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Abstract. In this paper, we prove that if a sequence of electrical networks converges in the local
Gromov—Hausdorff topology and satisfies a non-explosion condition, then the associated Bouchaud
trap models (BTMs) also converge and exhibit aging. Moreover, when local structures of electrical
networks converge, we prove sub-aging. Our results are applicable to a wide class of low-dimensional
graphs, including the two-dimensional Sierpiriski gasket, critical Galton-Watson trees, and the crit-
ical Erd6s-Rényi random graph. The proof consists of two main steps: Polish metrization of the
vague-and-point-process topology and showing the precompactness of transition densities of BT'Ms.

1. Introduction

Aging refers to the phenomenon in which a system never reaches equilibrium on laboratory time
scales, and is typically observed in disordered media such as spin glasses at low temperatures. This
out-of-equilibrium physical behavior has been of great interest in condensed matter physics for over
thirty years and has been much discussed in the literature; for the physical background see Bouchaud
et al. (1997), for example.

Research on aging in mathematics began about twenty years ago, and aging has been proven in
several spin glass models: see Ben Arous (2002); Mathieu and Mourrat (2015) and the references
therein. To understand the mechanism of aging, Bouchaud (1992) proposed a toy model, now
called the Bouchaud trap model (BTM). Over several papers, Ben Arous and Cerny studied aging
in the Bouchaud trap model (BTM), and their results are summarized in Ben Arous and C‘(%rn)"
(2006). The BTM treated in this article is set out in Definition 1.4 below, but, for discussion,
here we introduce a simplified version of it. The (symmetric and simplified) Bouchaud trap model
refers to a Markov chain on a randomly weighted graph defined as follows: fix a connected, simple,
undirected graph G = (V| F) with finite vertex set V' and edge set E; let v = (£;)zcv be a family
of 1.i.d. positive random variables built on a probability space with probability measure P such that
u*P(&; > u) — 1 as u — oo for some a € (0, 1); conditional on v, the BTM is the continuous-time
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Markov chain (X”, {P%}zev) on V whose jump rate wy, is given by wy, = &1 if {z,y} € E and
otherwise wg, = 0. The idea to quantify aging is to consider a suitably chosen two-point function
C(ty,tw+1t) of X¥ between times t,, and ¢,, +¢. It has been observed that good two-point functions
are given by, for example,

C1 (s tw + 1) == E [PY (X" (tw) = X" (tw +1))] ,
Co(tw, tw + 1) = E [PY(X"(tw) = X"(tw + s), Vs € [0,1])] ,

where E denotes the expectation with respect to P. Physical experiments that are represented by
this model suggest that C(t,,t, + t) only depends on ¢/h(t,) (for sufficiently large t,,), where
h is an increasing function. Therefore, aging is proven by showing the existence of the following
non-trivial limit:
R(0) = lim C(tw,tw + Oh(ty)).
t—>00
If h(ty) = tw, then it is called (full) aging, and if h(t,) = o(ty), then it is called sub-aging.

In Ben Arous and Cerny (2005, 2008); Ben Arous et al. (2006), Ben Arous, Cerny and Mountford
studied the BTM for G = Z? with nearest neighbor edges, proving aging for C; and sub-aging for
(5, as defined above. In particular, it was found that the descriptions of the limits of the two-point
functions are significantly different between d = 1 and d > 2. This is due to the difference in
the scaling limits of the BTMs. When d = 1, the scaling limit of the BTM is a Markov process
called Fontes—Isopi-Newman (F.I.N.) diffusion, firstly proven in Fontes et al. (2002). On the other
hand, when d > 2, it converges to a non-Markovian process called the fractional-kinetics process
Ben Arous and Cerny (2007). This suggests that the BTMs can be divided into low-dimensional
and high-dimensional regimes. Ben Arous and Cerny generalized their discussions of the BTM on
7% with d > 2 and obtained a method to prove (sub-)aging for a class of high-dimensional graphs,
including complete graphs. Example graphs in the low-dimensional regime other than Z were found
by Croydon, Hambly, and Kumagai (2017). Using the theory of resistance forms developed by
Kigami (2001, 2012), they obtained that if a sequence of graphs converges in the local Gromov—
Hausdorff-vague topology (introduced in Section 3) as resistance metric spaces equipped with the
counting measures and if it satisfies the uniform volume doubling (UVD) condition (see Croydon
et al., 2017, Definition 1.1), then the associated BTMs converge. In particular, their results are
applicable to the (two-dimensional) Sierpiriski gasket. However, (sub-)aging results were left open.
In this paper, we improve their results by replacing the UVD condition with a weaker condition,
the non-explosion condition introduced in Croydon (2018). Moreover, we show (sub-)aging for the
associated BTMs. Our results are applicable to a wide class of low-dimensional graphs, including
the Sierpinski gasket, the critical Galton-Watson tree, and the critical Erdés-Rényi random graph.

To present our main results, we begin by introducing several pieces of notation. We write R>q =
[0,00), Rsg == (0,00) and Z>o = Z N R>p. For a,b € R, we write a V b := max{a,b} and
a A'b:=min{a,b}. Given a metric space (S, d), we set, for each z € S and r > 0,

Bgs(x,r) = By(z,r) ={y € S| d(z,y) <r}, Dg(z,7)=Dy(xz,r)={yeS|dzy) <r} (1.1)

We say that (S,d) is boundedly compact if and only if Dg(x,r) is compact for all x € S and r > 0.
Note that a boundedly-compact metric space is complete, separable and locally compact. A tuple
(S,d, p, ) is said to be a rooted-and-measured boundedly-compact metric space if and only if (S, d)
is a boundedly-compact metric space, p is a distinguished element of S called the root, and pu is a
Radon measure on S, that is, p is a Borel measure on S such that u(K) < oo for every compact
subset K. Given a rooted-and-measured boundedly-compact metric space G = (S, d, p, i1), for each
r > 0, we define a rooted-and-measured compact metric space G(") = (S ") am pr) ,u(r)) by setting

S(T) = Cl(Bd(paT))ﬂ d(r) = d|S(T)><S(T)a P(T) =P M(T)() = /’L( N S(T))’ (12)
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where cl(-) denotes the closure of a set. We write G for the collection of rooted-and-measured
isometric equivalence classes of rooted-and-measured boundedly-compact metric spaces and equip
G with the local Gromov—Hausdorff-vague topology. (See Section 3 for details).

Our argument relies on the theory of resistance forms. Here we will prepare the minimum
necessary information on resistance forms in order to state our main results. See Section 4 for
details. Let (F,R) be a regular resistance metric space and write (£, F) for the corresponding
regular resistance form. Given a Radon measure p on F' of full support, there exists a related
regular Dirichlet form (£,D) on L?(F,u) and also an associated strong Markov process (X* =
(X1)t>0, { Pt }zer), which we call the process associated with (F, R, i) (it is known that the process
X* can be chosen so that it is a Hunt process). We note that if the resistance metric R is recurrent
in the sense of Definition 4.7 below, then it is automatically regular (Noda, 2024h, Corollary 3.26).

We next introduce electrical networks and associated resistance forms.

Definition 1.1 (Electrical network). Let (V, E) be a connected, simple, undirected graph with
finite or countably many vertices, where V' denotes the vertex set and E denotes the edge set. (NB.
A graph being simple means that it has no loops and no multiple edges.) For z,y € V, we write
x ~ y if and only if {z,y} € E. Let {u(z,y)}syev be a family of non-negative real numbers such
that p(z,y) = p(y,z) for all x,y € V, u(x,y) > 0 if and only if z ~ y, and

:Zu(x,y) <oo, VxelV.
yev

We call p(z,y) the conductance on the edge {z,y} and (V, E, u) an electrical network. Note that
the edge set E is uniquely determined by conductances. We equip V' with the discrete topology and
define a Radon measure u# as the counting measure on V, which is a Radon measure on V given
by
FA) =#A= 6.(A) ACV,
zeV

where J, is the Dirac measure putting mass 1 at x. Given an electrical network G, we write Vg,
Eq, {pa(z,y)}ayevy, and MG for the vertex set, the edge set, the conductances, and the counting
measure, respectively. When we say that G is a rooted electrical network, there exists a distinguished
vertex, which we denote by pg € V.

Definition 1.2 (Resistance form associated with electrical network). Let G be an electrical network.
For functions f,g: Vg — R, we set

Eallg) =5 3 molw () — FW)5) — o(v)

ff,yGVG

(if the right-hand side is well-defined). We then set F¢ := {f € RV | £(f, f) < oo} and, for each
T,y € F,
Re(x,y) = sup{E(f. /)" | f € F, f(z) =1, f(y) =0},

where we define sup ) := 0.

We note that, for any electrical network G, the pair (€5, Fg) is a regular resistance form, Rg
is the corresponding resistance metric, and the topology on Vg induced from Rg is the discrete
topology (see Noda, 2024b, Theorem 4.1). We say that G is a recurrent electrical network if Rg
is a recurrent resistance metric in the sense of Definition 4.7. Given an electrical network G and
a measure v on Vg of full support, we write X7 = (X§(t))i>0 for the process associated with
(Va, Rg,v). By Noda (2024h, Theorem 4.1), X¢ is the minimal continuous-time Markov chain on

Ve with generator
(M) = Y Hel {x} 1) = f().
yeVg
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Now, we define the (symmetric) Bouchaud trap model on an electrical network. Throughout this
paper, we fix a constant a € (0, 1).

Definition 1.3 (The random variable ). Let £ be a positive random variable built on a probability
space with probability measure FP; such that there exists a slowly varying function ¢ satisfying
Pe(§€ > u) = u=*(u) for all u > 0.

Definition 1.4 (The Bouchaud trap model). Fix an electrical network G. Let {¢5} ey, be i.i.d.

random variables with fmG 4 & Set vg = ZzEVG fo 0, which is a random measure on V5. Con-
ditional on vg, the (symmetric) Bouchaud trap model (BTM) is defined as the continuous-time
Markov chain Xéc. The random measure v is called a trap.

Our first result concerns BTMs for a convergent sequence of deterministic (scaled) electrical
networks. For each n € N, let G, be a rooted recurrent electrical network such that (Vi , Rg,,) is
boundedly compact. We simply write

Vo =Va,, fn =4, HE=pE . po=pc., BRn=Ra,, vn=vg,, X=X/

n

We write Py, for the underlying probability measure of the random measure v,,. Let (a,)n>1 and
(bn)n>1 be two sequences of positive real numbers with a, A b, — co. We then define

cn = inf{u > 0| Pe(¢ > u) < b,'}.

Assumption 1.5.
(i) It holds that
(Va, aﬁan, Pn, b_lluﬁ) — (F,R,p, 1)

in the local Gromov—Hausdorff-vague topology for some (F,R,p,u) € G, where p is of full
support and non-atomic, that is, p({x}) =0 for all x € F.
(ii) It holds that

lim liminf a,, ' R,,(pn, Br, (pn, anr)) = 00.
r—00 N—0oo

Under Assumption 1.5, the limiting metric space (F, R) is a recurrent resistance metric space
(see Noda, 2024b, Theorem 5.1). Given a Radon measure v on F of full support, we write X” =
(X" (t))¢>0 for the process associated with (F, R,v). For the description of the limit of Bouchaud
trap models X", we define a random measure v on F as follows. Let 7 be a Poisson random measure
on F x R with intensity measure p(dz) av™'"%dv defined on a probability space equipped with
probability measure P. We then define a random measure v on F' by setting

v(A) = /1A($)v7r(dxdv), VA € B(F),

where B(F) denotes the collection of Borel subsets of F'. The random measure v is a fully-supported
Radon measure almost surely (see Lemma 6.1 below) and is an analogue of the F.I.N. measure, the
speed measure of the F.I.N. diffusion. The random measures 7 and v are the limits of traps. More
precisely, in Section 6, it will be proven that, under Assumption 1.5, (m,, ¢, ') 4, (m,v), where
my, is given by

Tn = D Qv ()
eV,

Note that the convergence of 7, to m contains information of atoms of traps, which the convergence
of ¢, 1y, to v does not guarantee.
Write Xjm (t) = Xj" (ancnt) and define Ly to be the law of X} under Py, i.e.,

Ly () = Py (X (6)izo0 € -).
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Note that conditional on v, ﬁq”l" is a probability measure on D(R>, V},), which denotes the space of
cadlag functions with values in V;, equipped with the usual J;-Skorohod topology. Since Py (Xkm e

-) is measurable with respect to v, (see Noda, 20251, Proposition 6.1), /:';’L" is a random element of
P(D(R>q, V},)), which is defined to be the space of the probability measures on D(R>, V;,) equipped
with the weak topology. Similarly, we define
LY(:) = P/(X" € ),
which is a random element of P(D(Rx>g, F)).
For aging, we consider the following two-point functions:

é;"(s,t) = Pp”: (XZ" (s) = )N(Z” (t)), DV (s,t) = Pp” (X”(s) = X”(t))

for s,t > 0. We note that éf{b and ®” are continuous (see Section 5). In the first result below,
we obtain that the BTMs X}/» and the associated aging functions ®!» converge to X" and ®",
respectively.

Theorem 1.6. Under Assumption 1.5, it holds that
(Vi @5 B s U 1 P (e v, £, B0) € ) ) = (B Ropopn, P((n, £7,@%) €)) - (13)

in the space Mo (M x 7p (TM™ x 7p (771) x 7C®20R20))) (defined in Section 3 below). In particular,

<I>”" 4 o in C(R>O,Rzo) with respect to the compact-convergence topology, where the limit is
positive with probability 1.

Remark 1.7. Fix s,t > 0. Since ®¥n(s,t) < 1, the family (®%"(s,t)),>1 of random variables is
uniformly integrable. Combining this with Theorem 1.6, we obtain that

nh_)rglo E, [®4 (s, t)] = E[®"(s,1)],

where E,, and E denote the expectations with respect to P,, and P, respectively. This recovers the
aging result of Fontes et al. (2002).

For sub-aging, we additionally assume convergence of local structures of electrical networks.
Roughly speaking, we assume that a uniformly chosen vertex and the total conductance at the
vertex converge jointly; this assumption is precisely stated below. Given an electrical network G,
we define a map ¢g: Vg — Vg x R>q by setting

va(x) = (z, pa(x)), =z € Vg. (1.4)
Write MG for the pushforward measure of ,uG by 1q, which is a Radon measure on Vg x R>g. We
emphasize that /‘G is a natural object in terms of graph theory. Indeed, if G is a simple electrical
network, that is, ug(z,y) = 1 if pg(z,y) > 0, then ,aﬁ(A x {k}) is the number of vertices in
A C Vg whose degree is k. From this observation, one can see that the measure i carries more

information than the counting measure. We simply write [j,# = pﬁn, and, for sub-aging, we assume

the convergence of [L# instead of that of the counting measures u# .

Assumption 1.8. Assumption 1.5(i1) is satisfied, and

(Vnyan Ry, pny by, ,Un) (F7R7/07 M)

for some (F,R,p, 1) € Me(TMEXR20)) i the space Mo (rM¥R20)) (defined in Section 3 below).
Moreover, the measure u on F defined by

u(A) = ji(A x Rsg), VA€ B(F),

1s of full support and non-atomic.
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Under Assumption 1.8, we let 7(dx dw dv) be the Poisson random measure on F' X R>g x Rsg
with intensity measure i(dz dw)av™'~%dv defined on a probability space with probability measure
P. Define a random measure v on F' by setting

v(A) = /1,4($)v7'r(d:cdwdv), VA € B(F).

Then, v is a fully-support Radon measure almost surely (see Lemma 6.4 below). In Section 6, it
will be proven that, under Assumption 1.8, (7, ¢, 'vy,) — (7, v), where 7, is given by

T = D O (e v (2}

IEVn

Note that 7, contains information of local structure: the total conductance at every vertex.
For sub-aging, we consider the following two-point function:

\ilr';”(s, t) =Py (X,l:” (ancpt) = X2 (ancpt + 1), V' €0, cns])

for s > 0,t > 0. By the Markov property and the fact that the waiting time of X}» at x has the
exponential distribution with mean v, ({z})/un(z), we deduce that

B (s,0) = 257 exp(—un (X5 ()3 /e oK (1))
_ / e~ ws/0 Pl (R0 (1) = ) o (das duw o).
Following this expression, we define
U (s,t) = /ews/”PF’;(X’/(t) = z) 7(dx dw dv)

for s > 0,t > 0. We note that the functions ¥%» and ¥” are continuous on R>p x Rsp (see
Section 5). Under Assumption 1.8, we obtain not only the same aging result as Theorem 1.6, but
also a sub-aging result, that is, U} converges to U”.

Theorem 1.9. Under Assumption 1.8, it holds that
(Vn,an Rn,pn,bn ,un, (( yn,ﬁ”" q)”" \IJ”") ))
—(F.R,p, i, P((1, £7, 07, 0") € 1)) (1.5)

. di 2 .
in the space My (TMXR20) 5 1p (7M™ 5 p (771) x 7CRE0R20) 5 7CR20xR>0.R20))) [, particular,

‘i’,ﬁ” Ly ip C(R>0 x Rs0,R>0), where the limit is positive with probability 1.

Remark 1.10. Similarly to Remark 1.7, from Theorem 1.9, we obtain the convergence of the annealed
sub-aging functions, i.e., for any s > 0 and ¢ > 0,

lim E, [977(s,1)] = E[97(s,1)].

Remark 1.11. By definition, the waiting time of the BTM X/¢ at a vertex z is determined by
the trap vg({z}) and a l-neighbor local structure of G, that is, the total conductance pg(x) =
Zny pc(x,y). This is the reason why we assume the convergence of ,u# in Assumption 1.8.
Even when one considers other trap models, it seems possible to derive similar results by assuming
convergence of corresponding local structures. (For a generalized trap model, see Ben Arous et al.,
2015.)

Next, we consider random electrical networks. Namely, we assume that (Vj,, Ry, pn, fin) is a
random element of G and we denote its underlying probability measure by P,. For aging, we
consider a random version of Assumption 1.5, given below.
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Assumption 1.12.
(i) It holds that

d
(Vnaan Ry, pn, by, /Ln) — (F, R, p,u)

in the local Gromov-Hausdorff-vague topology for some random element (F,R,p,u) of G,
where p s of full support and non-atomic with probability 1.
(ii) It holds that

lim liminf P, ( AR(pn, Br, (pn, anr)¢) > )\) =1, VA>0.

T—00 N—00

Theorem 1.13. Under Assumption 1.12, the convergence (1.3) holds in distribution.

Remark 1.14. Similarly to Remark 1.7, under Assumption 1.12, we deduce from Theorem 1.13 that,
for any s,t > 0, E, [Ci),’fb"(s,t)} 4, E[@”(s,t)} and

Jim By [E4[847 (s, 1)]] = BE[2"(s,1)]]
where E,, and E denote the expectations with respect to P,, and P, respectively.
For sub-aging, we consider a random version of Assumption 1.8, given below.

Assumption 1.15. Assumption 1.12(i1) is satisfied, and there exists a random element (F, R, p, [1)
of Mo (TMEXR20)) such that

(Vios @y Rus py by i) = (F, R, p, o) (1.6)
Moreover, a measure p on F defined by
u(A) = i1(A x Rsp), VAeB(F)
1s of full support and non-atomic with probability 1.

in the space Mg (TMEXR20))

Theorem 1.16. Under Assumption 1.15, the convergence (1.5) holds in distribution.
Remark 1.17. Similarly to Remark 1.7, under Assumption 1.15, we deduce from Theorem 1.16 that,
forany s >0 and t >0, E, [\IJ”” s,t)] —>E[\I/” (s,t)] and

hm E, [E.[P4(s,)]] = E[E[T"(s,1)]].
Remark 1.18. More generally than our BTMs, one can consider non-symmetric BTMs (cf. Ben Arous
and Cerny, 2006, Definition 2.1). Fix a € (0,1] and an electrical network G. Conditional on vg,

the non-symmetric BTM with parameter a on G refers to the continuous-time Markov chain X*¢
with generator

(Aucf Z MG x y (({{'Z}})) ({y}>)a (f(y) - f(a:))
yeVa

If we define an electrical network G’ by setting Vi := Vg and pugr (z,y) = pa(x, y)(va({z})va({y}))?,
then X"¢ is the process associated with (Vir, Rgr, vg). Thus, when one considers a non-symmetric
BTM, the associated resistance metric becomes random and does not coincide with the resistance
metric on G. Our arguments work even for these non-symmetric BTMs, and similar results hold once
the corresponding assumptions with respect to associated resistance metrics are verified. However,
it is not easy to check in general, and so we only consider symmetric BT'Ms in this article.

In the proof of our main results, it is crucial to find a coupling of traps v, and v so that ¢, v, — v
almost surely vaguely and in the point process sense, where we recall that the convergence in the
point process sense is notion of convergence of discrete measures introduced in Fontes et al. (2002,
Definition 2.2) and means convergence of atoms. When discrete measures converge both vaguely
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and in the point process sense, we say that they converge in the vague-and-point-process topology. In
that paper, where they prove the convergence of the scaled BTM on Z to the F.I.N. diffusion, they
constructed such a coupling by using Lévy processes and the usual Ji-Skorohod topology. However,
their argument cannot be applied to general graphs. In this paper, we construct the coupling by
the Skorohod representation theorem (cf. Kallenberg, 2021, Theorem 5.31). Specifically, we first
show that the vague-and-point-process topology is Polish, that is, it is separable and completely
metrizable, which can be seen as an extension of the usual Jj-Skorohod topology. Then it is an
immediate consequence of the Skorohod representation theorem that there exists a desired coupling
once the convergence c,, 'v, — v in distribution is verified.

The remainder of the article is organized as follows. In Section 2, we prove that the vague-
and-point-process topology introduced above is a Polish topology. In Section 3, we introduce the
Gromov—Hausdorfl-type topologies which are used to discuss convergence of objects on different
metric spaces. In Section 4, we recall some fundamental results about the theory of resistance forms
and study transition densities of processes on measured resistance metric spaces. In particular, it
is proven that if a family of measured resistance metric spaces is precompact in the local Gromov—
Hausdorff-vague topology, then the family of the transition densities of associated processes is
precompact. This result is used to prove the precompactness of two-point functions. In Section 5,
we prove that if deterministic traps converge in the vague-and-point-process topology, then the
(sub-)aging functions converge. Combining this result with the above-mentioned coupling of traps,
we establish the main results in Section 6. Finally, in Section 7, we present some examples to which
our main results are applicable.

2. The vague-and-point-process topology

Convergence of discrete measures in the vague-and-point-process topology means the convergence
both in the vague topology and in the point process sense (Fontes et al., 2002, Definition 2.2). In
Section 2.1, we recall fundamental results on the vague topology, and then we introduce and study
the vague-and-point-process topology in Sections 2.2 and 2.3.

For the following discussions, we introduce several pieces of notation. Given a topological space
S, B(S) denotes the totality of Borel subsets of S, idg denotes the identity map from S to itself,
and, for a subset A of S, 9A = dgA denotes the boundary of A in S. For a function f: S — R,
we write ||f|lco == sup{|f(z)| | * € S}. Given two maps f: S1 — Sy and g: T1 — T3, we write
fxg: 51 xT1 — Sy x Ty by setting

(f x9)(@,y) = (f(2),9(y)), (,y) € 51 xTh.

2.1. The vague metric. In this subsection, we introduce the vague metric, which induces the vague
topology on the set of measures. Let (S, d”, ps) be a rooted boundedly-compact metric space. Write
M, (S) for the set of finite Borel measures on S, which we equip with the weak topology. Recall
that the weak topology is induced from the Prohorov metric dISD given by

dp(p,v) = inf{e > 0] p(A) < v(A®) + ¢, v(A) < p(A®) + e, VA C B(S)}, (2.1)
where we set
A% = {z € S| Jy € A such that d°(z,y) < e}. (2.2)

Definition 2.1 (The vague metric d“s;’p 9). We denote the set of Radon measures on S by M (S).
For 11 € M(S), we write (") for the restriction of u to S = cl(Bg(p,r)), that is, u(") is a finite
Borel measure given by

p ) = plgen () = ( N S(’”)) :
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We then define, for each u,v € M(S),

o
d‘s/’ps (u,v) = / e " (1 A d%(u(r), 1/(7"))) dr. (2.3)
0
Theorem 2.2 (Noda, 2024a, Theorems 3.19 and 3.20). The function d‘S/’pS is a complete, separable
metric on M(S). Let u,pi,u2,... be Radon measures on S. Then the following conditions are

equivalent:

(1) pn converges to p with respect to d

(ii) ug) converges weakly to ") for all but countably many r > 0;

(iii) pn converges vaguely to u, that is, for all continuous functions f: S — R with compact
support, it holds that

S,ps .
14 2’

n—oo

fim [ £(e) () = /S £(2) u(dr).

We call d@’p % the vague metric (with the root pg). The distance between Radon measures with
respect to the vague metric is preserved under pushforward by root-and-distance-preserving maps,
as shown in Proposition 2.3 below. This is important for metrization of Gromov—Hausdorff-type
topologies in Section 3. Here, we note that, for two rooted boundedly-compact metric spaces
(S;,d%, ps,), amap f: S; — Sy is said to be root-preserving if f(ps,) = ps,, and distance-preserving
if d°2(f(z), f(y)) = d*'(z,y) for all 2,y € Sy.

Proposition 2.3 (Noda, 2024a, Proposition 3.24). Let (S;,d%, p;), i = 1,2, be rooted boundedly-

compact metric spaces and f: S1 — So be a root-and-distance-preserving map. Then, the map from
S S

(M(S1), dvl’psl) to (M(S2), dVQ’pSQ) given by s po f~1 is distance-preserving.

2.2. The space MY(S). In this subsection, we define the vague-and-point-process topology, which
yields jointly vague convergence and convergence in the point process sense introduced in Fontes
et al. (2002, Definition 2.2). In particular, various characterizations of this topology in terms of
convergence are given in Theorem 2.9.

Let (S, d°, ps) be a rooted boundedly-compact metric space. Recall that a Radon measure v is
called a discrete measure if it is written in the following form:

v= Z w;lg, , (2.4)
il
where I is a countable set, w; is a positive number, x; is an element of S such that x; # x; if ¢ # j,
and J,, denotes the Dirac measure putting mass 1 at x;. The representation of (2.4) is called an
atomic decomposition of v and is unique up to the order of terms (cf. Kallenberg, 2017, Lemma 1.6).
We say that v is simple if w; = 1 for all ¢ € I. We write At(v) = {x;};cs for the set of the atoms of
v.

Proposition 2.4. Let v,vy,va,--- be simple measures on S. For each compact subset K of S,
consider the following condition.

(VC) Write {x;}icr, = At(v) N K for the atoms lying in K. (NB. Ik is a finite set.) Then, for all
(n)

7

sufficiently large n, we can write At(v,) N K = {xl(n) | i€ Ik} in such a way that x
for each i € Ik.
Then, the statements below are equivalent with each other.

— X

(i) The measures v, converge to v vaguely.
(ii) Any compact subset K of S with v(0K) = 0 satisfies (VC).
(i) There exists an increasing sequence (Dy)i>1 of relatively compact open subsets of S such
that i~ Dr, = S, p(0Dk) = 0 for each k, and each closure cl(Dy,) satisfies (VC).
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Proof: Assume that (i) is satisfied. Fix a compact subset of F' with v(0K) = 0. Since v,|x — V|Kk
weakly, we have that v,(K) — v(K) = #Ix. Hence, for all sufficiently large n, #(At(v,) N K) =
#Ik. Fixasmall e € (0, 1) such that Dg(z;,2¢) C K for each i € I and Dg(x;,2¢)NDg(z;,2¢) =0
if ¢ #£ j. Since we have that dls;(yn|K,1/|K) < ¢ for all sufficiently large n, we deduce from the
definition of the Prohorov metric that

1—e<vp({z}¥) <1+e,

which implies that there is exactly one atom of v, in Dg(z;,¢), which is denoted by :rl(-n). We then

have that At(v,) N K = {%(n) | i € I} for all sufficiently large n. Fix i € Ix. Given n € (0,¢),

by the same argument, one can check that for all sufficiently large n there is exactly one atom of
(n)

Vp in Dg(xi,m). Since Dg(x;,n) € Dg(x4,€), the atom must be x;’. Therefore, we obtain that

2™ =
i i
The implication (ii) = (iii) is straightforward. Assume that (iii) is satisfied. Fix a compactly
supported continuous function f on S. Let Dy be such that Dj contains the support of f. Write
At(v) N Dy, = {zi}ier,, and At(vy) = {l’gn)}iejDk in such a way that mgn)
Then, since I is finite, we deduce that

i [ f@ymldn) =t 3 £ = 30 fo) = [ 1@ vido)
iEIDk ieIDk
which establishes (i). O

Definition 2.5 (The space M%5(S)). We define M%5(S) to be the collection of discrete Radon
measures f on S.

— x; for each @ € Ip,.

Given v € MY5(S) written in the form (2.4), we define

p() == > G- (2.5)
el
It is easy to check that p(v) is a discrete Radon measure on S x R~ by observing that there are
only finitely many atoms of p(v) in any compact subset of S x Ry.

Before proceeding with the discussion of discrete measures, we make some technical remarks
regarding the space Rq. The space Rxq equipped with the usual Euclidean metric d® (v, w) = |v—w|
is not a boundedly-compact metric space. Indeed, (0,1] is bounded and closed in Rs( but not
compact. Throughout this paper, we equip Rsg with another metric d®> given by

d®>0 (v, w) == |logv — logw|, v, w € Rsy.

It is elementary to check that the topology on Rs induced from d®>° coincides with the Euclidean
topology and (Rx, dR>0) is boundedly compact. We set 1 € R+ to be the root of Ryy. Note that
the closed ball with radius r centered at 1 is [e™", e"]. We then think the product space S x R~ as
a rooted boundedly-compact metric space by equipping it with the root pg := (pg, 1) and the maz

product metric d°*F>0 given by
dSXR>O<(x7 v)’ <y7 w)) = ds(x7 y) \/ dR>O (v7 w)? (x7 U)? (y7 w) e S X I&>0' (2'6)
For v1,vs € MY5(S), we define
dUrs. (v, ) = Ay (v, v0) V dyy 075 (p (1), p(12). (2.7)
Proposition 2.6. The function dj;tpdfs is a metric on MY5(S).

Proof: By Theorem 2.2, di’ps is a metric on M%5(S), which implies that di;lpdsgs is positive definite.

Symmetry and the triangle inequality are obvious. O
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Definition 2.7 (The vague-and-point-process topology). We call the topology on M%%(S) induced
by di;lp = the vague-and-point-process topology.

Below, we study the vague-and-point-process topology in terms of convergence.
Proposition 2.8. Let v, vy, s, ... be elements of MYS(S) such that v,, — v vaguely. Fiz x,,x € S
with x, — x. Then v,({xn}) — v({z}) if and only if lims o limsup,, o Vn(Bs(2n,0) \ {zn}) = 0.

Proof: Since v, — v vaguely and xz,, — =, we have that, for each § > 0,

v(Dg(x,6)) > limsup v, (Dg(x,d)) > limsup v, ({x,}).

n—o0 n—o0
Letting § | 0 yields that v({z}) > limsup,,_ o Vn({zn}). Similarly, we deduce that
V() = (B (,5) (23)
< pint v (5c.5)
< lélﬁ)l linrr_1>ioréf Un(Bg(xp, 20)).
Moreover, we have that, for each § > 0,
linrgiorgf Un(Bs(xn,20)) < li};n_)solip Un(Bs(2n,20) \ {zn}) + linlgiorgf vn({zn}). (2.9)

Thus, from (2.8) and (2.9), we obtain the “if” part of the assertion. For the other direction, suppose
that v, ({x,}) — v({z}). We then have that, for each § > 0,
liz 5up (B (0, 6) \ {}) = limsup {va (B (20, )) — va({zn})}
n—oo

n—oo

< limsup v, (Dg(zp,d)) — linr_l)inf vn({zn})

n—o0

< limsup v, (Dg(x,29)) — lin_l)inf vn({xn})

n—o0

<v(Dg(x,20)) —v({z}),

where we use the vague convergence v, — v to establish the last inequality. Letting 0 | 0 yields the
result. 0

Theorem 2.9. Let v,v1,vs, ... be elements of MYS(S). The following statements are equivalent:
(i) vp — v in the vague-and-point-process topology;
(i) vp — v vaguely and p(vy,) — p(v) vaguely;
(iii) v, — v vaguely and, for any x € At(v), there exist atoms x, € At(vy) such that z, — x
and vn({zn}) = v({z});
(iv) vy, — v vaguely and, for any x € At(v), there exist atoms x, € At(vy,) such that x, — x
and limgs_,o lim sup,,_, o Vn(Bs(xn,d) \ {z,}) = 0.

Proof: The equivalence of (i) and (ii) follows from the definition of dj/lp s~ The implication (ii) = (iii)

follows by applying Proposition 2.4 to the convergence of p(v,) to p(r). Assume that (iii) is satisfied.
Let 7 > 0 be such that the boundary of K := Dg(pg,r) x [e™",€"] does not contain any atoms of
p(v). Write {(x;, w;)}ier, for the atoms of p(v) lying in K. For each i € Ik, we let a:l(-n) € At(vp)

be such that a:(n) — x; and w(n)

have that (z; (n> ( )) € K for all i € Ik (at least for all sufficiently large n). By Proposition 2.4, it

remains to prove that At(p(vp)) NK = {(x En), w, )}zeIK for all sufficiently large n. Suppose that
it is not the case. Then, there exist a subsequence (ng)>1 and (™) w(™)) € At(p(v,,)) N K such

= Vn({l‘(n)}) — w;. Since (z;,w;) is in the interior of K, we

that (z(® mw)) ¢ { (= n’“) (n’“))}zelK Since Dg(pg,r) is compact and v, — v vaguely, we have
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(nk)

i

that lim supy,_, . vn, (Ds(ps,7)) < v(Ds(ps,)). This, combined with ™" < w(™) and w
yields that

— W;,

e+ Z w; < lim sup w™) 4 Z wgnk)
icly k—o0 iclx

< lim Sup Vn,, <DS(;057 T))

k—o00
<v(Ds(ps,r))
- Y
i€l
which is a contradiction. Therefore, we obtain (ii). The equivalence of (iii) and (iv) follows from
Proposition 2.8. ]
The following is an analogue of Proposition 2.3, and asserts that the distance between discrete

measures with respect to the metric di;lpfis is preserved under pushforward by root-and-distance-
preserving maps. This fact is important for metrization of Gromov—Hausdorff-type topologies in
Section 3.

Proposition 2.10. Let (S;,d%, p;), i = 1,2, be rooted boundedly-compact metric spaces and f: S; —
. . . S1, .

Sy be a root-and-distance-preserving map. Then the map from (MdlS(Sl),d/\;(ﬁfl) to (MI5(Sy),
d527p32

Mdis
Proof: It is easy to check that p(vo f~1) = p(v) o (f x id®>9)~1 and f x id®>¢ is a root-and-
distance preserving map from S; X Ry to Sy X Rsg. Since the Prohorov metrics and the vague
metrics are preserved by root-and-distance-preserving maps (see Noda, 2024a, Lemma 3.17 and
Proposition 2.3), we obtain the desired result. [l

) given by v+ vo f1 is distance-preserving.

Although the vague metrics d‘é;’p 5 and d‘S/XR>O’ﬁ S are complete, d‘j\;lp 'S, 1s not complete in general.

To see this, consider a sequence of measures whose atoms collide. For example, let S = R and
Up == 0y + d,—1. It is elementary to check that v, converges vaguely to the measure 209 on R,
and p(vp) = d(0,1) + d(n-1,1) converges vaguely to the measure 20(g;) on R x Rxo. Thus, (vn)n>1

is Cauchy with respect to dﬂfﬁhs, but it does not converge in M%S(R). However, the vague-and-
point-process topology is Polish, that is, there exists another metric that is complete, separable and
induces the same topology (see Theorem 2.21 below). For further study of the vague-and-point-
process topology, such as Polishness and a precompactness criterion, it is convenient to introduce
a larger space #(S), into which M%5(S) is topologically embedded. This is the main aim of the
following subsection.

2.3. The space Z(S). As already explained above, in this subsection, we introduce a space (),
into which M%(S) is topologically embedded, and study its topological properties. In particular, we
prove that the vague-and-point-process topology is Polish (Theorem 2.21) and provide precompact
and tightness criteria (Theorems 2.22 and 2.206).

Fix a rooted bounded-compact metric space (S, d”, ps). We denote by N(S x Rsq) the collection
of integer-valued Radon measures m on S x Ry, i.e., 7(E) € Z>o U {oo} for any Borel subset E of
S x Rsg. Note that any m € N(S x Rsg) is a discrete measure and if an atomic decomposition of
is given by m = > i/ Bid(z, w,), then B is a positive integer (cf. Kallenberg, 2021, Theorem 2.18).
We associate m with a Borel measure v(7) on S by setting

o(m)(A) = /AXR wm(dz dw) = Zﬂiwi(sxi(A), A e B(S5). (2.10)

icl
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Definition 2.11 (The space Z2(S)). We define
P(8) ={m € N(S x Rsg) | v(m) is a Radon measure on S} .

For each m = .} Bi6(z, w,) € Z(5) and r > 0, we define a Borel measure m()(7) on Rwg by
setting

m) (1) (A) = /S(T)XA 7(dz dw) Z Biw;, YA € B(Rso).

z;€8(r)
wiEA

Note that m(")(7) is a finite measure. Indeed, we have that m(")(R+q) = v(7)(S(), which is finite
since v(7) is a Radon measure. We write

MO () = m® (1)((0, £]) :/ rdrdw) = Y B, >0,  (211)
S<T)><(0€} 25
w; <€,

WO () == sup{w; | z; € ST} = inf{l > 0 | m") () ([1, 00)) = 0}. (2.12)

Below, we discuss some basic properties of m(") (1), ME(T) and W) (7).
Lemma 2.12. Fiz 7w € ZP(S). Then the following statements hold.
(i) For anyr > s> 0, dy°(m) (1), m) (1)) < o(m) (S0 \ SG).
(ii) The map r— m) (1) € (Mﬁn(R>0),dI§)>0) is continuous for all but countably many r.

)
(iii) For each r > 0, the function € — M (7) is increasing and limg_,o ME(T)(TI') =0.
(iv) For eachr >0, W) (1) < o(m)(5™M) < oo

Proof: (i). We have that, for any Borel subset A C R+,

m")(7)(4) = / w (da dw)

S(r)xA

< / w m(dx dw) —l—/ wm(dzr dw)
S %A (SENSE)xRsg
=ml(m)(4) + o(m) (5T \ 5W),

and m®) (1)(A) < m)(7)(A). Thus, we obtain the desired result.

(ii). Since v(m) is a Radon measure on S, for all but countably many r > 0, we have
o(r)({z € S | ds(p,z) = r}) = 0. By Lemma 2.12(i), it is then straightforward to verify that
the map is continuous at such values of r.

(iii) and (iv). These are obvious by their definitions. O

We now introduce a metric on Z(S). For my,m € Z2(S), we set
4575 (my, m3) = /0 e {1 A (m® (1), m0) (m)) } dr

vV dB0PS (1 o) v derPS (0(m), (7)) (2.13)

Note that the integrals are well-defined by Lemma 2.12(ii) (cf. Noda, 2024a, Proof of Proposi-
tion 2.4).

Proposition 2.13. The function d‘;ﬂs is a metric on Z(S).

Proof: By Theorem 2.2, d‘é;XR”’ﬁS is a metric on &(S), which implies that d} 55 ig positive definite.
Symmetry and the triangle inequality are obvious. ]

Below, we provide some characterizations of the topology on Z(S) in terms of convergence.
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Theorem 2.14 (Convergence in F(S)). Let w,m1,ma,... be elements of ZP(S). The following
statements are equivalent:

(i) mn — ™ with respect to df;’,ps ;
(ii) 7, — 7 vaguely as measures on S X Rsg, and v(m,) — v(m) vaguely as measures on S;

(iii) m, — 7 vaguely as measures on S X Rsg, and, for each r > 0, lim sup W(T)(ﬂ'n) < oo and
n—oo

lim lim sup ME(T) (mn) = 0.

el0 n—ooo

Proof: The implication (i) = (ii) is obvious. Suppose that (ii) is satisfied. The vague convergence
o(m,) — o(m) implies that sup,,>; o(m,)(S") < oo for each r > 0. From Lemma 2.12(iv), we
obtain that sup,>q W) (m,) < oo for each r > 0. Let e, > 0 be such that 7 has no atoms on

the boundary of S(") x (e, 00). We then choose [ > 0 so that 7 has no atoms on the boundary of
S x (g,1) and SUp,>1 W) (7,) < I. We have that

/ w Ty (dx dw) —/ w m(dx dw)
S() % (0,¢] S(r) % (0,¢]

< [o(ma)(57) = v(m)(5))]

/ w Ty (dx dw) —/ w T (dx dw)
S x (e,1) S(M) x (g,1)

Since v(my )| g(r) — 0(7)| g weakly and | g (o ) = Tl (c1) Weakly, we deduce that M () —

M () — M ()| =

£

_l’_

Mgr)(ﬂ). From the dominated convergence theorem and Lemma 2.12(iii), we obtain (iii).

Assume that (iii) is satisfied. We will prove (i). We note that, by Lemma 2.12(iv), supn21W(") (7n)
is finite for each > 0. Fix a continuous function f on S whose support is contained in S, where
we assume that v(7) has no atoms on the boundary of S(™). Let ,1 > 0 be such that 7 has no
atoms on the boundary of S x (e,1) and sup,,~; W) (m,) < I. We then have that

/ £(2) o) (dar) — / £(x) o) (dz)

— /smx(o,oo) wf(z) m,(de dw) —/ wf(x) m(dx dw)

S(1) % (0,00)

+ [ flloo (ML) (m00) + ML () ).

< /S(T)X(&l) wf(x) m, (do dw) — / wf(x) m(dx dw)

S() x (e,1)

By Lemma 2.12(iii), (iii), and the weak convergence ﬂn‘s(r)x(syl) — W]S(MX(&Z), we obtain that
o(m,) — v(r) vaguely. It remains to show that m)(m,) — m{)(7) weakly for all but countably
many r > 0. Fix r > 0 satisfying v(7)(0S)) = 0. Let £,1 > 0 be such that 7 has no atoms on the
boundary of S x (e,1) and sup,,>; w) (mn) < I. For a bounded continuous function g on R+,
we have that -

[ st m® @) - [ gw)m® <7r><dw>\

/ g(w)w mp, (dx dw) —/ g(w)w w(dx dw)‘
S(T)XR>0 S(T)X]R>0

< + 11glloo (M () + M ()

/ g(w)w 7y, (dx dw) —/ g(w)w m(dx dw)
S() x (g,1) S x (g,1)
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Hence, similarly as before, we obtain that m()(r,) — m() (7) weakly. O

Recall the map p from (2.5). The following corollary asserts that, via this map, the space M%5(S)
equipped with the vague-and-point-process topology is topologically embedded into Z(S).

Corollary 2.15. The map p : MYS(S) — 22(S) is a topological embedding, i.e., a homeomorphism
onto its image. If we write 22*(S) for the image, then

P*(S5) = {77 € P(S) [ m= Suuy withw; % x; if i # j}, (2.14)

i€l
and the inverse map is 0| p+(g), i.e., the restriction of the map v to Z*(S).

Proof: The assertion (2.14) follows from definition. Using (2.14), one can check that v[z-(g) is the
inverse map. The continuity of p and b|z-(g) is obvious by Theorems 2.9 and 2.14. O

The following result is an immediate consequence of the above result. From this result, conver-
gence in the vague-and-point-process topology is proven by convergence in Z(S).

Corollary 2.16. Let m, 71, 72,... be elements of 22*(S). If m, — m in P(S), then v(m,) — v(7)
in the vague-and-point-process topology (as elements in MYS(S)).

Henceforth, for each 7 € #(S) and r > 0, we write 7"l for the restriction of 7 to Ds(pg,r) X
[e™", e"].

Lemma 2.17. For any 7 € 2(S), we have that 7l*) — 7 in P(S) as s — oo,

Proof: By Theorem 2.2, we have that 7! — 7 vaguely. It is easy to check that W) (zlsl) < W) (x)
and ME(T)(TI'[S]) < ME(T)<7T) for each » > 0. It then follows from Lemma 2.12(iii) and (iv) and
Theorem 2.14 that 7l*! — 7 in 22(S). O

Theorem 2.18 (Polishness of Z(S)). The metric d;ps is complete and separable.

Proof: We first show the separability. Let Sy be a countable dense subset of S. Write & for the
collection of m € £(S) such that

= Z Bid (@i wi)
i=1

wheren € N, 3; € N, z; € Sy, and w; € QN R~o. Note that 2 is countable. It is easy to check that
any m € Z(S) with finitely many atoms is approximated by a sequence in Z. For each m € £(S5),
7"l has only finitely many atoms. Hence, by Lemma 2.17, we deduce that 2 is dense in & (S).
Next, we show the completeness. Let (m,),>1 be a Cauchy sequence with respect to dfjip . Since
d‘S/XR”’ﬁ  is complete, there exists a Radon measure 7 on S x R+ such that m,, — 7 vaguely. Then,
for any bounded measurable set E with w(0F) = 0, we have that 7, (E) — 7(FE), which implies that
7(E) € Z>op. Hence m € N (S x Rsg). For each r > 0, let g,: S — [0, 1] be a continuous function
such that gr|g»n = 1 and gr\s\s(rﬂ) = 0 and let (fx)r>1 be non-negative continuous functions
on S x Ry with compact support increasing to the constant function 1gxg.,. Using the vague
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convergence m, — 7 and the monotone convergence theorem, we deduce that

o(m)(SM) < /SXR gr(x)w m(dz dw)

= klggo / fr(x, w)g,(x)wn(dx dw)

= lim lim /fk(:c,w)gr(:c)wwn(dmdw)

k—o0 n—00

< limsup/gr(x)wﬂ'n(dxdw)

n—oo

< lim sup U(Trn)(s(r+1))7

n—oo

Since (0(my))n>1 is tight in the vague topology, we have that sup,,>4 () (STHY)) < 0o, Hence,

m € P(S). Moreover, from Lemma 2.12(iv), it holds that sup,, >, W) (m,) < oo for each r > 0.
Thus, Theorem 2.14 implies that it is enough to show that, for all but countably many r > 0,

lim lim sup M (7,,) = 0. (2.15)

el0 n—ooo

Since d“s;’p  is complete, there exists a Radon measure p on S such that v(m,) — u vaguely on S.
Fix r > 0 such that u(Dg(ps,r) \ Bs(ps,r)) = 0. We then have that

lim sup lim sup v(m, ) (ST+)\ =) < lim sup lim sup v(m, ) (ST \ Bg(pg, r — 6))

§—0 n—00 6—0 n—r00
< lim sup ,LL(S(T+5) \ Bs(ps,rm—9))
6—0
o (2.16)

Fix § > 0. For any s € (r — d,r + d), we have from Lemma 2.12(i) that
A7 (m®) (), m) () < 0(7,) (STHO N ST=0) v > 1.
We thus deduce that

R0/ () (r) el [T R0 /. (r) )
1A B () (), m) () = (26) /_5 (1 A d%0 (00 (7)) () ds

< 0(m) (ST ST0) 4 u(mr, ) (ST ST

[ A 0 ) ) s

< 0 () (ST ST 4 () (ST S0

+(20) 71 A5 (1, ),

which, combined with (2.16), implies that (m(")(r,)),>1 is a Cauchy sequence with respect to d;lffo.
In particular, it is tight and so we have that

lim lim sup m™ (7,,)((0,€)) = 0.

e=0 pooo

Since M(T)

() <m0 (m,)((0,€)) by the definition of M_}) (), we obtain (2.15). 0

/2

Now it is possible to prove that the vague-and-point-process topology is Polish. By Proposi-
tions 2.15 and 2.18, it suffices to show that the set &2*(.S) is an intersection of countably many open
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subsets of Z(S), and this follows from two lemmas below. For each n € N, we set
2™ (8) = {7r e 2(9) | for somer € (n—n"t,n), 7" = 25($iawi) with x; # x; if i # j}. (2.17)
iel
Lemma 2.19. The set 2™(S) is open in P(S).
Proof: Fix m € 2 (S). Let r € (n—n"%, n) be such that 7l =3, ; O(zs,wy) With z; # x5 if i # j.
Since the index set [ is finite, we may choose ¢ € (0,1) so that n < &=, n —n~! +2¢ < r, and
Dg(xi,2¢) N Dg(xj,2¢) =0 if @ #j. (2.18)

Fix 7 € 2(S) with d%,ps (m,7) < ee~ /2. Tt suffices to show that @ € 22" (S). We can find 7/ > ¢~

such that d}iXR” (zl"1 7]y < e. Let {(yj,vj)}jes be the atoms of 7lr=2¢] By the definition of the
Prohorov metric, we have that

1< 7({(y5,v7)}) < 7(Dsxrso(y),v5),€)) +e.
This, combined with (2.18), implies that there is exactly one atom of 7 lying in Dgxr_,((y;,v}),€).
Thus, 7({(y;,v;)}) = 1. Assume that there exist j # j’ such that y; = y;; = y. It is then the case
that
2= ﬁ({(ya Uj)7 (ya Uj')}) < 7I-(1)S><]R>O((ya Uj)a 5) U DSXR>O((y7 Uj/)v 5)) +e
Since C' = Dgxr.,((y,vj),€) U Dgxr.,((y,vj),€) is contained in Dg(pg,r) % [e7",€"], there are
at least two atoms of 7 lying in C, which contradicts (2.18). Therefore, we deduce that 7 €

P)(S). O
Lemma 2.20. It holds that 2*(S) = >, 2Z™)(S).
Proof: This is immediate from the definition of 22(™(S) and (2.14). O

Theorem 2.21 (Polishness of M5(S)). In general, di’/lpdﬁs is not complete. However, the vague-
and-point-process topology is Polish.

Proof: At the end of Section 2, we checked that di;[p 2 is not complete in general. However, by
Corollary 2.15 and Lemmas 2.19 and 2.20, we can apply Alexandrov’s theorem (see Srivastava, 1998,

Theorem 2.2.1) to conclude that the vague-and-point-process topology on M%5(S) is Polish. O

We further study topological properties of Z(S): precompactness, the Borel o-algebra, and
tightness.

Theorem 2.22 (Precompactness in Z2(S5)). A non-empty subset {mj}jc; of P(S) is precompact
in Z(S) if and only if the following conditions are satisfied.
(i) The subset {mj}jc; is precompact in the vague topology as measures on S x Rxg.
(ii) For each r > 0, sup W) (mj) < 0o and lim sup M) (mj) =0.
jeJ &0 jes
Proof: Suppose that {7;};cs is precompact in Z2(S). Since the topology on Z(S) is finer than
the vague topology, we have (i). If (ii) is not satisfied, then for some r > 0 there exists a sequence

(jn)n>1 in J such that W) (7)) — oo or Méz) (mj,) > 6 for some § > 0 and €, | 0. However, since
(7, )n>1 has a convergent subsequence, by Theorem 2.14, we obtain a contradiction, which yields
(i1). The converse assertion immediately follows from Theorem 2.14. O

To consider random element of 2(5), we first identify the Borel o-algebra on Z?(S). In par-
ticular, we show that it coincides with the one generated from the vague topology on Z(S) in
Proposition 2.25 below.

Lemma 2.23. Let 7, m,ma,... be elements in P(S) such that m, — m vaguely. Fiz r > 0 such
that m has no atoms on the boundary of Ds(ps,r) % [e”",€"]. Then, a7l i 2(9).



172 Ryoichiro Noda
[r]

Proof: Tt is elementary to check that 7}’ — 7" vaguely (and even weakly). If (z,w) is an atom of
m[z], then we have that w € [e™", e"]. Thus, by Theorem 2.14, we obtain the desired result. O

Proposition 2.24. The set 2(S) is a Borel subset of M(SxRxg) equipped with the vague topology.

Proof: By Kallenberg (2021, Theorem 2.19), the set N'(S X Rsq) of integer valued Radon measures
is a Borel subset of M(S). Since N (S x Rsg) 3 7 — v(7)(S() is measurable with respect to the
vague topology for each r > 0, we obtain the desired result. ]

Proposition 2.25 (The Borel o-algebra on Z(S)). The Borel o-algebra on Z(S) coincides with
the Borel o-algebra generated from the vague topology.

Proof: To distinguish between the two topological spaces, we rewrite Z(S)" for the topological
space Z(S) equipped with the Vague topology, and let 2(S) represent the topological space Z(S)
with the topology induced from d?; 5,05 (which we have considered so far). Write ¥ and ¥’ for the
Borel o-algebras on Z(S) and on QZ(S)’ , respectively. Since the topology on &(S) is finer than
the vague topology, we have that ¥ D ¥'. To show the converse relation, we let f be a bounded
continuous function on (S). It suffices to show that f is vaguely measurable, i.e., ¥'-measurable.
For 7 € 2(S)" and r > 0, if 7 has no atoms on the boundary of Dg(pg,r)x [e™", e"], then 7"l = 75!
for all s > 0 sufficiently close to r. Hence, for each 7 € Z2(S)’, f(xl"!) is continuous for all but
countably many r > 0 and so we can define a map f,: Z(S)" — R by setting

- / fnrt ) ds
0

Suppose that m, — m in the vague topology. Lemma 2.23 and the continuity of f imply that
f (m(f) ) — f(x¥) for all but countably many s > 0. Thus, the dominated convergence theorem yields
that f,. is continuous on Z(S)’. In particular, f, is X'-measurable. By Lemma 2.17, the continuity
of f and the dominated convergence theorem, we have that f.(7) — f(m) as r — oo for each
m e P(S). Hence, f is ¥'-measurable. O

Now, we provide a tightness criterion for random elements of Z(S5).

Theorem 2.26 (Tightness in Z(S)). Let (mp)n>1 be a sequence of random elements of Z(S).
Write P, for the underlying probability measure of m,. Then the sequence (mp)n>1 is tight if and
only if the following conditions are satisfied.

(i) The sequence (7 )n>1 1S tight with respect to the vague topology.
(ii) For each r >0, hrn lim sup B, (W) () > 1) = 0.

=00 n—oco

(iii) For each r, > 0, lim lim sup P, (M) (m,) > 6) =

el0 n—oo

Proof: Assume that (m,)n>1 is tight. The condition (i) is obvious. Fix r,d,7 > 0. By tightness,
there exists a compact subset A of Z(S) such that P,(m, ¢ A) < n for all n > 1. Theorem 2.22
yields that [ == sup,c 4 W) () < 0o and sup,c 4 MEO)(ﬂ') < 0 for some gg > 0. We then deduce
that sup,>4 P,(W) (7)) > 1) < n and sup,,>1 Pn (M. (7Tn) > §) < n. Using the monotonicity of
M.(r)(ﬂ'n) stated in Lemma 2.12(iii), we obtain (ii) and (ii1). Conversely, assume that (i), (ii) and
(iii) are satisfied. Fix e > 0. By (i), there exists a subset A of Z2(S) such that A is vaguely compact
and P, (m, ¢ A) < e for all n > 1. By Lemma 2.12(iii) and (iv), we note that “limsup,,_,,.” in the
statement of (ii) and (iii) can be replaced by “sup,,»,”. Then, for each k,m € N, we can find [, > 0
and g, > 0 such that sup,>; P,(W®) (m,) > ;) < 27F¢ and sup,,>, Pn(ME(f)m(wn) >m™l) <
2=k~ Define A’ be a collection of 7 € Z(S) such that 7 € A and, for all k,m € N, W) (1) < I,
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and ME(,I:) (1) <m~!. By Theorem 2.22, A’ is precompact in Z(S). Moreover, we have that

,m

Po(mn ¢ A') < Po(mn ¢ A+ Y Pa(WW () > 1) + Y Pa(M_gy (mn) >m™") < 3e.
k,m
keN k,meN

Therefore, (my,)p>1 is tight. O

Distributional convergence of random measures in the vague topology is well-studied in Kallen-
berg (2017, Section 4.2). In the following result, we provide a useful condition for strengthening
distributional convergence of random measures in the vague topology to distributional convergence

in 2(9).

Corollary 2.27. Let my,m9,... be random elements of Z(S). If m, 9 7 in the vague topology
for some random element m of M(S x Rsg) and the conditions (ii) and (iii) of Theorem 2.26 are

satisfied, then 7 is a random element of Z(S) and my, 4 7 in Z(S).

Proof: By Theorem 2.26, (my,),>1 is tight in &?(S). Let (7, )r>1 be a sequence such that 7, 94

in Z(S) for some random element 7’ of &(S). Then, by Theorem 2.14, we have that m,, 4 x
in the vague topology. Hence, m and 7’ give the same probability distribution on M(S x Rsg)

equipped with the vague topology. It then follows from Propositions 2.24 and 2.25 that = 4 as
random elements of Z2(S), which implies that 7, 4 rin P (S). This completes the proof. O

3. Gromov—Hausdorff-type topologies

Gromov-Hausdorfl-type topologies are topologies on the set of (equivalence classes) of metric
spaces equipped with additional objects such as points, measures, and laws of stochastic processes.
Recently, the author established a general framework for the metrization of these topologies (Noda,
2024a), which we follow in this article. (NB. There is a related work by Khezeli, 2023, but the
framework in Noda, 2024a relies on milder assumptions. See Noda, 2024a, Section 1 for a detailed
comparison of the two approaches.) In Section 3.1, we recall the Fell topology, a natural topology on
the space of closed subsets of a given topological space, with a particular focus on its metrization.
We then introduce the framework presented in Noda (2024a) in Section 3.2. In Section 3.3, we
collect the Gromov—-Hausdorff-type topologies used in this article.

3.1. The Fell topology. The Fell topology is a commonly used topology on the space of closed subsets
(cf. Molchanov, 2017, Appendix C). The purpose of this subsection is to present a metrization of
this topology. For detailed properties of the metrization, see Noda (2024a, Section 2.1), and for
further topological background, see Molchanov (2017, Appendix C).

Fix a rooted boundedly-compact metric space (S,d°, ps). Recall that, for a subset A C S, the
(closed) e-neighborhood of A in (S,d°) is given by

A% = {z € S| Jy € A such that d°(z,y) < e}.

Let C(S) be the set of closed subsets in S and C.(S) be the set of compact subsets in S (containing
the empty set). The Hausdorff metric d3; on C.(S) is defined by setting

d3(A,B) = inf{e > 0| A C B B C A,

where the infimum over the empty set is defined to be oco. It is known that d% is indeed a metric
(allowed to take the value oo due to the empty set) on C.(S) (see Burago et al., 2001, Section
7.3.1), and the induced topology is called the Hausdorff topology. To deal with non-compact sets,
we introduce a metric on C(5).
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Definition 3.1. For A € C(S) and r > 0, we write
A" = cl(AN Bs(p,r)), (3.1)
where we recall that cl(-) denotes the closure of a set. We then define, for A, B € C(5),

[e.e]
d%PS(AvB) — /0 e_r(l A d}q{(A(T),B(T))) dr. (3.2)

The function d%p $ is a metric on C(S) and a natural extension of the Hausdorff metric for
Svps
7o
Theorem 3.2 (Noda, 2024a, Theorems 3.8, 3.9, and 3.11). The function d%’ps is a metric on C(S)

and the metric space (C(S),d%ps) is compact. A sequence (Ap)n>1 converges to A with respect to

d%ps if and only if A,(f) converges to AT in the Hausdorff topology for all but countably many r > 0.

SL’PS
H

non-compact sets. The following is a basic property of d

Moreover, the topology on C(S) induced from d is independent of the root pg.

In particular, the above result implies that the induced topology on C(S) by d%p % coincides with
the Fell topology (see Molchanov, 2017, Appendix C for its definition).

Remark 3.3. In Noda (2024a), the restriction A" of a closed set A is defined differently from (3.1),
namely as
A(r) =AnN Ds(ps, T).
S,ps

This difference makes no impact on the definition of the metric d;"*, since, by using the fact that
S is boundedly compact, one can verify that, for all but countably many 7,

(AN Bs(p,7)) = AN Ds(ps, ).

We adopt the definition via closure rather than closed balls, because this version of restriction is
more compatible with resistance metric spaces that we treat in this paper (see Lemma 4.8, for
example).

3.2. The Gromov-Hausdorff-type topologies generated by structures. In this subsection, we recall
the general theory on metrization of Gromov—Hausdorfl-type topologies developed in Noda (2024a).
We first introduce a rule that determines structures to be added to metric spaces.

Definition 3.4 (Structure). We call 7 a structure (on boundedly-compact metric spaces) if it
satisfies the following.

(i) For every boundedly-compact metric space (S, d®), there is a corresponding topological space
7(S,d®), which we simply write as 7(.5).

(ii) For every distance preserving map f: S; — S3 between boundedly-compact metric spaces,
there is a corresponding topological embedding 7¢: 7(S1) — 7(S2), i.e., 7¢ is a homeomor-
phism onto its image.

(iii) For any two distance-preserving maps f: S; — Sy and g: So — S3 between boundedly-
compact metric spaces, it holds that 7,07 = 74 0 7.

(iv) For any boundedly-compact metric space (S, d), it holds that Tiqy = id;(g).

We say that 7 is separable if each 7(5) is separable.

Throughout this subsection, we fix a separable structure 7 on boundedly-compact metric spaces.
Given S; = (S;,d%, ps,,as,), i = 1,2, such that (S;,d%, pg,) is a rooted boundedly-compact metric
space and ag, € 7(5;), we say that S; and Sy are rooted-t-isometric if and only if there exists a
root-preserving isometry f: .Sy — Sy such that 7¢(as,) = as,. Note that f being an isometry means
that f is a surjective distance-preserving map (and hence f is bijective). We denote the collection
of rooted-T-isometric equivalence classes by e (7).
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Remark 3.5. From a rigorous point of view of set theory, 9e(7) is not a set. However, it can be
regarded as a set. This is because one can construct a legitimate set .# (1) by appropriately choosing
representatives, such that every (S, d°, ps, ag) is rooted-T-isometric to a unique element of .Z (7).
For details, refer to Noda (2024a, Proposition 6.2). Therefore, in this article, we will proceed with
the discussion by treating 91, (7) as a set to avoid repeatedly referring to this set-theoretic formality
concerning the choice of representatives.

To define a metric on M, (7), we introduce the notion of metrization of structure.

Definition 3.6. We say that 7 admits a metrization if and only if, for every rooted boundedly-
compact metric space (S,dg, ps), there exists a metric df’p % on 7(95) inducing the given topology
such that the following condition holds.
(v) Let (S1,ds,,ps,) and (S2,ds,, ps,) be rooted boundedly-compact metric spaces. For every
root-preserving distance preserving map f: S1 — So, the map 74: 7(51) — 7(S2) is distance-
. . Slapsl 527p52
preserving with respect to d; and d .

If each df’ps is complete, we say that 7 admits a complete metrization.

Henceforth, we assume that 7 admits a metrization. Then the metric on 9Me(7) is defined by
generalizing the Gromov-Hausdorff metric Burago et al. (2001). To read the following definition,
recall the metric for the Fell topology defined in (3.2).

Definition 3.7. For S = (S, d°, ps,as) and T = (T,d", pr,ar) in Me(7), we define

o, (S,T) = int {dy ™ (£(8),9(T)) v a2 (7 (as), 7ylar) }

f.9,M

where the infimum is taken over all rooted boundedly-compact metric spaces (M,d™, pys) and
root-and-distance-preserving maps f: S — M and g: T — M.

To ensure that dgy is a metric, we assume the following continuity condition on 7.

Definition 3.8 (Embedding-continuity). We say that a structure 7 is embedding-continuous if T

satisfies the following condition.

(EC) Fix boundedly-compact metric spaces S and T'. Let f,: S — T, n € NU {oo} be root-and-
distance-preserving maps. If f,, — foo in the compact-convergence topology, i.e., uniformly
on every compact subset, then 74, (a) = 7¢_(a) in 7(7T') for all a € 7(5).

Theorem 3.9 (Noda, 2024a, Theorems 6.18 and 6.19). Assume that T is embedding-continuous.
Then the function dgy is a metric on Me(7). Moreover, a sequence (Sp,d%, ps,,as,), n €N, in
M, (7) converges to (S,d°, pg,as) with respect to diyn, if and only if there exist a rooted boundedly-

compact metric space (M, d™ , par) and root-and-distance-preserving maps fn: Sp — M and f: S —
M such that fn(Sn) = f(S) in the Fell topology as subsets of M and Ty, (as, ) — 7¢(ag) in 7(M).

Remark 3.10. In Theorem 3.9, the roots pg, of S, are mapped to a common root pps of M. By
relaxing this requirement, one can introduce another notion of convergence in M, (7). Namely, we
say that S, converges to S if and only if

there exist a boundedly-compact space M and isometric embeddings fn: S, — M and
f:8 — M such that fn(Sn) — f(S) in the Fell topology, fn(ps,) — fps) in M, and
Tfn(asn) — Tf(as) m T(M)

In general, this convergence is weaker than the convergence induced by dgy, defined above. However,
for most structures of interest the two notions of convergence coincide. See Noda (2024a, Section 6.3)
for details.
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Remark 3.11 (The local Gromov—Hausdorff topology). If one follows the above framework without
introducing the structure 7, one obtains an extension of the (pointed) Gromov-Hausdorff topology
(cf. Burago et al., 2001, Section 7.3) to non-compact metric spaces, which have been studied in
Abraham et al. (2013); Khezeli (2020). We briefly recall the construction below; for further details,
see Noda (2024a, Section 4). Let 9y be the collection of rooted-isometric equivalence classes
of rooted boundedly-compact metric spaces. For each rooted boundedly-compact metric space
S =(S,d% ps) and T = (T,d", pr), set

-— 3 M9
dn, (8, 7) = inf d PM(F(S),9(T)),
then doyp, defines a metric on M,. We call the induced topology the local Gromov—-Hausdorff topology
(see Noda, 2024a, Definition 4.8).

To discuss convergence of probability measures on 9,(7), it is desirable that the space be Polish.
This will be ensured by verifying that 7 itself is Polish (see Definition 3.16 below). To formulate
this notion, we introduce several auxiliary definitions concerning 7 below; however, they will not
be used in the proofs of our main results. The essential statement required for later purposes is
Theorem 3.17 below.

For rooted boundedly-compact metric spaces S = (S,d%, ps) and T = (T,d", pr), we write
S < T if and only if S C T, d”|sxs = d°, and ps = pr. In this case, we often regard 7(S) as a
subset of 7(7T) via the topological embedding 7,, where ¢ denotes the inclusion map from S to 7.

Assumption 3.12. Let S, = (S,,d°",ps,),n € NU {oc}, and M = (M,d™  pyr) be rooted
boundedly-compact metric spaces such that S, < M for alln € NU{oo} and S,, converges to S
wn the Fell topology as subsets M.

(i) If a € (M) and as, € 7(Sy) are such that ag, — a in 7(M), then a € 7(Sx).
(ii) For every a € 7(S), there exists a sequence a,, € T(Sy) such that an, — aso in T(M).

Definition 3.13 (Semicontinuity and continuity). We say that 7 is upper (resp. lower) semicon-
tinuous if and only if it satisfies Assumption 3.12(i) (resp. (ii)). We say that 7 is continuous if and
only if it is embedding-continuous and both upper and lower semicontinuous.

Theorem 3.14 (Noda, 2024a, Theorems 6.40 and 6.41). If 7 is separable, continuous, and admits
a complete metrization, then the function dgy is a complete and separable metric on Mo (7).

Although the above result already covers a wide class of structures, some important structures fail
to satisfy semicontinuity, and hence the theorem does not apply. Even in such cases, the Polishness
of the space M (7) can still be established, by verifying that the space is a Gs-subset of a larger
Polish space, as we did in Section 2.3. With this background, we introduce the following notion.

Definition 3.15 (Topological embedding). Recall that we have a fixed structure 7. Let 7 be

another structure. A topological embedding n: 7 = 7 is a family of {ng: 7(S) — 7(5)}s indexed by

boundedly-compact metric spaces .5, satisfying the following conditions.

(TE1) Each map ng: 7(S) — 7(S5) is a topological embedding.

(TE2) For any rooted boundedly-compact metric spaces (S1,d%!, ps,) and (S2,d*?, pg,) and any
root-and-distance-preserving map f: S — Sg, it holds that 7y o ng, = ng, o 7¢.

As the terminology suggests, a topological embedding n: 7 = 7 induces a topological embedding
of the associated Gromov—Hausdorff type spaces as follows:

Ma(7) 2 (S.d%, ps,as) — (S,d°, ps,ns(as)) € Ma(7),

see Noda (2024a, Lemma 6.44). Through this embedding, topological properties of 9 (7) can be
inferred from those of the larger space 9o (7).
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Definition 3.16 (Polish structure). We say that 7 is Polish if there exist another structure 7, a
topological embedding n: 7 = 7, and, for each rooted boundedly-compact metric space (., s, 0s),
a sequence (75(S, ps))re, of open subsets of 7(S), satisfying the following conditions.

(P1) The structure 7 is continuous, separable, and admits a complete metrization.

(P2) For each rooted boundedly-compact metric space (S, d*, ps), 75(7(S)) = N> (S, ps)-

(P3) Let (S1,d%, ps,) and (S2,d"2, ps,) be rooted boundedly-compact metric spaces. For every
root-and-distance-preserving map f: S; — S, it holds that %]71(%k(52,p52)) = 7(S1) for
each k£ > 1.

We call (7, (T)k>1) & Polish system of .

Theorem 3.17 (Noda, 2024a, Theorem 6.46). If T is a Polish structure, then the topology on e (T)
induced from dgy_ is Polish. (NB. The metric diy_ is not necessarily a complete metric.)

So far, we have considered boundedly-compact spaces. When one considers only compact un-
derlying spaces, it is more natural to use the Hausdorff topology rather than the Fell topology to
describe the convergence of the underlying spaces. In what follows, we briefly introduce a corre-
sponding modification of the above framework. See Noda (2024a, Appendix B) for details.

Recall that we have a fixed embedding-continuous structure 7 that admits a metrization. We
define R, (7) as the collection of (S,dg, ps,as) € Re(7) such that S is compact. We define a metric
on Re(7) as follows: for S; = (S1,ds,, ps,,as,) and Sa = (S2,ds,, ps,,as,) in Re(T), set

05, (81,82) = int {dlf (£(51).9(52) V iy, (75(as:). 7o(as,) .

where the infimum is taken over all rooted compact metric spaces (M, aM ,pr) and all root-
preserving isometric embeddings f: S1 — M and g: So — M.

In the above definition, the Hausdorff metric d/ is employed instead of the Fell metric. Accord-
ingly, the characterization of convergence in Re(7) is given in the same manner as in Theorem 3.9,
with the Fell topology replaced by the Hausdorff topology. It should also be noted that, if 7 is
Polish, then the resulting topology on Re(7) is again Polish.

3.3. Structures used in the present paper. Thanks to the theory introduced in Section 3.2, we can
easily handle various Gromov—Hausdorff-type topologies by defining corresponding structures. In
this subsection, we provide structures used for Gromov—Hausdorff-type topologies in our discussions.

(S1) Fixed spaces. Let = be a Polish space. We define a structure 7= as follows.
e For each boundedly-compact metric space (S,d%), set 7(S) = E.
e For each distance-preserving map f: S1 — Sa between boundedly-compact metric spaces,
set Tf = id=.
Let d= be a metric on Z inducing the given topology. We define a metrization of 7 by equipping
75(9) = Z with the metric d=. The structure 7= is Polish (see Noda, 2024a, Section 8.1).
(S2) Points. We define a structure 7P' as follows.
e For each boundedly-compact metric space (S,d°), set 7=(5) := S.
e For each distance-preserving map f: S1 — Sy between boundedly-compact metric spaces,
set T?t = f.
We define a metrization of 7P* by equipping 7P*(S) = S with the the associated metric ds.
The structure 7Pt is Polish (see Noda, 2024a, Section 8.2).
(S3) Measures. Recall from Section 2.1 that M(S) denotes the space of Radon measures on S
equipped with the vague topology. We define a structure 7™ as follows.
e For each boundedly-compact metric space (S,d%), set 7M(S) := M(S).
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(54)

(S5)

e For each distance-preserving map f: S1 — Sy between boundedly-compact metric spaces,
set T]{” () == po f=1 for each u € M(9), i.e., T]{Vl (1) is the pushforward measure of u by
I
We define a metrization of 7 by equipping, for each rooted boundedly-compact metric space
(S,d%, ps), ™M (S) = M(S) with the the vague metric d‘s/’ps, as recalled from (2.3).
We also introduce a structure 7™ for finite Borel measures, defined analogously but using
the weak topology instead of the vague topology. Recall that Mg, (S) denotes the space of
finite Borel measures on S, equipped with the weak topology.
e For each boundedly-compact metric space (S,d%), set 7Mn(S) :== Mg, (S).
e For each distance-preserving map f: S1 — Sa between boundedly-compact metric spaces,
set TJf\Aﬁ“(,u) = po f~! for each u € Mg, (9).
We define a metrization of 7*f» by equipping 7™ (S) = Mg, (S) with the Prohorov metric
d3, as recalled from (2.1).

Both structures 7™ and 7Mé» are Polish (see Noda, 2024a, Section 8.4). We call the
topology on G, := R&,(7Mn) the (pointed) Gromov-Hausdorff-Prohorov topology, which was
firstly introduced in Abraham et al. (2013). The topology on G := 9, (M) is an extension of
the Gromov—Hausdorff—-Prohorov topology, which we call the local Gromov-Hausdorff-vague
topology. 1t is a consequence of Theorem 3.14 that G, and G are Polish. (Moreover, the
associated metrics are complete. This is a consequence of Theorem 3.14; see Noda, 2024a,
Section 8.4 for details.)

Measures on marked spaces. Fix a rooted boundedly-compact metric space (Z,d=, p=).
Recall from Section 2.1 that M(.S) denotes the space of Radon measures on S equipped with
the vague topology. We define a structure 7M(*2) as follows.

e For each boundedly-compact metric space (S, d%), set 7M(*Z)(8) = M(S x Z).

e For each distance-preserving map f: S1 — Sa between boundedly-compact metric spaces,
set TJ{VI('X:) (1) == po(fxidg)~! for each u € M(SxZ), i.e., T}{vt(-x:) (w) is the pushforward
measure of u by f x id=.

We define a metrization of 7M(*Z) by equipping, for each rooted boundedly-compact metric

space (S,d%, pg), TM*E)(S) = M(S x Z) with the the vague metric dixa’(ps’pg).

Similarly, we define a structure 7Min(%E) ag follows.
e For each boundedly-compact metric space (S, d?), set 7Mn(*Z)(§) = Mg, (S x Z).
e For each distance-preserving map f: S1 — Sy between boundedly-compact metric spaces,
set TJ{\AH“('XE)(M) = po (f xidg)~?! for each p € Mgy (S x E).
We define a metrization of 7Man(-*Z) by equipping 7 (*=)(§) = M(S x =) with the the
Prohorov metric d3*=.

Both structures 7M(*%) and 7Man(*Z) are Polish. This can be verified in the same manner
as the proof of the Polishness of the structures 7" and 7™ introduced in (S3). Alterna-
tively, one may apply the notion of space transformation and composition introduced in Noda
(20242, Section 7.2). Indeed, the structure 7M(*Z) (resp. 7Min(XZ)) can be expressed as
a composition of M (resp. TMﬁn) with a suitable space transformation, as shown in Noda
(2024a, Examples 7.7 and 7.15). Hence, by Noda (2024a, Theorem 7.14), we conclude that
both 7M(*E) and 7Men(*Z) are Polish.

Discrete measures. Recall from Section 2.2 the space M4%(S) for discrete Radon measures
Mdis

on S and the vague-and-point-process topology on it. We define a structure 7 as follows.

e For each boundedly-compact metric space (S,d%), set TMdiS(S ) = MES(S).
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(S6)

(S7)

e For each distance-preserving map f: S; — S2 between boundedly-compact metric spaces,
set TJ{\AdIS(V) = vo f! for each v € MIS(S).
We define a metrization of M by equipping, for each rooted boundedly-compact metric
space (S, d5, pg), 7M™ (S) = MUS(S) with the the metric di’/lpdsis, as recalled from (2.7).
Proposition 3.18. The structure M s Polish.

Proof: Recall the space Z2(S) from Section 2.3. Define a structure 7 as follows.

e For each boundedly-compact metric space (S, d”), set 7(9) == 2(9).

e For each distance-preserving map f: S1 — Sa between boundedly-compact metric spaces,

set Tp(m) == mo (f X idg.,) " for each m € 2(S5).

We define a metrization of 7 by equipping 7(S) = Z(S) with the metric d‘;,p 9, as recalled
from (2.13). By Theorem 2.18, 7 is separable and its metrization is complete. Moreover, by
the same argument as that of Noda (2024a, Proof of Theorem 8.9), one can check that 7 is
continuous in the sense of Definition 3.13.

For each k € N and rooted boundedly-compact metric space (S, d”, pg), we set 74(S, ps) =
2*)(S) (recall this space from (2.17)). We then obtain a Polish system (7, (73)x>1) of M
by Corollary 2.15 and Lemmas 2.19 and 2.20. Therefore, the desired result follows from
Theorem 3.17. ]

Cadlag curves. Given a boundedly-compact metric space (S,d”) and an interval I of R>o,
we write D(I,S) for the set of cadlag functions from I to S. For every t > 0, we write di’t
for the metric on D([0,¢],S) given by Billingsley (1999, Equation (12.13)), which induces the
usual Jj-Skorohod topology. Then the Skorohod metric on D(Rx>g, S) is defined by setting,
for 5,77 S D(Rzo, S),

di (&m) = /o e (1A di,t(f’[o,t],n‘[o,t})) dt. (3.3)

The function di is indeed a metric on D(R>0,S) inducing the usual J;1-Skorohod topology
(Whitt, 1980, Theorem 2.6). Define a structure 7/t as follows.
e For each boundedly-compact metric space (S, d”), set 7/1(S) :== D(Rx0, S) equipped with
the usual J;-Skorohod topology.
e For each distance-preserving map f: S1 — 59 between boundedly-compact metric spaces,
set T}Il(f) = fof for each f € D(R>g,S5).
We define a metrization of 7 by equipping 7/1(S) = D(Rx¢,S) with the metric di. The
structure 771 is Polish (see Noda, 2024a, Theorem 8.14).

In Section 7.3, we will use another structure 7V to deal with cadlag curves in the compact-
convergence topology.
e For each boundedly-compact metric space (S, d”), set 79%(S) := D([0,1],S) equipped
with the compact-convergence topology.
e For each distance-preserving map f: S1 — Sa between boundedly-compact metric spaces,
set T}Jnif(g) = fo¢ for each f € D([0,1],5).
We define a metrization of 7 by equipping 79™(S) = D([0,1],S) with the uniform metric
denif, ie., denif(f, g) = supg<;<1 | f(t) — g(t)| for each f, g € D([0,1],S). The structure 7 Unif
is embedding-continuous, but the resulting Gromov-Hausdorff-type topology is not Polish
because the compact-convergence topology on the set of cadlag functions is not Polish.
Product structures. In this framework, it is fairly easy to consider multiple objects. Fix
N € N. Let (t"))¥_| be a sequence of structures. The product structure T = sz\/:1 ) is
defined as follows.
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e For each boundedly-compact metric space (S,d%), set 7(S) = ngl T(k)(S), equipped
with the product topology.
e For each distance-preserving map f: S1 — Sa between boundedly-compact metric spaces,

set Tp = Hfj:l T](ck), that is, 7¢: 7(S1) — 7(S2) is a topological embedding given by

7 ((@0ils) = (7 @),y
Given a metrization of each structure 7%), we define a metrization of the product structure 7 by
equipping, for each rooted boundedly-compact metric space (5, dg, ps), 7(S) = H{Ll ) (8)
with the associated max product metric (cf. (2.6)). Properties of the component structures
() such as continuity, are naturally inherited by 7, as shown in Noda (2024a, Section 7.1).
In particular, if all the structures 7(%) are Polish, then so is the product structure 7 (see Noda,
2024a, Theorem 7.5).
(S8) Laws of structures. Fix a Polish structure . We define a structure 7 = 7p(o) as follows.

e For each boundedly-compact metric space (S, d), set 7(S) := P(c(S)) to be the space of
probability measures on ¢(S) equipped with the weak topology.

e For each distance-preserving map f: S1 — Sa between boundedly-compact metric spaces,
set 7¢(P) == Po 0]71 for each probability measure P on o(S51), that is, 74(P) is the
pushforward probability measure of P by the topological embedding o¢: 0(S1) = o(S2).

Since o is assumed to be Polish, the structure 7p(o) is Polish by Noda (2024a, Theorem 8.35).

4. Resistance forms and transition densities

This section is divided into three subsections. In Section 4.1, we recall some basics of the theory
of resistance forms and resistance metrics. In Section 4.2, we introduce recurrent resistance metrics,
which are assumed for electrical networks in the main results, and present some auxiliary results.
Then, in Section 4.3, we prove the precompactness of transition densities of stochastic processes on
measured resistance metric spaces, which plays a crucial role in the proof of our main results.

4.1. Preliminaries. Following Croydon (2018), in this subsection we recall some basic properties of
resistance forms, starting with their definition. The reader is referred to Kigami (2012) for further
background. Also, for further study of resistance forms and their extended Dirichlet spaces, see
Noda (2024b, Section 3).

Definition 4.1 (Resistance form and resistance metric, Kigami, 2012, Definition 3.1). Let F be a
non-empty set. A pair (£, F) is called a resistance form on F' if it satisfies the following conditions.

(RF1) F is a linear subspace of the collection of functions {f: F' — R} containing constants, and
£ is a non-negative symmetric bilinear form on F such that E(f, f) = 0 if and only if f is
constant on F.

(RF2) Let ~ be the equivalence relation on F defined by saying f ~ ¢ if and only if f — g is constant
on F. Then (F/ ~, &) is a Hilbert space.

(RF3) If z # y, then there exists a function f € F such that f(x) # f(y).

(RF4) For any x,y € F,

|f (@) = f()?
e, f)

(RF5) If f == (f A1) VO, then f € F and E(f, f) < E(f, f) for any f € F.

R ry(z,y) = sup {

ferF, 8(f,f)>0}<oo.

For the following definition, recall the effective resistance on an electrical network with a finite
vertex set from Levin and Peres (2017, Section 9.4) (see also Kigami, 2001, Section 2.1).
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Definition 4.2 (Resistance metric, Kigami, 2001, Definition 2.3.2). A metric R on a non-empty
set F' is called a resistance metric if and only if, for any non-empty finite subset V' C F, there exists
an electrical network G with the vertex set V such that the effective resistance on G coincides with

Rlyxv.
Theorem 4.3 (Kigami, 2001, Theorem 2.3.6). Fiz a non-empty subset F'. There exists a one-to-one

correspondence between resistance forms (€, F) on F and resistance metrics R on F via R = R¢ 7).
In other words, a resistance form (£, F) is characterized by Rg 5y given in (RF4).

In the assumptions for the main results of this article, we consider effective resistance between
sets. This is precisely defined below.

Definition 4.4 (Effective resistance between sets). Fix a resistance form (€, F) on F and write R
for the corresponding resistance metric. For sets A, B C F, we define

R(A,B) = (nf{E(f,f) : f € F, fla=1, flz=0})",
which is defined to be zero if the infimum is taken over the empty set. Note that by (RF4) we
clearly have R({z},{y}) = R(z,y).

A simple lower bound on the effective resistance between a point and a subset is given by the
metric entropy as described below. Note that, for a metric space (S,d%) and § > 0, we write

Nys(S,0) == inf {#A

Acs scl Ds(m,6>},

z€EA
where we recall from (1.1) that Dg(x,d) denotes the closed ball with radius ¢ centered at x. The
family (Ngs(S,9))s>0 is called the metric entropy of S (cf. Marcus and Rosen, 2006).

Lemma 4.5 (Kigami, 2012, Theorem 5.3). For any x € F and r > 0,

r
R(x, Br(z,7)°) > ————

(0 Bl ) 2 N )

We will henceforth assume that we have a non-empty set F' equipped with a resistance form
(€,F), and denote the corresponding resistance metric by R. Furthermore, we assume that (F, R)
is locally compact and separable, and the resistance form (&, F) is regular, as described by the
following.

Definition 4.6 (Regular resistance form, Kigami, 2012, Definition 6.2). Let C.(F") be the collection
of compactly supported, continuous functions on (F, R) equipped with the compact-convergence
topology. A resistance form (£, F) on F'is called regular if and only if F NC.(F') is dense in C.(F).

We next introduce related Dirichlet forms and stochastic processes. First, suppose that we have
a Radon measure p of full support on (F,R). Let B(F) be the Borel o-algebra on (F,R) and
BH(F) be the completion of B(F') with respect to u. Two extended real-valued functions are said to
be p-equivalent if they coincide outside a p-null set. The space L?(F, ) consists of u-equivalence
classes of square-integrable B*(F')-measurable extended real-valued functions on F. Now, we define
a bilinear form & on F N L(F, ;1) by setting

E(f, ) = E(f, g) + /F Fodp.

Then (F N L?(F, i), &) is a Hilbert space (see Kigami, 2001, Theorem 2.4.1). We write D to be
the closure of F N C.(F) with respect to &. Under the assumption that (£,F) is regular, we
then have from Kigami (2012, Theorem 9.4) that (£,D) is a regular Dirichlet form on L?(F, )
(see Fukushima et al.,, 2011 for the definition of a regular Dirichlet form). Moreover, standard
theory gives us the existence of an associated Hunt process ((X¢)i>0,{Px}tzer) (e.g. Fukushima
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et al., 2011, Theorem 7.2.1). We refer to this Hunt process as the (Hunt) process associated with
(F, R, ). Note that such a process is, in general, only specified uniquely for starting points outside
a set of zero capacity. However, in this setting, every point has strictly positive capacity (see
Kigami, 2012, Theorem 9.9), and so the process is defined uniquely everywhere. From Kigami
(2012, Theorem 10.4), X admits a (unique) jointly continuous transition density with respect to p.

4.2. Recurrent resistance metrics and auxiliary results. In this subsection, we introduce recurrent
resistance metrics, which we consider throughout this article. We then present some auxiliary results
that are used in the proofs of the main results.

Definition 4.7 (Recurrent resistance metric). Let (F, R) be a boundedly-compact resistance met-
ric space. We say that R is recurrent if and only if lim, . R(p, Br(p,7)¢) = oo for some (or,
equivalently, any) p € F.

Henceforth, we write F for the collection of (F,R,p,u) € G such that (F,R) is a recurrent
resistance metric space and p is of full support. Fix (F,R,p,u) € F. We note that the resis-
tance form (&, F) associated with (F, R) is regular and the Dirichlet form (£, D) associated with
(F, R, ) is recurrent (see Noda, 2024b, Corollary 3.22 and Croydon, 2018, Lemma 2.3). Write
(X = (Xt)t>0, { Py }zer) for the process associated with (F, R, ).

The first Lemma regards traces of X onto subsets. For further details, the reader is referred to
Fukushima et al. (2011); Noda (2024b). For a non-empty closed subset B of F', we define a positive
continuous additive functional (PCAF) A of X by setting A(t) = fg 15(X(s))ds and v to be the
right-continuous inverse of A, i.e., y(t) = inf{s > 0 : A(s) > t}. Then the trace of X onto B is
given by setting trp X = X o~.

Lemma 4.8. Fiz a non-empty open subset U of F. Set B = cl(U), i.e., the closure of U in F.
Let (Y,{Qxz}zecp) be the Hunt process associated with (B, R|pxp,u|p). For any x € B, it holds
that Py(trg X € ) = Q(Y € -) as probability measures on D(R>q, B) equipped with the usual
J1-Skorohod topology.

Proof: The metric Rpxp is a regular resistance metric on B by Kigami (2012, Theorem 8.4). Since
w is of full support on F', one can check that u|p is of full support on B. Hence, the result follows
immediately from Noda (2024b, Theorem 3.34). O

By combining the trace technique described above with the following estimates of exit times of
X from balls, various analyses of processes on recurrent resistance metric spaces essentially reduce
to analyses of processes on compact resistance metric spaces. For a subset A C F', we denote by 74
the first exit time of X from A, i.e.,

T4 =1nf{t > 0| X(¢t) ¢ A}.

Lemma 4.9 (Croydon, 2018, Lemma 4.2). For any x € F, § € (0, R(z, Br(x,7)¢)) and T > 0, it
holds that
44 N 4T
R(z, Br(z,r)°)  w(Br(x,0))(R(z, Br(z,7)°) —0)
We now prove new results, which provide lower bounds for a probability that X is at a point at
a fixed time.

Px(TBR(m,T) < T) <

Lemma 4.10. Assume that (F, R) is compact. Then, for any v € F and t > 0,

_ p({z})
PoX(t) =) 2 £
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Proof: Fix x € F and t > 0. When F is a finite set, then X is simply a Markov chain on an
electrical network with vertex set F' (see Noda, 2024h, Theorem 4.2). So, the result is proven by the
same argument as the proof of Fontes et al. (2002, Lemma 2.5). To extend the result to a general
compact resistance metric space (F, R), we approximate the space by finite subsets. To this end,
we first show that the following statement holds for each n € N.

(A) There exist k, € N and a finite collection of disjoint non-empty Borel subsets {Fj,}*n
—1
such that F = Uy B Py = Br(a,n ™), p(Fin) > 0, w(Uf2, Fin) = p(F), and
diam F;,, < 2/n, where diam A denotes the diameter of a subset A. (Recall the closed
neighborhood ¢ from (2.2).)
Let {x;}¥_, be a finite subset of F such that F = Ule Bp(xi,n~!) and 71 = z. We then set F} ==
Bgr(z1,n7!) and inductively, for i > 2, F; :== Br(x;,n~ 1)\ U;;ll F;. Define Ij to be the collection of

i such that pu(F;) =0, and define I} == {1,...,k} \ Jo. It remains to prove that F' = {J;c/, Fz-<n71>.

Suppose that there exists an @ € F'\ U/, FZ-<"71>. This implies that Br(z,n"1) N Uier, i =
(). Hence, it is the case that Br(z,n~!) C Uier, Fi- Since p is of full support, it follows that
1(U;er, i) > 0, which is a contradiction. Thus, we obtain that F' = {J;¢;, P’i<n_1>.

For each n € N, we let {Fm}f;l be a finite collection of disjoint Borel subsets satisfying (A).
Choose an element z;, € F;, for each ¢ with z1, = x. We then write F,, := {:cm}f;l, R, =
R|F, xF,, and z,, = 2. We define a fully-supported Radon measure yi,, on F;, by setting p, ({xin}) =

w(F; ). Noting that (F,, Ry,) is a recurrent resistance metric space, we let (X, {Py(n)}yepn) be the
process associated with (F,,, Ry, i5,). It is not difficult to check that

(Fn7 Rn) In, Mn) — (F, R, xT, u)

in G, with respect to the (pointed) Gromov—Hausdorff-Prohorov topology (recall this topology
from Section 3.3). Thus, by Croydon (2018, Theorem 1.2) and Theorem 3.9, it is possible to embed
(F,,, R,) and (F, R) isometrically into a common rooted compact metric space (K,d”, zx) in such

a way that x, = r = zx as elements of K, F,, — F in the Hausdorff topology as subsets of K,

tn — p weakly as measures on K, and PJEZ) (X, € ) KN P,(X € -) as probability measures on
D(R>, K). By the quasi-left-continuity of X, X is continuous at the fixed time ¢ almost surely.

Hence, we have that X, (t) 4 X(t). Noting that {z} = {z,} = {zx} C K is closed, we deduce
that

Py(X(t) = 2) > limsup P (X, (t) = ). (4.1)

n—o0

As noted at the beginning, the desired result holds for any finite resistance metric space. Thus, it
holds that

PO (X (t) = @n) > pn({n})/ pin(Fn) = p(Br(z,n™"))/p(F)
Combining this with (4.1), we obtain the desired result. O
Using the trace technique, the lower bound given above is improved as follows.

Proposition 4.11. For anyx € F', t >0, and € > 0,

B p({z})
Po(X() =) 2 7p- 20y = PelTane) <)

Proof: Fix x € F and € > 0, and write B := cl(Bgr(z,¢)). Let (Y,{Qz}zep) be the Hunt process as-
sociated with (B, R|pxp, p|B). If 78 > t, then we have that trp X (¢) = X (¢). Thus, by Lemma 4.8,
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we deduce that

P.(X(t)=x) > P,(X(t) =z, T > 1)
=P, (trg X(t) =z, 78 > t)
> Py(trg X(t) =x) — Py(1p < t)

where we apply Lemma 4.10 to obtain the last inequality. Since Bgr(z,e) € B C Dpg(z,¢), we
obtain the desired result. O

As mentioned in the last paragraph in Section 4.1, the process X admits a unique jointly contin-
uous transition density p: Rsg x F' x F' — R>( with respect to pu. The following result is used later
to show the non-triviality of the (sub-)aging function.

Proposition 4.12. For any x € F and t > 0, p(t,z,x) > 0.

Proof: Fixt > 0 and z € F. Write (£, D) for the Dirichlet form associated with (F, R, ). Suppose
that p(¢,z,-) is constant. Since (&€, D) is recurrent, X is conservative (see Fukushima et al., 2011,
Lemma 1.6.5 and Excercise 4.5.1). It follows that p(¢,z,y) > 0 for some y € F. Hence, we obtain
that p(t,z,z) > 0. Suppose that p(¢,z,-) is not constant. Since p(t,z,-) € D (see Kigami, 2012,
Theorem 10.4), by Fukushima et al. (2011, Lemma 1.3.3) and the Chapman-Kolmogorov equation,
we deduce that

LE(p(t 3, ), plt, 3, )) < /F p(t/2,2,)? pldy) = p(t, z, 2).

Since p(t, x, -) is not constant, it holds from (RF'1) that £(p(t, z, ), p(t,x,-)) > 0. Hence, we complete
the proof. O

4.3. Transition densities of processes on resistance metric spaces. In this subsection, we prove that
when measured resistance metric spaces converge in the local Gromov—Hausdorff-vague topology,
the family of the transition densities of the associated processes is precompact (Proposition 4.13)
in the sense that it is uniformly bounded and equicontinuous on every compact subset.

Fix (Fn, Ry, pn, pin) € F for each n € N and (F, R, p, ) € F. We define (pn(t,z,y))t>0.2,yeF, to
be the jointly continuous transition density of the process associated with (F,, R, pt,). Similarly,
we define (p(t,z,y))i>0,2ycr. To state the result, we introduce new notation. Given a rooted
boundedly-compact metric space (M,d™, par), we set, for T > 0 and 7 > 0, K (T, r) == [T, 00) x
Dy(ps,r) x Dy(ps,r). For a function f: Rsg x M x M — R, we define

su(f,T,r) = sup f(t,z,y), (4.2)
(t,aay)éKdM (T,’I‘)

and, for each § > 0,

o (f, T,7,0) = Sup{| ftzy) — F(t, 7)) ’f’x’t%(flﬁ;’;ff;’%g’yg)’ s } (4.3)

Proposition 4.13. Assume that (F,, Ry, pn, tin) converges to (F, R, p,u) in the local Gromov—
Hausdorff-vague topology. Then, for any T > 0 and r > 0,

supsg, (pp, T, 1) < 00, limsupdg, (pp,T,7,d) =0.
n>1 610 p>1
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Proof: Fix T > 0 and r > 0. Note that the local Gromov-Hausdorff-vague convergence and p being
of full support imply that

= inf inf D ,7)) >0
== Wil P

(cf. Athreya et al., 2016, Corollary 5.7). By Kigami (2012, Equation (10.4)), it holds that, for any
t>T and © € Dg, (pn,7),
pn(t,z,x) < ot~ 4 \/i,un(DRn (pn,r))fl <7 '+ \@cl_l.

Using the Chapman-Kolmogorov equation and the Cauchy-Schwarz inequality, we deduce that, for
any (t, z, Z/) € KRn (T7 T’),

Pt z,) = / Pu(t/2, 2, 2)pn(t/2, %,4) fin(d)

<(/ pn<t/2,x,z>2u<dz>)1/2 (/ pn<t/2,z,y>2u<dz>)1/2

1/2 1/2

=pn(t,z,2) “pp(t,y,v)
<2rT 1+ \@cfl,

which shows the first result. By following the proof of Kigami (2012, Theorem 10.4) (specifically,
the top of page 44 of Kigami, 2012), we obtain that

t,x,z)R,(y,y t,y, y ) Ry(x, x’
pn(t.2.y) — put 24| < \/pn( 7)5 Wy | \/pn( y yt) (2, )
7 Vo (s/2, 2,2 )pn(s/2, 4,y

s
where s is a value between ¢ and ¢'. Thus, for (¢,z,y), (t',2',y) € Kg, (T,r) with [t —t'|V R, (z, 2")V
R, (y,y’) <4, we deduce that
’pn(t7 $7 y) - pn(t,? xlﬁ y/)’ S 2\/T_15Fn (pn? T7 T)(S + 25T—15Fn (pn? T/2’ T)‘
This, combined with the first result, yields the second result. ([l

+2t—t

’

5. Aging and sub-aging for deterministic traps

In this section, we prove aging and sub-aging results for processes on resistance metric spaces
associated with deterministic traps. Throughout this section, we fix a sequence (Fy,, Ry, pn)n>1 of
rooted recurrent resistance metric spaces and a rooted recurrent resistance metric space (F, R, p).

5.1. Aging result. We first prove an aging result, Theorem 5.7. Due to the length of the proof, we
divide this subsection into two smaller sections.

We let v, = Zieln vi(n) 5x(n) be a fully-supported discrete measure on F,, and v =) ., v;0,, be a

el
fully-supported discrete measure on F. We write (X}, {P¥" },cF,) for the Hunt process associated
with (F,, Ry, vy) and p¥ for the jointly continuous transition density of X» with respect to v,.
Similarly, we write (X", {PY}zer) for the Hunt process associated with (F, R,v) and p” for the
jointly continuous transition density of X* with respect to v. For a subset A C F', we denote by 74
the first exit time of X" from A, i.e.,

h = inf{t > 0| X"(t) ¢ A}.

We similarly define 73" for the first exit time of X} from A C F),. We define an aging function ®”
associated with X" and p by setting

P¥(s,1) = Py (X" (s) = X"(1)).
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Similarly, we define ®2* to be the aging function associated with X} and p,.
Throughout this subsection, we suppose that the following condition is satisfied.

Assumption 5.1. It holds that
(Fny Ry pry Uny Py (X € 1)) = (F, R, p,v, PY(XY € 1)).

in the space im.(TMdiS x p(171))

Under Assumption 5.1, by Theorem 3.9, we may assume that (F),, Ry, p,) and (F,R,p) are
embedded isometrically into a common rooted boundedly-compact metric space (M,d™, pys) in
such a way that p, = p = pas as elements of M, F,, — F' in the Fell topology as closed subsets
in M, and v, — v in the vaguely-and-point-process topology as discrete measures on M, and

Xpr 4 X¥ in D(R>g, M). In Sections 5.1.1 and 5.1.2 below, we assume this embedding.

5.1.1. Precompactness of the aging functions. Here, we prove that the family (®¥*),>; of the aging
functions is precompact (Proposition 5.5).
Lemma 5.2. The following statements hold.

(i) For eachl >0,

lim sup Py (TBR (o) S l) =0. (5.1)

r—00 n>1
(ii) For any x, € F,, and x € F such that x,, — x in M, and any § > 0,

lim lim sup P, (75 (wnd) < n) = 0.

n—=0 npnooo

Proof: (1). This is a consequence of the weak convergence of X*» to X" in the usual J;-Skorohod
topology (see Kallenberg, 2021, Theorem 23.8).

(ii). If , — x in M, then we have from Croydon (2018, Theorem 1.2) that Py» (X" € -) —
P?(XV € -) as probability measures on D(R>o, M). This yields that

(Fr, Ry, @y vn, P (X0 € 4)) — (F, Rz, v, PY (XY € ).

in the space My (TM™ x 7p(771)). Hence it is enough to show the result for z, = p, and z =
. . (r) . .
p. Fix 6 > 0. For r > 0, we write (X”" AP} cptn) for the Hunt process assoc1ated with

(F,(LT) §,,’“), V,(LT)) where we recall the restriction operator -(") from (1.2). We write TA for the first

. (r) . ,,
exit time of X»  from a set A C F,. Using Lemma 4.8, we deduce that, for any [ > n and r > 4,

Un V£Lr) 7(lr)
<n) <P, pun SO T (T§R<T)(pn,a> <n). (5:2)

Note that the convergence of F, to F' in the Fell topology implies that

L G

¢ =sup N, (r)( M,6/2) < o0
n>1

(cf. Noda, 2024a, Theorem 3.13). Lemma 4.5 yields that R,(f)(pn, BR&” (pn,0)¢) > 6/ (4ey) = . for
all n > 1. By Lemma 4.9, we obtain that, for any & < ¢},

T

u(">< (r) < ) < 4e n 4n (5.3)
ot — . .
oo "By (008) =) = L (B (pe)) (¢ — )

By the vague convergence of v, to v and the assumption that v is of full support, we have that
inf;,>1 vp(BRr,, (pn,€)) > 0. Therefore, using (i), (5.2), and (5.3), we deduce the desired result. O



Aging and sub-aging for Bouchaud trap models 187

Note that ([I71,1]? )i>1 is a sequence of compact subsets increasing to R? <o- To prove the equicon-
tinuity of (®¥*),>1 on [I71,1]%, we divide [I71,[]? into a part near the diagonal and the other part
as follows: for I € N and n > 0,

Ta(l,n) = {(s,t) € L7 U2 | |t = s| < m},
Ty(l,n) = {(s;t) € L7101 [ < [t — s}

In Lemmas 5.3 and 5.4 below, we prove the equicontinuity of (®4*),>1 on T1(l,n) and T>(l,n),
respectively.

Lemma 5.3. For everyl € N and n > 0,

lim limsup sup |®)"(s,t) — 1| =0.
=0 n—oo (s,t)eTi (L)

Proof: Fix (s,t) € T1(l,n) with s <t. Since 1 = Py»(X}"(s) € F,), it holds that
@7 (s,1) = 1] = | By (X5 (s) = X (1) — P (X5 (s) € F)

S2PLTH S |PIXE(5) = X (8) € F{T) — Pe(Xin(s) € FD)|.

By Lemma 5.2(i), it is enough to show that, for all but countably many r > 0,

limlimsup  sup | Pur(Xin(s) = X () € FD) = Pae(Xin(s) € F))| = 0.
n—0 noo (s,t)eT1(l,n)

Fix r > 0 such that the boundary of F(") contains no atoms of . We have from Proposition 4.13
that

A= supsup{p’(t,z,y) |7 <t <l zy€ Fér)} < 0.
n>1

Using the transition density p;* and the Markov property, we deduce that, for any ¢ > 0,
P (X (s) = Xa(t) € F{) = Pl(X3(s) € F)|

= [ 50 ) (L= P2 X 1= 5) = ) i)

<AMO (pra)) +4 > (1—13";;) (X (t —s) = “”)) o™,

i€l (e)

where we define I,(¢) == {i € I, | :B ) e F(T) vl(n > ¢} and recall M) from (2.11). By Theo-

rem 2.14, it holds that lim._,olimsup,,_, ., Mg(r) (p(vpn)) = 0. Thus, it suffices to show that, for all
but countably many € > 0,

lim limsup  sup Z (1 — pV&)(XVn (t—s)= xEﬂ))) ,Uz(n) —0.
n=0 n—oco (s’t)eTl(l’”)ieIn(s)

Proposition 4.11 yields that, for any (s,t) € T1(l,n) and ¢, > 0,

2 (1 — Pl (X3 (= s) = x£">>) of"

1€l (g) ¢
w” (m)
< — 1 Vn, Vn < 'n
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where we recall W) from (2.12). Set W = SUP;,>1 wr) (p(vn)) + W) (p(v)) + 1, which is finite by
Theorem 2.22. Note that, by the definition of W), there are no atoms of p(u,) in F" x [W, 00).
We choose € > 0 so that the boundary of K := F(") x [¢, W] contains no atoms of p(v). It is then
the case that p(v,)|x — p(v)|x weakly. Hence, if we write I(e) == {i € I | (z;,v;) € K}, then, by

Proposition 2.4, there exists a bijective map f,,: I(e) — I,(¢) (at least, for all sufficiently large n)

(n)

such that Z‘Scn)( ) — i and v, (i) — v(n) for each i € I(e). Since I(g) is a finite set, we deduce from

Lemma 5.2(ii) that, for each & > 0,

lim lim sup W (p(1,)) Z PV(T:L)( ” 2 E 77)

(n)
—0 T, €
n n—00 i€ln(e) Bry, ( i

<W Z hrn lim sup P” (7'”" () < n)
el M Tty \ Bra ()

=0.

Using Proposition 2.4, we obtain that

lim lim sup Z Vn(Dr, (z ) )\{$ })

e—=0 n—o
O e, ()

Z lim hmsupzxn(DRn( fn i€ )\{x n)z)})

e’'—0
i€l(e) oo

= 0.
Therefore, we complete the proof. O
Lemma 5.4. For everyl € N and n > 0,

lim lim sup sup | @V (s,t) — Dr(s',t')] = 0.
020 n—oo  (st)eTu(ln)
[t—t'|V|s—s'|<é

Proof: Note that the vague convergence v, — v implies that, for each r > 0,

A, = sup v, (F{") < .
n>1

Fix (s,t), (¢',t") € Ta(l,n) with |s —&'| V|t —t'| <0, s <t,and s’ < t'. Using the transition density,
we obtain that
|7 (s, 1) — ‘P”"(S'»t’)!

< 2P”"( e (omrt) <)
B (i) = Xin (1) € FY) - Prr(Xin(s) = X () € BD)|

< 2P (Thy (pury <1

* / (D] (5, o 0B (8 = 5,,2) = (", s ) (1 = o ,2)] v ()
Fy

< 2Pg§ (Tg’;n (o) <)
+ A2 sup |pi(s, pn, )P (t — s, 2,2) — pi (s, pn, )Pl (' — &, @, 7). (5.4)

r

zelF,
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For any x € Fy(f), we have that
[P (5, ps )P (8 = 8,2, 2) — P (8T, ps )P (' — ' 2, 2)|
< P (8, s @) D (= 5,3, 2) = Pl (= 8@ @) + Pl (= 8,2, 2) [P (5, ps ) = P (S, o, )]
< s, (0, 170 )R, (D), 0,7, 20) + 55, (0 0,700, (P 7 1, 6),

where we recall the notation sp, and 0p, from (4.2) and (4.3). Thus, we deduce from Proposi-
tion 4.13 that

lim limsup sup |p}" (s, pn, )Pl (t — s, 2, @) — py (s, pp, 2)py (' — 8’ 2, x)| = 0.
=0 n—oo xeF(r)

From Lemma 5.2(i), (5.4), and the above convergence, we establish the desired result. ]

From Lemmas 5.3 and 5.4 above, we deduce the precompactness of (®4»),>1 as follows. Below,
we write C(R2>0=RZO) for the space of continuous functions from Réo to R>¢ equipped with the
compact-convergence topology.

Proposition 5.5. The family {®%"},>1 is precompact in C(R2, Rxq).

Proof: It is enough to show that the family is uniformly bounded and equicontinuous on each com-
pact subset of ]R2>0. (See Kallenberg, 2021, Theorem A5.2 for a necessarily and sufficient condition
for precompactness in C(RZ,,R>0)). Obviously, we have that sup,~; sup,, ®/"(s,t) < 1. So, it
remains to prove that, for every [ € N,
lim lim sup sup |®Y (s,t) — ®L (s, ') = 0.
070 n—oo (s,0) (s el 12
[t—t'|V|s—s| <6
Fix 6,1 > 0 with n > 46. Fix also (s,t), (s',t') € [74 1] with |t — /| V [s — s'| < d. If |t — s| <7,
=S| <|t—s|+|t—t|+|s—5]<n+25 < 2.
Otherwise,
[ —s|>t—s|—[t—t|—1|s—5|>n—25 >n/2
Thus, we deduce that

sup [0 (s,1) — B (s, )
(s,0),(s )l
[t—t'|V|s—s'|<d
< s (s -®UL O+ s [0 (st) — B (s, 1)
(Svt)v(slvtl)eTl (l7277) (Sat)z(slzt/)€T2(lvn/2)
[t—t'|V]s—s'|<é
<2 s (B -1+ swp (B (s,t) — B (S, ).
(s,t)€T1(1,2m) (s,8),(s",t')€T2(I,n/2)

t—t'|V]|s—s'|<é
|

This, combined with Lemmas 5.3 and 5.4, yields the desired result. ]

5.1.2. Convergence of aging functions. Here, we prove the convergence of the aging functions (The-

vd

orem 5.7). Since we already showed the precompactness of the aging functions in Proposition 5.5,
it remains to prove the pointwise convergence of the aging functions. This is derived from the
following result.

Lemma 5.6. Fix k € N, x, = (:Egn),...,l'](gn)) € FF for each n, and © = (x1,...,x;) € FF. If
xgn) — x; in M and I/n({l‘l(n)}) — v({z;}) for each i, then

P (X5 (1) = 2\, X0 () = ) = Py(XY () = 21, ., XU (1) = )
for any t1,... tx € (0,00).
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Proof: Since we have the convergence of finite-dimensional distributions of X} to those of X", by
Proposition 2.8, it suffices to show that

16%1 limsup Py (X3 (t1), ..., X3 (tk)) € Bage (0, 0) \ {2n}) =0, (5.5)
n—oo

where we equip the product space M* with the max product metric (cf. (2.6)). We write A(n, &)
for the above probability. Using the transition density, we obtain that, for each § € (0, 1),

k
A(n, §) <ZP”” XU (t;) € Bg, (z{™,6)\ {«{™})

= is P> Y) Vn(d
Z/BRn o an oy Py (tis oy y) vn(dy)

<ZVnBRn Mo\ {2y sup ple(t, pay)

yEBR,, (J?En),l)
By Proposition 4.13, we have that
sup  sup  py"(ti, pn,y) < 00
"2l yeBp, (2,1)
Moreover, Proposition 2.8 and the convergence v, — v in the vague-and-point-process topology
yield that
lim lim sup v, (Bg,, (x; (n) ,0)\ {x(n)}) = 0.

30 nooco

Therefore, we obtain (5.5). O
Theorem 5.7. Under Assumption 5.1, it holds that

(Vn,Rn,pn,Vn,P;)’:(Xﬁ” € '),<I)Z") — (F, R, p,v, P;,’(X” € '),<I)”)
in the space Mo (795 x 7p(771) x 7C®Z0R20)) " Moreover, ®”(s,t) > 0 for all s,t € Rsg.

Proof: By Lemma 5.5, it suffices to show that ®¥n(s,t) — ®(s,t) for every (s,t) € R?,. Fix
(s,t) € Ty. Since X}» 4 X in the usual J1-Skorohod topology and X" is continuous at s and ¢
almost surely by its quasi-left-continuity, we have that (X} (s), X} (t)) 4 (X"(s), X¥(t)). Noting
that the diagonal set in a product metric space is closed, we obtain that

limsup P2 (X2 (s) = X2(1)) < PY(X"(s) = X"(1)). (5.6)

n—oo
Let {z;}jcs be the set of elements of F satisfying P,(X"(s) = X"(t) = x;) > 0. For each i € J,
by the convergence v,, — v in the vague-and-point-process topology and Theorem 2.9, there exists
ngn) € F,, such that xz(n) — x; and l/n({SUz(n)}) — v({x;}). Lemma 5.6 immediately yields that

P (XY (s) = X2 (1) = i) — PY(XY(s) = X"(t) = 21).

Let (J;);>1 be an increasing sequence of ﬁnite subsets of J such that (J;5; i = J. Then, the

convergence :L‘E N x; for each i implies that :L' 75 :z: ) if g =% j with 4,j € J for all sufficiently

large n. Hence, we deduce that
DR (X(s) = XU(1) = @) = lim Y Py (X (s) = X (1) = ")
i€Jy 1€Jg
< liminf Py" (X (s) = X3 (t)).

n—o0
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By letting £ — oo in the above inequality and (5.6), we obtain that
Dy (s,t) = Py (X (s) = X () = Py (X7 (s) = X" (1)) = ®(s,1).

Checking the last assertion for s = ¢ is easy as it holds that ®”(s, s) = 1. Suppose that t > s. We
can find an x € F such that p”(s, p, z)v({z}) > 0. (Otherwise, one has that P)(X(s) € F') = 0.)
Using the transition density p”, we obtain that

P¥(s,t) = /p”('w% )P’ (t — s,y,y)v({y}) v(dy) > p" (s, p,)p" (t — s, 2, x)v({z})?

Thus, we deduce that ®¥(s,t) > 0 from Proposition 4.12. O

5.2. Sub-aging result. We next prove a sub-aging result, Theorem 5.11. To do this, we extend the
framework of Section 5.1. For each n > 1, we let 7, = Zleln 6($<n) () () be a simple measure

on Fj, x R>p x R>o, and let T = Ziel O(z;,wi,0;) D€ @ simple measure on F' x R> X R~¢. For each

n > 1, we assume that x 75 :U )ifi # j, and the measure v, on F,, given below is of full support:

MxAy:/ﬁA(ynmcmdwdv }:v 5<m ), AeB(F,).

ZEI’n
Similarly, we assume that z; # x; if ¢ # j, and the measure v on F' given below is of full support:

V(A):/lA( ) 7 (dx dw dv) sz 2 (4), AeB(F).

el

As in the previous section, we write (X2, {P%"},cr,) for the Hunt process associated with
(Fh, Ry, vy) and p¥r for the jointly continuous transition density of X with respect to v,. Simi-
larly, we write (X, {PY},er) for the Hunt process associated with (F, R,v) and p” for the jointly
continuous transition density of X* with respect to v. We define a sub-aging function associated
with X and p by setting

U (s,t) = /e_ws/”P;(X”(t) = z) 7(dx dw dv).
We similarly define W2~ to be the sub-aging function associated with X*» and p,,. Since v({x;}) = v;
and P}(X"(t) = x) = p”(t, p,z)v({x}), we note that
PJ(X"(t) = ) 7(dz dw dv) = p“(t, p, x)v 7t(dz dw dv). (5.7)
Assumption 5.8. It holds that
(Fns Ru, pry Vny Ton, Py (X0 € 4)) = (FL R, p,v, 70, PY(XY € 1))
in the space W.(TMdis x TMEXR20XR>0) 5 7 (771)),

Henceforth, we assume that Assumption 5.8 is satisfied. Under this assumption, by Theorem 3.9,
we may assume that (Fy,, Ry, pn) and (F, R, p) are embedded isometrically into a common rooted
boundedly-compact metric space (M,d™,pys) in such a way that p, = p = pyr as elements of
M, F, — F in the Fell topology as closed subsets in M, v, — v in the vaguely-and-point-process

topology as discrete measures on M, 7,, — 7 vaguely as measures on M xR>qo xR+, and X}» 4 xv
in D(R>q, M).
For [ € N, we set
T3(1) = [0,1] x [I71,1].
Note that (73(1));>1 is a sequence of compact subsets increasing to R>g x Rso. Below, we show
some technical results used to prove the precompactness of (U¥"),,>1.

Lemma 5.9. Fixl € N. The following statements hold.
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(i) For every r >0,

lim limsup limsup /
170 n—oo (5,)€T3(1) J D, (pn.r) xR0 % (0,1]

(ii) It holds that

e P (X (1) = ) (e duw ) = .

e P (X (1) = ) (da du ) = 0.

lim limsup limsup on

=00 pn—oo (57t)6T3(l) /DRn(pn7T)C><R20XR>()

(iii) For every r,n > 0, it holds that

lim limsup sup /
W=00 n—oo (s,t)e€T3(1) J DRy, (pn.r)eX[W,00) X [1,00)

Proof: (i). For (s,t) € T5(1), we deduce by (5.7) that

e/ P (X2 (£) = ) o (da duw dv) = 0.

e—ws/vP[I)/s (X;;n (t) = 1’) ﬂn(dl’ dw dU)

S—

DR, (pn,m) xR0 x(0,n]

IN

/ P (L, P, )0 T (dz dw dv)
Dy (pnyr) xR0 (0,7]

—1 (n)
§ 5Fn (pfrlzn7 l 9 T) Z Ui
xgn)EDRn (pn,T)
oM<y

< s, (B4, U1 r) M (p(vn).
Hence, the result follows from Theorem 2.14 and Proposition 4.13.
(ii). For (s,t) € T3(l), we have that
e/ Pr (XM () = 3) fon (drdwdv) < Y PUr(XE(E) = @)

z;€DR,, (pn,7)¢
Vn,
< B(

/;Rn (pn,’r‘)CXRZO XREO

o (pmir) = 1)

Hence, the desired result follows from (5.1).
(iii). Fix r,n > 0 and let ' > r and < n be such that the boundary of Dy (p,r’) X [/, 00) does
not contain the atoms of p(v). By Theorem 2.22, it holds that

V=W (p(v)) 4+ sup W) (p(vn)) + 1 < 0.
n>1
Noting that F,, N Dy(par,r) = DRg, (pn,7), we deduce that, for any W > 0,

sup

/ e=S/Y Pn (XU (1) = ) o (dt o o)
(50ET5(0) J Dt (o)X [Wio0) X 1,00)

<

/ 7 (dx dw dv)
DRn (pn:'r) X [W,OO) X [77700)

= #(At(7n) N (Dr, (pn, 1) X [W, 00) x [1,00)))
< #(At(1n) N (Dar(par, 1) x [W,00) x [, V])) (5.8)
We define a finite subset J C I so that {(z,v;)} e are the atoms of p(v) lying in K := Dps(par, r’) x

[, V]. Proposition 2.4 yields that #(At(p(v,)) N K) = #J for all sufficiently large n, which implies
that

#(At(7n) N (Dar(par, ') x Rxo x [, V])) = #J. (5.9)
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Now, fix W sufficiently large so that W > maxjec;yw; + 1. Since 7, converges to 7 vaguely,
Proposition 2.4 again yields that, for all sufficiently large n,

# (At(7tn) N (Do (par, ') x [0, W) x [, V])) = # (At(7) 0 (Dar(par, 7') x [0, W) x [1if, V]))
= #J.
Combining this with (5.9), we obtain that
i (At (7n) O (Das (par, 1) < [Wy00) x [, V])) =
From this and (5.8), we obtain the desired result. O
Lemma 5.10. The family {¥%"},>1 is precompact in C(R>g X Rsg, R>0).
Proof: Noting that, for all 5, € R>g x Ryg and n > 1,
T (s,t) < / Pr (XY = @) fog(de dw dv) = Y Pr(X2 = 2{”) = 1,
icly,
it suffices to show that, for each [ > 1,
lim lim sup sup | WY (s,t) — W (s',¢")| = 0.
020 n—oo (s,t),(s',t))eT3()
|s—s'|V|t—t'|<§
Fix [ > 1. By Lemma 5.9, this reduces to proving that, for any r, W, n > 0,
lim lim sup sup Ap(r,W,n) =0, (5.10)
020 n—oo (s,t),(s',t))eT3()
[s—s'|V[t—t'|<6
where A,, = A, (r,W,n) is given by
Ay = / ’e*ws/”P,'f” (X¥(t) = x) — e W /v Prn(XVn(¢) = z)| 7t (dw dw dv).
DRn (an")X[O’W]XWOO)
Fix (s,t),(s',t') € T3(l) with |s — §'| V [t — /| < §. Using (5.7), we can write

ws/v Vn(

U|6 by pusx) — et p )| 7t (dx dw dv).

S/
Dr,, (pn,7)x[0,W]x[n,00)
By the triangle inequality, we have that
‘6 ws/v P (¢, p,T) — € —ws’ Jv un(t/ Oy )|
< Uty pr, @) — Ut prs )|+ P (E pry )| — e )|
< Op (P I 0) s, (o U)o — e,

For (z,w,v) € Dg, (pn,7) x [0, W] X [n,00), we deduce by the mean value theorem that
‘e—ws/v o e—ws’/v| < E|S - S,| < K(S
v n

Hence, it follows that

Ay, < Ao, (h 1 Lr 8) +sp, (i, 171, Wnilé} Z vi(n)

z" )EDRn(pn 7)

= {DFn(p;fb",l_l,r, J) +5Fn(p,’;",l_1,r)W77_15}l/n (Dg,, (pn,T))- (5.11)

Since the vague convergence v, — v implies that sup,,~; v, (Dg,, (pn, 7)) < 00, we obtain (5.10) from
Proposition 4.13 and (5.11). O
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Theorem 5.11. Under Assumption 5.8, It holds that
(Fna Ry, pn, an7TmP::(XqI;n € ')a ‘I’Z") - (Fa R,p,v,m, PZ(XV € ')’ \IJV)

in the space My (7M™ x MEXR20XR>0) 5 1 (71) x 7C®Z0R20))  Moreover, U¥(s,t) > 0 for any
s>0andt > 0.

Proof: The second assertion is straightforward. Indeed, for some i € I, we have that Py (X"(t) =
x;) > 0, which implies that

WY (s,t) > e Wi PY (XY (L) = @) > 0.

We next show the first assertion. By Lemma 5.10, it suffices to show that W2 (s,t) — ¥”(s,t)
for every (s,t) € R>g X Rsg. Fix (s,t) € R>¢ x Ryg. By Lemma 5.9, it is enough to show that, for
some sequences (rg)k>1, (Wi)i>1, and (1m)m>1 with ri T oo, Wi 1 oo, and 7, | 0,

lim e Ws/V Y (X (t) = 1) 7 (da dw dv)

nreo DM(pMﬂnk) X [val] X [nmvoo)

e Py (XY (t) = @) 7(da dw dv).

/DM (oa157m1) X [0,W] X [17m,,00)

We choose (7%)r>1 so that i T oo and v(9Dp(par, ri)) = 0. We then choose (W;);>1 and (1m)m>1
so that W 1 oo, nm | 0, and 7(3(Dasr(par, ) X [0, W] X [, 00))) = 0 for all I,m. Fix k, [, and
m, and simply write r = rp, W = W, and n = n,,,. Set

V= {W(T)(p(y)) v ng}; W(T)(p(un))} +1 < o0.

Then there are no atoms of m, nor m in Das(par,r) x [0, W] x (V,00). We define a finite subset
J C I so that {(z;,wj,v;)}jes are the atoms of 7 lying in K := Dyr(par, ) x [0, W] x [, V]. By
Proposition 2.4, there exist injections fy,: J — I, (at least for all sufficiently large n) such that

Atla) 1 K = (21, 051,05 5) e

and (x;:)(j),wgtz)(j), U}Z)(j)) — (x5, w;j,v;) for each j € J. It then follows from Lemma 5.6 that

Vn, 2% _ (n) v 14 — ;
Por(Xp(t) = a;7) = PJ(XY(t) = ai), VjeJ

Therefore, we deduce that

lim e VP (X (t) = @) 7 (dov dw dv)
=90 ) Dy (parr) x[0,W] x [1,00)
= lim eV P (X (t) = @) 7y (do dw dv)

D (par,r) X [0,W]x[n,V]
= lim " exp(—wfl s/v ) Par (X0 (6) = 27 )

n—oo
jeJ
=S e P (XY (1) = 1)
jeJ

e Y PY(XY(t) = @) 7t (dw dw dv),

/DM(pM,T)X[O,W}X[W,OO)
which completes the proof. O
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6. Proof of the main results

In this section, we prove the main results. Since we already obtained the results in the previ-
ous section when the traps are deterministic and converge, thanks to the Skorohod representation
theorem, it remains to show the convergence of traps in distribution.

6.1. Proof of Theorem 1.6. We prove the aging result, Theorem 1.6. Suppose that Assumption 1.5
is satisfied. We first study some properties of the limiting trap environment. Recall that 7(dz dv)
is the Poisson random measure with intensity measure p(dz) av='="%dv and v = v(n), where the
map v is introduced in Section 2.3 above.

Lemma 6.1.

(i) The set At(v) of the atoms of v is dense in F almost surely. In particular, v is of full
support almost surely.
(i) It holds that m € Z7*(F') almost surely (recall 7*(F) from (2.14)).

Proof: (i). Since p is of full support, it holds that, for any z € F and r > 0,

Elr(Ba(e.r) x Roo)] = u(Ba(e.) [ o du =,

where E denotes the expectation with respect to P, the underlying probability measure of 7. Hence,
At(v) N Br(z,r) # 0 almost surely. Let {z;};c; be a countable dense subset of F. Then, almost
surely, we have that At(v) N Br(z;,q) # 0 for all i € I and positive rational numbers ¢q. This implies
the desired result.

(ii). Write m = ;7 0(z,0,)- For each € > 0, we set I, == {i € I | v; > }. We then define a
random measure . on F by setting

Z 0z, (A) = m(A X [g,00)).
i€l

It is easy to check that v/ is a Poisson random measure with intensity measure e~ *u(dz). Since p
is non-atomic, it follows from Kallenberg (2017, Lemma 3.6(i)) that x; # z; for any ¢,j € I. with
i # j, almost surely. Since I, increases to I as € — 0, we deduce the desired result. O

For the following result, recall the random variable £ from Definition 1.3.
Lemma 6.2. For every u > 0, lim, anE(cglf >u) =u"?.

Proof: Define f(u) == P¢(¢ > u)~! and g(u) = inf{s > 0 | f(s) > u}. Then f is a regularly

varying function with index a and g is an asymptotic inverse of f, that is, f(g(u)) ~ g(f(u)) ~ u

as u — oo (Bingham et al., 1987, Theorem 1.5.12). (NB. For functions h and H, we write h ~ H

when h(u)/H(u) — 1.) Using the relation ¢, = g(by,), we deduce that

faé(cnu)
t(cn)

Since ¢ is slowly varying and ¢, — 0o, we obtain the desired result. O

Pe(cpté > u) = (ucy) *(u) = Pe(§>cn) =u "——

We now prove the distributional convergence of traps in the vague-and-point-process topology.
Lemma 6.3. It holds that
(Vman Ry, pn, bn an ( 1Vn € )) — (F7 R, p, 1, P(V € ))

in the space Mq(TM x T'p(TMdIS)).
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Proof: By Assumption 1.5(i) and Theorem 3.9, we may assume that (V;,,a, 'Ry, p,) and (F, R, p)
are embedded isometrically into a common rooted boundedly-compact metric space (M,dM, PM)
in such a way that p, = p = pys as elements in M, V,, — F in the Fell topology as closed subsets

of M, and b, l,u# — 1 vaguely as measures on M. It suffices to show that c, v, 9 » in the
vague-and-point-process topology as measures on M. Recall that m,, == erVn (5(1 cilon({z}))" Fix a

bounded subset A of M such that u(90A) = 0. We have that, for every u > 0,
#
P (mn(A X (1,00)) = 0) = Pp(c; ¢ < for all 2 € A) = (1= Pe(cp e > u))™ ()

and Ep[m, (A x (u,00))] = pf (A)Pe(c, '€ > ). Tt then follows from Lemma 6.2 that

Jim Py (m (A % (u,00)) = 0) = e AT — P(1(A x (u,0)) = 0), (6.1)
nh_)ngo En[mn(A X (u,00))] = p(A)u™ = E[r(A X (u,0))].

By Kallenberg (2017, Theorem 4.18), 7, 4 vaguely. We will check condition (ii) of Theorem 2.26.
Fix r > 0 satisfying (M) = 0. Since we have that

p(n,1) = P (W (1) > 1) = Py (mn (M) x (1,00)) > 0),
equation (6.1) yields that p(n,1) — P(x(M") x (I,00)) > 0) =1 — e MM Hence, we obtain
that lim;_, o limsup,,_,.. p(n,1) = 0. The Markov inequality yields that
Py (M () > 6) < 67 pff (M) Egle '€ - 10,0 (€)] = —51M#(Mm)0nl/ Cwdf (),
0

where we set f(u) == P(§ > u). Since f is a regularly varying function with index —a, we have by
Bingham et al. (1987, Theorem 1.6.4) that, as n — oo,

ecn —
/0 wdf(u) ~

aecnf(acn) S acnPg(cglf > ).

11—«

It then follows from Lemma 6.2 that
lim lim sup P,, (M) () > 6) < lim 6 (1 — )" (M)l = = 0.

el0 oo © el0

By Corollary 2.27, m, 4 7 in P(M). Tt follows from Corollary 2.16 and Lemma 6.1(ii) that

v, =0(m,) 4 v(m) = v in the vague-and-point-process topology. O

Cp

Now, we prove Theorem 1.6.

Proof of Theorem 1.6: By Lemma 6.3, we may assume that (V,,a, 'Ry, p,) and (F, R, p) are em-
bedded isometrically into a common rooted boundedly-compact metric space (M, aM ., par) in such
a way that p, = p = pa as elements in M, V,, — F in the Fell topology as closed subsets of M,
bt ,u# — 1 vaguely as measures on M, and c;, v, 4 vin M3ES(MT). Using the Skorohod represen-
tation theorem, we may further assume that ¢, ', — v almost surely on some probability space.
Then, by Croydon (2018, Theorem 1.2), we obtain that P (X € ) 4 Py(X" € ). Hence, the
desired result follows from Theorem 5.7. O

6.2. Proof of Theorem 1.9. Next, we prove the sub-aging result, Theorem 1.9. Suppose that As-
sumption 1.8 is satisfied. Recall that 7(dx dw dv) is a Poisson random measure on F' x R>¢ x R
with the intensity measure fi(dz dw) av™'~%dv and v is a random measure on F' defined by

v(A) = /1,4(96)1) 7(dzdwdv), YA€ B(F). (6.2)
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For convenience, we write 7 for the pushforward measure of 7 by the map (z,w,v) — (z,v). It
is easy to show that 7 is a Poisson random measure with intensity u(dz) av='"%dv and v = v(7),
where we recall the map v from (2.10).

Lemma 6.4. (i) The random measure v is of full support almost surely.
(i) It holds that m € Z7*(F') almost surely.

Proof: These results are proven similarly to Lemma 6.1. ([l
We set
M = Z 5(%%(1)7651%({96}))'

QSEVn
The following result is a version of Lemma 6.3 for the sub-aging result.

Lemma 6.5. It holds that

(Vnaaanmpmbn :un ) Pn((Vnﬂ.rn) € )) - (F7 R, p, 1, P((Va 7.[-) € ))a

(TM(XRZO) Mdis % TM('XRZOXR>O))).

in the space M, X p(T

Proof: Under Assumption 1.8, we may assume that (V,,a,'R,,p,) and (F,R,p) are embedded
isometrically into a common rooted boundedly-compact metric space (M, d™ pyr) in such a way
that p, = p = pa as elements in M, V,, — F in the Fell topology as closed subsets of M, and
b, ,u# — f1 vaguely as measures on M x R>q. From the vague convergence b,/ # — 1 and the

continuous mapping theorem, we have that b,; ,u# — i vaguely. Therefore, by followmg the proof

of Lemma 6.3, we deduce that c, v, 9 1 in the vague-and-point-process topology.
We next prove that 7, — 7 vaguely as measures on M X R>g x R+ in the same way as before.
Fix a bounded subset A C M and a u; > 0 such that u(9(A x (u1,00))) = 0. Recall from (1.4)

that ¢ (z) == vq, (z) = (@, cn(x)) and that fff = i o 1 L. We have that, for every ug > 0,
Pr (70 (A X (u1,00) X (ug,00)) = 0) = Pn(cglgg(c") < uy for all z € ¥, (A x (u1,00)))
= (1-Pe(c;le > u2))ﬂf(AX(U1voo))
and Ey[in (A x (u1,00) x (ug,00))] = aif (A x (u1,00))Pe(cyté > ug). It follows from Lemma 6.2
and the convergence fi (A x (uy,00)) — 1(A x (u1,00)) that
nhﬁngo Pr (7n (A % (u1,00) X (ug,00)) = 0) = P((A x (u1,00) X (ug,00)) = 0),
Tim_ By (A x (u1,50) x (u2.00))] = E[F(A x (ur,50) x (i, 50))]

Thus, by Kallenberg (2017, Theorem 4.18), we obtain that 7, 9 5 vaguely.
From the above arguments, it is the case that (c _11/n,7'rn)n>1 is tight as a sequence of random
elements of MYS(M) x M(M x Rsg x Rsg). Let (ng)r>1 be a subsequence such that (c;,'vn,, 7, )

converges to some random element (v/,7"). We then have that 7/ 4 Using the Skorohod repre-
sentation theorem, we may assume that (¢, !vn,, 7y, ) = (¢, %) almost surely on some probability
space. Define p : M x R>g x Rug = M x Ry by supposing (z,w,v) — (z,v). Let v/ =3, ; vidg,
and 7 = > jeJ (5(303_@;7@;) be the atomic decompositions of v/ and 7/, respectively. The continuous
mapping theorem yields that

1 . 1 . 1
p(cnk Vng) = Z 5(:}c,c,§klunk({z})) =Tn, 0P = — iopT = Z 5(35;.,@;)

z€Vn, jeJ

On the other hand, from the convergence CE:Vnk — v/ in the vague-and-point-process topology
and Theorem 2.9, we have that p(c;,'vn) = p(v') = Y ;c; 0(z; 0, Vaguely. Hence, we obtain that



198 Ryoichiro Noda

dicr Oaiv) = 2jes O(at,v1), Which implies that {(ws,v:) [ i € I} = {(2},v}) | j € J}. This yields
that, for any A € B(F),

V(A) = 3 00, (A) = 3 v (4) = / 1 ()0 7 (da duw dv).

il jeJ

Since # < # and v is given by (6.2), we obtain that (v/,7) 4 (v, 7). Therefore, we deduce that

(e v,y 7n) 4 (v, ), which completes the proof. O
Using Theorem 5.11 and Lemma 6.5, Theorem 1.9 is proven similarly to Theorem 1.6 as follows.

Proof of Theorem 1.9: By Lemma 6.5, we may assume that (V,,a, 'Ry, p,) and (F, R, p) are em-
bedded isometrically into a common rooted boundedly-compact metric space (M, dM, pys) in such
a way that p, = p = pa as elements in M, V,, — F in the Fell topology as closed subsets of M,
and bl — [ vaguely as measures on M x R>o, Pn((cy vn, ) € ) — P((v,7) € -) as proba-
bility measures on MY$(M) x M(M x R>g x Rsg). By the Skorohod representation theorem, we
may further assume that (c;,'v,,7,) — (v,7) almost surely on some probability space. Applying
Croydon (2018, Theorem 1.2), we obtain that P/ (X! € ) — Py(X" € ) as probability measures
on D(R>g, M). Hence, from Theorems 5.7 and 5.11, the desired result follows. O

6.3. Proof of Theorems 1.13 and 1.16. Finally, we prove the aging and sub-aging results for random
electrical networks, Theorems 1.13 and 1.16. We start with a basic result regarding the Prohorov
metric (recall this from (2.1)).

Lemma 6.6. Let X and Y be random elements of a separable metric space (S, dS) defined on a
common probability space with probability measure P. Suppose that on an event E, we have that
d%(X,Y) < € almost surely. It then holds that

dp(P(X € -),P(Y €-)) < P(E) +e.

Proof: Recall the definition of the e-neighborhood -() from (2.2). Fix a Borel subset A of S. We
deduce that

P(XcA)<P(XeA d°(X,Y)<e)+ P(EY) < P(Y € A®)) 4+ P(E°),
and similarly, P(Y € A) < P(X € A®)) 4+ P(E®). Hence, we obtain the desired result. O

Thanks to the Skorohod representation theorem, Theorem 1.13 (resp. Theorem 1.16) is obtained
similarly to Theorem 1.6 (resp. Theorem 1.9) by showing a version of Lemma 6.3 (resp. Lemma 6.5)
for random electrical networks. To do this, we will use the following technical results. Recall the
space F from Section 4.2.

Lemma 6.7. Fiz (F, R, p,v) € F. Assume that, for some A > 1, r >0, and 6 > 0,
R(p, Br(p,7)) =2 A, v(Br(p,1)) = 6.
Write (XY,{P%}zer) (resp. (X”<T),{P”(T) Yeer)) for the process associated with (F,R,v) (resp.

T

(FU) R p()). It then holds that, for any T > 0,

D(R>07F) v v () () -T 4 4T
= PJ(X ), P X ) < e
e (B (X7 e) B (XY en) s+ 3+ 503y
where we recall that dg(RZO’F) is the Prohorov metric on P(D(Rxo, F)) induced by the Skorohod

metric dj, on D(R>q, F') defined as (3.3).
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Proof: Let Tp(r) be the first exit time of X from F) . Fix T > 0 and define an event E = {Tpe >
T}. On the event E, by the definition of the trace of X (recall it from Section 4.2), we have that
X(t) = trpe X(t) for all ¢ < T'. Thus,

oo
dj (X, trpm X) < / e *ds=e"T.
T
Thus, the desired result follows from Lemmas 4.8, 4.9, and 6.6. O

Lemma 6.8. Under Assumption 1.12 or 1.15, it holds that
hmhmsupP (P (cglyn(BRn(pn,an)) <68)>n)=0, ¥n>0.

00 p—oo

Proof: Suppose that Assumption 1.12 (resp. Assumption 1.15) is satisfied. Using the Skorohod
representation theorem, we may assume that the convergence in Assumption 1.12(i) (resp. the
convergence (1.6)) takes place almost surely on some probability space (2,G,P). Fix w € Q. From
Lemma 6.3 (resp. Lemma 6.5), we have that

(Vi @, Ros, oy b it P v € 2)) — (F R, p, p, P(v € )

in M, (7™M x Tp(TMdis)). Then, by Theorem 3.9, we may assume that (V;,, a, 'Ry, p,) and (F, R, p)
are embedded isometrically into a common boundedly-compact metric space (M dM , pp) in such
a way that p, = p = py as elements in M, V,, — F in the Fell topology, b, ' ,un — pu vaguely,
and ¢, v, 9 in the vague-and-point-process topology. Then, for some r € (0,1), we have that

e tvn(BR,, (pn, ant)) 4 v(Br(p,r)) (see Kallenberg, 2017, Theorem 4.11). It is then the case that,
for all but countably many & > 0,

lim Py, (¢, vy (Br, (pn, anr)) < 6) = P(v(Br(p,r)) < ).

n—oo

Since v is of full support with probability 1, we deduce that
lim lim sup Py, (¢;, Yu(Br, (pn,an)) < §) < hin limsup Py, (c;, Yn(Br, (pn,anr)) < §) =

30 n—oo 30 n—oo

Hence, by (reverse) Fatou’s lemma, we obtain that

lim lim sup Py, (P, (¢;, 'vn(Bg, (pn, an)) < 8) > 1)

010 n—oo
< P(lln(r)lhmsupP (¢ vn(Br, (pn,an)) < 8) >n)
n—oo
= O,
which completes the proof. O

The following results correspond to Lemmas 6.3 and 6.5 for random electrical networks.

Lemma 6.9. Under Assumption 1.12, it holds that
(Vi 05" R s bl P v, £20) € ) ) 5 (B Ry P((0,£7) € 4)) (6.3)

M s rp(rh).

Proof: This is proven similarly to Lemma 6.10 below. So, we omit the proof. (|

in the space Me (7™M x Tp (T

Lemma 6.10. Under Assumption 1.15, it holds that

(Vn,a,;an,pn,bnu#, Po (5 v, 7, £ € -)) LN (F Ry p, 1, P((v, 7, LY) € -))

in the space E)ﬁ.(TM('XR20XR>°) X Tp(TMdis x MEXR>0xR>0) T (1771))).
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Proof: For simplicity, we write
Qﬁi — m.(TM('XRZOXR>O) % 7—73( Mdis M(-XRZOXR>0) % 7_7)(7_(]1)))‘

. . (anr)
For each r > 0, given v,, we write (X}»

{Py(anv‘
(VTE“"” 5{‘"") V(anr)) Note that by Lemma 4.8, X”” """ Yas the same distribution as the trace of

XP» onto V,fa”). For every r > 0, we set (M#)@"’") = M#‘V(anﬂxu@> ) 7r7<1anr> = irnfv(am)

} V(aw)) for the process associated with

XRZO ><]R>07
and

o 1= (Vi 03 Ry s b 5 P (05 s s £7) €°)),
) = (V) R, oo, b)), P (e e o), 225 € )),
where we note that

~ (anr) (anT) (anT)
L™ = P (0 (@nbut))izo € )

Simﬂaﬂy, we set M(r) = /:L|F(T)><R20’ 71-(7") = 7'T‘F(T)><R20><R>ov and
X = (F7R7pa/:67 P((l/,f[‘,[,y) S )),
) — (F(r),R(T),p(T),/l<T>, P((V(r) +(r) L,V(r)) )>
Define
r+1 B e+l
Q= [ PuE € ds. Q= [ P e s

which are probability measures on 9!. (NB. The measurability of integrands can be verified by
a similar argument to Noda, 2025+, Lemma 6.3.) Using the Skorohod representation theorem, we
may assume that the convergence (1.6) takes place almost surely on some probability space with
probability measure P. Fix a realization. For r > 0 such that

(Vo) LR, o, b i) @07)) =5 (PO, RO, 50, ),
we have from Lemma 6.5 that
(V07 0 LR, o) b ) 007 P e, o) )

(PO, RO, o0 40 P, 1) € ).

Note that the rooted resistance metric spaces (Vn(r),a; IR%a"r),nga"r)) satisfy Assumption 1.5(ii).

Thus, following the proof of Theorem 1.6, we obtain that XT(LT) — X almost surely under P.
Hence, we deduce that QT(I) — Q) weakly for every r > 0.
Next, we estimate the Prohorov distance between Qg") and P, (X, € -). Define an event

En(s,A,6,1) = {a,, ' Ru(pn, Br,, (pn, ans)) = A} N {Pn(c;, ' vn(Br, (pn, an)) < 8) < n}
Fix r,6,n > 0, s € (r,r + 1) and A > 1, and suppose that the event E,(s,\,d,7n) occurs. To
estimate the distance between 2?,&5) and X),, we think that (Vé“”’") *1R(a”r), fla’”")) are embedded

) n
into (Vy,,a, 'Ry, pn) in the obvious way. On the event {c, v, (Br,(pn,as)) > 6}, we have from
Lemma 6.7 that

5 4 AT
L)y <e T~ o~ =c(\6,T

) e Sy tioon A )
where we note that the Skorohod metric on D(Rxq, V;,) is induced from the scaled metric a, ' R,,.
By definition, it is easy to check that

(ans)

d}DD(RZO’Vn) (LV

_ _ Vi XR>oXRso, ,0,1) .
an,pn(C 1V(ans)acn17/n) <e 57 IRz X R>0 (pn )(ﬂ_<ans)

Mdls n n 14 n 77r1’L) S 6_
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(recall these metrics from Sections 2.1 and 2.2). Thus, if we write dp for the Prohorov metric on
MES(V,) x M(Vy, x Rsg x Rsg) x P(D(Rxg, Vy,)), then we deduce from Lemma 6.6 that

(ans)

ap (P (e i 2077 ) € ), Pu(e vn, £) € )
< Pu(c; ' vn(Br, (pn,an)) < 0) + e +¢(X,6,T)
<n+e+c(A6T),
where the last inequality follows from the definition of E,,(s, A, d,n). By definition, we have that
dyr (V) V) < ems, g RO g gty ans) gy < e,

n n

Thus, on the event E, (s, \,d,n), the distance between Q‘E}(LS) and X, in M is bounded above by
n+e 4+ c(X6,T). If we simply write dp for the Prohorov metric on the space of the probability
measures on 9N, then it follows from Lemma 6.6 that
d.,P(Pn(‘)E‘T$,8) € ')7Pn(Xn € ))
< Po(a,  Ru(pn: Br, (pn, ans)®) < A) + Pr(Pr (e ' vn(Br, (pn, an)) < 8) > 1)
+n+e’+c(No,T)
< Pn(agan(pn,BRn(pn,anr)c) < )\) + Pn(Pn(cglyn(BRn(pn,an)) < 5) > 17)
+n+e " +c(N,T)
= (n,m,\,0,m,T).
where we use that s > r at the second inequality. The above inequality implies that
d'P(Q%T),Pn(Xn c )) <d(n,r,\,8,n,T).
Combining this with Assumption 1.12(ii) and Lemma 6.8, by letting n — oo, 7 — 00, A\ — o0,
T — 00, § = 0, and then n — 0, we obtain that
lim limsup dp (Q, Pn(X, € -)) = 0.

T—=00 n—oo

A similar argument yields that Q) — P(X € -) weakly. Recalling that fo) — Q) weakly, we
deduce that A, 4y , which completes the proof. ]

By Lemma 6.9 (resp. Lemma 6.10), Theorem 1.13 (resp. 1.16) is proven similarly to Theorem 1.6
(resp. Theorem 1.9) as follows.

Proof of Theorems 1.15 and 1.16: We only give the proof of Theorem 1.13. Theorem 1.16 is proven
similarly by using Theorem 5.11 and Lemma 6.10. By Lemma 6.9 and the Skorohod representation
theorem, we may assume that the convergence (6.3) takes place almost surely on some probability
space. Fix such a realization. Then, by Theorem 3.9, it is possible to embed (Vj,,a, ! Ry, p,) and
(F, R, p) isometrically into a common boundedly-compact metric space (M,dM, pys) in such a way
that p, = p = pyp as elements in M, V,, — F in the Fell topology, bgl,u# — p vaguely, and

(¢ W, L£V7) 4 (v, L£"). Using the Skorohod representation theorem again, we may assume that
(e vy, L) — (v, £¥) almost surely. Then, from Theorem 5.7, we deduce the desired result. [

7. Applications

In this section, we apply the main results to several examples. Throughout this section, for
simplicity, we assume that ¢(u) = 1 for all sufficiently large u (recall the slowly varying function ¢
from Definition 1.3).
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7.1. The Sierpinski gasket. The Sierpinski gasket is a well-studied self-similar fractal. For details on
the probabilistic analysis of fractals see Barlow (1998); Kigami (2012), for example. Here, we briefly
confirm that our results apply to a sequence of electrical networks that converge to the Sierpinski
gasket.

Set po == (0,0) € R2. Let Vg := {21, 72,23} C R? consist of the vertices of an equilateral triangle
of side length 1 with x; = pg. Write ¢;(x) :== (z + z;)/2 for i = 1,2,3. We then inductively define
V, = Ule ¥;(Vu—1). The electrical network G,, = (Vy,, E,, ¢,,) is defined by setting E,, to be the
set of pairs of elements of V;, at a Euclidean distance 27" apart and ¢, (z,y) = 1 if {z,y} € E,.
Write p, == po, R, for the resistance metric on V,, associated with G, and ,u# for the counting
measure on V,,. Then, it is elementary to check that, for some (F, R, p,u) € F,

(Vn’ (3/5)nR”’ P B_HM#) - (Fa Ra P, ,LL)

in G, i.e., the pointed Gromov-Hausdorff-Prohorov topology (recall this from Section 3.3). The
set F' is the Sierpiriski gasket and p is a self-similar measure corresponding to the logy 3 Hausdorff
measure in the Euclidean metric. Moreover, since the degree of any vertex in V,, \ Vp is 4, we deduce
that

(Vo (3/5)" Ry p, 37" ) = (FL R, p, 1 ® Opay),

which implies that (Gp)n>1 satisfies Assumption 1.8. Thus, by Theorem 1.9, we obtain the aging
and sub-aging results as follows. Let {(z;,v;)}ier be a Poisson point process on F' x Ry with
intensity p(dz) av™'"*dv and define v(dz) == Y, vi0y, (dz). Given v, we write (X*,{PY}scp) for
the process associated with (F, R, v). We simply write X/ = Xgi”, which is the BTM on G,, (see
Definition 1.4). We denote by Py for the underlying probability measure for X, started at py,.
Set &, = (5/3)™ - 3™, As a consequence of Theorem 1.9, we obtain that

Py (X (éns) = Xy (Cnt)) = Py (X" (s) = XV (1)),

Py (X5 (ent) = Xy (Gt + '), W € [0,3™%]) = > e /M PY(X(t) = ;).
i€l

7.2. The random conductance model. Given a connected simple graph, the random conductance
model is defined by placing random conductances on the edges. So, it is a random electrical
network. Here, we consider a very simple model, the random conductance model on Z, but similar
results hold for other graphs such as the Sierpinski gasket graph. Note that the BTM we consider
here is not a usual random walk on the random conductance model because the speed of the BTM
is determined by random traps, which are irrelevant to random conductances. However, when the
random conductances are heavy tailed, it is natural to think (sub-)aging occurs because edges with
very heavy conductances (resp. very light conductances) serve as traps (resp. walls) for the random
walk. Indeed, Croydon, Kious, and Scali (2025) confirmed this for the constant speed random
walk on the random conductance model on Z. For details regarding application of resistance form
theory to the random conductance model, see Croydon et al. (2017, Section 6) and Noda (2024b,
Appendix A).

Fix i.i.d. positive random variables {(;};cz built on a probability space with probability measure
P such that ¢ < {; < ¢ almost surely for some deterministic constants ¢, ¢’ € (0,00). By scaling,
without loss of generality, we may assume that E[¢; 1] = 1. Define a random electrical network G,
as follows. Set V,, := 27"Z and E,, to be the set of the pairs of elements of V,, at a Euclidean distance
27" apart. We place the random conductance ¢; on the edge {i/2", (i + 1)/2"}. We equip G,, with
the root pg, = 0. Then, from Noda (2024b, Theorem A.3), we deduce that (Vg ,27"Ra,., pG, )n>1
satisfies Assumption 1.12(ii) and

(VGna 2_nRGna PG> Q_nﬂﬁn) 3} (Rv dRa 07 Leb)>
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where d® and Leb denote the Euclidean metric on R and the Lebesgue measure, respectively.
Moreover, since the total conductance at i/2" € Vg, is (;—1 + (;, it is possible to show that

(VGn7 2_nRGn7pGn? 2—71”@”) £> (R7 dR? 0, Leb ®P(<0 +G € ))

Hence, we can apply Theorem 1.16 and obtain the aging and sub-aging results as follows. We
let {(zi, w;,vi)}icr be a Poisson point process on F x R>¢ x Ry with intensity dz P(¢op + (1 €
dw) av™'"?dv and define v(dz) = Y, ; vi0s, (dz). Given v, we write (X”, {P}ycr) for the process
associated with (R, d® v). We simply write X o= Xéi", which is the BTM on G,, (see Defini-
tion 1.4). We denote by P for the underlying probability measure for X} started at p,. Set
Gp = 2" . 27/ Ag a consequence of Theorem 1.9, we obtain that

Py (X} (Ens) = Xp (Ent)) — Py (X7 (s) = X¥(1)),

Py (Xpr (@nt) = Xp (@nt + ), V' € [0,27/%8]) = 3~ e7s /Py (X¥ (1) = ).
i€l

As seen above, the effect of random conductances disappears in the scaling limit of the aging
functions. This is called homogenization in the study of the random conductance model. On the
other hand, the scaling limit of the sub-aging functions is affected by random conductances. This
is because the sub-aging functions capture the behaviors of the BTMs on a time scale shorter than
that of homogenization.

7.3. The critical Galton-Watson tree. We apply our results to the critical Galton-Watson tree con-
ditioned on its size, which is naturally regarded as an electrical network by placing conductance 1 on
each edge. It is well-known that the suitably conditioned scaled critical Galton-Watson trees con-
verge to the continuum random tree in the Gromov—Hausdorff-Prohorov topology (Abraham et al.,
2013; Aldous, 1993; Noda, 20251 ). Thus, Theorem 1.13 immediately shows that there is aging for
the BTMs on the critical Galton-Watson trees. To apply the sub-aging result (Theorem 1.13), we
need to prove that a uniformly chosen random vertex and its degree jointly converge. The former
convergence is related to the global properties of the graphs, while the latter convergence is related
to the local properties of the graphs. Usually, these global and local properties are studied inde-
pendently of each other, and their respective convergences are already known. The convergence of
uniformly chosen random vertices is an immediate consequence of the Gromov—Hausdorff-Prohorov
convergence, and the convergence of their degrees were shown in Janson (2012, Theorem 7.11). In
this section, we prove the joint convergence of uniformly chosen random vertices and their degrees,
Corollary 7.4 below. The proof of this result relies on Thévenin (2020), where the joint convergence
of two associated functions was shown: the contour functions and functions that count the num-
ber of vertices having certain outdegrees. For details of notion regarding plane trees, we refer to
Thévenin (2020).

Let T be a plane tree T with n vertices. We write pp for the root and dp for the graph metric
on T. By declaring that {u,v} C V is an edge if and only if dr(u,v) = 1 and placing conductance
1 on each edge, we regard T as an electrical network. We then define ur(x) to be the total
conductance at x, which is exactly the degree of z, ,u# to be the counting measure, and [L# to

be the pushforward of ,u# by the map ¢r(z) = (z,ur(x)). Let v9 = ppr,v1,...,vp—1 be the
vertices of T' in the lexicographical order (also known as the depth first order). We define a map
pr: [0,n — 1] — T by setting pr(i) = v; for ¢ € Z and pr(t) = pr([t]). We also define the height
function Hp: [0,n — 1] — R>o by setting Hp(i) = dr(vi,v0) and linearly interpolating between
integers. We next introduce functions N:(Fk), Dgf ). [0,n—1] — R>g that record local structures of T'.
Recall that the outdegree of a vertex is the number of its children. For every non-negative integer
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k and t € [0,n — 1], we define N%k) (t) by
N}k) (t) = #{pr(s) € T | s <t and the outdegree of pp(s) is k}. (7.1)
We similarly define Dg,fj ) by
Dg,{c) (t) = #{pr(s) € T | s <t and the degree of pr(s) is k}. (7.2)

To describe scaling limits of plane trees, we introduce real trees. For details, see Le Gall (2006),
for example. Write & for the space of excursions, that is,

& ={f € C(R>0,R>p) : f(0) =0,30¢ < oo such that f(xz) > 0Vz € (0,0¢), f(x) =0Va > oy}

Given a function f € C([0,0],R>¢) with f(0) = f(o) = 0 and f(z) > 0 for all z € (0,0), we will
abuse notation by identifying f with the function g € & which has g(z) = f(x),0 < 2 < 0 and
g(x) =0,z > 0. We equip & with the metric induced by the supremum norm || - ||oc. Given an
excursion f € &, we define a pseudometric d ¢ on [0,04] by setting

de(s, t) = f(s)+ f(t)—2 inf  f(u).

u€[sAt,sVi]

Then, we use the equivalence

s~ t & d(s, 1) =0
to define Ty :== [0,0¢]/ ~. Let py : [0,0¢] — T be the canonical projection. It is then elementary
to check that

dp(ps(s),ps(t)) = dy(s, t)

defines a metric on Ty. The metric space (Tf,dy) is called a real tree coded by f. The canonical
Radon measure on T is given by puy = Leb o(pf)*l7 where Leb stands for the one-dimensional
Lebesgue measure. We define the root p; by setting ps = ps(0).

In Theorem 7.3 below, we show that if scaled height functions Hyp and scaled out-degree-counting
functions ]_f)gC ) converge, then the associated plane trees converge and moreover uniformly chosen
random vertices and their degrees also converge jointly. To do this, we use the following result on
convergence of Lebesgue-Stieltjes integrals in terms of convergence of integrators. Given a non-
decreasing cadlag function g on [0, 1], we denote by s, the Lebesgue-Stieltjes measure associated
with g.

Lemma 7.1. Fiz a metric space (M,d™). Let g1,ga, ... be non-decreasing functions in D([0, 1], R)
such that g, — g in the usual Ji-Skorohod topology for some strictly increasing function g €
D([0,1],R), and let q,q1,q2,... be measurable functions from [0,1] to M such that g, — q in
the supremum norm || - ||leo. Then it holds that sg, o gt — 540! weakly as measures on M.

Proof: Define g, € D(R>0,R>0) by setting

_ o Jn(t) = gn(0), telo,1],
0= {(t — 1)+ gn(1) — ga(0), t>1.

Similarly, we define §. Noting that g,(0) — ¢(0) and g, (1) — g(1), it is easy to check that g, — ¢
in the usual J;-Skorohod topology. Let 7, € D(R>0,R>0) be the right-continuous inverse of g,
given by

Tn(t) = 1nf{s > 0| gn(s) > t}.
Similarly, we let 7 be the right-continuous inverse of §. Since § is strictly increasing, we deduce
from Whitt (2002, Corollary 13.6.4) that 7,, — 7 with respect to || - ||. Fix a bounded continuous
function F on M. By Chen and Fukushima (2012, Lemma A.3.7), we have that

/ F(gu(t) 53, (dt) = / Lo (Fu) F(gn 0 7n(t)) . (7.3)
0,1] 0
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If 7,(t) < 2, then it is the case that t < §,(2). Since (gn(2))n>1 is bounded, for some K > 0, it
holds that

Lo11(Tn(t)) < L(0,2)(Ta(t)) < 1o,k) (1)
Thus, we can apply the dominated convergence theorem to (7.3), and we obtain that
i [ Flaalt) sg, (d) = [ ouG@)F@or@)d= [ Flae) ssla),
0 J(0,1] 0 (0,1]

where we use Chen and Fukushima (2012, Lemma A.3.7) to deduce the second equality. By the
definitions of g, and g, we have that s;, = sq, and s; = s4 on [0,1]. Therefore, the proof is
completed. 0

Convergence of scaled plane trees in the Gromov—Hausdorff-Prohorov topology follows from con-
vergence of coding functions (Abraham et al.; 2013, Proposition 3.3). Furthermore, the convergence
of the coding functions of plane trees T,, leads to the convergence of the projections pr, to the
projection of the limiting real tree. This seems to be a basic and well-known fact, but it is asserted
as follows for the first time in a rigorous form by using the general theory of Gromov—Hausdorff-type
topologies introduced in Section 3.

Lemma 7.2. For each n > 1, let T), be a plane trees with n vertices. Let (ap)n>1 be a sequence of
positive real numbers with a,, — 0o. Assume that there exists an f € & with oy = 1 such that

Hr(n 1)) > ] (7.4
in C([0,1],R>0). Then it holds that
(T, dr,,, pro ™ i o, (0= 1)) — (Ty, dy, oy, piy, py)
in the space ﬁ.(TMﬁ“ X TUnif).
Proof: Let C,, be a correspondence between T}, and Ty given by
Cn = {(v,z) € T;, x Ty | v =pr,((n — 1)t) and = = py(t) for some t € [0,1]}.

(see Burago et al., 2001 for the definitions of a correspondence between sets). Then one can check,
by applying the same argument as that used to prove Noda (2025, Proposition 8.3), that the
distortion disC, of C,, given below converges to 0:

disC,, = sup{|ey, 'dr, (u, u) — dy(z,2")| | (u,2), (W, 2') € Cy}

(see also Burago et al., 2001 for the notion of distortion). Using the correspondence C,,, we define
a metric d,, on the disjoint union S,, = T}, U T}, extending «,, Ydr, and d t, by setting, for u € T},
and x € T,

1
dp(u, ) = inf {agld;pn(u, u') + 5 disCy, +n"t +dy(2',3) | (v,2) € Cn} :

In the obvious way, we regard uﬁ and 1y as measures on S, and regard pr, ((n — 1)-) and p as
maps from [0, 1] to S,,. It is then the case that

1
dn(pr, ((n = 1)1), p(1)) < 5disCp + nt
and so we obtain that

(Tn, ay, 'z, p130, 01, (= 1)) = (T, dy, pyr,p)-

Thus, by Theorem 3.9, we may assume that (T, ;') and (T, dy) are embedded isometrically into
a common (compact) metric space (M, dM) in such a way that 7,, — T in the Hausdorff topology,
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pr, = py as elements in M, and pr, ((n —1)-) — py with respect to || - ||oo. This immediately yields
that Lebopp, ((n —1)-)~! — Leb op}1 = uy weakly. For any u € T, \ {p1, }, we have that

Lebopr, ((n — 1)-)_1({u}) =(n— 1)‘1.
Hence, for any A C T,,,
| Leb opr,, ((n — 1)) 71 (A) — (n = 1) "'t (A)] < (n - 1)~

This, combined with Lebopr, ((n —1)-)~! — uy, implies that n=* ,u#n — py weakly. This completes
the proof. O

We now prove the main result.

Theorem 7.3. Suppose that we are in the same setting as Lemma 7.2. For eachn > 1 and k > 1,
we define Set I(t) =t for t € [0,1]. In addition to (7.4), assume that there exists a probability
measure p = (pg)g>1 on Zx>q such that

1
SNE (= 1)) = e (7.5)
in D([0,1],R>q) for every k > 0, where we recall N}i) from (7.1). Then it holds that

(TnaagldTnvan7n71/l#n) — (Tf7df’10f7lu’f ®ﬁ)

in the space Re(TMin(XR20)) yyhere p = (Pk)k>1 is a probability measure on N given by py, = pg_1.

Proof: Recall the function Dgi ) from (7.2). Since the degree of a vertex, except for the root, is the
outdegree plus 1, it is easy to deduce from (7.5) that

1
“Dp (1)) = i

in D([0,1],R>q) for every k& > 1. By Theorem 3.9 and Lemma 7.2, we may assume that
(T, o, dr,, pr,) and (Ty,dy, py) are embedded isometrically into a common rooted compact met-
ric space (M,d™, pyr) in such a way that T;, — Ty in the Hausdorff topology, pr1,, = py = pm as
elements in M, n_l,u#n — py weakly, and py, — py with respect to || - [|o. For each £ > 1, we

write T,Sk) for the set of vertices of T;, whose degree is k. Then one can check that, for any subset

Ang,

1, 0 (A) = D) (0) - S0y (o} (A)) + 500 (97 (A)).

This, combined with Lemma 7.1, yields that nilu#n]T(k) — prp—1 py weakly for every k > 1. Fix
compactly supported continuous functions fi: M — R and f2: R>o — R. We have that

lim [ fi(@) fa(w) i, (dedw) = lim 0= fi(0) falpr, (v)
veT,

= lim n~tYy k) Y fi(v)

21 er®

=" falk) / fil@) ™ | o (dx)

k>1

— ng(k)/fl(x)pkl py(dx)

k>1

- / £1(2) folw) iy ® p(de duw).
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This implies that n~! /l#n — puy@p vaguely. Hence, it remains to prove the tightness of (nfl,a#n)nzl
in the weak topology, and this can be verified by the following:
lim i “La# (M x (L =1 — lim liminfn =@ (M x [1,L
Jim limsupn™iz, (M x (L,c0)) Jim Timinf o~ (M x [1, L])
L
11 . . —1 #
=1 Lh_}ngolhlni)glen ,lLTn|TT(Lk)(M)
i
L
=1- 1l _ M
Jim. Z;pk 1 (M)
1=
L
=1- 1 _
Jim 2 Pt
=1
=0.
O

We apply the above result to the critical Galton-Watson tree conditioned on its size. Let p =
(pk)k>0 be a probability measure on Zsg such that >, kpry = 1, p1 < 1, and its variance is
1. For simplicity, we assume that p is aperiodic, that is, the greatest common divisor of the set
{k | pr > 0} is 1. We write T¢" for the Galton-Watson tree with the offspring distribution p,
and write TS for a random plane tree having the same distribution as 7¢" conditioned to have
exactly n vertices, which is well-defined for all sufficiently large n by the aperiodicity of p. We define
e = (e(t))iclo1] € & to be the normalized Brownian excursion.

Corollary 7.4. Define a probability measure p = (py)r>1 on N by setting py, = pr—1. Then it holds
that

_ 1. d ~
<TnGW7 n 1/2dT§W7 pTng n 1M#§W) — (T2€7 d267 P2es H2e ®p)

in the space Rq(TMin(XR20)),

Proof: From Duquesne (2003, Theorem 3.1) and Thévenin (2020, Theorem 1.1), we have that

_ d
(” 1/2HT,§W((” - 1)t))te[o,1] - (26(’5)%6[0,1],
— k
(0™ Ny (0= 1)1)) g0,y = PRI (Defony, ¥k 2 0.
Hence, we obtain the desired result by Theorem 7.3 and the Skorohod representation theorem. [

By Corollary 7.4, we can apply Theorem 1.16 and we obtain the aging and sub-aging results
as follows. Let {(z;,w;,vi)}ier be a Poisson point process on Ts. X R>o X Ry with intensity
p2e(dz) pldw) av™'"*dv and define v(dz) == Y, ; vi0s,(dz). Given v, we write (X”,{P¥}scr.)
for the process associated with (T, dae,v). We simply write X} = X;TGT?WW, which is the BTM
on TT?W (see Definition 1.4). We denote by Py~ for the underlying probability measure for X

started at pp = prow. Set &, = n'/2.pl/* As a consequence of Corollary 7.1 and Theorem 1.16,
we obtain that

P (X5 (Ens) = X (Ent)) — P, (X"(s) = X¥ (1)),

Py (Xpm (Ent) = Xpm (Gt + ), W € [0,n1s]) = > e /Py (XV(t) = a).
i€l



208 Ryoichiro Noda

7.4. The critical Erdds-Rényi random graph. In this section, we consider the Erdés-Rényi random
graph G(n, p), which is a graph on n labeled vertices [n] :== {1,2,...,n} chosen randomly by joining
any two distinct vertices by an edge with probability p, independently for different pairs of vertices.
This model exhibits a phase transition in its structure for large n. Let p = ¢/n for some ¢ > 0.
When ¢ < 1, the largest connected component has size O(logn). On the other hand, when ¢ > 1,
we see the emergence of a giant component that contains a positive proportion of the vertices. In
the critical case ¢ = 1, the largest connected components have sizes of order n?3. We will focus
here on the critical case ¢ = 1, and more specifically, on the critical window p = n=1 + An=%/3,
A e R. We fix A € R and write p, = n~ 1 +An~%3. Let C}' be the i-th largest connected component
of G(n,pn).

One of the most significant results about random graphs in the above-mentioned critical regime
was proved by Aldous (1997). Write ZI* and S for the size (that is, the number of vertices) and
surplus (that is, the number of edges that would need to be removed in order to obtain a tree) of
Cl'. Set Z™ .= (Z7,2Zy,...) and 8™ == (S7,5%,...).

Theorem 7.5 (Aldous, 1997, Folk Theorem 1 and Corollary 2). As n — oo, it holds that
(n=?32",8") = (2.8)

in distribution, where the convergence of the first coordinate takes place in 12 , the set of infinite
sequences (T1,2,...) with x1 > x9 > --- >0 and )_, x? < o0, equipped with the usual 1?-norm.

The limits Z = (Z1, Za,...) and S = (51, Sa, . . .) are constructed as follows. Consider a Brownian
motion with parabolic drift, (W2);>0, where
2
W = Wit -5
and (W:)i>0 is a standard Brownian motion. Then the limit Z has the distribution of the ordered
sequence of lengths of excursions of the reflected process W' — ming<s<; W2 above 0, while S is
the sequence of numbers of points of a Poisson point process with rate one in R2>0 lying under the
corresponding excursions, where the Poisson point process is assumed to be independent of (W)e>0-

The scaling limit of CT is given by fusing a tilted Brownian continuum random tree. For fused
resistance metric spaces, see Appendix A. Recall the space & of excursions from the previous section,
where we equip & with the metric induced by the supremum norm || - [|so. Let e(?) = (e(®)(2),0 <
t < o) be a Brownian excursion of length 0. Note that, by Brownian scaling, the distribution
of e(?) coincides with that of (v/o e(t/o))elo,0], where (e(t)):c(0,1) denotes the standard Brownian
excursion on [0, 1]. The tilted excursion of length o, &) = (6(9)(t),0 <t < ) € &, is defined to be
an excursion whose distribution is characterized by

E 1.y exp(fy e (t)dt)]
E[exp( [y @) (t)dt)]
for B C & a Borel set. For f € & and S C Réo, define
Snf=A{zy)es|0<y<fx)}

For u = (ug,uy) € SN f, we define v’ = (uy,u,) by setting v, = inf{z > u, | f(z) = uy}. We
write

P (é(”) e B) -

TS, f)={u € RQZO |lue SN f}. (7.6)

Let P C R2, be a Poisson point process with rate one, independent of (£(%)),~o and (W;)i>o.

Assume that P N é®) is non-empty and write F(P,e9)) = {(&,€) | 1 <1 < s}. Define
a = Pos(o) (&) and by = pys0) (§]), where we recall from Section 7.3 that pys.) denotes the canon-
ical projection from [0, 0] onto the real tree T}, coded by 2¢(?). Recall also that dyz(0) denotes
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the metric on Ths(0), Poss) denotes the root of T (), and figss) denotes the canonical measure on
Ths(0)- Define (M), R, (o)) to be the resistance metric space (Thz(o), dos(o)) fused over ({ag, bi});_,
(see Definition A.2). Let 7: Ty — M) be the canonical map and set P = T(Poz(o))
and fy(0) = Hosy 0o T L. If PN ¢(9) is empty, then we define (M(U),RM(U),pM(g),/,LM<g)) to be
equal to (Ths0), dys(o), Pos(o) s fos(er). We let (M(Zl),RM(zl),pM(zl),pM@l)) be a random element
of fe(7MinR>0) such that, conditional on Z; = o, its distribution is given by (M), R0y, Ppsio)s
Hpg(o))-

Given a finite connected graph G with labeled vertices, we regard G as a rooted electrical network
by placing conductance 1 on each edge and set pg to be the smallest-labeled vertex of G. The
following result shows that Assumption 1.15 holds. As a consequence of Theorem 1.16, we obtain
the aging and sub-aging results. In the remainder of this section, we set (py)r>0 to be the Poisson
distribution with mean 1, i.e., px :== e */k! for each k > 0. We then define a probability measure
P = (Pr)r>0 on Zxq by setting py, = pp_1.

Theorem 7.6. It holds that
_ _ . d ~
vy),n 1/3};@,,00?,” 2/3%?) LN (M(Zl)’RM(Zl)?pM(Zﬂa,UM(Zl) @ p)

in the space Rq(TMoin(xE20)),

To prove the above result, we let G}, be a random graph with the distribution of G(m,p) con-
ditioned to be connected. We assume that Z]' and (Gh7)m>1 are all independent (recall Z7* from
the discussion above Theorem 7.5). It is then an easy exercise to check that the random graph Gg’%
has the same distribution as the random graph C{* with relabeled vertices. Combining this with
Theorem 7.5, we obtain Theorem 7.6, once the following Lemma is established.

2/3

Lemma 7.7. If a sequence (my)n>1 of natural numbers satisfies n=*/°>m, — o € (0,00), then it

holds that

_ a3, d _
(V(GE ), n Y3 Remn parn 02301, ) S (M), Ryo), pasiors tipgio) ® B)

in the space Rq(mMan(xRz0)),

To prove the above lemma, we prepare some pieces of notation. Let T,, be the set of trees with
the vertex set [m], and T be an element of T,,. We regard T" as a plane tree by using the depth-first
search (cf. Addario-Berry et al., 2012, Section 2). We write Hy = (Hp(t), 0 <t < m — 1) for the
height function of 7" and N}k) = (N}k) (t))tc(o,m—1) for the function counting the number of vertices
whose outdegree is k (recall these functions from Section 7.3). We set Hy(t) :== 0, t € [m — 1, m] for
convenience. Let vg,v1,...,vnm_1 be the vertices of T as a plane tree in the depth-first order. Write
ki for the number of children of v;. Then the depth-first walk X7 = (X7(t));c[0,m) of T' is given by
setting X7(0) = 0, Xp(i) = Y54 (k; — 1) for i € {0,1,...,m}, and Xp(t) := Xp([t]). We then
set

m—1 1
o(T) = ; Xp(i) = m /0 X (mt) dt.

Given p € (0,1), we define a random tree Tk, on T,, that has a “tilted” distribution given by
P(TE, =T) x (1—p)~ D, T eT,.

For p € (0,1), a binomial pointset QP C Z2, of intensity p is defined to be a random subset of Z2,
in which each point is present independently with probability p. In Addario-Berry et al. (2012), it
is shown that G}, is recovered by attaching extra edges on T},.
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Lemma 7.8 (Addario-Berry et al., 2012, Lemma 18). Fiz p € (0,1). Let 7}% to be a tilted tree as
defined above and QF be a binomial pointset of intensity p, independent of TF. Let vo,vi,...,Vm—1
be the vertices of Ty, in depth-first order. Write T (QP, Xz ) = {(xs,27) | 1 <1 < s} (recall its
definition from (7.6)). We define a graph G(TE,, QP) by attaching an edge between Uz, and vy on TP
(If 7(QPF, X;z») is empty, we define G(Th,QP) :=1TPE.) Then G(Th,QP) has the same distribution
as GP,.

The following result is also proven in Addario-Berry et al. (2012), which provide the convergence
of coding functions of 75, and vertices where new edges are attached.

Lemma 7.9 (Addario-Berry et al., 2012, Lemma 19). Assume that a sequence (my)n>1 satisfies

n~2Bm, = o € (0,00). Let QP be a binomial pointset of intensity py, independent of Tf;ﬁ, and
define Py, := {((o/my)i, (U/mn)l/Qj) | (4,7) € QPn}. Then it holds that

(\/ Un o ([0 )) o X, (1 755)) 7’“(\/ Xz (5] )))

2¢(?), () Pme<ff (7.7)

n—>oo

where the convergence of the first and second coordinate takes place in D([0,0],R>q) equipped with
the usual Jy-Skorohod topology and the convergence of the third coordinate takes place with respect
to the Hausdorff metric.

Below, we prove the convergence of functions N;’j) defined at (7.1).

Lemma 7.10. Write I for the identity map from [0,1] to itself. Assume that a sequence (Mmp)p>1
satisfies n=2/3m, — o € (0,00). Then, for any k € Z>o,

my N ((m = 1)) B pI()

in D([0, 1], R>p).

Proof: Let Tn({n be a random tree uniformly chosen from T,,,. If we think of Tf,{n as a random plane
tree, then it has the same distribution as the conditional Galton-Watson tree TS"W with offspring
distribution that is Poisson with mean 1. We write

NP () = m, "N ((m, — 1)t),

n TPn
NI () = my N (= 1)0),
Xp(t) = mgl/QXTg (mnt).

From Thévenin (2020, Theorem 1.1), we have that (Xn,N,(lk)) — (e,pr—11). Let f be a bounded
continuous function on D([0,1],R). By the definition of T}",. we obtain that

3/2

B|F(Ni) (1 = p) " o Xn0 ]

3/2

E[f(N)] =
[f(Ny)] E[(l—p -l Xn(t)dt}

n

Moreover, in Addario-Berry et al. (2012, Proof of Theorem 12), it is shown that the following family
of random variables is uniformly integrable:

(1 — Dn ) 3/2 fo Xn(t) dt n 2 1.
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Combining these with the scaling relation e(?)(-) 4 Voe(-/o), we deduce that

3/2

(
iy BV (1 = p) 8008 B s Do [0 0|

n—oo
lim E [(1 — Pn )_mi/2 Jo Xn(®) dt] =E [exp(/a () dt)} .
0

n—oo

Therefore, the desired result follows. O

Combining the above results with a technical result regarding fused resistance metric space shown
in Appendix A, we can prove Theorem 7.6 as follows.

Proof of Theorem 7.0: We proceed with the proof in the setting of Lemma 7.9. By the Skorohod
representation theorem, we may assume that the convergence (7.7) takes place almost surely on some
probability space. Assume that P N é(@) is non-empty and write 7 (P, &) = {(&,€) | 1 <1< s}.
For all sufficiently large n, we can write 7 (Pn, /o /munXzen ([(mn/0)-])) = {(i]",57") [ 1 <1 < s}
in such a way that "

maX(|Zl =&V =&h—o0

1<i<
Let vy, o7, ..., vy, 1 be the vertices of Tﬁ{; in depth-first order, and define aj' := v, il b =
v n,. Here, we note that we have
nJ; /o

{(mnil fo,mnji’[0) [1 <1< s} = T(Q°", Xgpn )

and in particular the indices myi}'/o and m,j;'/o are integers. Define a;,b € T,s.) by setting
a; = poeo (&) and by = poso (&), Where we recall that pggo is the canonical projection from [0, o]
onto the real tree T);(,). Using Lemma 7.10 and following the proof of Theorem 7.3, we deduce that

(V(T#&) 1/3dTpn ,prn ,my, M#pn ,CL?, 1y 7as7b751)

— (TQé(U) > dzg(o) s Posle), T Hze(o) ® p,a1,bi,. .., as, bs)

in the space ﬁ.(TMﬁn('XRZO) x 725Pt) where 725P% denotes the product structure of 2s copies of
7P as recalled from (S2) and (S7). (See also Noda, 2025+, Proof of Lemma 8.42). This, combined
with Lemma 7.8 and Theorem A.13 below, yields the desired result. O

By Theorem 7.6, we can apply Theorem 1.16 and we obtain the aging and sub-aging results as fol-
lows. Let {(z;, w;, ;) }icr be a Poisson point process on M (1) XR>0 xR with intensity f,,(z,) (dx)
pldw) av™"*dv and define v(dz) = >",;c; vidy, (dz). Given v, we write (X¥,{P¥} _\1z)) for the
process associated with (M(Zl), R, (z,),v). We simply write X" := ng?, which is the BTM on C
(see Definition 1.4). We denote by Py~ for the underlying probability measure for X; started at
Pn = Pppzy)- Set &y = nl/3.

Py (Xy (Ens) = X (Ent)) — Pp” o (XV(s) = X7 (1),

n?/B2) " Ag a consequence of Theorems 1.16 and 7.6, we obtain that

Py Xy (@nt) = Xy (et + 1), Wt € [0,n°/ = Y e P ) (XY () = ).
iel

Appendix A. Convergence of fused spaces

In this appendix, we introduce the operation of fusing resistance metric spaces at disjoint pairs
of subsets, which are used to describe the scaling limit of the Erdgs-Rényi graph in Section 7.4. We
note that thls operation is considered in Croydon (2018); Kigami (2012). Our aim in this appendix
is to formalize the topological aspects of fusing. In particular, we prove some convergence results
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regarding fused resistance metric spaces (Theorems A.9 and A.13). Throughout this appendix, we
fix N € N.

Let (F, R) be a compact resistance metric space and (£, F) be the corresponding resistance form.
Fix a collection I' = {V;}i]\;l of non-empty disjoint compact subsets of ' and write

N N
Fl = (F\ U V) u i,
i=1 i=1

i.e., we consider each subset V; as a single point. Let 7' : F' — FT be the canonical map, that is,
al(z) =z forz e F\ Ufil V; and 7' (x) := V; for € V;. Define (€', FL) by setting

Fr={f:F' - R| for' e F},
ENff)=E(for for), VfeF.

Theorem A.1 (Croydon, 2018, Lemma 8.3). The pair (EV, F') is a resistance form. If we write
R for the associated resistance metric, then (FU', RY) is compact.

Definition A.2 (Fused resistance metric space). In the above setting, we refer to (F', R') as the
resistance metric space (F, R) fused over I and 7' : F' — F' as the associated canonical map.

Remark A.3. The fusing operation can also be defined when I' = {Vi}ij\il is a family of compact
subsets that are not necessarily disjoint. In that case, we consider an equivalence relation ~ on
Ufil‘/} given by x ~ y if and only if there exist [ € N, iy,...,4 € {1,...,N}, and x = xg, x1,
.oy, = y such that {zy_1,z} CV;, for each k. We let I := {V/ f\;ll be the collection of
equivalence classes TV := {V/}',. Then we refer to (F'', R'") as the resistance metric space (F, R)
fused over I

It is easy to see that

RF(W(x),ﬂ(y)) < R(z,y), Vz,y € F, (A1)
which implies that 7!': (F, R) — (F", R) is continuous. We will show that when resistance metric
spaces and collections of fusing points converge, then the associated fused resistance metric spaces
and the canonical maps also converge. To describe this precisely, we introduce a suitable topology
for convergence of functions with diffe_rent domains. Fix a compact metric space (M, d™) and a
complete, separable metric space (2, d=).
Definition A.4. Define R

C(ME) = ] CX,3),
X€ECe(M)

where we recall that C.(M) is the collection of compact subsets of M and C(X, =) denotes the set
of continuous functions from X to =. Note that @c(M ,E) contains the empty map 0= : ) — Z. For
f € Co(M,E), we write dom(f) for its domain.

Definition A.5 (The metric dg(. :)). For f,g € 6’0(M, =) and € > 0, consider the following
condition. ’

(C.(¢)) For any z € dom(f), there exists an element y € dom(g) such that

d" (a,y) vV &= (f(x),9(y)) < e.
Similarly, for any y € dom(g), there exists an element x € dom(g) such that
d"(@,y) v d(f(x), 9(y)) < e

We define R
d]\g(. E)(f,g) = inf{e > 0 | ¢ satisfies (C'.(¢)) with respect to f,g} A1,

where the infimum over the empty set is defined to be cc.
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Theorem A.6 (Noda, 2024a, Lemma 3.27 and Theorem 3.28). The function d]\é/[(' =) s a well-
defined metric on GC(M, =). The induced topology on GC(M, =) is Polish.

Definition A.7 (The compact-convergence topology with variable domains). We call the topology

on ac(M, =) induced by d% the compact-convergence topology with variable domains.

.,E)

Theorem A.8 (Convergence in aC(M, =), Noda, 2024a, Theorem 3.30). Let f, f1, fa,... be elements
of ac(M, E). The following conditions are equivalent.
(i) The functions f, converge to f in the compact-convergence topology with variable domains.
(ii) The sets dom(f,) converge to dom(f) in the Hausdorff topology in M, and there exist func-
tions gn,g € C(M,Z) such that gnlaom(f,) = fn, Glaom(r) = [ and gn — g in the compact-
convergence topology.
(iii) The sets dom(f,) converge to dom(f) in the Hausdorff topology in M, and, for any x, €
dom(f,) and x € dom(f) with x, — x, it holds that f,(x,) — f(z).

Using the compact-convergence topology with variable domains, we can state rigorously the con-
vergence of canonical maps associated with fused resistance metric spaces as follows. For notational
convenience, we write 72VP¥ for the product structure of 2N copies of 7P!, as recalled from (S2)
and (57).

Theorem A.9. Let (F,, Ry, pn), n > 1 and (F, R, p) be rooted compact resistance metric spaces.
Let (agf), bgf))f\il and (@, 6NN | be distinct elements of Fy, and F, respectively. Assume that

(Fn’ an Pns (a(Z) b(z))z]\il) — (Fa Ra P (a(i)a b(Z))i\il)

n rn
in Re(T2NPS) . Write (E,, Ry) and (F, R) for the resistance metric spaces fused over {{ag), bg)}}i]\il
and {{a® bV respectively. Let m,: Fy, — F,, and w: F — F be the associated canonical maps,
and set pn, = mp(pn) and p = w(p). Then there exist rooted compact metric spaces (M, d™ . par)
and (]\Zf,dM,pM) satisfying the following:
(i) (Fyn, R, pn) and (F, R, p) are embedded isometrically into (M,d™, pyr) in such a way that
pn = p = pm as elements of M, F,, — F in the Hausdorff topology on M, and ag) — a®
and bg) — b9 in M for each i;
(ii) (Ey, Rn,pn) and (F, R, p) are embedded isometrically into (M, dM,pM) in such a way that
pn = p = py; as elements of M and Fy, — F in the Hausdorff topology on M ;
(iii) if we regard 7, and 7 as elements of a(M, M) by the above embeddings, then m, — m in
C(M,M).
To prove the above result, for each boundedly-compact metric space M, we define a structure
7C(M:) a5 follows.
e For each boundedly-compact metric space (S,d®), set TéC(M")(S) = Ce(M, S).
e For each distance-preserving map f: .S; — S between boundedly-compact metric spaces,

TfC(M")(g) == fog for each g € Ce(M, S1).

Following the proof of Noda (2024a, Theorem 8.27), one can readily verify that 7Ce(M,) s Polish.
Lemma A.10. For each boundedly-compact metric space M, the structure 7C(M.) s Polish.

Proof: Following the proof of Noda (2024a, Theorem 8.27), one can readily verify that 7Ce(M,) i
Polish. (Indeed, the desired result is deduced by replacing ¥(X) with the fixed space M in that
proof.) O

Below, we provide a precompactness criterion for the space R (TéC(M 7‘)).
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Lemma A.11. A non-empty subset {Xy = (Sqa,d®, pa, fa) | @ € A} of ﬁ.(Tac(M")) is precompact
if and only if the following conditions are satisfied.
(i) The subset {(Sqa,d", pa) | @ € A} is precompact in pointed the Gromov—Hausdorff topology
(recall this from Remark 5.11).
(ii) It holds that

lim sup  sup  d*(fa(2), fa(y)) = 0.
d—00 a€Az,yedom(fo)
dM(z,y)<s
Proof: Similarly to Lemma A.10, following the proof of Noda (2024a, Theorem 8.29), we deduce
the desired result. O

Proof of Theorem A.9: By the assumption and Theorem 3.9, we can find a rooted compact metric
space (M,dM, pyr) where (Fy,, Ry, p,) and (F, R, p) are embedded isometrically in such a way that
pn = p = pu as elements of M, F,, — F in the Hausdorff topology, and (a,(f), bg)) — (a®,b®) in
M x M for all i. We have from (A.1) that
limsup sup ];?n(ﬁn(;r),wn(y)) < limd =0.
6=0n>1 zyeF, 0—0
Ry (z,y)<0

By Lemma A.11, {(Fn, Rn, pn, Tn) n>1 18 precompact in Ro(7CM)) Tt remains to show that the
the limit of any convergent subsequence is (F R, p, 7). So, we assume that (Fn, Rn, pn, T ) Cconverges
to (K,d", px,mx). It is enough to prove that (K,d¥, px, mx) is equivalent to (F, R, 5, 7). We may
assume that (ﬁ’n, R,. pn) and (K, ¥, p k) are embedded isometrically into a common rooted compact
metric space (M,dM,pM) in such a way that p, = px = p;; as elements of M, F, — K in the
Hausdorft topology in M, and 7, — 7g in a(M, M). Since dom(m,) = F, — F, we have from
Theorem A.8 that dom(7) = F. Moreover, the convergences of m, to mx and of p,, to p in M imply
that 7, (pn) — 7K (p). However, we have that 7, (pn) = pn = pKk, and so it holds that 7x(p) = pxk.
Fix x,y € F. Since F,, — F in the Hausdorff topology in M, there exist x,,y, € F, such that
xn — x and y, — y in M. Then, from Croydon (2018, Proof of Proposition 8.4), we deduce that

JLH;O Rn(ﬂn(xn)v Tn(yn)) = R(W(I)y m(y)).
On the other hand, by Theorem A.8, we have that
Tim_d (m (20), 7 () = @M (i (2), 7 (1),

It follows that
R(r(x),7(y)) = d™ (mx (x), 7 (y))-

Thus, there exists a unique map f: F — K such that f o1 = mx. From the above equation, it is
easy to check that f is distance-preserving. Recalling that 7x(p) = px, we deduce that f is root-
preserving, i.e., f(p) = px. It remains to prove that f is surjective, which is equivalent to showing
that 7 is surjective. Fix y € K. We choose y,, € Fn so that y, — y in M. Let T, € F, be such
that m,(x,) = yn. By the compactness of M, we can find a subsequence (ny,);>1 satisfying z,, — «
in M for some x € F. From Theorem A.8, it holds that my, (z,,) = 7k (x). Thus, 7x(z) =y,
which shows that 7 is surjective. O

We next consider fused electrical networks. Let G be an electrical network with finite vertex set
V. Fix a collection I' = {V;} X, of non-empty disjoint subsets of Vi and write

N N
Ve = (vc U V> uJtvi

i=1
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Define an electrical network G with vertex set Ve = Vg by setting the conductance pz as follows:

N
pa(@,y) = pa(z,y), =yeVe\|JVi
=1
N
)= paly), weVo\lJVi
yeV; =1
cVis Vi)=Y > nalz,y), i#j

zeV; yeV;

The canonical map 75: Vg — Vi is given by nz(z) := x for z € Vg \ Uf;l V; and w5 (z) = V; for
x € V;. We refer to G as the electrical network G fused over I'. Tt is easy to check that Ve, Re)
coincides with the resistance metric space (Vg, Rg) fused over I'. (Indeed, the associated resistance
forms coincide.)

Proposition A.12. Let G be an electrical network with finite vertex set V. Fiz two distinct vertices
a,b € Vg such that p(a,b) > 0. Write G for the electrical network G fused over Vy = {a,b}. Let
m: Vg — Vi be the canonical map. Then, it holds that, for any x,y € Vg,

Rg(n(x),7(y)) < Ra(w,y) < Rg(n(2),7(y)) + nela,0)~". (A.2)

Proof: Fix x,y € Vg with ¢ # y. If 7(x) = n(y), then x = y or {z,y} = {a,b}. Thus, the assertion
is straightforward as we have that Rg(x,y) < ug(a,b)~!. Henceforth, we assume that 7(x) # 7 (y).
Let f: Vi — R be such that Ra(m(z),7(y)) = SG(]F, 7Y f(r(x)) =1, and f(n(y)) = 0. Define
[+ Vg — R by setting fly\y, = f|V\{V0} and fly, = f(Vo). Tt is the case that

R(;(x,y)_l < gG(fa f)
—2 Y kU@ - @R Y Y aew)(f(E) - fw))?

z,weVe\Vo zeVa\Vo weWo

:% S e w)(f) = Fw)?+ Y palz Vo) (f(z) — F(Vo)?
z,weVa\{VWo} 2eVe\{Vo}

=E4(f, )

= Ry(rn(x),(y)) ™.

Therefore, the first inequality of (A.2) follows.

To prove the second inequality, we use Thomson’s principle. For details, see Levin and Peres
(2017), for example. We first consider the case where z,y ¢ V. Let 7 be the unit current flow from
z to y on G. We then define a flow i from z to y on G as follows:

i(z,w) =1z, w), zwe Vg\Vsuch that z ~w,
_ /"G(zaa)
HG(Zva) +MG(Zab)

. pa(z,b) B
b) = h that z ~ b
i(2,b) 16 a) + g (2.D) 1z, Vo), z€ Vg \ W such that z ~ b,

i(a,b) = — Z i(a,z).

2€Va\Vo

1(z, Vo), =€ Vg\ VW such that z ~ q,
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For non-negative real numbers s, ¢, we have that |s — ¢| < sV t. This yields that

li(a,b)] <max{ > i(Vo,2), — > i(Vo,z) p < L.

i(Vo,2)>0 (Vo,2)<0

By Thomson’s principle, we deduce that

Rolw) <3 3 maGw) i+ Y palew) i) + agleb) tila,h)?

Z,WEV\VO ZEV\V(),UJEVO
zZ~ow zvw
1 -1~ 2 —1~
LY e Y e Vo) 0+ (e, h) i, )?
z,weV\Vy zeV\W
2w 2~ Vo

= Ry(x,y) + pe(a,b) ™

Next, we consider the case where x ¢ Vp and y € V5. We may assume that y = a. Let 7 be the unit
current flow from Vj to x on GG. We then define a flow i from a to z on G as follows:

i(z,w) =1z,w), zweVg\Vsuch that z~ w,
pa(a, )
pa(a, z) + pa (b, z)

: pa (b, 2) .
b,z) = Ve \' W h that z ~ b
i(b, 2) (@) +aal Z)Z(Vb,z), z € Vg \ Vp such that z ~ b,

i(a,b) = Z i(b, 2).

ZEVG\VQ

i(a,z) =

Vo, 2), ze€ Vg \ Vpsuch that z ~ a,

Then, by the same argument as before, one can check that R (a, ) < Ra(w,y)+pa(a,b)~!. Hence,
we complete the proof. O

For electrical networks, besides fusing, another natural operation can be considered: adding
edges. For each n > 1, let G,, be an electrical network with finite vertex set such that ug, (z,y) =1

if ,an (x,y) >0 (i.e., any positive conductance is 1). Fix N € N and agn),bl(-n) € Vg, such that

{aln , 1” 1. {a ) p() ~ | are distinct subsets of Vi,. Define an electrical network G,, with vertex
set Vg = VG by settlng conductances as follows:
o) = ua,x ) 1 () = (a0,
pé, (2,y) =
G (T,y), otherwise.

In other words, G, is obtained by attaching a new edge between al(-n) and b(n) (if there are multiple
edges, then those edges are replaced by a single edge with conductance 2). We let ps = pg.

Theorem A.13. Assume the above setting. Let (F, R, p) be a rooted compact resistance metric, ai,
bi,...,an, by be distinct elements of F', and [ be a Radon measure on F' x R>q. Assume that

(VGn,Oé RGn710Gn76 MG 7( (n) b(n)) ) - (Fa Rvpa,ua (azabz)i\il)

in the space Rq(TMin(XR20) 5 22ND8) yuhere (ay,)p>1 and (Bn)n>1 are sequences of positive numbers
with ay, A B, — 0o. Then, it holds that

(Va,»on' Ra, 06, B ik, ) = (F. R, p,jro (x x idg,) ")

in the space R.(TMﬁnE'XRZO)), where (F,R) is the resistance metric space (F,R) fused over
{{ai, b }}Y,, 7: F — F is the canonical map, and we set p = m(p).
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Proof: Write G, for the electrical network G,, fused over {{agn), bgn)}}ij\il, and m,: Vg, — Vg for
the canonical map. Set pg = mn(pa, ). By Theorem A.9, we may assume the following:

e (Va,,a, Ra, , pg,) and (F, R, p) are embedded isometrically into a common rooted compact
metric space (M, dM, pys) in such a way that Vg, — F in the Hausdorff topology, pg, =

(n) (") _, b; in M for each

p = pyr as elements of M, Bgl/lgn — [ weakly, and a; ’ — a; and b;
i
° (Vé’n’ o, 1Rén , pén) and (F', R, p) are embedded isometrically into a common rooted compact
metric space (]\Zf, am, py7) in such a way that pa, = P = pyy as elements of M, and Ve, — F
in the Hausdorff topology; R .
e if we think of 7, and 7 as elements of C'(M, M) by the above embeddings, then 7, — 7 in
C(M,M).
Since 7, x idg,, — 7 x idg, in C(M x Rxq, M x Rx), we deduce that 8,4 o (1, x idr.,)”
fro (mx idRZo)_l weakly. Hence, it holds that

b

(V@n,a#R@n,p@naﬂﬁlﬂﬁn o (mp x idr,,) ") = (F, R, p, jro (x x idg_,) ")
in the space R, (7Min(xR20)) Hence, it suffices to show that the distance between
(Vénaa;IRénapénaﬁglp’gn © (7'('” X idRzo)_l) and (Vén’a’rleén’pén’Bglﬂgn)

in the space ﬁ.(TMﬁ“('XRZO)) converges to 0. This is easily proven by Proposition A.12 and the
following:

limsupo,,' sup pg, (agn), bl(.n))_1 <limsupa,! =0.
n—o0 1<i<N n—o00
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