sample its entire path (Y x,i

n )n≥0.
We note that the path (Y x,i

n )n≥0 will get sampled for all n ≥ 0 but only be used until the time
that the parasite dies. The second approach will assign each vertex x ∈ V sequences (Dx

n)n∈N
of jump directions that a parasite will perform to leave that vertex after jumping onto it. The
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two constructions satisfy two different important almost sure path properties that will be shown in
Lemma 3.4 and Lemma 3.6.

A classic tool from percolation theory is to couple the types of hosts for all p ∈ [0, 1] such that
increasing p almost surely only yields more susceptible hosts; see e.g., Grimmett (1999, p. 11). To
this end, we assume the following underlying probability space.

Definition 3.1. Let G = (V,E) be a graph, and assume there is a probability space Ω on which
are defined the following independent random variables:

• An i.i.d. collection U := {Ux : x ∈ V } which are uniformly distributed on (0, 1) and for
p ∈ [0, 1] we define Ip := {Ipx : x ∈ V } := {1 + ∞ · 1Ux>p : x ∈ V }. A host at x will be
susceptible if Ipx = 1 and immune if Ipx = ∞.

• A N0-valued random variable A with E[A] < ∞ and an i.i.d. collection A := {Ax : x ∈ V }
distributed as A. After a host at x is infected, Ax many parasites will be generated.

• An independent collection Y := {(Y x,i
n )n≥0 : x ∈ V, i ∈ N} of simple symmetric random

walks in discrete time such that Y x,i
0 = x for all x ∈ V, i ∈ N.

• An independent collection D := {Dx
n : x ∈ V, n ∈ N} such that Dx

n is uniformly distributed
over Nx ⊂ V , the neighbourhood of x in G, for all x ∈ V, n ∈ N.

Remark 3.2. By definition of the coupling of {Ip : p ∈ [0, 1]}, if 0 ≤ p1 ≤ p2 ≤ 1 then Ip1x ≥ Ip2x
for all x ∈ V . Thus, increasing the value of p generates possibly more susceptible hosts in Ip while
keeping all hosts susceptible that were already of that type for the smaller value of p.

Next, we introduce some additional notation used throughout this paper. For a graph G = (V,E),
we recall the graph distance dG as the smallest number of edges in a path between two vertices.
For any finite set J ⊂ V we define its outer boundary ∂J := {y ∈ V \ J | ∃x ∈ J : {x, y} ∈ E}
and set J := J ∪ ∂J . Also, we recall the supremum-norm ∥x∥∞ := max{|x1|, . . . , |xd|} on Rd and
define for r ≥ 0 the closed cube Bd

∞(x, r) := {y ∈ Rd : ∥x− y∥∞ ≤ r}. On Td we note that for any
x, y ∈ Td there is a unique path from x to y and say that x ≥ y if y is contained in the unique path
from 0 to x.

The state space of the process on some graph G = (V,E) will be given by tupels

S :=

{
(I, η)

∣∣∣∣I ⊂ V finite, η : I → N0 ∪ {−1,−∞} with
η(I) ⊂ N0, η(∂I) ⊂ {−1,−∞}

}
.

The set I are the currently infected sites without hosts. η gives the amount of parasites on each
infected site x ∈ I and the immunity of each site x ∈ ∂I that can be reached in one jump from
an infected site. For any p ∈ (0, 1] and initial configuration (I, η) ∈ S, we will construct the SIMI
(Ip

t , η
p
t )n≥0 as a strong Markov process defined on Ω and taking values in S, equipped with the

discrete topology, as well as prove basic properties of the so-coupled processes for different initial
configurations in the upcoming subsections 3.1 and 3.2.

Definition 3.3. Let p ∈ (0, 1] and I ⊂ V be finite. The random initial configuration (I, ηreg,p) is
defined as

ηreg,p(x) =

{
Ax, x ∈ I
−Ipx, x ∈ ∂I

.

3.1. Parasite-wise path construction. In this subsection we construct the SIMI by assigning each
parasite a label and sampling its entire path at once. We call this the parasite-wise construction.

Suppose there is some initial configuration (I, η) ∈ S and a p ∈ (0, 1]. To distinguish the two
constructions, we will denote the process constructed in this section by (Ĩp

t (I, η), η̃
p
t (I, η))n≥0. Also,

we will not indicate the underlying graph G = (V,E) on which the process evolves in our notation
and always assume that the underlying graph is clear from the context.
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Using the variables from Definition 3.1, the system evolves as follows. We assign each parasite a
label (x, i) ∈ V × N, where x is the location of the parasite and i enumerates the parasites on the
same site x. A parasite with label (x, i) moves along the trajectory (Y x,i

n )n≥0 until it visits a vertex
y ∈ V that is not yet infected. If Ipy = ∞, the parasite is killed and the label (x, i) is removed from
the system, and we no longer use (Y x,i

n )n≥0. If Ipy = 1 and Ay = 0, then the parasite is also killed
and the label (x, i) is removed from the system, but the site y is added to the set of infected sites.
If Ipy = 1 and Ay ≥ 1, then the site y is added to the set of infected sites, the label (x, i) remains
in the system, and the labels (y, 1), . . . , (y,Ay − 1) are added to the system as parasites that follow
the trajectory (Y y,j

n )n≥0 for j = 1, . . . , Ay − 1. Also, we assume that there is some deterministic
rule to determine the order in which the labels are processed in each time step.

In the following we make the assumption that A ≥ 1 almost surely. Hence, the second case in
the construction does not appear, and labels of parasites only get removed if the parasite visits an
immune host. Then, by construction, the i-th parasite that is generated at some site x ∈ V follows
the path (Y x,i

n )n≥0 until it visits a vertex y ∈ V \ I with Ipy = ∞. Hence, it is useful to define for
any (x, i) ∈ V × N the lifetime and set of vertices visited by the parasite with label (x, i):

τpx,i(I) : = inf{n ≥ 0 : Y x,i
n /∈ I and Ip

Y x,i
n

= ∞}

Vp
x,i(I) : = {Y x,i

n : 0 ≤ n < τpx,i(I)}.
(3.1)

From the construction it is clear that the set

Ip
∞(I, ηreg,p) :=

⋃
n≥0

Ĩp
n(I, ηreg,p)

of vertices that eventually get infected when the initial configuration is given by (I, ηreg,p) can
be described as exactly those vertices x for which there exists an infection path from the initially
infected sites to x, i.e., a sequence of vertices connecting x to the initially infected vertices, such that
a parasite from each vertex in the sequence reaches (and infects) the next vertex in the sequence
before it dies. Precisely, a vertex x ∈ V is in Ip

∞(I, ηreg,p), if and only if x ∈ I or x ∈ V \ I and for
some n ≥ 1 there exist

x0 ∈ I, i0 ∈ {1, . . . , Ax0} and x1, . . . , xn ∈ V \ I, i1, . . . , in−1 ∈ N (3.2)

with 1 ≤ im ≤ Axm−1 for all m ∈ {1, . . . n−1}, xn = x and xk+1 ∈ Vp
xk,ik

(I) for all k ∈ {0, . . . , n−1}.
The following lemma is evident, using this representation of the eventually infected sites.

Lemma 3.4. Let 0 < p < p′ ≤ 1 and I ⊂ I ′ ⊂ V be finite, and suppose that A ≥ 1 almost surely.
Then we have

Ip
∞(I, ηreg,p) ⊂ Ip′

∞(I ′, ηreg,p′)

almost surely. Also, the event that the parasite population with initial configuration (I, ηreg,p) sur-
vives for infinite time is given by the event that

{|Ip
∞(I, ηreg,p)| = ∞}.

Proof : Because Ipx ≥ Ip
′

x for all x ∈ V , we obtain τpx,i(I) ≤ τp
′

x,i(I ′) and thus we also have the

inclusion Vp
x,i(I) ⊂ Vp′

x,i(I ′) for all (x, i) ∈ V × N. This already shows the first claim, because
for x ∈ Ip

∞(I, ηreg,p) \ I ′ any sequence, as in (3.2), contains a subsequence that satisfies (3.2) for
Ip′
∞(I ′, ηreg,p′).
The second claim is true, because τpx,i(I) < ∞, |Vp

x,i(I)| < ∞ almost surely for all (x, i) ∈ V ×N,
which shows the ⊂ inclusion, and it takes at least dG(x, y) time steps for the infection to spread
from x to y, which shows the ⊃ inclusion. □

Finally, we give a concrete example that shows the coupling in this section is not almost surely
monotone in the parameter p, if P(A = 0) > 0.
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Example 3.5. We give a realisation of Y,U,A on Z2 where the process with a higher probability
of susceptible hosts dies out and the process with lower probability survives in figure 3.5.
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Figure 3.1. Each coloured square represents a living host, and each circle represents
a parasite, with the colour corresponding to their label. The right number in each
host is the value Ax of offspring, and the left number is the value of Ux, determining
if the host is immune, according to Ux > 3

4 in the upper part and Ux > 1
4 in the

lower part.

We follow the infections for the cases p′ = 3
4 in the upper part and for p = 1

4 in the lower part,
starting from the same initial configuration and using the same random walks to determine the
paths of the coloured parasites. The different behaviour stems from the fact that the host in the
centre is immune for p = 1

4 and susceptible for p = 3
4 . Thus, it prevents the green parasite from

waking up the blue parasite early. Thereby the blue parasite’s death at the bottom left host is
prevented by the sacrifice of the red parasite, which dies at the middle bottom host anyway. The
blue parasite may then move to the right and start a new infection.

3.2. Vertex-wise path construction. In this subsection we construct the SIMI by assigning each
vertex a sequence of directions in which arriving parasites will leave the vertex. We call this the
vertex-wise construction.

The goal is to establish an analogue for Lemma 3.4 in the case that A = 0 with positive probability,
which for the previous parasite-wise construction is not true, as seen in Example 3.5. Suppose there
is some initial configuration (I, η) ∈ S and a p ∈ (0, 1]. For readability, we drop the reference to
the initial configuration and in the following just write Ip

n, η
p
n instead of Ip

n(I, η), ηpn(I, η). Also,
we again leave out the reference to the graph on which the process is defined, as the construction
steps are analogous for any graph. To perform the proof of Lemma 3.6, we need to introduce some
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additional notation. At each time step n ≥ 0, using the collection D from Definition 3.1, we draw
the jump directions that each parasite will perform and then calculate what the new state is after
these jumps, according to the dynamics of the model. For any x ∈ V we keep track of the number
Np

n(x) of jumps that occurred on site x prior to time step n, where initially Np
0 (x) = 0 for all x ∈ V .

Then, we use the variables
Dx

Np
n(x)+1, . . . , D

x
Np

n(x)+ηpn(x)

to determine the jump directions of the ηpn(x) many parasites sitting on site x at time n, and the
variables A, Ip and the set Ip

n to determine the outcome of these jumps and calculate the new
configuration (Ip

n+1, η
p
n+1). In particular, we assume some deterministic labelling rule for the order

of jumps and then set Np
n+1(x) := Np

n(x)+ηpn(x). It is clear that the processes (Ip
n(I, η), ηpn(I, η))n≥0

and (Ĩp
n(I, η), η̃pn(I, η))n≥0 have the same distribution, and we now want to show an equivalent of

Lemma 3.4 that also holds if A = 0 with positive probability.

Lemma 3.6. Let 0 < p < p′ ≤ 1, ∅ ̸= I ⊂ I ′ ⊂ Zd, and suppose A takes values in N0. Then we
have

Ip
n(I, ηreg,p) ⊂ Ip′

n (I ′, ηreg,p′) almost surely for all n ≥ 0.

Proof : For readability we drop the reference to the initial configuration and, e.g., simply write Ip
n

instead of Ip
n(I, ηreg,p) and Ip′

n instead of Ip′
n (I ′, ηreg,p′). We do the same for any other variable in the

construction of the process, i.e., for any variable used in the construction of ((Ip′
n , ηp

′
n )(I ′, ηreg,p′))n≥0

we only keep the sup-index p′ to distinguish between the two processes.
For n ≥ 1 we define the sets Sp

n := {(x, k) : x ∈ Ip
n, 1 ≤ k ≤ Np

n(x)} and Sp′
n analogously. These sets

contain the jumps that happened before time n in each process. In particular, only the variables
Dx

k with (x, k) in one of these sets are used before time n. Also, we define the sets of upcoming
jumps T p

n := {(x, k) : x ∈ Ip
n, N

p
n(x) < k ≤ Np

n(x) + ηpn(x)} and T p′
n analogously. We note that

Sp
n ∪ T p

n = Sp
n+1 and analogously for the primed variables.

We will show by induction that for all n ≥ 0 we have

Ip
n ⊂ Ip′

n , Np
n(x) ≤ Np′

n (x) for all x ∈ Ip
n and T p

n ⊂ Sp′

n+1. (3.3)

By assumption the induction hypothesis (3.3) holds for n = 0. Suppose now that (3.3) holds for all
0 ≤ m ≤ n and that (x, k) ∈ T p

n . By (3.3), this jump is also performed in the primed process before
time n+1, because T p

n ⊂ Sp′

n+1. But since p < p′, any susceptible host in the unprimed process was
also susceptible (or already infected at time 0) in the primed process. In particular, the outcome of
the jump (x, k) leaves the conditions (3.3) in effect. To see this, observe that if (x, k) produces no
infection in the unprimed process, then (3.3) is trivially satisfied, and if (x, k) produces an infection
in the unprimed process, then this infection also happens (or has already happened) in the primed
process. □

This result may seem like the construction in Section 3.1 was not necessary. However, in the case
of A ≥ 1, the fact that the infection can be calculated by following the sets {Vp

x,i(I) : (x, i) ∈ V ×N}
is an important feature that the vertex-wise construction in this section does not provide. The key
consequence of this is that in the parasite-wise construction, the infection that started from some
vertex x almost surely is contained in the infection starting from some vertex y ̸= x after it infected
x. In the vertex-wise construction of this section, this almost sure relation is no longer true, because
if the process was already running when x was infected, we use different parts of D to determine
the jumps than we use if we freshly start the infection at x. In particular, for the proof of Theorem
2.4, we make use of this feature of the parasite-wise construction to couple the process with a
supercritical site percolation.
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4. Proofs of the main results

In this section we prove the theorems stated in Section 2. First we formally define the object of
interest, the critical parameter pc(G,A), as follows.

Definition 4.1. Let G = (V,E) be a graph. The value

pc(G,A) := inf

p ∈ (0, 1] : P

⋂
n≥0

{#ηpn({0} ⊂ V, ηreg,p) > 0}

 > 0


is called the critical parameter for the SIMI on G, where

#ηpn({0} ⊂ V, ηreg,p) :=
∑

x∈Ip
n({0}⊂V,ηreg,p)

ηpn({0} ⊂ V, ηreg,p)(x)

is the amount of living parasites at time n.

Remark 4.2. Note that by Lemma 3.6, the survival probability is monotone in p ∈ (0, 1]. Thus,
pc(G,A) is actually the critical parameter.

4.1. Proofs for survival results on Zd.

Proof of Theorem 2.4: For p close enough to 1, we will couple the SIMI with a supercritical site
percolation on Zd such that if there is percolation, then the parasite population in the SIMI survives.
The idea is to find large areas with only susceptible hosts that will be completely infected if one of
the hosts in the centre of that area gets infected. Finding an infinite chain of these areas will yield
the result.

We note that for p = 1, and because A ≥ 1 almost surely, the construction in Section 3.1 is
exactly the construction of the classical frog model with random offspring distribution given by
A − 1. For this model, the set of infected sites satisfies a shape theorem (cf. Alves et al., 2001,
Theorem 1.1). For x ∈ Zd we abbreviate

ξxn := Ĩ1
n({x}, ηreg,1 − δx)

for the set of infected sites in the SIMI at time n with initially only site x infected and p = 1. We
note here that we initially place only Ax − 1 parasites on site x because only those will be added
in the system if site x is infected in an already running process. Also, we note that due to the
assumption E[A] > 1, we have P(A ≥ 2) > 0.
Next, we set

ξ
x
n :=

{
y +

(
−1

2
,
1

2

]d
: y ∈ ξxn

}
.

Let ∅ ̸= Ad ⊂ Rd be the asymptotic shape of the frog model with offspring distributed as A − 1.
This means that for any ε ∈ (0, 1) there is an almost surely finite n0 = n0(ε) such that

(1− ε)Ad ⊂ ξ
0
n

n
⊂ (1 + ε)Ad, for all n ≥ n0.

We fix some ε ∈ (0, 1), then choose r > 0 such that Bd
∞(0, r) ⊂ Ad, which is possible since Ad is

symmetric, convex, and contains more than 1 point (see Alves et al., 2001, Theorem 1.1), and set

R(N) :=

⌈
N

r(1− ε)

⌉
.
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By taking N ∈ N large enough, we can make

θ(N) := P

(
(1− ε)Bd

∞(0, r) ⊂
ξ
0
R(N)

R(N)

∣∣∣∣∣A0 ≥ 2

)

as close to 1 as we want. By the definition of R(N), the event (1− ε)Bd
∞(0, r) ⊂ ξ

0
R(N)

R(N) implies that

Bd
∞(0, N) ⊂ ξ

0
R(N). This means that with a probability θ(N) as close to 1 as we want, the entire

cube Bd
∞(0, N) is infected after R(N) steps.

For the coupling of the SIMI with p ̸= 1 with a supercritical site percolation, we will make p close
enough to 1 (depending on N) such that with sufficiently high probability, for each x ∈ Zd there is
a large area VN (x) around Bd

∞(x,N) with only susceptible hosts. Thus, if x is infected, then after
R(N) steps, the entire ball Bd

∞(x,N) will be infected with probability at least θ(N), because the
SIMI inside VN (x) is just the frog model. In particular, the existence of an infinite chain of such
balls (Bd

∞(xn, N))n≥1 with xn+1 ∈ Bd
∞(xn, N) implies the survival of the parasite population. For

convenience we assume that N is odd and for

x ∈ NZd = {(x1, . . . , xd) ∈ Zd : N |x1, . . . , N |xd}

define VN (x) := Bd
∞
(
x, N−1

2 +R(N)
)
. We now declare a site percolation on NZd as follows, which

we will also sketch in Figure 4.2.
We say x ∈ NZd is open if

GI(x) :=
⋂

y∈VN (x)∩Zd

{Ipy = 1} and GF (x) :=
⋂

L∈F (x)

⋃
j∈L∩Zd

{Aj ≥ 2, Bd
∞(j,N) ⊂ ξ

j
R(N)}

where F (x) are 2d many (d−1)-dimensional faces of the cube Bd
∞
(
x, N−1

2

)
. The event GI(x)∩GF (x)

means that for each face L ∈ F (x) there is a vertex j ∈ L such that if j gets infected, then in the
frog model and, due to the event GI(x), also in the SIMI a sufficiently large ball around j will
be completely infected after R(N) time steps. Clearly GI(x) and GF (x) are independent for each
x ∈ NZd. Also, by the independence of Ip, we have P(GI(x)) = p(N+2R(N))d , and to calculate the
probability of GF (x) we first note that for each face L ∈ F (x)

P

 ⋃
j∈L∩Zd

{Aj ≥ 2, Bd
∞(j,N) ⊂ ξ

j
R(N)}

 ≥ (1− P(A = 1)N
d−1

)θ(N).

Trivially, the 2d many events in the intersection over L ∈ F (x) are 2d-dependent, i.e., the event for
one L ∈ F (x) only depends on at most 2d many events for other L′ ∈ F (x). Thus, applying Liggett
(1999, Theorem B26), we have

P(GF (x)) ≥
(
1−

(
1− θ(N)

(
1− P(A = 1)N

d−1
)) 1

2d

)4d

.

Taking N large enough and p close to 1, we can make P(GI(x), GF (x)) ≥ ρ for any ρ ∈ (0, 1).
Next we observe that for any L ∈ F (x), the frog model started from any j ∈ L cannot leave
the set VN (x) until time R(N), because parasites can only move to their neighbours in each time
step. Hence, if ∥x − x′∥∞ ≥ N + 2R(N), then GI(x) ∩ GF (x) is independent of GI(x

′) ∩ GF (x
′).

Counting the amount of x′ ∈ NZd with this distance to x, we thus obtain that the collection of

variables {1GI(x),GF (x) : x ∈ NZd} is K-dependent with K =
(
6 + 4

r(1−ε)

)d
. In particular, choosing

ρ ∈ (0, 1) such that
(
1− (1− ρ)

1
K

)2
> p̃c(Zd), where p̃c(Zd) is the critical parameter of Bernoulli

site percolation on Zd, we obtain using Liggett (1999, Theorem B26) again that with positive
probability there is percolation.
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Figure 4.2. Open sites in the constructed percolation on NZ2. The black dots
represent the vertices of NZ2; the remaining vertices of Z2 are omitted for clarity.
The vertex x, located at the centre of the left green square, is open, meaning the
following. All hosts within the green square VN (x) are susceptible. Furthermore, on
each face of the blue square of side length N−1 centred at x, there is a coloured vertex
such that an infection starting at this vertex spreads throughout the dashed blue
square surrounding the neighbouring vertex in NZ2 in the corresponding direction.
More precisely, an infection initiated at a coloured vertex infects any host inside
the pale red region within the square of side length 2N of the corresponding colour
around that vertex within R(N) time steps. During this time period, the infection
does not reach (and therefore does not depend on) any vertices outside the dotted
squares of the same colour. Consequently, the event that x is open depends only on
the hosts and parasites within the green square VN (x). Hence, this event depends on
the open/closed status of only a deterministic number of other vertices in NZ2. By
construction, an open vertex with its entire blue square infected also transmits the
infection to the blue squares of all its neighbouring vertices in NZ2, and an infinite
sequence of open vertices sustains the infection indefinitely.

Now, using Lemma 3.4, in the event that 0 is in the infinite cluster of this percolation and that
the initial parasites in 0 reach all sites of Bd

∞
(
0, N+1

2

)
before leaving VN (0), the SIMI will survive

for infinite time. As argued above, this happens with positive probability, and thus we can conclude
that pc(Zd, A) < 1. □

Proof of Theorem 2.5: Consider Ĩpx := 1+∞1Ux>p+∞1Ax=0. Using these variables as immunities,
only vertices with Ax ≥ 1 can be infected, and the resulting process will be given by the SIMI with
p̃ := max{0, p−P(A = 0)} and offspring distributed as Ã. Also, this process clearly is dominated by
the original process, with offspring distributed as A and susceptible hosts appearing with probability
p. Hence the claim follows by Theorem 2.4. □

4.2. Proofs for survival results and asymptotic critical probability on Td.
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Proof of Theorem 2.6: The proof is a minor adaptation of the proof for the corresponding result in
Alves et al. (2002, Theorem 1.5). For x ̸= 0 ∈ Td we denote by T+

d (x) = {y ∈ Td : y ≥ x}. Fix
some vertex x0,0 adjacent to the root 0 and set T+

d := Td \T+
d (x0,0). For (x, i) ∈ Td ×N we denote

by Wx,i
n := {Y x,i

m : 0 ≤ m ≤ n} the set of vertices ever visited by the parasite (x, i) up to time n

in the case p = 1, and simply write Wn := W0,1
n . Also, for any finite connected set J ⊂ Td with

0 ∈ J , we denote by
∂e(J ) := J \ {x ∈ J |∃y ∈ J : y > x}

the external boundary of J , that is, the set of vertices from which J can be left in one jump. We
make the following observations: Since a random walk on Td is transient, we have

• with positive probability the random walk never leaves T+
d , i.e., Wn ⊂ T+

d for all n ≥ 0 with
positive probability.

• |∂e(Wn)| is nondecreasing and |∂e(Wn)| → ∞ almost surely as n → ∞.
To show a positive survival probability, we construct a supercritical Bienaymé-Galton-Watson
branching process (ξn)n≥0 that is dominated by the number of living parasites in the SIMI. Ini-
tially we set ζ0 = {0} and ξ0 := |ζ0|. If all parasites on 0 leave T+

d , i.e., for all 1 ≤ i ≤ A0 we
have W0,i

n ̸⊂ T+
d for some n ≥ 0, then we set ζ1 := ∅, ξ1 := 0, and the Bienaymé-Galton-Watson

branching process dies out. Else, we let

j1,0 := inf{1 ≤ i ≤ A0|∀n ≥ 0 : W0,i
n ⊂ T+

d }

be an index of a parasite that stays inside T+
d and let

ζ1 := ∂e

(
Vp
0,j1,0

({0})
)
\
{
Y

0,j1,0
τp0,j1,0

−1

}
⊂ T+

d

be the external boundary of the set of sites visited by the parasite (0, j1,0), excluding the site
from which it jumped onto a completely immune host. Again we set ξ1 := |ζ1|. We note that by
construction we have Td(x) ∩ Td(y) = ∅ for x, y ∈ ζ1 with x ̸= y.
For n ≥ 1, if ζn = ∅, we set ζn+1 = ∅ and ξn+1 = 0. Else, for each x ∈ ζn, we determine the offspring
of x as follows. If Ax = 1, then x has no offspring. If Ax ≥ 2 and for all 1 ≤ i ≤ Ax − 1 we have
Wx,i

n ̸⊂ Td(x) for some n ≥ 1, then x has no offspring. Else, we set

jn+1,x := inf{1 ≤ i ≤ Ax − 1|∀n ≥ 1 : Wx,i
n ⊂ Td(x)}

and define the offspring of x as

∂e

(
Vp
x,jn+1,x

({x})
)
\
{
Y

x,jn+1,x

τpx,jn+1,x
−1

}
⊂ T+

d (x).

Finally we define ζn+1 as the union of all offspring of elements in ζn and ξn+1 := |ζn+1|. Because
the exploration for offspring only considers a so-far unexplored subtree, we obtain that (ξn)n≥0 is
a Bienaymé-Galton-Watson branching process. Also, it is clear that by taking p close to 1 we can
make it supercritical, because the number of visited sites |Vp

x,jn+1,x
({x})| has a geometric distribution

with parameter 1− p and thus goes to ∞ as p approaches 1. □

Proof of Theorem 2.7: The proof of Theorem 2.7 is completely analogous to the proof of Theorem
2.5, substituting Theorem 2.6 for Theorem 2.4. □

Proof of Theorem 2.8: The proof is analogous to the one for the corresponding result in Alves et al.
(2002, Theorem 1.7). To highlight why this approach also works in our model, we give the proof
here again.

Since by Theorem 2.1 we have pc(Td, A) ≥ 1
E[A] , it suffices to show that for any p > 1

E[A] the
SIMI survives on Td for large enough d. For s ∈ N, let A(s) := A1A≤s and note that by monotone
convergence E[A(s)] → E[A]. Thus, for s large enough, p > 1

E[A(s)]
and it suffices to show that the
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SIMI on Td with offspring distributed as A(s) survives with positive probability. We construct an
auxiliary process (ξ̃n)n≥0 that is dominated by the living parasites at time n and also dominates a
supercritical Bienaymé-Galton-Watson branching process. Initially all parasites on 0 belong to ξ̃0.
For n ≥ 0, the collection ξ̃n+1 will consist of parasites at distance n + 1 to the root and will be
constructed as follows. We assume some deterministic rule for the order in which the parasites are
treated. Then if a parasite in ξ̃n jumps, the following happens:

• If the parasite jumps towards the root, it is removed without offspring.
• If the parasite jumps onto some vertex at distance n+1 from the root and a different parasite

has already jumped to that vertex, then it is removed without offspring.
• If the parasite jumps onto some vertex at distance n+1 from the root, it is the first parasite

to jump onto that vertex, and the host on that vertex is completely immune, then it is
removed without offspring.

• If the parasite jumps onto some vertex at distance n+ 1 from the root, is the first parasite
to jump onto that vertex, and the host on that vertex is susceptible, then any new parasites
generated (according to A(s)) on that vertex are added to ξ̃n+1 as its offspring.

We note that by definition, each vertex can only be inhabited by at most s parasites in ξ̃n. Also,
because offspring can only get generated whenever a parasite jumps onto a never-before-visited
vertex, the probability for that host to be susceptible is p, independent of everything else in ξ̃n,
which is the crucial fact as to why the approach of Alves et al. (2002) still works in our model.
Hence, (ξ̃n)n≥0 dominates a Bienaymé-Galton-Watson branching process with mean offspring

d− s

d
E[A(s)]p.

This corresponds to the worst case that d − (s − 1) directions are already used up by the other
parasites on the vertex and 1 direction is towards the root, resulting in at least d− s free directions.
Taking d large enough, this can be made greater than 1, and thus the Bienaymé-Galton-Watson
branching process, and hence the SIMI, survives with positive probability. □

4.3. Proof for the non-monotonicity of pc as a function of the graph.
In this section we aim to show that the critical parameter for survival is not monotone in the

underlying graph. To be precise, we will construct a sequence of graphs (G(n))n≥1 such that each
G(n) contains T3 as a subgraph, but the critical parameters with almost surely 3 offspring at an
infection satisfy pc(G

(n), 3) → 1 as n → ∞. The approach is similar to that of Fontes et al. (2004)
and relies on attaching a complete graph with some large degree n to each vertex of T3, in which
parasites get trapped and eventually killed.

Denote by E3 the set of edges of the graph T3. Let x ∈ T3 and

Gn(x) := (Vn(x), En(x)) := ({(x, 0), (x, 1), . . . , (x, n)}, {{(x, i), (x, j)} : 0 ≤ i < j ≤ n})

be a complete graph with n+1 vertices attached to x. Consider the graph G(n) = (V (n), E(n)) with

V (n) =
⋃
x∈T3

Vn(x), E(n) = {{(x, 0), (y, 0)} : {x, y} ∈ E3} ∪
⋃
x∈T3

En(x).

Proposition 4.3. For any p ∈ (0, 1) there is an n0 ∈ N such that for all n ≥ n0 we have

pc(G
(n), 3) ≥ p.

Proof : Let n ∈ N and p ∈ (0, 1). We will couple the SIMI on G(n) with a Bienaymé-Galton-Watson
branching process, such that extinction of this Bienaymé-Galton-Watson branching process implies
the extinction of the SIMI, and then show that for n large enough the Bienaymé-Galton-Watson
branching process is subcritical.
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For readability we will (in some cases) drop the reference to n and p, and because A = 3 ≥ 1
almost surely we consider the SIMI defined through the parasite-wise coupling. Initially, only the
parasites in (0, 0) are placed, and thus we set

ζ0 := {((0, 0), 1)},

ξ0 = 1, noting that the parasites ((0, 0), 2), ((0, 0), 3) will in the next step be considered as potential
offspring of ((0, 0), 1). Also, we let U0 = ∅ ⊂ V (n) be the vertices already explored in the construction
of the Bienaymé-Galton-Watson branching process. For m ≥ 1 we now inductively define the
variables ζm, ξm = |ζm|, Um as follows. Set Um(0) := Um−1 and use some deterministic way to order
ζm−1 (e.g., lexicographically) as

ζm−1 = {((xm(1), km(1)), im(1)), . . . , ((xm(ℓm), km(ℓm)), im(ℓm)}.

For j = 1, . . . , ℓm we now inductively define ζm(j), Um(j) as follows. We ignore the potential death
of the parasite with label Zm(j) := ((xm(j), km(j)), im(j)) and let

tm(j) := inf{t ≥ 0 : Y
Zm(j)
t /∈ Um(j − 1)}

be the time it leaves the explored subgraph Um(j − 1) and visits a new vertex and let

(ym(j), 0) := Y
Zm(j)
tm(j)

be the vertex at which it does so (by construction it will only be possible to leave Um(j − 1) at the
ground level). The offspring of Zm(j) will be generated as follows. First, the host at (ym(j), 0) gets
infected and killed (even if it is immune), and we generate the parasites with labels ((ym(j), 0), 1) and
((ym(j), 0), 2) (respectively, for m = 1, j = 1 and thus y1(1) = 0, we generate ((0, 0), 2), ((0, 0), 3)
and also replace the corresponding labels in the upcoming generation of offspring accordingly). Then
we place the immune hosts inside Vn(ym(j)) \ {(ym(j), 0)} according to Ip and denote by

Hm(j) := {(ym(j), k) : 1 ≤ k ≤ n and Ip(ym(j),k) = ∞}

the vertices with immune hosts. Next, we generate all parasites

{((ym(j), 1), 1), (ym(j), 1), 2), . . . , ((ym(j), n), 1), (ym(j), n), 2)}

inside Vn(ym(j)) \ {(ym(j), 0)} and immediately kill off the parasites that are placed on top of an
immune host. Finally, we let the remaining parasites (including ((ym(j), 0), 1), ((ym(j), 0), 2) and
Zm(j)) move according to Y and keep only those that leave Vn(ym(j)) before they die at an immune
host. Precisely, recalling the notation (3.1), we set

ζm(j)′ :=

{
((ym(j), k), i) :

1 ≤ k ≤ n, i ∈ {1, 2}, Ip(ym(j),k) = 1 and
Vp
(ym(j),k),i({(ym(j), k)}) ̸⊂ Vn(ym(j))

}
,

ζm(j)′′ :=
{
((ym(j), 0), i) : i ∈ {1, 2} and Vp

(ym(j),0),i({(ym(j), 0)}) ̸⊂ Vn(ym(j))
}

and

ζm(j)′′′ :=

{Zm(j)}, ∃t ≥ tm(j) :
Y

Zm(j)
t /∈ Vn(ym(j)) and

∀tm(j) ≤ k < t : Y
Zm(j)
k ∈ Vn(ym(j)) \ Hm(j)

∅, else,

and then set ζm(j) = ζm(j)′ ∪ ζm(j)′′ ∪ ζm(j)′′′. To conclude the j-th step, we set the explored
subgraph Um(j) := Um(j− 1)∪Vn(ym(j)) and continue with the next parasite in ζm−1. Finally, we
set Um := Um(ℓm),

ζm =

ℓm⋃
j=1

ζm(j)
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and ξm = |ζm|. By construction and observation (3.2), since the paths of all potentially living
parasites are considered, we have

lim sup
m→∞

ξm ≥ lim sup
t→∞

#ηpt ({(0, 0)}) almost surely.

Also, because the production of the offspring of ((xm(j), km(j)), im(j)) only depends on the immu-
nity of hosts inside Vn(ym(j)), the paths of parasites generated inside Vn(ym(j)) and the path of
((xm(j), km(j)), im(j)) after the time tm(j), we obtain that |ζm(j)| is independent of

ξ0, . . . , ξm−1, |ζm(1)|, . . . , |ζm(j − 1)|.

In particular (ξm)m≥1 is a Bienaymé-Galton-Watson branching process. Thus, it remains to show
that this Bienaymé-Galton-Watson branching process becomes subcritical for large n, i.e.,

E[ξ1] ≤ 1

for some large enough n and fixed p ∈ (0, 1).
First, we let

H := H1(1) = {(0, k) ∈ V (n) : 1 ≤ k ≤ n, Ip(0,k) = ∞}

be the vertices with immune hosts in the complete graph attached to (0, 0) and, for 0 ≤ k ≤ n, i ∈ N,
define

σ(k, i) := inf{m > 0 : Y (0,k),i
m = (0, 0)}, τ(k, i) = inf{m ≥ 0 : Y (0,k),i

m ∈ H}
as the times the parasite ((0, k), i) returns to (0, 0), respectively, when it is on top of an immune
host inside Vn(0). Clearly

{σ(k, i) : 1 ≤ k ≤ n, i ∈ N} and {τ(k, i) : 1 ≤ k ≤ n, i ∈ N}

are identically distributed, respectively, and we simply denote σ := σ(1, 1), τ := τ(1, 1).
By independence of Ip, we have that the number of immune hosts L := |H| ∼ Bin(n, 1− p) and

a parasite starting at some (0, k) with 1 ≤ k ≤ n has a probability of n−L
n(L+1) to reach (0, 0) before

getting killed by an immune host, i.e.,

P(σ < τ |L) = n− L

n
· 1

L+ 1
.

This probability consists of not being on top of an immune host, which happens with probability
n−L
n , and then leaving the set of vertices with susceptible hosts through (0, 0) and not one of the L

immune hosts, which happens with probability 1
L+1 . If a parasite is at (0, 0), then with probability

3
3+n , it leaves Vn(0). Otherwise, the event that the parasite revisits (0, 0) before getting killed by
an immune host is given by first jumping onto a vertex with a susceptible host and then leaving the
set of vertices with susceptible hosts through the vertex (0, 0). In particular, conditionally on L, it
has probability n−L

n+3 · 1
L+1 . We denote by

γ(k, i) := inf{m ≥ 0 : Y (0,k),i
m /∈ Vn(0)},

the time until parasite ((0, k), i) leaves Vn(0) (ignoring its death) and again denote γ = γ(1, 1).
Noting that, conditionally on L, each attempt to get back to (0, 0) is independent from the previous
one, we obtain the probability to leave Vn(0) before death is given by

P(γ < τ |L = ℓ) =
3(n− ℓ)

(ℓ+ 1)(3 + n)n

∞∑
j=0

(
n− ℓ

(n+ 3)(ℓ+ 1)

)j

=
3(n− ℓ)

(ℓ+ 1)(3 + n)n
· (n+ 3)(ℓ+ 1)

(n+ 4)ℓ+ 3
=

3(n− ℓ)

n((n+ 4)ℓ+ 3)
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for ℓ = 0, . . . , n. For ℓ = 1, . . . , n we further estimate

3(n− ℓ)

n((n+ 4)ℓ+ 3)
≤ 3

(n+ 4)ℓ+ 3
≤ 1

n+ 4
· 3

ℓ+ 3
n+4

≤ 1

n+ 4
· 3
ℓ
.

Now using that L ∼ Bin(n, 1− p) we compute for large enough n that

P(γ < τ) =

n∑
ℓ=0

(
n

ℓ

)
pn−ℓ(1− p)ℓ

3(n− ℓ)

n((n+ 4)ℓ+ 3)

≤ pn +
3

n+ 4

n∑
ℓ=1

(
n

ℓ

)
pn−ℓ(1− p)ℓ

1

ℓ

≤ pn +
3

n+ 4
· 2

n(1− p)
,

where we used Marciniak and Wesołowski (1999, Theorem 1) with k = 1 to estimate the inverse
binomial moment

n∑
ℓ=1

(
n

ℓ

)
pn−ℓ(1− p)ℓ

1

ℓ
=

1

n(1− p)
+ o(1/n) ≤ 2

n(1− p)
.

Because the parasites ((0, 0), i) already start at the exit vertex, they have a higher chance to leave
Vn(0) before death, and we compute

P(γ(0, i) < τ(0, i)) =

n∑
ℓ=0

(
n

ℓ

)
pn−ℓ(1− p)ℓ

3

3 + n

∞∑
j=0

(
n− ℓ

(n+ 3)(ℓ+ 1)

)j

=

n∑
t=0

(
n

ℓ

)
pn−ℓ(1− p)ℓ

3(ℓ+ 1)

(n+ 4)ℓ+ 3

≤ pn +
1

n+ 4

n∑
ℓ=1

(
n

ℓ

)
pn−ℓ(1− p)ℓ

3(ℓ+ 1)

ℓ

≤ pn +
6

n+ 4
,

where in the last line we estimated l+1
l ≤ 2 for l = 1, . . . , n and the remaining sum is the probability

for a binomial distribution to be at least 1 and, in particular, is less than 1. Now ξ1 is exactly given
by the amount of parasites which leave Vn(0) before death, and thus

E[ξ1] =
3∑

i=1

P(γ(0, i) < σ(0, i)) +
n∑

k=1

2∑
i=1

P(γ(k, i) < σ(k, i))

≤ 3

(
pn +

6

n+ 4

)
+ 2n

(
pn +

3

n+ 4
· 2

n(1− p)

)
n→∞→ 0.

In particular, E[ξ1] ≤ 1 for n large enough, and thus the Bienaymé-Galton-Watson branching process
(ξm)m≥1 and, consequently, the SIMI die out almost surely. Hence, we must have pc(G

(n), 3) ≥ p
for any p ∈ (0, 1) and n large enough and conclude the proof. □

Proof of Theorem 2.9: Take G = T3 and note that by Theorem 2.2 and Theorem 2.8 there exists
some d0 ≥ 3 such that

pc(T3, 3) ≥
1

2
> pc(Td0 , 3).
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Also, by Theorem 2.6 we have pc(T3, 3) ∈ (0, 1), and thus by Proposition 4.3 there is some n0 ∈ N
such that

pc(G
(n0), 3) > pc(T3, 3).

Setting G2 = Td0 and G1 = G(n0) shows the claimed non-monotonic behaviour of the critical value.
To show pc(G

(n0), 3) < 1, we couple the SIMI on G(n0) with the SIMI on T3 by having a host at
x ∈ T3 be susceptible in the SIMI on T3 if and only if every host inside Vn0(x) is susceptible in the
SIMI on G(n0). This yields 1 > pc(T3, 3)

1
n0+1 ≥ pc(G

(n0), 3) and concludes the proof. □

4.4. Proof on recurrence.

Proof of Theorem 2.10: Again, we follow an approach similar to Alves et al. (2002, Theorem 1.9).
We will show that, with probability 1, there are only finitely many vertices H ⊂ V , such that the
parasites that will be produced if v ∈ H is infected reach 0. Clearly, using Lemma 3.6, we obtain
that replacing the offspring distribution A by Ã, which is distributed as A conditioned to be at
least 1, will increase the recurrence probability; hence ϑ(G, p,A) ≤ ϑ(G, p, Ã). For the SIMI with
offspring distributed as Ã, we can then make use of the variables defined in (3.1) to study the
behaviour of the model. We fix some p ∈ [0, 1) and for x ∈ V \ {0} set

Rp
x :=

Ãx−1⋃
i=1

Vp
x,i({x}),

the vertices that will be reached by some parasite that was activated at x. Also, we define

Rp
0 :=

Ã0⋃
i=1

Vp
0,i({0})

the set of vertices visited by the initially activated parasites. Because G is quasi-vertex-transitive,
there is a finite partition V1, V2, . . . , Vk ⊂ V such that for any 1 ≤ ℓ ≤ k and x, y ∈ Vℓ there
is a graph automorphism ϕ ∈ Aut(G) with ϕ(x) = y. In particular, considering the worst orbit
to get out of, this implies that there is some constant C > 0 such that for any x ∈ V we have
P(0 ∈ Rp

x) ≤ CP(x ∈ Rp
0). For every p ∈ [0, 1) we calculate

∑
x̸=0

P(0 ∈ Rp
x) ≤

∑
x̸=0

CP(x ∈ Rp
0) = CE

∑
x̸=0

1x∈Rp
0

 = E [|Rp
0 \ {0}|]

= CE

∣∣∣∣∣∣
Ã0⋃
i=1

Vp
0,i({0}) \ {0}

∣∣∣∣∣∣
 ≤ CE

 Ã0∑
i=1

∣∣∣Vp
0,i({0}) \ {0}

∣∣∣


= CE[Ã]E
[∣∣∣Vp

0,1({0})
∣∣∣] < ∞,

where in the last equality we used the independence of Ã0 from the identically distributed collection
{|Vp

0,i({0})| : i ∈ N} and finally used that |Vp
0,1({0})| is geometrically distributed with parameter

1−p > 0 and, in particular, has a finite expectation. By the Borel-Cantelli Lemma there are almost
surely only finitely many x ̸= 0 such that 0 ∈ Rp

x. Hence, 0 is almost surely only finitely often
visited by parasites. □

5. Some open questions on the SIMI
5.1. Monotonicity of pc as a function of A under weaker stochastic orders.

Theorem 2.9 establishes a non-monotonicity of pc as a function of the underlying graph. How-
ever, the monotonicity of pc as a function of the given offspring distribution is also of interest. A
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simple answer is obtained if A′ stochastically dominates A. In this case, we can couple Ax ≤ A′
x

almost surely for x ∈ V and, thus, invoking a similar argument as Lemma 3.6, shows that we have
pc(G,A) ≤ pc(G,A′). However, many interesting cases for offspring distributions are not related
in such a strong way, e.g., a deterministic A = k and a Poisson-distributed A′ ∼ Pois(µ) with
µ > k. In Johnson and Junge (2018), similar questions on the frog model are investigated by re-
lating the offspring distributions by a weaker stochastic order. Specifically, the increasing concave
order E[f(A)] ≤ E[f(A′)] for all bounded, increasing and concave f : [0,∞] → R and the probabil-
ity generating function order E[tA] ≥ E[tA′

] for all t ∈ (0, 1). Their results hold in a quite general
framework. However, they do assume the paths of frogs to be independent. In the SIMI this is no
longer the case, as parasites can die at the same host, and thus, the paths are only conditionally
independent given Ip. Still, we conjecture similar results to also hold for the SIMI, but to
prove them, we need to either adapt the approach of Johnson and Junge (2018) to apply also for
non-independent paths or, to directly apply their results, we need to show our results in a quenched
setting, i.e., that for p large enough, there is some event B ∈ σ(U) with positive probability such
that for every realisation ω ∈ B, the SIMI with deterministic immunities given through Ip(ω) and
random offspring A and parasite paths Y has a positive probability to survive. Comparison results
as in Johnson and Junge (2018) would also yield the improvement of establishing a phase transition
for a broader spectrum of offspring distributions A with P(A = 0) > 0 (cf. Theorem 2.5, Theorem
2.7).

5.2. Conditions on monotonicity of pc as a function of the graph.
Considering the non-monotonicity of pc established in Theorem 2.9 on one hand and the conver-

gence pc(Td, A) → 1/E[A] established in Theorem 2.8 suggesting some kind of monotonicity on the
other hand, a natural question arises: Find conditions for any graphs G1, G2 that establish
an inequality of critical values pc(G1, A) ≥ pc(G2, A). Results in this direction would also
broaden the class of graphs for which we can establish a phase transition. For example, it is clear
that for any tree G where every vertex has degree at least 3, a similar proof as for Theorem 2.6
establishes pc(G,A) < 1. However, for any graph G that in particular contains loops, the existence
of a phase transition of the SIMI on G seems to require arguments specifically designed to fit the
graph. In Fontes et al. (2004) a similar question is already asked for the frog model with death and
is, to our knowledge, still unanswered.

5.3. Asymptotic of pc(Zd, A).
Theorem 2.8 establishes that asymptotically the graph structure of Td plays a diminishing role

and, in terms of survival, the SIMI behaves more and more like a Bienaymé-Galton-Watson branch-
ing process. In Alves et al. (2002, Theorem 1.8) a similar result is also established for the frog model
with death on Zd for d → ∞. We conjecture that also pc(Zd, A) → 1/E[A] as d → ∞. The
main problem is that, when trying to couple with a supercritical branching process, even for large
(but finite) d, the graph structure of Zd eventually comes into play by the existence of loops, and
the coupling will break. A second coupling with a percolation would still be necessary, which, due
to the mutual dependence on the locations of immune hosts, is difficult to show the supercriticality
by standard arguments.

5.4. Sharpness of Theorem 2.1 and Theorem 2.2.
We were able to establish lower bounds for the critical parameter of survival harnessing, on one

hand, an underlying branching process and ignoring the graph structure in Theorem 2.1 and, on
the other hand, relying on the underlying graph structure and ignoring the branching of parasites
in Theorem 2.2. A natural question in this setting is if one effect already determines pc if the other
effect diminishes as observed in Theorem 2.8. This leads to the following questions:

• Does there, for any graph G, exist a distribution A such that pc(G,A) = p̃c(G)?
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– We note here that the question in the other direction is addressed in Theorem 2.8.
Thus, a similar weaker result might be a first step, i.e., showing that for any graph G
there exists a sequence A(n) such that pc(G,A(n)) → p̃c(G).

• A refinement on the first question is if an infinite expectation is already enough to match the
critical parameters. Does there exist a graph G and a distribution A with E[A] = ∞,
but pc(G,A) > p̃c(G)? Of particular interest is the case that p̃c(G) = 0.
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