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Abstract. We investigate the behavior of the empirical neighborhood distribution of marked graphs
in the framework of local weak convergence. Here we extend known results by considering uniform
random graphs with given degree sequences and i.i.d. marks on half-edges and vertices. We establish
a large deviation principle for such families of empirical measures. The proof builds on Bordenave
and Caputo’s seminal 2015 paper, and Delgosha and Anantharam’s 2019 introduction of BC entropy,
relying on combinatorial lemmas that allow one to construct suitable approximations of measures
supported on marked trees. Possible applications of these results are in the study of interacting
diffusions on top of random graphs.

1. Introduction

1.1. Motivation. In probability theory, the depiction of interactions among particles or individuals
often relies on the framework of random graphs. Typically, models are initially examined in the
mean-field scenario, where every two particles interact in the same way. Our objective is to transcend
mean-field models, extending our exploration to encompass graphs with bounded degrees.

For each n € N, consider a vector Zn = (lp1,...,0n ) with non-negative integer entries such that
> i1 nyi is even, sup,, ; £, ; < 0o, and s, dg,, , converges weakly. We define G(,) as the set of
graphs G with a vertex set [n| := {1,2,...,n} such that the degree of vertex i in G is ¢, ; for all
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i € [n]. Let G, be the uniform random graph sampled from G (£,,). Now, consider the marked graph
Gy, derived from G, by assigning independent random variables to both vertices and edges of Gy,.
Given a marked graph G, define its empirical neighborhood distribution as

_ 1 &
Gn) = > 5wy (1.1)
v=1

where [G.,(v),v] denotes the connected component of v in the graph G, rooted at v, along with
the associated fields of marks within these subgraphs.

Theorem 1.1. Consider the sequence of marked graphs G, as above and assume that the space of
marks is finite. The sequence of empirical neighborhood measures U(Gy,) satisfies a large deviation
principle with speed n and rate function presented in Theorem 3.2.

Diverging from the mean-field scenario poses a considerable challenge, and identifying the geomet-
ric distinctions potent enough to influence processes on these graphs is not always straightforward.
For instance, in the voter model, convergence of the opinion density to the Wright-Fisher diffu-
sion holds in a broad spectrum of sparse graphs after appropriate rescaling, mirroring mean-field
behavior (see Chen et al., 2016). However, the stochastic Kuramoto model exhibits notable dispar-
ities in behavior between sparse and mean-field geometries (see Oliveira et al., 2020, Remark 6.11
and Lacker et al.,; 2023). Despite significant progress in understanding sparse geometries, particu-
larly within the framework of local weak convergence, additional tools are imperative for attaining
more nuanced insights into the dynamics of complex systems evolving within these geometries.

Our objective is to advance the arsenal of tools, aiming to replicate results akin to those in Bal-
dasso et al. (2022a), but now focusing on the uniform graph with a specified degree sequence
instead of the Erdés-Rényi random graph. Just as in Baldasso et al. (2022a), the BC-entropy re-
mains a cornerstone in our methodology, yet new approximation results are indispensable. These are
achieved through the employment of combinatorial lemmas, facilitating the construction of graphs
with slightly varied degree sequences while minimally impacting the neighborhoods of a significant
portion of vertices (cf. Lemma 3.10).

1.2. Application to interacting diffusions. Given a random graph G = (V, E), define the Hamilton-
ian
Hg(Z, gij Z Eouf(Ty — Ty Wy, wy) + Zg(fvv;wy), (1.2)
v,ueV veV

where f and g are two functions that represent the potential and the external field, the variables
£ = (uw : {u,v} € E) € R?El are marks on the oriented edges that represent the strength of
interaction associated to the oriented edge (u,v), and & = (wy;v € V) € RVl are marks on vertices
that represent “media” variables.

We write 0, H¢ for the derivative of Hg with respect to the variable x,. Fix a finite time horizon
T >0 and let B = (By : v € V) be an independent family of standard Brownian motions defined
on the time interval [0,7]. We consider the system of interacting diffusions over G given by the
stochastic process 0¢ = (8¢(t);v € V,t € [0,T]) that solves the following system of Ito stochastic
differential equations

{d@f}(t) = 0,He(0C,€,&)dt + dBy(t), 0<t<T, 13)

05(0) =0,(0), forallveV.

We assume that f, f’ (derivative with respect to the z variable), f”, g, ¢’, ¢’ exist, are bounded
and continuous. Under this assumptions, when the marked graph G is finite, the system (1.3) has
a unique strong solution with continuous trajectories (see Karatzas and Shreve, 1991, Chapter 5,
Theorem 2.9). Let us denote by 6, = {fn.(s) : s € [0,7] and v € [n]}, the solution of the
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Stochastic Differential Equation (1.3) where G is the random graph with given degree sequence
introduced above. .

In the following we denote by U (Gn,f,H(O),d,g) for the empirical neighborhood distribution

(see (1.1)) of the graph G,, with oriented edges marked by the entries of the vector ¢ and vertices
marked by the triple ((%(t))te[o,T}’wU’ 6,(0)), where z,, € C[0, T}, for every v € G,,.
Theorem 1.2. Assume that the collections of marks 5, & and the initial conditions 5n(0) are
obtained as i.i.d. copies of given arbitrary distributions. If the sequence (U(Gn,B,H(O),(D’,@)neN
satisfies a large deviation principle with rate function I, then the sequence of empirical neighborhood
distributions marked with the solution of the SDE (1.3), (U(Gh, 0n,6(0),d, §))neN, satisfies a large
deviation principle with speed n and rate function I —F, where F is defined taking values of empirical
neighborhood distributions as

F(p) = — / (F}U - %F(Q) + ;F(?’))dp, (1.4)

and the functwns F for t € {0,T}, F@  and F®), are defined, for a rooted marked graph
G - (‘/,E,ﬂf7§,w,0), as

Z ouf (To(t) — 2u(t); wWo,wu) + g(@0(t); wo),

F(2) / |: Z gouf xo —JIU( ) wo,wu)
2
- 3 Cunf ol ) 4 f i) w5
F(g) / [ Z fouf” xo _:Uu( ) wOawu)

£ 3 G () — 2olt); wor i) + 6" (wo(t); wo>] dt.

U;UNO

The proof of the theorem above follows from our Theorem 1.1 combined with the general dis-
cretization scheme presented in Lemma 4.2 of Baldasso et al. (2022a) and a direct application of
Theorem 7.1 of the same paper.

1.3. Overview of the proof. The proof of the large deviation result for the sequence in (1.1) unfolds
in two pivotal steps, delineated below.

In the initial step, we pivot from the complexity of G,, through a mixture argument. Instead
of contending with i.i.d. marks, our focus shifts to marked graphs uniformly drawn from a set
characterized by prescribed numbers of each mark type, denoted as G ( )i iin - HlETE, VEctors 1y,
and 1, count the amount vertices and edges designated for each mark type (refer to Section 3.1 for
a precise definition). After establishing a large deviation estimate for these random graphs, general
results pertaining to mixtures of probability measures imply our main result.

The subsequent step consists on checking that this class of auxiliary marked graphs indeed satisfies
a large deviation principle. This involves securing precise asymptotic bounds for quantities such as

{G € G(tn)ma, - U(G) € B(p, )}, (1.6)
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where B(p,d) denotes a fixed ball of radius § > 0 around the distribution on marked trees p. This
approach mirrors that of Delgosha and Anantharam (2019), given that the model under consider-
ation aligns with the one studied in Delgosha and Anantharam (2019), with the added nuance of
the vector of prescribed degrees Zn

The primary challenge resides in utilizing the truncated version of the BC-entropy to attain the
desired lower bound for (1.6). To accomplish this, we establish the existence of a sequence I';, of
marked graphs such that, when truncated at height k, U(T',)r — pg, concurrently maintaining
degr (i) = £y 4. Our explicit proof hinges on the construction of a generalized configuration model
for a specially crafted sequence of colored degrees. Simultaneously, we demonstrate some type of
“mass transport” on matrices of colored degrees. Specifically, we prove that such matrices, when
linked to a sequence of marked graphs, allows one to perform certain modifications that respect a
series of contraints required by the model. These constraints are crucial for transitioning from a
matrix of colored degrees to constructing a sequence of graphs with the desired properties, employing
the framework of the generalized configuration model and the Reconstruction Lemma as detailed
in Delgosha and Anantharam (2019, Proposition 8).

1.4. Related works. Most works deal with unmarked graphs, where large deviations of several quan-
tities have been studied, as described in the survey paper by Chatterjee (2016).

A lot of attention was devoted to the dense regime, where degrees grow linearly with the size
of the graph and results are framed in the setting of the cut topology introduced by Lovasz and
Szegedy (2006). Chatterjee and Varadhan (2011) establish large deviations for Erdés-Rényi random
graphs when p remains constant. Dhara and Sen (2022) consider the uniform graph with given
degrees and establish a large deviation principle under mild conditions that guarantee the existence
of a graphon limit, as established by Chatterjee et al. (2011). Markering (2023) extends the previous
results and considers inhomogeneous Erdds-Rényi random graphs in the same dense setting. Finally,
we mention also Dembo and Lubetzky (2018) that consider the uniform graph with given number
of edges.

For the sparse regime, the framework of local weak convergence introduced by Benjamini and
Schramm (2011) and Aldous and Steele (2004) is widely used, since a strikingly large collection
of graph functionals is continuous under this topology. In this sense, studying large deviations for
empirical neighborhoods allows one to obtain similar estimates for such functionals. Large deviation
estimates for graphs in this regime were first treated by Bordenave and Caputo (2015), specifically
for the Erdgs-Rényi random graph and unifrom random graph with given degree. More recently,
Backhausz et al. (2022) consider the case of uniformly sampled d-regular random graphs as well as
unimodular Galton Watson trees.

When one turns to marked graphs, the picture is more scarce. Based on Bordenave and Caputo
(2015), Delgosha and Anantharam (2019) introduce the entropy notion that is central in our work
and deduce a weak large deviation principle for the uniform marked graph with given mark counting
vectors (see Section 2.2). This was then extended by Baldasso et al. (2022a) to cover the case of
sparse marked Erdds-Rényi random graphs.

In the recent work Ramanan and Yasodharan (2023) the authors show that the rate function
obtained in Delgosha and Anantharam (2019); Baldasso et al. (2022a) admits a more tractable
expression, involving only relative entropies, for the models of uniform marked graphs with fixed
number of edges and Erdos-Rényi graphs with i.i.d. marks. Furthermore, they also obtain an
alternative expression for the rate function of the large deviation principle of the model of uniform
graph with fixed degree sequence, the same model we consider in this present work. We notice that
Ramanan and Yasodharan (2023, Theorem 7.11) relies on the proof of a large deviation principle
for the model of uniform graph with fixed degree sequence and make reference to a forthcoming
paper Chen et al. (2025-). The present work complements Ramanan and Yasodharan (2023) in the
sense that we prove the large deviation principle mentioned in Ramanan and Yasodharan (2023,
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Theorem 7.11). We also mention that our work will have intersection with the announced work Chen
et al. (2025+).

Many works deal with large deviation for specific quantities such as subgraph counts (Augeri,
2020; Basak and Basu, 2023; Cook and Dembo, 2020; Goldschmidt et al., 2020; Harel et al., 2022;
Vu, 2001), functionals of the adjacency and Laplacian matrices (Bhattacharya and Ganguly, 2020;
Hazra et al., 2023; Markering, 2023), and components size (Andreis et al., 2023, 2021).

Let us delve into the landscape of research on interacting diffusions atop random graphs, one of
the main potential applications of the current manuscript. In the realm of gradient dynamics on
the complete graph, Dai Pra and den Hollander (1996) set the stage. This was later adapted by
the current authors (Baldasso et al.; 2022b) to the non-gradient case, incorporating delays into the
mix.

Transitioning to the Erdos-Rényi random graph, ¢on Delattre et al. (2016) provide insights by
comparing the system with its mean-field counterpart. They establish bounds on the distances
between solutions, assuming the mean degree diverges logarithmically. In the dense regime, Oliveira
and Reis (2019) extend these discussions with large deviation estimates for solution paths, offering
a nuanced exploration. For an in-depth examination of works in the dense regime, we direct the
reader to Oliveira and Reis (2019).

Venturing into the sparse setting, Lacker et al. (2022) and Oliveira et al. (2020) uncover the con-
vergence of solutions to a meticulously defined model on the Galton-Watson random tree. However,
their results do not explicitly delve into the realm of large deviations.

MacLaurin (2016) contributes to the landscape by considering an interacting particle system
defined through stochastic differential equations in networks that converge locally weakly to Z<,
tailored for the sparse setting. Their large deviation principle is derived by applying transformations
to an existing known result (see MaclLaurin, 2016, Section 4). It is worth noting that these methods
appear to be tailored for networks converging locally weakly to Z? and do not explicitly address
other networks such as Erdos-Rényi or the uniform graph with given degrees in the sparse regime.

2. Preliminaries

In this section, we fix some notation that is used throughout the rest of the paper and review
some results from the literature. We start by introducing the notation for marked rooted graphs,
graph isomorphisms, and metrics on the set of such graphs. Furthermore, we recall the concept
introduced in Aldous and Steele (2004); Benjamini and Schramm (2011) of local weak convergence
and the definition of the BC-entropy introduced in Delgosha and Anantharam (2019).

2.1. Marked graphs.

A graph G = (V, E) consists of a set V of vertices and a set F of edges. All graphs considered
here have finite or countably infinite vertex sets and are always assumed to be locally finite. A
rooted graph (G, o) is a graph G together with a distinguished vertex o € V. We write G, the space
of connected locally finite rooted graphs.

For u,v € V, we write u ~g v if these vertices are adjacent. The degree of u in G is denoted
by degq(u). The induced distance by G between u and v, denoted by distg(u,v), is the size of the
smallest path connecting u to v.

Let (©,dg) and (Z,d=) be two finite metric spaces. A marked graph G = (G, 7, _j is a graph
G = (V, E) endowed with fields of marks

7=(r()ev and &= (E(v, ) uler; (2.1)

where 7(v) € ©, for all v € V, and {(v,w) € Z, for all {v,w} € E. Notice that, although edges
are not directed, each edge receives two marks, one for each possible orientation. We denote by
G = G(e,z) the space of connected and locally finite marked graphs with mark spaces © and =.
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An isomorphism between two rooted marked graphs (G,0) = and (G’,0) is a bijective map
U : V — V’ that preserves edges, marks, and the root. For a marked graph G and a radius r € N,
(G, 0), denotes the marked subgraph of G induced by the vertices within distance r from o € V.

Let G, denote the space of (connected and locally finite) rooted marked graphs up to isomorphism.
We often identify classes with representative elements without further mention to this. The spaces
G. and G, can be endowed with metrics dg* and dg, that turn them into Polish metric spaces
(cf. Bordenave, 2016).

We write 7; C G, for the space of (connected and locally finite) rooted marked trees up to
isomorphism. Also, denote by G" the set of rooted marked connected and locally finite graphs with
depth at most h, meaning that all vertices are within distance h from the root.

There exists a natural projection my : G. — G, that associates to each marked graph G its graph
component Fg(é). We will use throughtout the text that the map 7, is a weak contraction, that is,
a one-Lipschitz map.

Finally, let G,, denote the set of graphs and G, the set of marked graphs with vertex set [n] (notice
that these sets include graphs that are not connected).

Local weak convergence. For a (not necessarily connected) marked graph G and a vertex v € V,
we associate the rooted marked graph (G(v),v) given by the marked graph induced by the connected
component of v rooted at v. We write [G(v),v] € G, for the equivalence class of (G(v),v).

For a finite marked graph G on n vertices, its empirical neighborhood distribution is the probability
measure defined in the set G, via (1.1). We will use a slight abuse of notation and also denote by
U(G) the empirical neighborhood distribution of an unmarked graph G. In this case, U(G) is a
probability distribution in G,.

Denote by P (Q*) the collection of probability measures on G, endowed with the weak convergence
topology. This space can be metrized by the Lévy-Prokhorov metric dy,p, defined as follows. Denote
by B(G.) the Borel o-algebra of the metric space (G, dg,). For each A € B(G,) let

={g9€G.:dg (9.9 <e, for some ¢’ € A}.
For p,v € P (Q_*), define
drp(p,v) =inf {e > 0: p(A) < v(A°) + ¢ and
v(A) < p(A%) + ¢ for all A € B(Gy)}.
The following lemma is used in Section 3.

Lemma 2.1. Let S be a metric space. Given f : G, — E, define F : P(Gy) — P(S) as F(u) =
o f=Y If f is a-Lispchitz in the Lévy-Prokhorov metric, for some o > 1, then so is the map F.

Proof: Fix p,v € P(G«) and € > 0 such that dzp(u,v) < e. In order to conclude the lemma, it
suffices to prove that dpp(F(p), F(v)) < ae.
Given a measurable set A C S, dp(u,v) < e implies for the set f~1(A)

p(f7HA) S v(fFHA)7) +e and w(f7H(A) < u(f7HA)F) +e (2.2)
Notice now that, since f is a-Lipschitz,
FHA) C (A%, (2.3)

This then implies, since o > 1,

F(u)(A) = u(f~1(A4)) < v(f7HA)) +e < v(f7H(A%)) + ae = F(r)(A™) + ae. (2:4)

)+
An analogous calculation yields F(v)(A) < F(u )(AO‘E) + ae, which implies dpp(F(p), F(v)) < ae
and concludes the proof of the lemma. O
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Definition 2.2 (Local weak convergence). Consider a sequence G, = ([n],En,_?n,gn) of marked
graphs and let p € P (g*) We say that G, converges locally weakly to p if U(G),) converges to p
in the sense of weak convergence.

Unimodularity. Let G,. denote the set of connected marked graphs with two distinguished vertices
up to isomorphisms that preserve both vertices.

A probability measure p € P(G,) on the set of connected rooted marked graphs is called unimod-
ular if, for any measurable non-negative function f : G, — Ry,

/ S H((G 0, v]) du((G.o]) = / S H((G. v, o)) dul(G, ). (2.5)
veV(G) veV(G)

The set of unimodular probability measures on G, is denoted by Pu(g_*)
For an in depth discussion of properties of unimodular measures we refer the reader to Aldous
and Steele (2004). A proposition that is important for us is the following.

Proposition 2.3. The set Py(Gx) is closed in P(Gy).

2.2. Review of BC entropy and LDP.

In this section we review some of main results from Delgosha and Anantharam (2019), that
introduced a cornerstone model in order to consider more general random marked graphs. We first
introduce additional notation and afterwards collect some of their results that are used throughout
our text.

Count vectors and degrees. In this entire section, we assume that the metric spaces © and =
are endowed with an order <. Notice that this is possible due to the fact that the spaces are finite.

Let G be a finite marked graph. We define the edge-mark count vector of G by mq = (mg(x,2’) :
x,x’ € Z), where mg(z, ') is the number of oriented edges with associated marks x and 2/, i.e.,
number of oriented edges (v,w) such that {g(v,w) = z and {g(w,v) = 2’ or &g(v,w) = 2’ and
¢c(w,v) = z. Analogously, the vertez-mark count vector of G is dg := (ug(f) : 6 € ©), where
u(0) is the number of vertices v € V(G) with 7¢(v) = 6.

Let us now introduce some more notation that will allow us to explore the orientation used for
edge marks. For a pair (z,y) € E x E, we write (z,y)< = (z,y) if x < y and (z,y)< = (y,2),
otherwise. We write x2 for the distribution of X<, if X € Z2 is sampled according to xy ® x. We
also denote by a

EQS ={(z,2))€E2: 2 <2} (2.6)

For a vertex o € V(G), degé’x/ (0) denotes the number of vertices v connected to o in G such that
§a(v,0) =z and {g(0,v) = o’. Notice that degg(0) = 3, ez deggwl(o).
For p € P(Gy), and 0 € ©, we define
Mp(p1) = p(rG(0) = 6) and Ti(n) = (Tly(p) : 6 € O).

Also, for z,2' € Z, let

/

deg™ (11) = E,(degls™ (0)),
deg(p) = ) deg™™ (n), (2.7)

deg(n) = (deg™ ().
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The DA model. Let us now introduce the model considered in Delgosha and Anantharam (2019).
Fix a sequence of edge-mark count vectors and a sequence of vertex-mark count vectors

T = (un(0) : 0 € O),

2.8
Mp = (Mp(z,2') : 2, 2" € Z) with my,(z,2') = m,(2/, 7). (28)

Remark 2.4. Notice that in order to determine an edge-mark count vector m,, it is only necessary
to characterize my, <, by setting, for x < y, m, <(z,y) = my,(z,y) = my,(y,z), by the symmetry
assumption in the equation above.

For m,,, we define

HﬁinHl Z mp(z, 2’ —|—Zmn x,T) Z mp(z,2'), (2.9)

r;éx’ <z’

and, for iy, we have |||, = > 5cq un(0).
For each n € N, define
gr?zn,ﬁn = {G € Gy @ g = U, and mg = Tﬁn}a
the collection of graphs with vertex- and edge-mark vectors given by u,, and m,, respectively.

Let G, be uniformly sampled from Gy, 7., and recall that U(G),) denotes its empirical neighbor-
hood distribution, see (1.1). In Delgosha and Anantharam (2019), the authors introduce a notion
of entropy for such random graphs, which they call BC entropy, and provide a weak large deviation
principle for the sequence of random probability measures (U (G”))n eN'

The asymptotic behavior of the quantities of interest depend on the limits of the vectors i, and
My. With this in mind, we introduce the average-degree vector as

J: (d:c,x’ ERy: xvxl € Evda:,a:’ = dx’,:ca Zd:c,x’ > O)

z,x’

The vector d plays the role of the limit of 77, /n. We also introduce a distribution @ = (gg)gco over
0. Likewise, @ will be the limit of i, /n.

Definition 2.5. Given an average-degree vector d and a probability distribution @ = (gs)gco, We
say that a sequence (1M, @) of edge- and vertex-mark count vectors is adapted to (d, @), if the
following conditions hold:

(1) Il < (5) and ||@]|; = n. This guarantees that G, 4, is not empty.

(2) mp(x,x)/n — dy /2, for all x € =.

(3) mp(z,2")/n — dy o = dy 4, for all x # 2" € E.

(4) un(0)/n — qp, for all 6 € o.

(5) If dy o = 0, then my,(z,2’) = 0, for all n.

(6) go = 0 implies uy(f) = 0, for all n.

The large deviation principle. Let p € P(G.) and denote by B(u,e) the ball of radius  in
the Lévy-Prokhorov metric in P(G.). The large deviation result concerns the exponential decay
behavior of the sequence of probabilities

P(U(Gy) € B(,2)).

Consider the set
gmn,un M, € {G S gmn’un dLP(U(G), /.L) < E} .
Since G, is uniformly distributed over G, 4., it follows by definition that

log P(U(Gr) € B(u,e)) = log |G, @, (11,€)| — 10g |Grzin i |-
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If (my,d,) is adapted to (CZ: @), it is proved in Delgosha and Anantharam (2019, Equation 10)
that
108 |G | = |||, logm + nH(Q) + 1Y 5(dy o) + o(n), (2.10)
z,x’

where H(Q) = — > yce qplog go denotes the entropy of the probability measure @ and s(d) is given
by

d d :
¢ — 2logd, fd>o0,
sd)=42" 2% ' (2.11)
0, if d=0.
Delgosha and Anantharam (2019) introduced the notion of e-upper BC entropy
_ 1 s oo (p,e)| — [l 1
Q ’ n—o00 n

Taking the limit € — 0, the upper BC entropy is defined as

Similar definitions hold when we exchange the superior limits for inferior limits and, in this case,
the lower BC entropy is denoted by X.

Recall that s(d) = d/2 —(d/2)logd, if d > 0, and s(d) = 0 if d = 0. For an average-degree vector

d_: we denote by s(ci) the quantity
S(J) = Z S(dx,:v’)- (2.13)
z,x’

The next result establishes the central piece of the large deviation principle. It proves that the
upper and lower BC entropies coincide and that they do not depend on the adapted sequence
(M, Up,)-

Theorem 2.6 (Delgosha and Anantharam, 2019, Theorem 2). Let u € P(Gy) with 0 < deg(u) < o0o.
The following statements hold.

(1) The wvalues of fde(u)]mmgn and ZCZQ(u)]mmﬁn do not depend on the adapted sequence
(M, Uy,)- Foithis reason, we simplify the notation by writing ECZQ(,LL) and Z(;’Q(u).
(2) The equality ECZQ(“) = ZJ;Q(H) holds. This value is simply written as X7 (1) and it belongs

—

to [—o0,s(d) + H(Q)].

The quantity EJQ(M) is called the BC entropy of p associated with the pair (ci: Q). From Delgosha

and Anantharam (2019, Theorem 1), one concludes that, unless d = deg(p), @ = I (), and y is a
unimodular measure on 7, ZCZQ(M) = —00.

Combining the theorem above, Equation (2.10) and Dembo and Zeitouni (2010, Theorem 4.1.11),
one readily concludes a weak large deviation principle for the collection (U (G"))n N with rate
function given by

-

Lio (1) = H(Q) + 5(d) — Szo(1)- (2.14)
This result was further strengthened in Baldasso et al. (2022a, Theorem 2.8) to a complete large

deviation principle.
3. Main result and proof

In this section, we give a precise description of the rate function for the large deviation satisfied
by the sequence of empirical neighborhood distributions defined in (1.1).
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Throughout the paper we assume that the degree sequence Zn satisfies

sup sup £,; < oo, (3.1)
n>11<i<n

and that there exists a probability measure P on Z, such that the following convergence holds in
the weak sense

1 n
P,==-N"6, P 3.2
- ; i = (3.2)

Let G,, be a random marked graph uniformly sampled from Q(En) with i.i.d. vertex marks sampled
according to ¥ € P(O) and i.i.d. edge marks with distribution y € P(Z), that is, for G = (G, 6, &) €
G(0n) i ity let

1 L
PO =0)-PX =9, 3.3
A ( ) P( ) (3.3)

where the coordinates of X are i.i.d. with distribution x and the coordinates of O are i.i.d. with
distribution 4.
Define now

PG, =G) =

JI(P) = nh_{go%(log |g(l7n)| - Hmnul IOgn)v (3'4)

the quantity that controls the asymptotic growth of |G ([n)]

Remark 3.1. We point out that Delgosha and Anantharam (2019, Equation 45) establishes the
equality

J1(P) = S(UGWT; (P)),
where UGWT(P) denotes the distribution of the unimodular Galton-Watson tree with offspring
distribution P and unitary spaces of marks, defined in Delgosha and Anantharam (2019).

Finally, set

I (3.5)

Pd.Q 00, otherwise,
with IJ,Q(p) given in (2.14).

We are now in position to precisely state the content of (1.1). Recall the definition of XQS in the
paragraph above Equation (2.6).

Theorem 3.2. Assume that the degree sequence (0,)nen satisfies (3.1) and (3.2). Let Gy, be the
random marked graph with distribution given by (3.3) and set d = Y2 ¢P({). Then the sequence
(U(Gr))n>1 satisfies a large deviation principle with with rate function

d /1 - ) ,
N (1) = Tp gy i () + 5 H (50e(0< X2 ) + H(TI(0)[9), (3.6)
if deg(p) = d and Ap(p) = +o0 otherwise.

Remark 3.3. In the theorem above we denote by dgg(u)g for the vector given by deg™” (W< =

deg®® (1) + deg®*(p), for z < 2, and deg™® ()< = deg™®(p). Notice that, in the case when

deg(p) = d, ldé};{(u)S defines a probability measure on EZS

The proof of the result above is split into three main parts. Section 3.1 contains a large deviation
result for an intermediate model that is used in combination with mixture tools introduced in
Section 3.2, where the proof of the theorem is completed. Section 3.4 contains a proof of a technical
lemma used in the proof.
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3.1. Uniform marked graphs with given degree sequence.

The first step towards Theorem 3.2 is to consider the intermediate model from which we construct
our mixture representation.

We consider the random graph with given degree sequences and vectors of edge- and vertex-
marks. In order to introduce the model precisely, recall that G (En) denotes the set of graphs with
n vertices and such that degg(i) = ¢, ;. Notice that the number of edges in each graph in G(0y) is
exactly %Z?:l Ly ;. Let furthermore (4, n,) be sequences of vertex- and edge-marks vectors in a
way that Hﬁ’LnHl = %Z?Zl £y,;. Finally, define the set of marked graphs

G, ={G = (G, 7,8) € Gn : G € G(0), i = T, Mz = 1} (3.7)

We consider the random graph G, uniformly sampled from G (Zn)mnﬁn Recall the definition of
Py = 5 31 8¢, from (3.2).

Theorem 3.4. Let G, be uniformly sampled from G(Zn)mnﬁn and assume that P, — P, where

P € P(Zy) is a probability measure with finite support. If (1, ) is adapted to (cz Q), then the

sequence (U(G"))neN satisfies a large deviation principle with rate function IP,de given by (3.5).

Before presenting the proof of the theorem above, we state a preliminary result. This next lemma
allows for the modification of the finite neighborhoods of the graphs in a way that the empirical
measures of the degrees still converge to P but the analogous limit for a higher depth k > h equals

another target distribution. Recall U(G); denotes the depth & empirical neighborhood distribution
of a (marked) graph G.

Lemma 3.5. Given an integer k > 1 and p € P(T.) supported on trees with degrees uniformly
bounded by L > 0 and py o 7rg_1 = P, there exists a sequence of marked graphs (F")neN such that

UTn)x — pr and U(Wg(fn))l = P,, for alln € N.
The proof of the lemma above is postponed to Section 3.4. We now prove Theorem 3.4.

Proof of Theorem 5./: In order to establish the theorem, it suffices to verify that the sequence
(U(Gn))nEN is exponentially tight and that, for every p € P(G.),

lim T log B(U(Gn) € B(p,6)) = ~Ip10(0) (39
where B(p, d) denotes the ball of radius ¢ around p in the Lévy-Prokhorov metric and I PdQ
by (3.5).

In order to establish exponential tightness for the sequence, let L be the maximum degree of the

—

is given

sequence (¢, )nen, which is finite by assumption. Observe that the maximum degree of the graphs in
the sequence (Gn)n cy Is also uniformly bounded by L. This immediately implies that (U(G’n))n N
is contained in the set of probability measures supported on the set K, the set of marked graphs
with maximum degree L. Exponential tightness follows from the fact that ICp is a compact set,
which in turn follows from Baldasso et al. (2022a, Lemma B.1) and Bordenave and Caputo (2015,
Lemma 2.1).

It remains to verify (3.8). This will be done two steps, by first checking the upper bound and
then the lower bound. Since G,, is sampled uniformly in G (Zn)mngn, we have

P(U(Gy) € B(p,6)) = G € G U(Tg?;lqzﬁpr’ U(G) € B(p,d)}|

We start with the upper bound, by first analysing the denominator in the fraction above. Recall
from Delgosha and Anantharam (2019, Equation 9) that

G0 i i | = |GEIT (@ /)| T (T f110)| 3¢ 220 n (52, (3.10)

(3.9)
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where T'(v) denotes the type class of the measure v
To(v) = {6 € O™ : L,(0) = v}.
and analogously for the space Z™". Combining the above with the definition of J;(P) in (3.4) yields

log |Q( 0 )it | = NJ1(P) + my logn +nH(Q) + ns((f) + o(n), (3.11)

see Delgosha and Anantharam (2019, Appendix G).

We now work on the numerator of (3.9). Consider two cases, depending on whether p; o 779_1 =P
or not.

Assume first that p; om, ~1 £ Pandsety= drp(P, ;1 o, ) > 0. Let us check that the numerator
in (3.9) is zero if § is small enough, which already 1mphes the equality (3.8) with I(p) = co. Let
§ < v/2 and notice that, if U(G) € B(p,d), one can apply Lemma 2.1 with the maps p — p; and
pr>po 7rg_1 to obtain

v/2 > dpp(U(G),p) > drp(U(G)1, p1) = dip(Pa,prom, ). (3.12)
On the other hand, triangular inequality implies
drp(Pp, p1 0 Wg_l) > dpy (P, p1o Wg_l) —drp(P, P,) =y —drp(Py, P).

Since P, — P, for n sufficiently large we have dpp(P,, P) < 3, and thus

g
> 5
contradicting (3.12). Therefore, for n sufficiently large, the set in numerator of (3.9) is empty, and
the probability in (3.8) equals zero.

Let us now work on the case when p; o 7r;1 = P. Fixed k£ > 1, we use Lemma 3.5 to construct

a sequence of marked graphs (fn)nEN such that U(fn)k = pr and U(ﬂg(fn))l = P,, for all n € N.
We define

drp(Pn,p1om,

Ni(Tw) = {G € G, : UG = UT0)i}]- (3.13)
Furthermore, the limit below exists and we use it as the definition of Ji(px):

1 ~
Ji(pr) :T}L}n;oﬁ(logNk(I’n) — mylogn), (3.14)

see Delgosha and Anantharam (2019, Equation 45) for an alternative definition of Ji(py).
The first step is to recover Delgosha and Anantharam (2019, Equation 69), which states that, for
each k > 1,

hn%hmsup (log {G € Gm,a, : dp(U(G), pr) < 6} — mplogn) < Ji(pk). (3.15)
n— o0
By taking k large enough we deduce via Lemma 2.1

lim lim sup — (log {G € Gm,a, : Ulrg(G))1 = P,,U(G) € B(p,d)}| — mylogn)

0—=0 n—oo

< lim lim sup — (log {G € G, .a, : dop(U(G)k, pi) < 6} — my logn)

0—0 n—oco
< Ji(pr)-

Since limy, Ji(pr) = X(p) (see Delgosha and Anantharam, 2019, Theorem 3), we now let k grow and
combine the equation above with (3.11) to obtain

(3.16)

lim limsup — log B(U(Gy) € B(p,8)) < £(p) — J1(P) — H(Q) — s(d). (3.17)

6—0 pnosoco N

This concludes the verification of the upper bound in (3.8).
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It now remains to prove a matching lower bound for (3.8). Notice that in this case we can assume
I P, cZQ(p) < 00, which implies that p; is supported on stars with degree bounded by L.
We now bound

HG € Gy Ulry(G) = P U(G) € B(p, )}
> [{G € Gy, Ulmg(G))i = Ulmg(Ta) )1, U(G) € B(p,8)}|
> {G € G, UG = U(Tn)i, U(G) € B(p,d)}].
Let Gy, be a marked graph uniformly sampled from the set {G € G, UG = Ui}
Dividing and multiplying by Ny (I" n) we obtain
{G € G : UGk = UTn)r, U(G) € B(p, 8)} = Ne(Ta)B(U(Gh) € B(p,d)) . (3.18)
The proof will then be completed by verifying that, for every § > 0 fixed,
lim lim P(U(Gy.,) € B(p,d)) = 1, (3.19)

k—00 n—00
since this immediately implies, when combined with (3.11), (3.18), (3.14), and taking the limit as
k grows,

lim lim ~ log P(U(Ga) € B(p,8)) > S(p) — J1(P) — H(Q) — s(d) = —Ip70(0)- (3.20)

6—0n—ocomn

In order to check (3.19), choose k > 361 and recall that U(Gp)x = U(Lp)g. Since U(Lp)ix — pr.
drp(U(Gn)k, pr) = drp(U(Tn)k, pr) < /3, for all n sufficiently large. As consequence,

dLp(U(Gr), p) < dpp(U(Gn), U(Gn)i) + drp(U(Gn)k, pr) + drp(pk, p)
< dpp(U(Gn), U(Gu)i) + drp(U Tk, o) + drp(pr, p)

_1 81 (3.21)
STk T3 11k
<4,

which implies (3.19) and concludes the proof. O

3.2. Proof of Theorem 3.2.

In order to conclude the proof of our main theorem, we now construct a mixture structure. In
fact, we prove that the empirical distribution of the random graph with glven degrees and i.i.d.
fields of marks can be written as a mixture of graphs sampled uniformly from Q’( )i iin » When the

vectors m,, and u,, are randomly chosen.
Let L, (x%) = =Y 6o and Ly(9) = LS | Sy, denote the empirical means of i.i.d.
—_ n <

variables with respective distributions x2 and 9.

Lemma 3.6. For any G € G(Zn)rﬁnﬁn; it holds

P(G, = G) = P(my(Gp) = wg(G))}P’(Lmn (x2) = m”’<>IP’<Ln(19) = 6”) (3.22)

My, n
The proof of the lemma above follows exactly the same steps as in Baldasso et al. (2022a, Lemma
5.1) and we choose to omit it here.
Observe that the right-hand side of Equation (3.22) is zero unless m, = Mg and iUy = Ug.
This implies that the distribution of G,, is a mixture of the uniform graph in G ( 1) imit, When
the empirical measure of the edge- and vertex-marks are given by L, (X<) and L,(9). As a

consequence, U(G,,) is a mixture of U(H,,) where H,, is a uniform graph in G(Z, n )i iin- 1 herefore a
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large deviation principle with rate function given by (3.6) will follow from Biggins (2004, Theorem
1). The details of this construction is given below.

Proof of Theorem 3.2: Let A = P(2%) x P(0) and

n
A= { (s %) ¢ Wil = 3 2 o [l = nj A (3.23)
1=

Recall from (3.2) that 5 Y%, £,; — 4.

Let 1, denote the distribution of (L, (X<), Ly, (5)) defined in A,, with independent coordinates.
It follows from Sanov’s Theorem that (p,)nen is exponentially tight and satisfies a large deviation
principle with rate function

-,

v(a,B) = SH(@E) + H(F). (3.24)

%) € A, let P, be the uniform distribution on Q(Zn),ﬁmﬁn Since A,, is

.
Mn, <
l[77inlly

For each v := (

finite, for any event A C G (Zn)rﬁ”7ﬁn, the function v — P, (A) is measurable.
Assume now that (1, <, i, ) is such that

(7 %) = (@ ). (3.25)

In this case, (in, @,) is adapted to (dd, 3) (in the sense of Definition 2.5), where

Z,

a2y, if x <y,
V= a;’x, ify <ux, (3.26)
a®y, ifx=y.

From Theorem 3.4, if H,, denoted the uniformly sampled graph in G (En)ﬁngn, then the sequence
(U(Hy)), ey satisfies a large deviation principle with rate function I, ;5 given by (3.5).

The facts highlighted above, when combined with Biggins Theorem (Biggins, 2004, Theorem 1),
implies that (U(G,))nen satisfies a large deviation principle with speed n and rate function defined

by, for any u € P(Gy),

Ae() = { Iy 500+ GH(EDE) + H(W) : G ) € PEZ) x P(©) .

It remains to verify that the expression above coincides with (3.6). Notice first that, due to the
expression of I, - i in (3.5), in order for this quantity to be finite, it is necessary that dd; = deg(u),

B =Ti(p) (see the paragraph immediately after Theorem 2.6). In particular, this implies deg(u) = d
and @ = Zdeg(y)<. This concludes the proof of the theorem. O

3.3. Colored Configuration Model.

In this section, we review the main properties of the colored configuration model, first introduced
in Bordenave and Caputo (2015, Section 4). This model and some of its properties will be necessary
in the proof of Lemma 3.5 in Section 3.4.

Let L > 1 be a fixed integer, and define C = {(4,7) : 1 <14,j < L}. Let furthermore C— = {(i,7) €
C},Cc={(i,j)eC:i<j},and C< =C=UC-.

Each element (i,7) € C is interpreted as a color. For ¢ := (7, j) € C, we use the notation ¢ := (j,1)
for the conjugate color. Notice that ¢ = ¢ for ¢ € C—.

Define now the set G (C) of directed colored multigraphs with colors in C, comprised of locally-finite
multigraphs' with (oriented) edges colored with elements in C in a consistent way. More precisely,

1A multigraph allows for multiple edges and self-loops.
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each G € G(C) is of the form G = (V,w) where V is denotes the vertex set, and w = (w : ¢ € C)
with w, : V2 — Z, for each c € C, satisfies the following.

(1) Forallu e Vand c€ C, ), oy we(u,v) < oo.
(2) For ¢ € C, we(u,v) = we(v,u) for all u,v € V.
(3) For ¢ € C—, we(u,u) is even for all u € V.

For G = (V,w) € é(C) the associated colorblind multigraph is given by CB(G) = (V,w), with
w:V? = Z, defined as

o(u,v) =Y we(u,v). (3.27)
ceC
Notice that distinct colored multigraphs can be associated to the same colorblind multigraphs.
A colored graph is a multigraph G € Gi (C), such that CB(G) has no multiple edges nor self-loops.
Denote by G(C) C QA (C) the subset of colored graphs.
Let M}, denote the set of L by L matrices with nonnegative integer valued entries. For a finite
colored multigraph G = (V,w) € §(C), u €V, and ¢ € C, define

D () = we(u,v), (3.28)

veV

the number of edges of color ¢ going out of u. Let D%(v) = (D%(v) : ¢ € C), and notice that
D%(v) € M. This matrix is called the colored-degree matrix of the vertex v. We call D =
(D%(v) : v € V) the colored-degree sequence corresponding to G.

We now introduce the colored configuration model. For n € N, let D,, denote the set of vectors
(D(1),...,D(n)) where, for each 1 <i <n, D(i) = (Dc(i) :c€C) € Mg and S =>"",D(i) is a
symmetric matrix with even coefficients on the diagonal (in the sense that S. = Sz and, for every
¢ € C—, S, is even). Notice that, for G € G(C), D% € D,,.

Given a vector D € D, consider the set G(D) of directed colored multigraphs G € G(C) with
n vertices such that D¢ = D. Furthermore, for h > 1, let G(D,h) C G(D) be the subset of
directed colored multigraphs G such that CB(G) has no cycles of length at most h. Note that
G(D,h+1) C G(D,h) and that G(D,2) C G(C). In particular, it holds that G(D, k) C G(C), for all
h>2.

Now, given D = (D(1),...,D(n)) € D,, we refer to the colored configuration model as the
directed colored multigraph chosen uniformly at random from the set QA(B) Let us now present
an algorithmic procedure that generates such random graphs. This procedure is similar to the one
used for the classical configuration model.

For each ¢ € C, let W, := U ; W, (i) be a set of distinct half edges of color ¢, where |W,(i)| = D.(7),
for each ¢ < n. Attach the half edges in W,(7) to vertex i. A half edge with color ¢ is required to be
connected to another half edge with color ¢. In order to achieve this, consider, for ¢ € C., the set
S of bijections o, : W, — W; (notice this set is nonempty since D € D,,, and thus |W,| = [W3|).
Likewise, for ¢ € C—, let X, denote the set of perfect matchings of the set W,, which is nonempty
since D € D,, implies that |W,| is even, for all ¢ € C—.

Let now ¥ = HC€C< Y. and denote by 0 = (0. € ¥, : ¢ € C<) € X for an element of the set

Y. Given o € X, construct a directed colored multigraph I'(o) € G (D) in the following way. For
¢ € C<, use the map o, to construct directed edges between half edges of color ¢ and ¢ and vice
versa, that is, if 0. maps a half edge of color ¢ at vertex u to a half edge of color ¢ at vertex v,
place an edge directed from u towards v with color ¢ and an edge directed from v towards u, having
color ¢. In the case of ¢ € C—, this construction adds two directed edges, one in each direction from
vertices u and v with the same color ¢ (notice that ¢ = ¢). In all the algorithm, we also allow for
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u = v. By construction, we have I'(¢) € G(C), for each o € . For D € D,,, let CM(D) denote the
random directed multigraph I'(o) obtained by choosing o € ¥ uniformly at random.

We end this section with a central result first proved in Bordenave and Caputo (2015). Given
a positive integer 9, let ./\/lg) C My, denote the set of L by L matrices with non negative integer

entries bounded by §. Fix R € P(Mg)) and let D,, = (Dy(1),...,Dn(n)) € D, be a sequence
satisfying

Dn(i) e MY, foralli <n, (3.29a)
1 n

Theorem 3.7 (Bordenave and Caputo, 2015, Theorem 4.5). Fiz § € N, R € ’P(Mg)), a sequence
D" satisfying (3.292) and (3.29b), and let Gy, ~ CM(ﬁn) Then, for every h > 1, there ewists
ap > 0 such that

lim P(G,, € G(Dn, h)) = .

n—o0

In particular, for any h > 1, the set g(ﬁn, h) is non empty for all n large enough.

3.4. Proof of Lemma 3.5.

In Lemma 3.5 we start with a sequence of probability distributions on trees with height one
P, and degree bounded by L converging to a limiting distribution P and p € P(7}F) supported
on marked trees with degrees bounded by L > 0 (and thus with finite support) and such that
p1 o7rg_1 = P. Our goal is to construct a sequence of marked graphs (fn)neN such that U (fn)k — Pk
and U(mg(I'y))1 = Py.

In view of Delgosha and Anantharam (2019, Lemma 6), there exists a finite set Ay C T,F and a
sequence {I'y, }en for which the support of U (T, ), is contained in Ay and U(T'y,)r — pg. In order
to conclude the proof, it suffices to prove that there exists, for every n large enough, a modification
I',, of the graph I';, in a way that

(1) [T, ik = [T, ik, for all but o(n) vertices i, up to a permutation of the vertices,
(2) U(ﬂg(fn))l = P,, for all n large enough.

The colored configuration model will be used to construct the modification above, but we first
need to introduce some additional notation. For a marked graph G and vertices u ~ v, set

G(ua U) = (gé(ua ’U), (Gl7 ’U)),
where G is the connected component of v in the graph obtained from G by removing the edge
between u and v. For an integer k > 1, G/(u,v)y, is defined as ({5(u,v), (G',v)x). Let G[u,v] denote
the pair (£5(u,v), [G7,v]) € Z x Gy and, for k > 1, let G[u, v];, denote (£4(u,v), [G',v]x) € E x GF.

Definition 3.8. Let S C Gf be a finite set of marked rooted trees. Consider F C = X g_!:—l the set
comprised of G[o,v]x—1 and G[v, 0|1 for each [G,0] € S and v ~¢ o. Since S is finite, F is finite.
We define the set of colors coming from S to be C = F x F.

For a marked graph GG with n vertices and any integer k£ > 1, we define a directed colored graph
denoted C(G) in the following way. Let C denote the colors coming from S = {[G(u)k, u] : u € [n]}
as in the definition above. For any two adjacent vertices u ~¢ v, we add a directed edge in C(G)
from u to v with color (G[u, v]k—1, G[v,u]x—1) and another directed edge from v towards u with the
conjugate color. Since G is simple, C(G) is a directed colored graph, that is, C(G) € G(C).

On the other hand, for any fixed integer k > 1 and finite set F C £ x GF~1 let C = F x F. Given
a directed colored graph H € G(C) on n vertices and a sequence or vertex marks 7 = (7(v) : v € [n]),
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the marked color blind version of (7, H), denoted by MCBz(H) is defined as follows. Each vertex
v € [n] receives the mark 7(v). Furthermore, for adjacent vertices u ~g v with color of the edge
directed from u to v given as ((§,t), (&', ¢')) € C, we put an edge between u and v in MCBz(H) with
mark ¢ directed from u towards v and &’ directed from v towards u.

Notice however that it is not entirely clear if the colors of a marked graph H are consistent with
the colors of C(MCBz(H)). This is the content of the next proposition, stated in Delgosha and
Anantharam (2019) as Corollary 3.

Proposition 3.9 (Delgosha and Anantharam, 2019, Corollary 3). For an integer k > 1, assume
that a marked k-tree-like graph G € G, is given. Let D = D€ be the colored degree sequence
associated to C(G). Let T = (7(v) : v € [n]) denote the vertex mark vector of G. Then, for any
directed colored graph H € Q(Z_j, 2k + 1), it holds that (MCBz(H),v)r = (G,v)k, for all v € [n].

Recall that U(T',); is supported on the finite set Ay and let Cx be the colors coming from
Ay C TF. We denote by D,, = {Dy(c)}cec, the color-degree sequence associated to I';, and observe
that >°. Dy (c)(i) = degr, (i), for each vertex i. Since P, = 1377 | o, , — P and U(my(Tn))1 —
p1 o 779_1 = P, it follows that degp (i) = £, ; for all but o(n) vertices, up to permutation of the
vertices.

Lemma 3.10. There exists ]_N)n € D,, satisfying the following.

(1) The vector Dy, is a modification of D, in the sense that there exists at most o(n) values of
i € [n] such that Dy (i) # Dn(i).
(2) > Dn(c)(i) = Ly, for all i € [n].

The proof of this lemma is postponed to Section 4 and first use it to verify Lemma 3.5.

Proof of Lemma 5.5: Lemma 3.10 implies that there exists D,, € D,, which coincides with D,, in all
but at most o(n) vertices (recall the definition of D,, in Section 3.3) satisfying

S Dule)(i) = b (3:30)

Theorem 3.7 now implies that, for n large enough, there exists H, € G (En, 2k +1). We then define
I'n = MCBg, (Hp) which satisfies

(1) From (3.30), degg (i) = £n,; for all vertices up to a vertex permutation.

(2) By construction of Dy, [[n,i]s = [[n, s for all but o(n) vertices.

Therefore, fn satisfies the required conditions of the lemma and concludes the proof. O

4. “Mass transport” on matrices of colored degree

This section contains the proof of Lemma 3.10. We first introduce the set of matrices ©,, that
mimics the colored-degree matrices in the set D,,.

Definition 4.1. Let ©,, denote the set of (p+2m) x n matrices A = (a; ;) with non-negative integer
entries such that

n n
Zapﬂ-,j = Zap+i+17j, for all 1 <14 < 2m odd, (4.1)
p =1

and

n
Zai,j is even, forall 1 <i<np. (4.2)
j=1
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For A € ®,, let
2m—+p

=Y (43)
i=1
denote the sum of the entries in column j and define
deg A = (a1,...,ap). (4.4)

The next result is the main step towards the proof of Lemma 3.10.

Lemma 4.2. Let A,, = (agz)) € D, with entries bounded by L > 0 and assume that B;L = (Bnj)i<j<n
is a sequence of vectors with non-negative integer entries bounded by M > 0 with Z;‘Zl Bn,j even

and such that 6_;1 coincides with deg A, in all but o(n) entries. Then, there exists A, € Dy, such
that deg Al, = By, and with entries bounded by M.

Proof: This proof will be divided in three cases, according to the values of m and p. We first treat
the case m = 0 and p = 1, followed by the case m = 1 and p = 0, and conclude with the general
case.

We denote by deg A, = (agn), e ,a%n)) and let s, = o(n) denote the cardinality of the set

Ln={j <n:Buj# ™}

The case p = 1 and m = 0. In this case the matrix A,, coincides with deg A,, and the modification
is straightforward: simply define A/, = ﬁn By assumption, agn) # Bnj if, and only if, j € I,,, which
implies that only s, = o(n) columns of A,, were modified.

The case p = 0 and m = 1. Let us assume without loss of generality that 1 ¢ I,,. The construction
of A!, is made in two steps.

Step 1. The first step consists in moving all the excess to the first column. Given the matrix A,,
we construct the auxiliary matrix By, = (b; /) via

al, if j ¢ I, U{1},
B j» ifi=1andje I,
b — o, ifi=2and j € I, (4.5)

5%,1 + ZkEInU{l} (Ig'rfk), le :] = 1,
Zke[nu{l} aéﬁ); + B fi=275=1

The definition of the entries bgﬁ) and bgfl) is done just so that the matrix B, satisfies (4.1).
Furthermore, it is clear that the entries of the matrix B,, are non-negative integer and that deg B,, =
(Bna + T, Bn2, -y Bnn), Where 1, is a positive even integer value bounded by Zjelnu{l} agflk) +

a§') + Buj < (2L + M)(s + 1) = o(n).

Step 2. We now construct matrices A/, that take care of these additional factors of r, in the sum
of the first column.
If b{fl = b;l) , then we obtain A, from B, by simply removing % from each entry in the first

column (notice that 2b§n1) = 2b§n1) = bgnl) + bgl) = Pp1 + T > ry). Suppose then without loss of

) ) )

generality that bgnl) > bgnl) , because the other case is treated analogously.

Notice that, since the matrix B,, satisfies (4.1) and r,, > 0, there exists k > 1 such that bgnlz > 1.
We now reduce the value of entry bgnl) by 2, increase the entry bgnlg by 1, and reduce the value b,inQ)
by 1. This process is then repeated a maximum of % times in order to obtain a matrix Aj, with
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non-negative integer entries that still satisfies (4.1) and such that deg A/, = B Finally, notice that
at most s, + r, + 1 = o(n) columns where modified to go from A, to A/,.

To conclude the proof of this case, it remains to notice that the entries of A/, are bounded by the
maximum value of the vector Bn

The general case. In the general case we have m pairs of conjugated colors and p diagonal colors.
Recall that we already know how to solve the cases (m,p) = (1,0) and (m,p) = (0,1). We now
argue how to solve the problem for any (m,p) € N x N. Let A4,, be the matrices associated to the

problem of type (m,p). As before, let I;, denote the set of columns j < n such that f, ; # agn)
i)

We split the matrix A,, in several submatrices Aq(z

for i < p + m such that each submatrix A,Sf )
corresponds to either a diagonal color or to a pair of conjugated colors: if ¢ < p, then Ag ) is simply
the ¢th row of the matrix A,. If on the other hand p < i < p + m, Aﬁf) corresponds to the matrix
with two rows given by selecting rows p + 2i — 1 and p + 2¢ of A,.

The second step is to define the target degrees Bﬁf) The case ¢ = 1 is special and will be treated

separately. Consider for now ¢ > 2 and let us focus in the case 2 < i < p, since ¢ > p is treated

analogously. If Z'¢] az(-z») is even, we simply set 67(:)] = agz) Ligr,. 1If ngérn aEZ-)

J« ¢ I, such that az( ]) > 0 and set @(;)] = az(»j;-) Ligrugy + (a?;) —1)1;,. With these definitions

it follows that Zj:l ﬂn ; is even for each 2 < ¢ < p+ m. Notice that each of these submatrices
have at most s, + 1 columns such that the target degree does not coincide with the total degree.
Finally, we define ,6’7(11]) = Bn— > o . It follows straight from the definition that Bn has only

is odd, select

non-negative integer entries (since 3, ( ) = 0 for i>2and j € I, and ZerQm n) = B, for j ¢ I,)

(1)

such that " =1 ﬁ . is even. Furthermore ﬂn disagrees with deg A;,” in at most p+m—1=o(n)

entries.
We now apply the methods of the previous cases to solve each subproblem and obtain (A( )) for
1 <i < p—+ m. This concludes the proof. ]

We are now ready to present the proof of Lemma 3.10.

Proof of Lemma 3.10: The proof follows from a direct application of Lemma 4.2. Let p denote the
number of diagonal colors in C; while m counts pairs of conjugated colors. For each color ¢ € Cg
we associate an index from the set {1,...,2m + p} such that the colors {1,...,p} are the diagonal
colors and the indices (p+i,p+i+1), for 1 < i < 2m odd, correspond to pairs of conjugated colors.
With the above conventions we write

(1) a;j = Dn(c)(j), 1 < j < n where c is the ith-diagonal color, and
(2) aptij = Dn(c)(4), aptiv1,; = Dn(€)(j) where (c,¢) is the pair of conjugated colors corre-
sponding to the indices (p +i,p+ i+ 1), for 1 <i < 2m odd.

Set Bn,j = lnj, for j € [n]. Lemma 4.2 yields a modification A/, of the matrix A, such that

—

deg A}, = By (4.6)

This concludes the proof. ]
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