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Abstract. We prove a standard Central Limit Theorem for the (normalized) number of triangles
in a class of Exponential Random Graphs derived from a slight modification of the edge-triangle
model. Our main theorem covers the whole analyticity region of the free energy, and is based on a
polynomial representation of the partition function.

1. Introduction

Exponential random graphs (ERGs) are a widely studied class of models that aim to incorporate
typical tendencies, such as clustering, commonly observed in real networks. As a generalization of
the Erd&s-Rényi model, ERGs allow for dependencies between edges. This is done by using the
statistical mechanics approach of introducing an Hamiltonian, parametrized by real coefficients, to
bias the probability measure over the space of graphs, enhancing or penalizing the density of specific
subgraph counts. We refer the reader to Chatterjee (2016) for a comprehensive overview. From
a statistical mechanics perspective, ERGs can be interpreted as finite spin systems, where each
potential edge corresponds to a spin variable taking values in {0,1}. The absence of symmetry,
typical in classical spin models, adds an additional layer of complexity and makes these graphs
particularly interesting in many respects. A broad line of literature, spanning both classical and
more recent works, has developed around limit theorems and concentration inequalities for sums of
dependent variables, particularly in the contexts of spin systems and random graph models (see,
e.g., Ellis and Newman (1978); Eichelsbacher and Lowe (2010); Chatterjee and Dey (2010)). In the
context of ERGs, several such results have been established, though the majority of the literature
has historically concentrated on the edge density, with only very recent progress on higher-order
subgraph counts such as triangles. We provide a short overview, starting from the edge density,
the most extensively studied observable. A Central Limit Theorem (CLT) for the edge density was
first established in Mukherjee and Xu (2023) for the two-star model, a class of ERGs in which edge
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dependencies arise from the presence of two-stars (i.e., subgraphs consisting of three vertices with
two edges sharing a common vertex). Subsequently, Bianchi et al. (2024) obtained the first CLT
for the edge-triangle model, a specific class of ERGs whose Hamiltonian depends exclusively on the
edge and triangle densities. This result was later strengthened in the work of Fang et al. (2025a),
which not only generalizes, via Stein’s method (see Stein, 1972), the result of Bianchi et al. (2024)
to a broader class of ERGs, but also makes the CLT quantitative in terms of both the Kolmogorov
and the Wasserstein distance. Beyond the edge statistics, we point out the very recent work of Fang
et al. (2025b), which studies the asymptotic distribution of the number of two-stars in a model of
ERG where the number of edges is conditioned to satisfy some constraint.

A very active line of research has recently focused on the fluctuations of more general subgraph
counts, including the triangle density, which is also the focus of this paper. In particular we mention
the work of Fang et al. (2025a, Cor. 3.1) and Winstein (2025, Cor. 1.2), both of them dealing with a
broad class of ERGs. In the first result, the analysis was initially restricted to a specific parameter
regime known as Dobrushin’s uniqueness region (see, e.g., Fang et al., 2025a, Eq. (1.8)), and
was only recently extended to include the so-called subcritical regime (or high-temperature regime).
The second result can go further, covering the supercritical regime (or low-temperature regime ')
including the critical curve, albeit with certain caveats applying exclusively along that curve. Both
works restrict to the case where the coefficients of subgraph densities (other than the edge density)
are nonnegative.

1.1. Our contribution. In this paper, we prove a standard CLT for the normalized number of tri-
angles in a class of ERGs obtained through a slight modification of the edge-triangle model. Our
main theorem covers the whole analyticity region of the limiting free energy, which includes both
the aforementioned subcritical and supercritical regimes (except for a critical curve, see Subsec. 2.2
), without any further restrictions. Moreover, unlike the setting considered in Fang et al. (2025a,
Cor. 3.1) or Winstein (2025, Cor. 1.2), our framework allows the parameter controlling the triangle
density to take slightly negative values. The technique of Thm. 3.1 can be easily extended to other
subgraph counts but also, in principle, to more general families of ERGs, provided that the phase
diagram of the free energy is known (as it happens for the 3-parameter model, see Thm. 3.2).

2. The model

Let G,, be the set of all simple graphs on n labeled vertices that are identified with the elements of
the set [n] = {1,2,3,...,n}. In ERGs, the probability distribution on G, is defined via a function,
called Hamiltonian, contained in an exponential term, which collects the homomorphism densities
of the subgraphs of a graph. A homomorphism from a fixed simple graph H to a graph G € G, is a
map from the vertex set V(H) to the vertex set V(G) that preserves adjacency, i.e. it maps edges of
H to edges of G. Denoting the number of such maps by |hom(H, G)|, we define the homomorphism
density of H into G as

_ |hom(H, G)|
t(H7 G) . W, (2.1)
which represents the probability that a uniformly chosen mapping from V(H) to V(G) is edge-
preserving. Given finite simple graphs Hy,..., Hy (e.g., edges, stars, triangles, cycles, etc.) and a

parameter vector 3 = (81,...,0k) € R*, the exponential random graph model (ERGM) assigns to
each graph G € G, the Gibbs probability density

(@) = S22 22)

1For a definition of the two regimes, see for instance Bhamidi et al. (2011), at the very end of Subsec. 1.1.
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with Hamiltonian

k
Hn,ﬁ(G) = n226jt(Hj7G)7 (23)
j=1
where
Znp =Y exp(Hnp(G)) (2.4)
Gegn

is the normalizing partition function. We specialize to the case where H; is an edge, Ho a triangle
and B3, B4,...,0r = 0. Thus, the homomorphism densities turn out to be t(Hy,G) = 27% and

t(Hy, G) = 67%, where E,, and T;, denote, respectively, the total number of edges and triangles in
G. This specific setting gives rise to the so-called edge-triangle model. It is more convenient to
switch to a representation of the model in terms of adjacency matrices. We denote by &, the edge set
of the complete graph on n vertices, with elements labeled from 1 to (g‘) and we set A, := {0,1}%",
which is in one-to-one correspondence with the graphs in G,,. As a consequence, to each graph
G € G, we can associate an element = (z;);eg, € A, where z; = 1 if the edge 7 is present in G,
and z; = 0 otherwise. Now, we see the Hamiltonian in (2.3) as a function on A,,, and we obtain the
equivalent formulation:

Hn:an() = @ ;xjTE + h Zi, (2.5)
" {i,j;}en ng;

where T, = {{i,j,k} C &, : {i,7,k} is a triangle}, and for convenience we set h := 28; and

o := 602. Inside the domain Dy, = {(a,h) : @ > —2,h € R}, which is called replica symmetric

regime, the limiting free energy f, 5 = limy, o # In(Zp,q 1) associated with the Hamiltonian (2.5),

can be obtained as the solution of a scalar problem.

2.1. Free energy. It is well-known (see Chatterjec and Diaconis, 2013, Thms. 4.1-6.1), that if
a,h € DI, then

fan = 02111}21 <2u3 + gu — ;I(u)> = %u*s + gu* — %I(u*), (2.6)

where I(u) :==ulnu+ (1 —u)In(1 — u) and u* is a maximizer that solves the fixed-point equation
el u?+h

T caw?in = u. (2.7)

For the sake of readability, we will sometimes omit the dependence of u* on « and h, and write
simply u*; when we wish to emphasize this dependence, we will write u;h.

Our results focus on the following modification of (2.5), where we take into account only the
integer part of the normalized number of triangles:

. Dotiik TiT T
Hpan(t) = { CIMER TN 0y 2y (2.8)
n :
ZES’n
We denote by fi,.q 5 the associated Gibbs probability density and by I@’ma,h, Ema’h the related
measure, with normalizing partition function Z,., 5, and expectation. Finally, we indicate by

" 1 . . .
fn;a,h = In Zn;a,h and foz,h = lim fn;a,h (29)
n n—-+o0o

the finite-size and the limiting free energy, respectively.
2o (i, keTn TiTiTk

Importantly, fa’h = fa,n- This immediately follows from the decomposition m =

Lz{i’j’k}g’” xixjka + {z{i’j’k}em ek }, where {-} € [0, 1] denotes the fractional part.

n n
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2.2. Phase diagram of the free energy. Inside the domain (’;jh, the limiting free energy is analytic

except for a critical curve, which we denote by M"  that starts at the critical point (a,he) :=
(25,In2 — 2) and can be written as h = g(c) for a (non-explicit) continuous and strictly decreasing
function ¢ (see Radin and Yin, 2013, Prop. 3.8):

M :={(a, h) € (e, +00) X (—00,he) : h =q(a)}.

It is worth noting that along this critical curve, the scalar problem (2.6) admits multiple maximizers
(precisely two), as the notation M" is meant to suggest. It is very important for our result
to know how to characterize the analyticity region, which can be expressed, in this notation, as
U\ (e, he)}, where U5, == Dy, \ M™ (here, in contrast, we use the notation % to denote
the region where the scalar problem (2.6) has a unique maximizer). The explicit description of the
analyticity region is also available for a 3-parameter ERGM, under some restrictions. We report the
result in Thm. 2.1 below, as we are going to extend our main theorem to this setting. Assume, more
precisely, that H; is a single edge, Hos has p edges, and Hj3 has ¢ edges, with 2 < p < ¢ < 5p — 1.
Let fs, 8,8, the limiting free energy arising from the Hamiltonian (2.3) by setting 85 = 0 for all
k > 4. Such a function, inside the domain

Dis: 5,8, = {(B1, 82, 83) : B2 > 0,83 > 0, 81 € R}
(again, by Chatterjee and Diaconis, 2013, Thm. 4.1) exists and equals

1 . . R
f51,52,53 = Sup </83Uq + foul + Bru — I(“)) = [su T4+ Bau Py Bru* — *I(u )a (2'10)
0<u<1 2 2

where u* solves
6253quq_1+252pup_1+251

U (2.11)

1 4 e2B3quiT 42BapuP~ 14261

The phase diagram in this setting is also known.

Theorem 2.1 (Yin, 2013, Thm. 1). The free energy fg, g, p; S analytic in Dy 5,8, cxcept for a
certain continuous surface S which includes three bounding curves Cy, Ca, and C5, and that can be
characterized as follows:

e the surface S approaches the plane B1 + B2 + B3 =0 as f1 — —o0, B2 — 00, and B3 — o0,
e the curve C is the intersection of S with the (B1, B2)-plane, i.e., {(P1, B2, B3) : B3 = 0};
e the curve Cy is the intersection of S with the (B1, 53)-plane, i.e., {(P1, B2, B3) : B2 = 0};

o the curve C5 is a critical curve, and is given parametrically by

1w 1 pu—(p—1)
fr(u) = gn— = 2p—D)(1—u)  2(p—1)g— {1 —u)?
Bl = qu—(g—1)

? 2p(p — 1)(p — q)up—(1 — u)?

o) = 5o )

2q(q¢ — 1)(q — p)ud=t(1 —u)?’

where we take % <u< q;ql to meet the non-negativity constraints on B2 and Bs.

2We stress that, from Chatterjee and Diaconis (2013, Thm. 6.1), D 5, . is actually a subset of the region where
the free energy is known. However, Thm. 2.1 only applies to this restriction.
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3. Main result

With a slight abuse of notation, in the following we denote by T;, the random number of triangles
of a graph sampled according to Py,.q .

Theorem 3.1 (CLT for Ty, w.r.t. Prgp). For all (a,h) € UL, \ {(ce, he) }

Tofn — Bopeap (T .
V6 [n = Enan(fn) a, N(0,v(a, b)) wr.t. Pugp, asn— 400,
n
where v(a, h) = 3u’?, 04u’ ;, and N'(0,v(a, h)) is a centered Gaussian distribution.

The theorem immediately extends to the following setting. Consider the 3-parameter Hamiltonian
obtained from (2.3) by taking H; a single edge, Hy a triangle, and Hs a simple subgraph with
q € [3,14] edges, and setting S = 0 for all £ > 4. Similarly to what we did for the edge-triangle
case, we denote by

s ,52, () = Ban’t(Hs, @) + B2 [n*t(Ha, x)] + fin’t(Hi, @), (3.1)
and by I@)n;,@hﬁz,ﬁg the associated Gibbs measure. Then, the following result also holds.

Theorem 3.2 (CLT for T), w.r.t. Pp.g,3,5,)- For all (81,52, 83) € DY 85 \ S

A

T,/n—E,. Tn/n A
NG /n ,,f;,ﬁ2,63( /n) 4 N(0,v(B1,B2,83)) w.r.t. P8, 82,85, S M — 400,

where v(B1, B2, B3) = 18u2?752753352u21752763 and u* solves (2.11).

Note that, unlike in the definition of «, h (see below (2.5)), this generalization retains a constant
factor within the homomorphism density. This explains why the two variances in Thm. 3.2 and
Thm. 3.1 differ by a factor of 6.

Remark 3.3. Some remarks are in order.

(1) Based on the result proved in Magnanini and Passuello (2025, Thm. 3.6), which considers

an approximation of triangle counts in a mean-field version of the edge-triangle model, we

. 3u s 1—20u*?, (1—u* )
conjecture that v(a, h) = —= where ¢y = co(a, h) := mh Lk

Teo Tdaur,(1=ur,)

(2) The choice of including triangles in the statistics of (2.8) and (3.1) is crucial, as it allows
us to connect the expectation of |7n/n| and hence the scaled cumulant generating function
defined in (4.1) below, to the derivative of the finite-size free energy. This will be a key step
in the proof of Thm. 3.1.

(3) The integer part of the normalized triangle count plays a crucial role when we represent the
partition function as a polynomial (see Subsec. 4.1). The other subgraph counts collected in
the Hamiltonian (see e.g. (3.1)), can be taken without such integer value, as they contribute

only to the coefficients of the polynomial, and do not affect the validity of the representation.

4. Proof

This section is dedicated to the proof of Thm. 3.1; the proof of Theorem 3.2 is omitted, as it
follows exactly the same argument. To describe the fluctuations of |Tn/n| around its mean value,
in view of the decomposition Tn/n = |Tn/n| + {Tn/n} combined with Slutsky’s theorem (see Klenke,
2020, Thm. 13.8), it is enough to study the asymptotic behavior of the moment generating function
of W, := /6 7/ "J_E"‘n“’h(LTn/ n)) Specifically, we are going to relate this generating function to the
second order derivative of the cumulant generating function of |7»/n], which is defined as

en(t) = 6n 2 InE,.o plexp(t|T/n])],  tER. (4.1)
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Remark 4.1. Note that, by a direct calculation, we get
_ OVarpa ([ Tn/n])

_ Basen (B)) g n(t) = . (4.2)

C/n (t) ng n n2

The limit of the sequence (c(t))p>1 for t = t, = o(1) will give the variance of the limiting
Gaussian. The existence of this limit follows from the Yang—Lee theorem (see Thm. 4.2). To
apply it, we first need a suitable representation of the partition function, which we provide as a
first step. Following this, we establish some auxiliary results that will be used in the proof, which
is deferred to the end of the section.

4.1. Representation of the partition function. We start from the partition function obtained by
plugging (2.5) into (2.4), and then we incorporate the integer part. First, we have:

Zusan = 3 e Stisarer, #ititith Dice, =0 (4.3)
$E.An

Notice that there is a bijection between A,, and the power set P(&,), that maps an element
x € Ay totheset S={i€é&, : z; =1}. We can then decompose A4, in disjoint subsets as

() ()
A= U {redyai=1sicS}

m=0 £=0 SCEn:|S|=t,
{{i,5,k}CS : {i,j,k}ETn }|=m

and write

Zsan = Y en Y G, (4.4)
m=0 =0
where G\, := [{S C &, : S| = £, [{{i,j,k} € S : {i,j.k} € Tu}| = m}|. Setting
(3)
z:=¢e* and Kr(:,)h = Z sz)éehg,
/=0
we obtain
() N
Zsan(2) = Y K25 (4.5)

which is not a polynomial since 7+ is not necessarily an integer. For example, when n = 3 we have
G(():j’()) = Gggg) =1 and G(()?% = G(()?Q) = 3, yielding Zz.o, = (1 + 3el 4 3e2M) +- Z'/3e3h,
Instead, by taking the integer part, we obtain the following polynomial representation:

n

ZAn;ayh = Za(z) = Z N,g?,zzk, (4.6)
k=0
where n := L%J, and I?,gniz =D |k Kf:)h Note that (4.6) can be equivalently written
as
A N n pe(n)
Za(z) = Kén,z mh k.
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. g
Let Z(2) =3 1, ﬁzk . Since we aim to apply the Fundamental Theorem of Algebra, we regard
it as a polynomial function on the complex plane. If z1,..., z5 are the complex roots of Z;—L(z), then
we can write B ) )
. n n n >
Zu) =112 = 1= 11 (£ -1)
j=1 j=1 =1 37
_ 0]
and, since [[}_,; z; = (—1)“;{%;1’2, we get
KM @ K a
5 7 0,h z 0,h
Zhe) = =S T (1- 2 ) = 2 T (- 2)
Kﬁ,h j=1 ] Kﬁ,h j=1 J

Therefore we obtain

Za(2) = K 1_] (1 - z) . (4.7)

4.2. Application of Yang—Lee theorem. The following theorem can be now applied to this polynomial
representation.

Theorem 4.2 (Yang and Lee, 1952, Thm. 2). Let Z,(z) be the polynomial representation of a
partition function. If there exists a region R C C containing a segment of the real positive azis that
1s always root-free then, as n — +oo and for z € R, all quantities

d& 1
Y M Z,(2), with k€N, 1.
A2 n nZy(z), wi € (4.8)

converge to analytic limits with respect to z. In particular, the limit and derivative operations switch
i the whole region R.

1
—1 Zn )
I Z,(2)

Remark 4.3. Recall from the end of Subsec. 2.1 that f,; = fmh. With a slight abuse of notation,
we might also denote the limiting free energy by the function o +— féh) = limy oo # In Zﬁ(ea).

Since féh) is real analytic for all h such that (o, h) € UL, \ {(ac, he)} (see Radin and Yin, 2013,
Thms. 2.1 and 3.9), we claim that in this parameter regime the partition function (4.7) verifies the
assumption of Theorem 4.2. Indeed, let us set zg := e® € R*, for some a* in the analyticity region.
For finite n, 2o can not be a zero of Zy(z) Indeed, since the polynomial (4.7) has strictly positive
coefficients, for each fixed n it can only have non-real complex roots, which occur in conjugate
pairs. In the limit n — oo, the point zy can not become either a zero or an accumulation point
of zeros of Zﬁ(z). Otherwise, being a positive real number, it would indicate the presence of a
phase transition in the system (see Yang and Lee, 1952, Sec. IV, Item (2) and Bena et al., 2005,
p. 4276). This possibility is excluded in the parameter regime under consideration, as the phase
diagram of the free energy has been completely characterized in Yin (2013). Therefore there exists
a region R, containing the point, which is always root-free, and the partition function (4.7) fulfills
the assumption of Theorem 4.2.

Corollary 4.4. Let (a,h) € U5\ {(ac, he)}. Then,

im  60a fran = u,  and M 60aafrian = Ul 00ul, , (4.9)
n——+00 T ’ n——400 B ’ ’

Proof: The result is an immediate application of Thm. 4.2, which holds true since we are working
in the region U5 \ {(ac, he)}, where the limiting free energy exists and is analytic. We observe

that, since in the polynomial representation (4.6) we have z = e®, then d(anz)# In Zs(z) = Gafma,h
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and ﬁn—é InZp (2) = Oaar fn;mh. Therefore, Thm. 4.2 allows to commute limit and derivative to
get

6nll>gloo (%fn;a’h = 6(% [nll){rkloo fn;a,h:| = Gaafa,h = ujfhv

where the last equality follows by directly differentiating (2.6) with respect to o, recalling that v ,
satisfies (2.7). The second limit on the r.h.s. of (4.9) can be proved in the same way. O

Theorem 4.2 also implies that the derivatives of the finite-size free energy converge locally uni-
formly.

Proposition 4.5 (Bianchi et al., 2024, Prop. 4.2). Under the hypothesis of Thm. /.2, the quantities
displayed in (1.8) converge locally uniformly (in n) inside the region R.

Remark 4.6. Recalling (4.2) and the definition (2.9) of fn;a,h7 a direct computation shows that

C{n(o) = Gaafn;a,h and ¢ (0) = 68aafn;a,h-

n

Therefore, from (4.9),

nl;rgo a(0) = uZSh and nlg)go ar(0) = Su;fhaau;h =v(a, h). (4.10)

4.3. Proof of the CLT. The proof of our main theorem is then just one step further. We will rely
on the analyticity of the free energy and on the uniform convergence of the sequence (¢ (t))n>1
guaranteed by Thm. 4.2 and Prop. 4.5.

Proof of Thm. 3.1: Recall v(a,h) = 3u227h8auz’h and W,, = V6 LTn/"J_E";f’h(LT"/nD. We want to
show that

~

ngrfoo Epsan(exp(tW,)) = exp (2v(a, h)t?) (4.11)
for all t € [0,7) and some 1 > 0. We aim to express Ey.q 4 (exp(tW,)) in terms of ¢/ (t). Consider
t > 0 and set ¢, := \/ét/n We get

A

I B n (exp(tW)) = In B (exp(tn | Tn/n]) exp (—tnIAEn;mh(LTn/n J))) (4.12)

o 2
(4.2) n
= E[Cn(tn) — ey (0)].
Notice that, since ¢, (0) = 0, the term in square brackets is the difference between the function ¢, (¢,,)
and its first order Taylor expansion at zero. Therefore, by using Taylor’s theorem with Lagrange

remainder, one gets

4.1

—
~—

cn(tp)t”

2 Y
for some t% € [0,1/6t/n]. To conclude the proof of the central limit theorem, we need to control
the limiting behavior of ¢/ (¢*). To this end, we recall from (4.10) that lim,_ ¢ (0) = v(a, h),
and that, by Prop. 4.5, the derivatives of ¢, (t) converge locally uniformly. These two properties
together yield the following result, which was first proved in a slightly different setting but applies
unchanged in the present context.

In En;a,h (exp(tW,)) =

Lemma 4.7 (Bianchi et al., 2024, Lem. 6.1). For (o, h) € UZ% \ {(ac, he)}, there exists some n > 0
such that we have limy,_, o ¢l (t,) = v(a, h) for all t, € [0,n) with limy,_— 4o t, = 0.
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/!
n

the moment generating function. Therefore W, A N(0,v(c, b)) (see Billingsley, 1986, Sect. 30).
Finally, the convergence in distribution of

From the lemma above, we obtain the convergence of ¢/ (¢}), and, in turn, the convergence of

\/6 Tn/n — Eza,h(Tn/n) — W, + \/6 {T”/n} - Eza,h({Tn/n}) (4.13)

\/6 {Tn/”}_ﬁn;a,h({Tn/n})

follows from Slutsky’s theorem, as — 0 in probability, being the numerator
bounded almost surely. O

We conclude the section by shedding a light on an open point of our analysis, i.e. the comparison
between P, ;, and P, j, the latter being the measure of the edge-triangle model associated with the
Hamiltonian (2.5).

Remark 4.8. To extend the proof of Thm. 3.1 to the measure Py, j it remains to establish

lim B,.qn(exp(tW,)) = i B p(exp(tn)), (4.14)

n—-+0o

the latter expectation being associated with IP,.. 5. A natural approach is to compare the two

expectations directly. However, this requires delicate control over the expected limiting behavior of

{%} under some conditioning, which remains an open point of our analysis. In particular, with a
direct computation one can show that

Enu h(eth) _ Enia,h( .

h En;a,h(ea{#})

Tn
etW"+O‘{T})

, teR (4.15)

(note that the same identity holds if we interchange the role of K, 5 and En;mh). Therefore
. T . . .
B <€th+a{7}) B (€M) By (e })’

B (et )

|En;a,h (eth) - ]En;a,h (eth) | = (416)

Let Q, = L%j By the tower property, En;a,h (ethea{TTn}> = Ema’h [etW"Ema,h (ea{TTn} | Qn>] )

Finally, by setting A,(Qy,) := IAEn;a,h (ea{TTn} | Qn) — En;a,h (eo‘{TTn}) and applying Cauchy—Schwarz
inequality we get

En;a,h (ethAn(Qn)) < \/Em%h (e2th)\/En;a’h (ATL(QTL)Q)
En;a,h(ea{%ﬂ}) - En;a,h(ea{%})

We note that the first factor in the numerator admits a finite limit, and the same holds for the

denominator, as it is uniformly bounded away from zero and infinity. Moreover, also the term

A, (Qr) is uniformly bounded. Therefore, proving that lim, . A, (Qy) = 0 in probability, would
yield by dominated convergence theorem the desired result. *

‘En;mh (eth) - IA['Zn;oe,h (eth) ‘ =

Remark 4.9 (r-parametrized model). Consider the family of Hamiltonians

. i Tix;x
7" (z) := @ PZ{ D kYETn P kJ +h Z Ti, reN, z e A,. (4.17)

n;a,h
r n
1€E

As one might expect, letting » — oo, the Hamiltonian (4.17) provides an increasingly accurate
approximation of the Hamiltonian M., »(x) of the edge-triangle model. One readily verifies that,

)

for each r, the partition function associated with 7:[7(; ..1(x) can be represented as polynomial in the

3We believe that this is plausible. For instance, one may expect that, when conditioning on @, = ¢ (i.e., on the
event 1), € {ng,...,n(g+1)—1}), the remainders, given by n{7»/n}, become asymptotically equiprobable as n — co.
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variable z := er. Consequently, the CLT stated in Thm. 3.1 can be proved, with respect to the

(r)

Gibbs measure associated with H following exactly the same computations with the random

n;a,h?
variable
) _ VB Tl ] =B ([Tofn 1))
n r n 9

where IAE(T,Lh is the related expectation. By defining the perturbation gl (x) = 7:[2?%,1(:1:) -

n7
Hn:an(2), where Hy.q () is given in (2.5), one immediately sees that min{0, —a/r} < \IJ%T) (x) <
max{0, —a/r} for all z € A,. Similarly to (4.15) we obtain:
(r) (r)
E(T) (etW}L")) o ]En;a,h(etwn eln )
sah - T
e En;a,h(eqj; >)

, (4.18)

and using the bounds on \1'7(17“), for instance for « positive, we get
_ (r) (r) () (r) _ (r)
€ o/r En;a,h(etwn ) < En;a,h(etwn e\I}n ) < En;a,h(etwn ) and e afr < En;a,h(e‘yn ) <L
(4.19)
Taking the ratio in (4.18) and using (4.19) (or the equivalent form for a negative), we obtain
(r)
e-lal/r < Enan(e™n )

< 5w < e/ By repeating the computations of Thm. 3.1, one checks that
]EnT;a,h(e n )

n_ah(etw’(LT)) = exp (3v(a, h)t?) (independent on r) for all ¢ € [0,n) and some 5 > 0.
Combining the two relations yields

lim,, o0 &)

(r) (r)
e 1/ exp (%v(a, h)t2) < lim infEn;a,h(etW" ) < lim sup En;wh(etW" ) < el exp (%’U(a, h)t2) )
n—00 n—00
From the display above we deduce the following; for every € > 0 there exists R € N such that for
all 7 > R there exists N(r) € N with

|En;a,h(etw’(f)) — exp (%v(a, h)t2)‘ <e for all n > N(r).
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