
ALEA, Lat. Am. J. Probab. Math. Stat. 23, 155–219 (2026)
DOI: 10.30757/ALEA.v23-08

Aging and sub-aging for Bouchaud trap models on resis-
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Abstract. In this paper, we prove that if a sequence of electrical networks converges in the local
Gromov–Hausdorff topology and satisfies a non-explosion condition, then the associated Bouchaud
trap models (BTMs) also converge and exhibit aging. Moreover, when local structures of electrical
networks converge, we prove sub-aging. Our results are applicable to a wide class of low-dimensional
graphs, including the two-dimensional Sierpiński gasket, critical Galton-Watson trees, and the crit-
ical Erdős-Rényi random graph. The proof consists of two main steps: Polish metrization of the
vague-and-point-process topology and showing the precompactness of transition densities of BTMs.

1. Introduction

Aging refers to the phenomenon in which a system never reaches equilibrium on laboratory time
scales, and is typically observed in disordered media such as spin glasses at low temperatures. This
out-of-equilibrium physical behavior has been of great interest in condensed matter physics for over
thirty years and has been much discussed in the literature; for the physical background see Bouchaud
et al. (1997), for example.

Research on aging in mathematics began about twenty years ago, and aging has been proven in
several spin glass models: see Ben Arous (2002); Mathieu and Mourrat (2015) and the references
therein. To understand the mechanism of aging, Bouchaud (1992) proposed a toy model, now
called the Bouchaud trap model (BTM). Over several papers, Ben Arous and Černý studied aging
in the Bouchaud trap model (BTM), and their results are summarized in Ben Arous and Černý
(2006). The BTM treated in this article is set out in Definition 1.4 below, but, for discussion,
here we introduce a simplified version of it. The (symmetric and simplified) Bouchaud trap model
refers to a Markov chain on a randomly weighted graph defined as follows: fix a connected, simple,
undirected graph G = (V,E) with finite vertex set V and edge set E; let ν = (ξx)x∈V be a family
of i.i.d. positive random variables built on a probability space with probability measure P such that
uαP(ξx > u) → 1 as u→ ∞ for some α ∈ (0, 1); conditional on ν, the BTM is the continuous-time

Received by the editors December 11th, 2024; accepted December 2nd, 2025; published under license CC BY 4.0.
2010 Mathematics Subject Classification. 60K37, 28A33, 60J27, 60J35, 82B41, 82D30.
Key words and phrases. Bouchaud trap model, aging and sub-aging, resistance metric space, vague-and-point-

process topology.
The author has been supported by JSPS KAKENHI Grant Number JP 24KJ1447 and the Research Institute for

Mathematical Sciences, an International Joint Usage/Research Center located in Kyoto University.
155

http://alea.impa.br/english/index_v23.htm
https://doi.org/10.30757/ALEA.v23-08
https://creativecommons.org/licenses/by/4.0/


156 Ryoichiro Noda

Markov chain (Xν , {P ν
x }x∈V ) on V whose jump rate wxy is given by wxy := ξ−1

x if {x, y} ∈ E and
otherwise wxy := 0. The idea to quantify aging is to consider a suitably chosen two-point function
C(tw, tw+ t) of Xν between times tw and tw+ t. It has been observed that good two-point functions
are given by, for example,

C1(tw, tw + t) := E
[
P ν
(
Xν(tw) = Xν(tw + t)

)]
,

C2(tw, tw + t) := E
[
P ν
(
Xν(tw) = Xν(tw + s), ∀s ∈ [0, t]

)]
,

where E denotes the expectation with respect to P. Physical experiments that are represented by
this model suggest that C(tw, tw + t) only depends on t/h(tw) (for sufficiently large tw), where
h is an increasing function. Therefore, aging is proven by showing the existence of the following
non-trivial limit:

R(θ) = lim
tw→∞

C(tw, tw + θh(tw)).

If h(tw) = tw, then it is called (full) aging, and if h(tw) = o(tw), then it is called sub-aging.
In Ben Arous and Černý (2005, 2008); Ben Arous et al. (2006), Ben Arous, Černý and Mountford

studied the BTM for G = Zd with nearest neighbor edges, proving aging for C1 and sub-aging for
C2, as defined above. In particular, it was found that the descriptions of the limits of the two-point
functions are significantly different between d = 1 and d ≥ 2. This is due to the difference in
the scaling limits of the BTMs. When d = 1, the scaling limit of the BTM is a Markov process
called Fontes–Isopi–Newman (F.I.N.) diffusion, firstly proven in Fontes et al. (2002). On the other
hand, when d ≥ 2, it converges to a non-Markovian process called the fractional-kinetics process
Ben Arous and Černý (2007). This suggests that the BTMs can be divided into low-dimensional
and high-dimensional regimes. Ben Arous and Černý generalized their discussions of the BTM on
Zd with d ≥ 2 and obtained a method to prove (sub-)aging for a class of high-dimensional graphs,
including complete graphs. Example graphs in the low-dimensional regime other than Z were found
by Croydon, Hambly, and Kumagai (2017). Using the theory of resistance forms developed by
Kigami (2001, 2012), they obtained that if a sequence of graphs converges in the local Gromov–
Hausdorff-vague topology (introduced in Section 3) as resistance metric spaces equipped with the
counting measures and if it satisfies the uniform volume doubling (UVD) condition (see Croydon
et al., 2017, Definition 1.1), then the associated BTMs converge. In particular, their results are
applicable to the (two-dimensional) Sierpiński gasket. However, (sub-)aging results were left open.
In this paper, we improve their results by replacing the UVD condition with a weaker condition,
the non-explosion condition introduced in Croydon (2018). Moreover, we show (sub-)aging for the
associated BTMs. Our results are applicable to a wide class of low-dimensional graphs, including
the Sierpiński gasket, the critical Galton-Watson tree, and the critical Erdős-Rényi random graph.

To present our main results, we begin by introducing several pieces of notation. We write R≥0 :=
[0,∞), R>0 := (0,∞) and Z≥0 := Z ∩ R≥0. For a, b ∈ R, we write a ∨ b := max{a, b} and
a ∧ b := min{a, b}. Given a metric space (S, d), we set, for each x ∈ S and r > 0,

BS(x, r) = Bd(x, r) := {y ∈ S | d(x, y) < r}, DS(x, r) = Dd(x, r) := {y ∈ S | d(x, y) ≤ r}. (1.1)

We say that (S, d) is boundedly compact if and only if DS(x, r) is compact for all x ∈ S and r > 0.
Note that a boundedly-compact metric space is complete, separable and locally compact. A tuple
(S, d, ρ, µ) is said to be a rooted-and-measured boundedly-compact metric space if and only if (S, d)
is a boundedly-compact metric space, ρ is a distinguished element of S called the root, and µ is a
Radon measure on S, that is, µ is a Borel measure on S such that µ(K) < ∞ for every compact
subset K. Given a rooted-and-measured boundedly-compact metric space G = (S, d, ρ, µ), for each
r > 0, we define a rooted-and-measured compact metric space G(r) = (S(r), d(r), ρ(r), µ(r)) by setting

S(r) := cl(Bd(ρ, r)), d(r) := d|S(r)×S(r) , ρ(r) := ρ, µ(r)(·) := µ(· ∩ S(r)), (1.2)
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where cl(·) denotes the closure of a set. We write G for the collection of rooted-and-measured
isometric equivalence classes of rooted-and-measured boundedly-compact metric spaces and equip
G with the local Gromov–Hausdorff-vague topology. (See Section 3 for details).

Our argument relies on the theory of resistance forms. Here we will prepare the minimum
necessary information on resistance forms in order to state our main results. See Section 4 for
details. Let (F,R) be a regular resistance metric space and write (E ,F) for the corresponding
regular resistance form. Given a Radon measure µ on F of full support, there exists a related
regular Dirichlet form (E ,D) on L2(F, µ) and also an associated strong Markov process (Xµ =
(Xµ

t )t≥0, {Pµ
x }x∈F ), which we call the process associated with (F,R, µ) (it is known that the process

Xµ can be chosen so that it is a Hunt process). We note that if the resistance metric R is recurrent
in the sense of Definition 4.7 below, then it is automatically regular (Noda, 2024b, Corollary 3.26).

We next introduce electrical networks and associated resistance forms.

Definition 1.1 (Electrical network). Let (V,E) be a connected, simple, undirected graph with
finite or countably many vertices, where V denotes the vertex set and E denotes the edge set. (NB.
A graph being simple means that it has no loops and no multiple edges.) For x, y ∈ V , we write
x ∼ y if and only if {x, y} ∈ E. Let {µ(x, y)}x,y∈V be a family of non-negative real numbers such
that µ(x, y) = µ(y, x) for all x, y ∈ V , µ(x, y) > 0 if and only if x ∼ y, and

µ(x) :=
∑
y∈V

µ(x, y) <∞, ∀x ∈ V.

We call µ(x, y) the conductance on the edge {x, y} and (V,E, µ) an electrical network. Note that
the edge set E is uniquely determined by conductances. We equip V with the discrete topology and
define a Radon measure µ# as the counting measure on V , which is a Radon measure on V given
by

µ#(A) := #A =
∑
x∈V

δx(A) A ⊆ V,

where δx is the Dirac measure putting mass 1 at x. Given an electrical network G, we write VG,
EG, {µG(x, y)}x,y∈VG

, and µ#G for the vertex set, the edge set, the conductances, and the counting
measure, respectively. When we say that G is a rooted electrical network, there exists a distinguished
vertex, which we denote by ρG ∈ VG.

Definition 1.2 (Resistance form associated with electrical network). LetG be an electrical network.
For functions f, g : VG → R, we set

EG(f, g) :=
1

2

∑
x,y∈VG

µG(x, y)(f(x)− f(y))(g(x)− g(y))

(if the right-hand side is well-defined). We then set FG := {f ∈ RVG | E(f, f) < ∞} and, for each
x, y ∈ F ,

RG(x, y) := sup{E(f, f)−1 | f ∈ F , f(x) = 1, f(y) = 0},
where we define sup ∅ := 0.

We note that, for any electrical network G, the pair (EG,FG) is a regular resistance form, RG

is the corresponding resistance metric, and the topology on VG induced from RG is the discrete
topology (see Noda, 2024b, Theorem 4.1). We say that G is a recurrent electrical network if RG

is a recurrent resistance metric in the sense of Definition 4.7. Given an electrical network G and
a measure ν on VG of full support, we write Xν

G = (Xν
G(t))t≥0 for the process associated with

(VG, RG, ν). By Noda (2024b, Theorem 4.1), Xν
G is the minimal continuous-time Markov chain on

VG with generator

(∆ν
Gf)(x) :=

∑
y∈VG

µG(x, y)

ν({x})
(f(y)− f(x)).
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Now, we define the (symmetric) Bouchaud trap model on an electrical network. Throughout this
paper, we fix a constant α ∈ (0, 1).

Definition 1.3 (The random variable ξ). Let ξ be a positive random variable built on a probability
space with probability measure Pξ such that there exists a slowly varying function ℓ satisfying
Pξ(ξ ≥ u) = u−αℓ(u) for all u > 0.

Definition 1.4 (The Bouchaud trap model). Fix an electrical network G. Let {ξGx }x∈VG
be i.i.d.

random variables with ξGx
d
= ξ. Set νG :=

∑
x∈VG

ξGx δx, which is a random measure on VG. Con-
ditional on νG, the (symmetric) Bouchaud trap model (BTM) is defined as the continuous-time
Markov chain XνG

G . The random measure νG is called a trap.

Our first result concerns BTMs for a convergent sequence of deterministic (scaled) electrical
networks. For each n ∈ N, let Gn be a rooted recurrent electrical network such that (VGn , RGn) is
boundedly compact. We simply write

Vn := VGn , µn := µGn , µ#n := µ#Gn
, ρn := ρGn , Rn := RGn , νn := νGn , Xνn

n := X
νGn
Gn

We write Pn for the underlying probability measure of the random measure νn. Let (an)n≥1 and
(bn)n≥1 be two sequences of positive real numbers with an ∧ bn → ∞. We then define

cn := inf{u > 0 | Pξ(ξ > u) < b−1
n }.

Assumption 1.5.
(i) It holds that

(Vn, a
−1
n Rn, ρn, b

−1
n µ#n ) → (F,R, ρ, µ)

in the local Gromov–Hausdorff-vague topology for some (F,R, ρ, µ) ∈ G, where µ is of full
support and non-atomic, that is, µ({x}) = 0 for all x ∈ F .

(ii) It holds that
lim
r→∞

lim inf
n→∞

a−1
n Rn(ρn, BRn(ρn, anr)

c) = ∞.

Under Assumption 1.5, the limiting metric space (F,R) is a recurrent resistance metric space
(see Noda, 2024b, Theorem 5.1). Given a Radon measure ν on F of full support, we write Xν =
(Xν(t))t≥0 for the process associated with (F,R, ν). For the description of the limit of Bouchaud
trap modelsXνn

n , we define a random measure ν on F as follows. Let π be a Poisson random measure
on F × R>0 with intensity measure µ(dx)αv−1−αdv defined on a probability space equipped with
probability measure P. We then define a random measure ν on F by setting

ν(A) :=

∫
1A(x)v π(dx dv), ∀A ∈ B(F ),

where B(F ) denotes the collection of Borel subsets of F . The random measure ν is a fully-supported
Radon measure almost surely (see Lemma 6.1 below) and is an analogue of the F.I.N. measure, the
speed measure of the F.I.N. diffusion. The random measures π and ν are the limits of traps. More
precisely, in Section 6, it will be proven that, under Assumption 1.5, (πn, c−1

n νn)
d−→ (π, ν), where

πn is given by

πn :=
∑
x∈Vn

δ(x,c−1
n νn({x})).

Note that the convergence of πn to π contains information of atoms of traps, which the convergence
of c−1

n νn to ν does not guarantee.
Write X̃νn

n (t) := Xνn
n (ancnt) and define L̃νn

n to be the law of X̃νn
n under P νn

ρn , i.e.,

L̃νn
n (·) := P νn

ρn

(
(X̃νn

n (t))t≥0 ∈ ·
)
.
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Note that conditional on νn, L̃νn
n is a probability measure on D(R≥0, Vn), which denotes the space of

cadlag functions with values in Vn equipped with the usual J1-Skorohod topology. Since P νn
ρn (X

νn
n ∈

·) is measurable with respect to νn (see Noda, 2025+, Proposition 6.1), L̃νn
n is a random element of

P(D(R≥0, Vn)), which is defined to be the space of the probability measures on D(R≥0, Vn) equipped
with the weak topology. Similarly, we define

Lν(·) := P ν
ρ (X

ν ∈ ·),

which is a random element of P(D(R≥0, F )).
For aging, we consider the following two-point functions:

Φ̃νn
n (s, t) := P νn

ρn

(
X̃νn

n (s) = X̃νn
n (t)

)
, Φν(s, t) := P ν

ρ

(
Xν(s) = Xν(t)

)
for s, t > 0. We note that Φ̃νn

n and Φν are continuous (see Section 5). In the first result below,
we obtain that the BTMs X̃νn

n and the associated aging functions Φ̃νn
n converge to Xν and Φν ,

respectively.

Theorem 1.6. Under Assumption 1.5, it holds that(
Vn, a

−1
n Rn, ρn, b

−1
n µ#n ,Pn

(
(c−1

n νn, L̃νn
n , Φ̃

νn
n ) ∈ ·

))
→
(
F,R, ρ, µ,P

(
(ν,Lν ,Φν) ∈ ·

))
(1.3)

in the space M•(τ
M×τP(τM

dis×τP(τJ1)×τC(R2
>0,R≥0))) (defined in Section 3 below). In particular,

Φ̃νn
n

d−→ Φν in C(R2
>0,R≥0) with respect to the compact-convergence topology, where the limit is

positive with probability 1.

Remark 1.7. Fix s, t > 0. Since Φ̃νn
n (s, t) ≤ 1, the family (Φ̃νn

n (s, t))n≥1 of random variables is
uniformly integrable. Combining this with Theorem 1.6, we obtain that

lim
n→∞

En

[
Φ̃νn
n (s, t)

]
= E

[
Φν(s, t)

]
,

where En and E denote the expectations with respect to Pn and P, respectively. This recovers the
aging result of Fontes et al. (2002).

For sub-aging, we additionally assume convergence of local structures of electrical networks.
Roughly speaking, we assume that a uniformly chosen vertex and the total conductance at the
vertex converge jointly; this assumption is precisely stated below. Given an electrical network G,
we define a map ψG : VG → VG × R≥0 by setting

ψG(x) := (x, µG(x)), x ∈ VG. (1.4)

Write µ̇#G for the pushforward measure of µ#G by ψG, which is a Radon measure on VG × R≥0. We
emphasize that µ̇#G is a natural object in terms of graph theory. Indeed, if G is a simple electrical
network, that is, µG(x, y) = 1 if µG(x, y) > 0, then µ̇#G(A × {k}) is the number of vertices in
A ⊆ VG whose degree is k. From this observation, one can see that the measure µ̇# carries more
information than the counting measure. We simply write µ̇#n := µ̇#Gn

, and, for sub-aging, we assume
the convergence of µ̇#n instead of that of the counting measures µ#n .

Assumption 1.8. Assumption 1.5(ii) is satisfied, and

(Vn, a
−1
n Rn, ρn, b

−1
n µ̇#n ) → (F,R, ρ, µ̇)

for some (F,R, ρ, µ̇) ∈ M•(τ
M(·×R≥0)) in the space M•(τ

M(·×R≥0)) (defined in Section 3 below).
Moreover, the measure µ on F defined by

µ(A) := µ̇(A× R≥0), ∀A ∈ B(F ),

is of full support and non-atomic.
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Under Assumption 1.8, we let π̇(dx dw dv) be the Poisson random measure on F × R≥0 × R>0

with intensity measure µ̇(dx dw)αv−1−αdv defined on a probability space with probability measure
P. Define a random measure ν on F by setting

ν(A) :=

∫
1A(x)v π̇(dx dw dv), ∀A ∈ B(F ).

Then, ν is a fully-support Radon measure almost surely (see Lemma 6.4 below). In Section 6, it
will be proven that, under Assumption 1.8, (π̇n, c−1

n νn) → (π̇, ν), where π̇n is given by

π̇n :=
∑
x∈Vn

δ(x,µn(x),c
−1
n νn({x})).

Note that π̇n contains information of local structure: the total conductance at every vertex.
For sub-aging, we consider the following two-point function:

Ψ̃νn
n (s, t) := P νn

ρn

(
Xνn

n (ancnt) = Xνn
n (ancnt+ t′), ∀t′ ∈ [0, cns]

)
for s ≥ 0, t > 0. By the Markov property and the fact that the waiting time of Xνn

n at x has the
exponential distribution with mean νn({x})/µn(x), we deduce that

Ψ̃νn
n (s, t) = Eνn

ρn

[
exp(−µn(X̃νn

n (t))s/c−1
n νn(X̃

νn
n (t)))

]
=

∫
e−ws/vP νn

ρn (X̃
νn
n (t) = x) π̇n(dx dw dv).

Following this expression, we define

Ψν(s, t) :=

∫
e−ws/vP ν

ρ (X
ν(t) = x) π̇(dx dw dv)

for s ≥ 0, t > 0. We note that the functions Ψ̃νn
n and Ψν are continuous on R≥0 × R>0 (see

Section 5). Under Assumption 1.8, we obtain not only the same aging result as Theorem 1.6, but
also a sub-aging result, that is, Ψ̃νn

n converges to Ψν .

Theorem 1.9. Under Assumption 1.8, it holds that(
Vn, a

−1
n Rn, ρn, b

−1
n µ̇#n ,Pn

(
(c−1

n νn, L̃νn
n , Φ̃

νn
n , Ψ̃

νn
n ) ∈ ·

))
→
(
F,R, ρ, µ̇,P

(
(ν,Lν ,Φν ,Ψν) ∈ ·

))
(1.5)

in the space M•(τ
M(·×R≥0) × τP(τ

Mdis × τP(τ
J1)× τC(R2

>0,R≥0) × τC(R≥0×R>0,R≥0))). In particular,
Ψ̃νn

n
d−→ Ψν in C(R≥0 × R>0,R≥0), where the limit is positive with probability 1.

Remark 1.10. Similarly to Remark 1.7, from Theorem 1.9, we obtain the convergence of the annealed
sub-aging functions, i.e., for any s ≥ 0 and t > 0,

lim
n→∞

En

[
Ψ̃νn

n (s, t)
]
= E

[
Ψν(s, t)

]
.

Remark 1.11. By definition, the waiting time of the BTM XνG
G at a vertex x is determined by

the trap νG({x}) and a 1-neighbor local structure of G, that is, the total conductance µG(x) =∑
y∼x µG(x, y). This is the reason why we assume the convergence of µ̇#n in Assumption 1.8.

Even when one considers other trap models, it seems possible to derive similar results by assuming
convergence of corresponding local structures. (For a generalized trap model, see Ben Arous et al.,
2015.)

Next, we consider random electrical networks. Namely, we assume that (Vn, Rn, ρn, µn) is a
random element of G and we denote its underlying probability measure by Pn. For aging, we
consider a random version of Assumption 1.5, given below.
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Assumption 1.12.
(i) It holds that

(Vn, a
−1
n Rn, ρn, b

−1
n µ#n )

d−→ (F,R, ρ, µ)

in the local Gromov–Hausdorff-vague topology for some random element (F,R, ρ, µ) of G,
where µ is of full support and non-atomic with probability 1.

(ii) It holds that

lim
r→∞

lim inf
n→∞

Pn

(
a−1
n Rn(ρn, BRn(ρn, anr)

c) > λ
)
= 1, ∀λ > 0.

Theorem 1.13. Under Assumption 1.12, the convergence (1.3) holds in distribution.

Remark 1.14. Similarly to Remark 1.7, under Assumption 1.12, we deduce from Theorem 1.13 that,
for any s, t > 0, En

[
Φ̃νn
n (s, t)

] d−→ E
[
Φν(s, t)

]
and

lim
n→∞

En

[
En

[
Φ̃νn
n (s, t)

]]
= E

[
E
[
Φν(s, t)

]]
.

where En and E denote the expectations with respect to Pn and P, respectively.

For sub-aging, we consider a random version of Assumption 1.8, given below.

Assumption 1.15. Assumption 1.12(ii) is satisfied, and there exists a random element (F,R, ρ, µ̇)
of M•(τ

M(·×R≥0)) such that

(Vn, a
−1
n Rn, ρn, b

−1
n µ̇#n )

d−→ (F,R, ρ, µ̇) (1.6)

in the space M•(τ
M(·×R≥0)). Moreover, a measure µ on F defined by

µ(A) := µ̇(A× R≥0), ∀A ∈ B(F )
is of full support and non-atomic with probability 1.

Theorem 1.16. Under Assumption 1.15, the convergence (1.5) holds in distribution.

Remark 1.17. Similarly to Remark 1.7, under Assumption 1.15, we deduce from Theorem 1.16 that,
for any s ≥ 0 and t > 0, En

[
Ψ̃νn

n (s, t)
] d−→ E

[
Ψν(s, t)

]
and

lim
n→∞

En

[
En

[
Ψ̃νn

n (s, t)
]]

= E
[
E
[
Ψν(s, t)

]]
.

Remark 1.18. More generally than our BTMs, one can consider non-symmetric BTMs (cf. Ben Arous
and Černý, 2006, Definition 2.1). Fix a ∈ (0, 1] and an electrical network G. Conditional on νG,
the non-symmetric BTM with parameter a on G refers to the continuous-time Markov chain XνG

with generator

(∆νGf)(x) :=
∑
y∈VG

µG(x, y)(νG({x})νG({y}))a

νG({x})
(f(y)− f(x)).

If we define an electrical networkG′ by setting VG′ :=VG and µG′(x, y) :=µG(x, y)(νG({x})νG({y}))a,
then XνG is the process associated with (VG′ , RG′ , νG). Thus, when one considers a non-symmetric
BTM, the associated resistance metric becomes random and does not coincide with the resistance
metric on G. Our arguments work even for these non-symmetric BTMs, and similar results hold once
the corresponding assumptions with respect to associated resistance metrics are verified. However,
it is not easy to check in general, and so we only consider symmetric BTMs in this article.

In the proof of our main results, it is crucial to find a coupling of traps νn and ν so that c−1
n νn → ν

almost surely vaguely and in the point process sense, where we recall that the convergence in the
point process sense is notion of convergence of discrete measures introduced in Fontes et al. (2002,
Definition 2.2) and means convergence of atoms. When discrete measures converge both vaguely
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and in the point process sense, we say that they converge in the vague-and-point-process topology. In
that paper, where they prove the convergence of the scaled BTM on Z to the F.I.N. diffusion, they
constructed such a coupling by using Lévy processes and the usual J1-Skorohod topology. However,
their argument cannot be applied to general graphs. In this paper, we construct the coupling by
the Skorohod representation theorem (cf. Kallenberg, 2021, Theorem 5.31). Specifically, we first
show that the vague-and-point-process topology is Polish, that is, it is separable and completely
metrizable, which can be seen as an extension of the usual J1-Skorohod topology. Then it is an
immediate consequence of the Skorohod representation theorem that there exists a desired coupling
once the convergence c−1

n νn → ν in distribution is verified.
The remainder of the article is organized as follows. In Section 2, we prove that the vague-

and-point-process topology introduced above is a Polish topology. In Section 3, we introduce the
Gromov–Hausdorff-type topologies which are used to discuss convergence of objects on different
metric spaces. In Section 4, we recall some fundamental results about the theory of resistance forms
and study transition densities of processes on measured resistance metric spaces. In particular, it
is proven that if a family of measured resistance metric spaces is precompact in the local Gromov–
Hausdorff-vague topology, then the family of the transition densities of associated processes is
precompact. This result is used to prove the precompactness of two-point functions. In Section 5,
we prove that if deterministic traps converge in the vague-and-point-process topology, then the
(sub-)aging functions converge. Combining this result with the above-mentioned coupling of traps,
we establish the main results in Section 6. Finally, in Section 7, we present some examples to which
our main results are applicable.

2. The vague-and-point-process topology

Convergence of discrete measures in the vague-and-point-process topology means the convergence
both in the vague topology and in the point process sense (Fontes et al., 2002, Definition 2.2). In
Section 2.1, we recall fundamental results on the vague topology, and then we introduce and study
the vague-and-point-process topology in Sections 2.2 and 2.3.

For the following discussions, we introduce several pieces of notation. Given a topological space
S, B(S) denotes the totality of Borel subsets of S, idS denotes the identity map from S to itself,
and, for a subset A of S, ∂A = ∂SA denotes the boundary of A in S. For a function f : S → R,
we write ∥f∥∞ := sup{|f(x)| | x ∈ S}. Given two maps f : S1 → S2 and g : T1 → T2, we write
f × g : S1 × T1 → S2 × T2 by setting

(f × g)(x, y) := (f(x), g(y)), (x, y) ∈ S1 × T1.

2.1. The vague metric. In this subsection, we introduce the vague metric, which induces the vague
topology on the set of measures. Let (S, dS , ρS) be a rooted boundedly-compact metric space. Write
Mfin(S) for the set of finite Borel measures on S, which we equip with the weak topology. Recall
that the weak topology is induced from the Prohorov metric dSP given by

dSP (µ, ν) := inf{ε > 0 | µ(A) ≤ ν(A⟨ε⟩) + ε, ν(A) ≤ µ(A⟨ε⟩) + ε, ∀A ⊆ B(S)}, (2.1)

where we set
A⟨ε⟩ := {x ∈ S | ∃y ∈ A such that dS(x, y) ≤ ε}. (2.2)

Definition 2.1 (The vague metric dS,ρSV ). We denote the set of Radon measures on S by M(S).
For µ ∈ M(S), we write µ(r) for the restriction of µ to S(r) := cl(BS(ρ, r)), that is, µ(r) is a finite
Borel measure given by

µ(r)(·) := µ|S(r)(·) = µ
(
· ∩ S(r)

)
.
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We then define, for each µ, ν ∈ M(S),

dS,ρSV (µ, ν) :=

∫ ∞

0
e−r

(
1 ∧ dSP (µ(r), ν(r))

)
dr. (2.3)

Theorem 2.2 (Noda, 2024a, Theorems 3.19 and 3.20). The function dS,ρSV is a complete, separable
metric on M(S). Let µ, µ1, µ2, . . . be Radon measures on S. Then the following conditions are
equivalent:

(i) µn converges to µ with respect to dS,ρSV ;
(ii) µ(r)n converges weakly to µ(r) for all but countably many r > 0;
(iii) µn converges vaguely to µ, that is, for all continuous functions f : S → R with compact

support, it holds that

lim
n→∞

∫
S
f(x)µn(dx) =

∫
S
f(x)µ(dx).

We call dS,ρSV the vague metric (with the root ρS). The distance between Radon measures with
respect to the vague metric is preserved under pushforward by root-and-distance-preserving maps,
as shown in Proposition 2.3 below. This is important for metrization of Gromov–Hausdorff-type
topologies in Section 3. Here, we note that, for two rooted boundedly-compact metric spaces
(Si, d

Si , ρSi), a map f : S1 → S2 is said to be root-preserving if f(ρS1) = ρS2 , and distance-preserving
if dS2(f(x), f(y)) = dS1(x, y) for all x, y ∈ S1.

Proposition 2.3 (Noda, 2024a, Proposition 3.24). Let (Si, d
Si , ρi), i = 1, 2, be rooted boundedly-

compact metric spaces and f : S1 → S2 be a root-and-distance-preserving map. Then, the map from
(M(S1), d

S1,ρS1
V ) to (M(S2), d

S2,ρS2
V ) given by µ 7→ µ ◦ f−1 is distance-preserving.

2.2. The space Mdis(S). In this subsection, we define the vague-and-point-process topology, which
yields jointly vague convergence and convergence in the point process sense introduced in Fontes
et al. (2002, Definition 2.2). In particular, various characterizations of this topology in terms of
convergence are given in Theorem 2.9.

Let (S, dS , ρS) be a rooted boundedly-compact metric space. Recall that a Radon measure ν is
called a discrete measure if it is written in the following form:

ν =
∑
i∈I

wiδxi , (2.4)

where I is a countable set, wi is a positive number, xi is an element of S such that xi ̸= xj if i ̸= j,
and δxi denotes the Dirac measure putting mass 1 at xi. The representation of (2.4) is called an
atomic decomposition of ν and is unique up to the order of terms (cf. Kallenberg, 2017, Lemma 1.6).
We say that ν is simple if wi = 1 for all i ∈ I. We write At(ν) = {xi}i∈I for the set of the atoms of
ν.

Proposition 2.4. Let ν, ν1, ν2, · · · be simple measures on S. For each compact subset K of S,
consider the following condition.
(VC) Write {xi}i∈IK = At(ν)∩K for the atoms lying in K. (NB. IK is a finite set.) Then, for all

sufficiently large n, we can write At(νn) ∩K = {x(n)i | i ∈ IK} in such a way that x(n)i → xi
for each i ∈ IK .

Then, the statements below are equivalent with each other.
(i) The measures νn converge to ν vaguely.
(ii) Any compact subset K of S with ν(∂K) = 0 satisfies (VC).
(iii) There exists an increasing sequence (Dk)k≥1 of relatively compact open subsets of S such

that
⋃

k≥1Dk = S, µ(∂DK) = 0 for each k, and each closure cl(Dk) satisfies (VC).
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Proof : Assume that (i) is satisfied. Fix a compact subset of F with ν(∂K) = 0. Since νn|K → ν|K
weakly, we have that νn(K) → ν(K) = #IK . Hence, for all sufficiently large n, #(At(νn) ∩K) =
#IK . Fix a small ε ∈ (0, 1) such thatDS(xi, 2ε) ⊆ K for each i ∈ IK andDS(xi, 2ε)∩DS(xj , 2ε) = ∅
if i ̸= j. Since we have that dSP (νn|K , ν|K) < ε for all sufficiently large n, we deduce from the
definition of the Prohorov metric that

1− ε ≤ νn({xi}⟨ε⟩) ≤ 1 + ε,

which implies that there is exactly one atom of νn in DS(xi, ε), which is denoted by x(n)i . We then
have that At(νn) ∩K = {x(n)i | i ∈ IK} for all sufficiently large n. Fix i ∈ IK . Given η ∈ (0, ε),
by the same argument, one can check that for all sufficiently large n there is exactly one atom of
νn in DS(xi, η). Since DS(xi, η) ⊆ DS(xi, ε), the atom must be x(n)i . Therefore, we obtain that
x
(n)
i → xi.
The implication (ii) ⇒ (iii) is straightforward. Assume that (iii) is satisfied. Fix a compactly

supported continuous function f on S. Let Dk be such that Dk contains the support of f . Write
At(ν) ∩Dk = {xi}i∈IDk

and At(νn) = {x(n)i }i∈IDk
in such a way that x(n)i → xi for each i ∈ IDk

.
Then, since IK is finite, we deduce that

lim
n→∞

∫
f(x) νn(dx) = lim

n→∞

∑
i∈IDk

f(x
(n)
i ) =

∑
i∈IDk

f(xi) =

∫
f(x) ν(dx),

which establishes (i). □

Definition 2.5 (The space Mdis(S)). We define Mdis(S) to be the collection of discrete Radon
measures µ on S.

Given ν ∈ Mdis(S) written in the form (2.4), we define

p(ν) :=
∑
i∈I

δ(xi,wi). (2.5)

It is easy to check that p(ν) is a discrete Radon measure on S × R>0 by observing that there are
only finitely many atoms of p(ν) in any compact subset of S × R>0.

Before proceeding with the discussion of discrete measures, we make some technical remarks
regarding the space R>0. The space R>0 equipped with the usual Euclidean metric dR(v, w) = |v−w|
is not a boundedly-compact metric space. Indeed, (0, 1] is bounded and closed in R>0 but not
compact. Throughout this paper, we equip R>0 with another metric dR>0 given by

dR>0(v, w) := | log v − logw|, v, w ∈ R>0.

It is elementary to check that the topology on R>0 induced from dR>0 coincides with the Euclidean
topology and (R>0, d

R>0) is boundedly compact. We set 1 ∈ R>0 to be the root of R>0. Note that
the closed ball with radius r centered at 1 is [e−r, er]. We then think the product space S ×R>0 as
a rooted boundedly-compact metric space by equipping it with the root ρ̃S := (ρS , 1) and the max
product metric dS×R>0 given by

dS×R>0((x, v), (y, w)) := dS(x, y) ∨ dR>0(v, w), (x, v), (y, w) ∈ S × R>0. (2.6)

For ν1, ν2 ∈ Mdis(S), we define

dS,ρSMdis(ν1, ν2) := dS,ρSV (ν1, ν2) ∨ dS×R>0,ρ̃S
V (p(ν1), p(ν2)). (2.7)

Proposition 2.6. The function dS,ρSMdis is a metric on Mdis(S).

Proof : By Theorem 2.2, dS,ρSV is a metric on Mdis(S), which implies that dS,ρSMdis is positive definite.
Symmetry and the triangle inequality are obvious. □
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Definition 2.7 (The vague-and-point-process topology). We call the topology on Mdis(S) induced
by dS,ρSMdis the vague-and-point-process topology.

Below, we study the vague-and-point-process topology in terms of convergence.

Proposition 2.8. Let ν, ν1, ν2, . . . be elements of Mdis(S) such that νn → ν vaguely. Fix xn, x ∈ S
with xn → x. Then νn({xn}) → ν({x}) if and only if limδ↓0 lim supn→∞ νn(BS(xn, δ) \ {xn}) = 0.

Proof : Since νn → ν vaguely and xn → x, we have that, for each δ > 0,

ν(DS(x, δ)) ≥ lim sup
n→∞

νn(DS(x, δ)) ≥ lim sup
n→∞

νn({xn}).

Letting δ ↓ 0 yields that ν({x}) ≥ lim supn→∞ νn({xn}). Similarly, we deduce that

ν({x}) = lim
δ↓0

ν(BS(x, δ)) (2.8)

≤ lim
δ↓0

lim inf
n→∞

νn(BS(x, δ))

≤ lim
δ↓0

lim inf
n→∞

νn(BS(xn, 2δ)).

Moreover, we have that, for each δ > 0,

lim inf
n→∞

νn(BS(xn, 2δ)) ≤ lim sup
n→∞

νn(BS(xn, 2δ) \ {xn}) + lim inf
n→∞

νn({xn}). (2.9)

Thus, from (2.8) and (2.9), we obtain the “if” part of the assertion. For the other direction, suppose
that νn({xn}) → ν({x}). We then have that, for each δ > 0,

lim sup
n→∞

νn(BS(xn, δ) \ {xn}) = lim sup
n→∞

{
νn(BS(xn, δ))− νn({xn})

}
≤ lim sup

n→∞
νn(DS(xn, δ))− lim inf

n→∞
νn({xn})

≤ lim sup
n→∞

νn(DS(x, 2δ))− lim inf
n→∞

νn({xn})

≤ ν(DS(x, 2δ))− ν({x}),

where we use the vague convergence νn → ν to establish the last inequality. Letting δ ↓ 0 yields the
result. □

Theorem 2.9. Let ν, ν1, ν2, . . . be elements of Mdis(S). The following statements are equivalent:
(i) νn → ν in the vague-and-point-process topology;
(ii) νn → ν vaguely and p(νn) → p(ν) vaguely;
(iii) νn → ν vaguely and, for any x ∈ At(ν), there exist atoms xn ∈ At(νn) such that xn → x

and νn({xn}) → ν({x});
(iv) νn → ν vaguely and, for any x ∈ At(ν), there exist atoms xn ∈ At(νn) such that xn → x

and limδ→0 lim supn→∞ νn(BS(xn, δ) \ {xn}) = 0.

Proof : The equivalence of (i) and (ii) follows from the definition of dS,ρSMdis . The implication (ii) ⇒ (iii)
follows by applying Proposition 2.4 to the convergence of p(νn) to p(ν). Assume that (iii) is satisfied.
Let r > 0 be such that the boundary of K := DS(ρS , r) × [e−r, er] does not contain any atoms of
p(ν). Write {(xi, wi)}i∈IK for the atoms of p(ν) lying in K. For each i ∈ IK , we let x(n)i ∈ At(νn)

be such that x(n)i → xi and w
(n)
i := νn({x(n)i }) → wi. Since (xi, wi) is in the interior of K, we

have that (x(n)i , w
(n)
i ) ∈ K for all i ∈ IK (at least for all sufficiently large n). By Proposition 2.4, it

remains to prove that At(p(νn)) ∩K = {(x(n)i , w
(n)
i )}i∈IK for all sufficiently large n. Suppose that

it is not the case. Then, there exist a subsequence (nk)k≥1 and (x(nk), w(nk)) ∈ At(p(νnk
))∩K such

that (x(nk), w(nk)) /∈ {(x(nk)
i , w

(nk)
i )}i∈IK . Since DS(ρS , r) is compact and νn → ν vaguely, we have
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that lim supk→∞ νnk
(DS(ρS , r)) ≤ ν(DS(ρS , r)). This, combined with e−r ≤ w(nk) and w(nk)

i → wi,
yields that

e−r +
∑
i∈IK

wi ≤ lim sup
k→∞

w(nk) +
∑
i∈IK

w
(nk)
i


≤ lim sup

k→∞
νnk

(DS(ρS , r))

≤ ν(DS(ρS , r))

=
∑
i∈IK

wi,

which is a contradiction. Therefore, we obtain (ii). The equivalence of (iii) and (iv) follows from
Proposition 2.8. □

The following is an analogue of Proposition 2.3, and asserts that the distance between discrete
measures with respect to the metric dS,ρSMdis is preserved under pushforward by root-and-distance-
preserving maps. This fact is important for metrization of Gromov–Hausdorff-type topologies in
Section 3.

Proposition 2.10. Let (Si, dSi, ρi), i = 1, 2, be rooted boundedly-compact metric spaces and f : S1 →
S2 be a root-and-distance-preserving map. Then the map from (Mdis(S1), d

S1,ρS1

Mdis ) to (Mdis(S2),

d
S2,ρS2

Mdis ) given by ν 7→ ν ◦ f−1 is distance-preserving.

Proof : It is easy to check that p(ν ◦ f−1) = p(ν) ◦ (f × idR>0)−1 and f × idR>0 is a root-and-
distance preserving map from S1 × R>0 to S2 × R>0. Since the Prohorov metrics and the vague
metrics are preserved by root-and-distance-preserving maps (see Noda, 2024a, Lemma 3.17 and
Proposition 2.3), we obtain the desired result. □

Although the vague metrics dS,ρSV and dS×R>0,ρ̃S
V are complete, dS,ρSMdis is not complete in general.

To see this, consider a sequence of measures whose atoms collide. For example, let S = R and
νn := δ0 + δn−1 . It is elementary to check that νn converges vaguely to the measure 2δ0 on R,
and p(νn) = δ(0,1) + δ(n−1,1) converges vaguely to the measure 2δ(0,1) on R × R>0. Thus, (νn)n≥1

is Cauchy with respect to dR,0Mdis , but it does not converge in Mdis(R). However, the vague-and-
point-process topology is Polish, that is, there exists another metric that is complete, separable and
induces the same topology (see Theorem 2.21 below). For further study of the vague-and-point-
process topology, such as Polishness and a precompactness criterion, it is convenient to introduce
a larger space P(S), into which Mdis(S) is topologically embedded. This is the main aim of the
following subsection.

2.3. The space P(S). As already explained above, in this subsection, we introduce a space P(S),
into which Mdis(S) is topologically embedded, and study its topological properties. In particular, we
prove that the vague-and-point-process topology is Polish (Theorem 2.21) and provide precompact
and tightness criteria (Theorems 2.22 and 2.26).

Fix a rooted bounded-compact metric space (S, dS , ρS). We denote by N (S×R>0) the collection
of integer-valued Radon measures π on S ×R>0, i.e., π(E) ∈ Z≥0 ∪ {∞} for any Borel subset E of
S×R>0. Note that any π ∈ N (S×R>0) is a discrete measure and if an atomic decomposition of π
is given by π =

∑
i∈I βiδ(xi,wi), then βi is a positive integer (cf. Kallenberg, 2021, Theorem 2.18).

We associate π with a Borel measure v(π) on S by setting

v(π)(A) :=

∫
A×R>0

w π(dx dw) =
∑
i∈I

βiwiδxi(A), A ∈ B(S). (2.10)
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Definition 2.11 (The space P(S)). We define

P(S) := {π ∈ N (S × R>0) | v(π) is a Radon measure on S} .

For each π =
∑

i∈I βiδ(xi,wi) ∈ P(S) and r > 0, we define a Borel measure m(r)(π) on R>0 by
setting

m(r)(π)(A) :=

∫
S(r)×A

w π(dx dw) =
∑

xi∈S(r)

wi∈A

βiwi, ∀A ∈ B(R>0).

Note that m(r)(π) is a finite measure. Indeed, we have that m(r)(R>0) = v(π)(S(r)), which is finite
since v(π) is a Radon measure. We write

M (r)
ε (π) := m(r)(π)((0, ε]) =

∫
S(r)×(0,ε]

w π(dx dw) =
∑

xi∈S(r)

wi≤ε,

βiwi, ε > 0, (2.11)

W (r)(π) := sup{wi | xi ∈ S(r)} = inf
{
l > 0 | m(r)(π)([l,∞)) = 0

}
. (2.12)

Below, we discuss some basic properties of m(r)(π), M (r)
ε and W (r)(π).

Lemma 2.12. Fix π ∈ P(S). Then the following statements hold.

(i) For any r > s > 0, dR>0

P (m(r)(π),m(s)(π)) ≤ v(π)(S(r) \ S(s)).
(ii) The map r 7→ m(r)(π) ∈ (Mfin(R>0), d

R>0

P ) is continuous for all but countably many r.
(iii) For each r > 0, the function ε 7→M

(r)
ε (π) is increasing and limε→0M

(r)
ε (π) = 0.

(iv) For each r > 0, W (r)(π) ≤ v(π)(S(r)) <∞.

Proof : (i). We have that, for any Borel subset A ⊆ R>0,

m(r)(π)(A) =

∫
S(r)×A

w π(dx dw)

≤
∫
S(s)×A

w π(dx dw) +

∫
(S(r)\S(s))×R>0

w π(dx dw)

= m(s)(π)(A) + v(π)(S(r) \ S(s)),

and m(s)(π)(A) ≤ m(r)(π)(A). Thus, we obtain the desired result.
(ii). Since v(π) is a Radon measure on S, for all but countably many r > 0, we have

v(π)({x ∈ S | dS(ρ, x) = r}) = 0. By Lemma 2.12(i), it is then straightforward to verify that
the map is continuous at such values of r.

(iii) and (iv). These are obvious by their definitions. □

We now introduce a metric on P(S). For π1, π2 ∈ P(S), we set

dS,ρSP (π1, π2) =

∫ ∞

0
e−r
{
1 ∧ dR>0

P (m(r)(π1),m
(r)(π2))

}
dr

∨ dS×R>0,ρ̃S
V (π1, π2) ∨ dS,ρSV (v(π1), v(π2)). (2.13)

Note that the integrals are well-defined by Lemma 2.12(ii) (cf. Noda, 2024a, Proof of Proposi-
tion 2.4).

Proposition 2.13. The function dS,ρSP is a metric on P(S).

Proof : By Theorem 2.2, dS×R>0,ρ̃S
V is a metric on P(S), which implies that dS,ρSP is positive definite.

Symmetry and the triangle inequality are obvious. □

Below, we provide some characterizations of the topology on P(S) in terms of convergence.
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Theorem 2.14 (Convergence in P(S)). Let π, π1, π2, . . . be elements of P(S). The following
statements are equivalent:

(i) πn → π with respect to dS,ρSP ;
(ii) πn → π vaguely as measures on S × R>0, and v(πn) → v(π) vaguely as measures on S;
(iii) πn → π vaguely as measures on S × R>0, and, for each r > 0, lim sup

n→∞
W (r)(πn) < ∞ and

lim
ε↓0

lim sup
n→∞

M (r)
ε (πn) = 0.

Proof : The implication (i) ⇒ (ii) is obvious. Suppose that (ii) is satisfied. The vague convergence
v(πn) → v(π) implies that supn≥1 v(πn)(S

(r)) < ∞ for each r > 0. From Lemma 2.12(iv), we
obtain that supn≥1W

(r)(πn) < ∞ for each r > 0. Let ε, r > 0 be such that π has no atoms on
the boundary of S(r) × (ε,∞). We then choose l > 0 so that π has no atoms on the boundary of
S(r) × (ε, l) and supn≥1W

(r)(πn) < l. We have that

|M (r)
ε (πn)−M (r)

ε (π)| =

∣∣∣∣∣
∫
S(r)×(0,ε]

w πn(dx dw)−
∫
S(r)×(0,ε]

w π(dx dw)

∣∣∣∣∣
≤
∣∣v(πn)(S(r))− v(π)(S(r))

∣∣
+

∣∣∣∣∣
∫
S(r)×(ε,l)

w πn(dx dw)−
∫
S(r)×(ε,l)

w π(dx dw)

∣∣∣∣∣ .
Since v(πn)|S(r) → v(π)|S(r) weakly and πn|S(r)×(ε,l)→ π|S(r)×(ε,l) weakly, we deduce thatM (r)

ε (πn) →
M

(r)
ε (π). From the dominated convergence theorem and Lemma 2.12(iii), we obtain (iii).
Assume that (iii) is satisfied. We will prove (i). We note that, by Lemma 2.12(iv), supn≥1W

(r)(πn)

is finite for each r > 0. Fix a continuous function f on S whose support is contained in S(r), where
we assume that v(π) has no atoms on the boundary of S(r). Let ε, l > 0 be such that π has no
atoms on the boundary of S(r) × (ε, l) and supn≥1W

(r)(πn) < l. We then have that∣∣∣∣∫ f(x) v(πn)(dx)−
∫
f(x) v(π)(dx)

∣∣∣∣
=

∣∣∣∣∣
∫
S(r)×(0,∞)

wf(x)πn(dx dw)−
∫
S(r)×(0,∞)

wf(x)π(dx dw)

∣∣∣∣∣
≤

∣∣∣∣∣
∫
S(r)×(ε,l)

wf(x)πn(dx dw)−
∫
S(r)×(ε,l)

wf(x)π(dx dw)

∣∣∣∣∣+ ∥f∥∞
(
M (r)

ε (πn) +M (r)
ε (π)

)
.

By Lemma 2.12(iii), (iii), and the weak convergence πn|S(r)×(ε,l) → π|S(r)×(ε,l), we obtain that
v(πn) → v(π) vaguely. It remains to show that m(r)(πn) → m(r)(π) weakly for all but countably
many r > 0. Fix r > 0 satisfying v(π)(∂S(r)) = 0. Let ε, l > 0 be such that π has no atoms on the
boundary of S(r) × (ε, l) and supn≥1W

(r)(πn) < l. For a bounded continuous function g on R>0,
we have that∣∣∣∣∫ g(w)m(r)(πn)(dw)−

∫
g(w)m(r)(π)(dw)

∣∣∣∣
=

∣∣∣∣∫
S(r)×R>0

g(w)w πn(dx dw)−
∫
S(r)×R>0

g(w)w π(dx dw)

∣∣∣∣
≤

∣∣∣∣∣
∫
S(r)×(ε,l)

g(w)w πn(dx dw)−
∫
S(r)×(ε,l)

g(w)w π(dx dw)

∣∣∣∣∣+ ∥g∥∞
(
M (r)

ε (πn) +M (r)
ε (π)

)
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Hence, similarly as before, we obtain that m(r)(πn) → m(r)(π) weakly. □

Recall the map p from (2.5). The following corollary asserts that, via this map, the space Mdis(S)
equipped with the vague-and-point-process topology is topologically embedded into P(S).

Corollary 2.15. The map p : Mdis(S) → P(S) is a topological embedding, i.e., a homeomorphism
onto its image. If we write P∗(S) for the image, then

P∗(S) =
{
π ∈ P(S) | π =

∑
i∈I

δ(xi,wi) with xi ̸= xj if i ̸= j
}
, (2.14)

and the inverse map is v|P∗(S), i.e., the restriction of the map v to P∗(S).

Proof : The assertion (2.14) follows from definition. Using (2.14), one can check that v|P∗(S) is the
inverse map. The continuity of p and v|P∗(S) is obvious by Theorems 2.9 and 2.14. □

The following result is an immediate consequence of the above result. From this result, conver-
gence in the vague-and-point-process topology is proven by convergence in P(S).

Corollary 2.16. Let π, π1, π2, . . . be elements of P∗(S). If πn → π in P(S), then v(πn) → v(π)
in the vague-and-point-process topology (as elements in Mdis(S)).

Henceforth, for each π ∈ P(S) and r > 0, we write π[r] for the restriction of π to DS(ρS , r) ×
[e−r, er].

Lemma 2.17. For any π ∈ P(S), we have that π[s] → π in P(S) as s→ ∞.

Proof : By Theorem 2.2, we have that π[s] → π vaguely. It is easy to check thatW (r)(π[s]) ≤W (r)(π)

and M
(r)
ε (π[s]) ≤ M

(r)
ε (π) for each r > 0. It then follows from Lemma 2.12(iii) and (iv) and

Theorem 2.14 that π[s] → π in P(S). □

Theorem 2.18 (Polishness of P(S)). The metric dS,ρSP is complete and separable.

Proof : We first show the separability. Let Sd be a countable dense subset of S. Write D for the
collection of π ∈ P(S) such that

π =

n∑
i=1

βiδ(xi,wi),

where n ∈ N, βi ∈ N, xi ∈ Sd, and wi ∈ Q∩R>0. Note that D is countable. It is easy to check that
any π ∈ P(S) with finitely many atoms is approximated by a sequence in D . For each π ∈ P(S),
π[r] has only finitely many atoms. Hence, by Lemma 2.17, we deduce that D is dense in P(S).

Next, we show the completeness. Let (πn)n≥1 be a Cauchy sequence with respect to dS,ρSP . Since
dS×R>0,ρ̃S
V is complete, there exists a Radon measure π on S×R>0 such that πn → π vaguely. Then,

for any bounded measurable set E with π(∂E) = 0, we have that πn(E) → π(E), which implies that
π(E) ∈ Z≥0. Hence π ∈ N (S × R>0). For each r > 0, let gr : S → [0, 1] be a continuous function
such that gr|S(r) ≡ 1 and gr|S\S(r+1) ≡ 0 and let (fk)k≥1 be non-negative continuous functions
on S × R>0 with compact support increasing to the constant function 1S×R>0 . Using the vague
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convergence πn → π and the monotone convergence theorem, we deduce that

v(π)(S(r)) ≤
∫
S×R>0

gr(x)w π(dx dw)

= lim
k→∞

∫
fk(x,w)gr(x)w π(dx dw)

= lim
k→∞

lim
n→∞

∫
fk(x,w)gr(x)w πn(dx dw)

≤ lim sup
n→∞

∫
gr(x)w πn(dx dw)

≤ lim sup
n→∞

v(πn)(S
(r+1)),

Since (v(πn))n≥1 is tight in the vague topology, we have that supn≥1 v(πn)(S
(r+1)) < ∞. Hence,

π ∈ P(S). Moreover, from Lemma 2.12(iv), it holds that supn≥1W
(r)(πn) < ∞ for each r > 0.

Thus, Theorem 2.14 implies that it is enough to show that, for all but countably many r > 0,

lim
ε↓0

lim sup
n→∞

M (r)
ε (πn) = 0. (2.15)

Since dS,ρSV is complete, there exists a Radon measure µ on S such that v(πn) → µ vaguely on S.
Fix r > 0 such that µ(DS(ρS , r) \BS(ρS , r)) = 0. We then have that

lim sup
δ→0

lim sup
n→∞

v(πn)(S
(r+δ) \ S(r−δ)) ≤ lim sup

δ→0
lim sup
n→∞

v(πn)(S
(r+δ) \BS(ρS , r − δ))

≤ lim sup
δ→0

µ(S(r+δ) \BS(ρS , r − δ))

= 0. (2.16)

Fix δ > 0. For any s ∈ (r − δ, r + δ), we have from Lemma 2.12(i) that

dR>0

P (m(s)(πn),m
(r)(πn)) ≤ v(πn)(S

(r+δ) \ S(r−δ)), ∀n ≥ 1.

We thus deduce that

1 ∧ dR>0

P (m(r)(πm),m(r)(πn)) = (2δ)−1

∫ r+δ

r−δ
(1 ∧ dR>0

P (m(r)(πm),m(r)(πn))) ds

≤ v(πm)(S(r+δ) \ S(r−δ)) + v(πn)(S
(r+δ) \ S(r−δ))

+ (2δ)−1

∫ r+δ

r−δ
(1 ∧ dR>0

P (m(s)(πm),m(s)(πn))) ds

≤ v(πm)(S(r+δ) \ S(r−δ)) + v(πn)(S
(r+δ) \ S(r−δ))

+ (2δ)−1er+δ dS,ρSP (πm, πn),

which, combined with (2.16), implies that (m(r)(πn))n≥1 is a Cauchy sequence with respect to dR>0

P .
In particular, it is tight and so we have that

lim
ε→0

lim sup
n→∞

m(r)(πn)((0, ε)) = 0.

Since M (r)
ε/2(πn) ≤ m(r)(πn)((0, ε)) by the definition of M (r)

ε/2(πn), we obtain (2.15). □

Now it is possible to prove that the vague-and-point-process topology is Polish. By Proposi-
tions 2.15 and 2.18, it suffices to show that the set P∗(S) is an intersection of countably many open
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subsets of P(S), and this follows from two lemmas below. For each n ∈ N, we set

P(n)(S) :=
{
π ∈ P(S) | for some r ∈ (n−n−1, n), π[r] =

∑
i∈I

δ(xi,wi) with xi ̸= xj if i ̸= j
}
. (2.17)

Lemma 2.19. The set P(n)(S) is open in P(S).

Proof : Fix π ∈ P(n)(S). Let r ∈ (n−n−1, n) be such that π[r] =
∑

i∈I δ(xi,wi) with xi ̸= xj if i ̸= j.
Since the index set I is finite, we may choose ε ∈ (0, 1) so that n < ε−1, n− n−1 + 2ε < r, and

DS(xi, 2ε) ∩DS(xj , 2ε) = ∅ if i ̸= j. (2.18)

Fix π̃ ∈ P(S) with dS,ρSP (π, π̃) < εe−1/ε. It suffices to show that π̃ ∈ P(n)(S). We can find r′ > ε−1

such that dS×R>0

P (π[r
′], π̃[r

′]) < ε. Let {(yj , vj)}j∈J be the atoms of π̃[r−2ε]. By the definition of the
Prohorov metric, we have that

1 ≤ π̃({(yj , vj)}) ≤ π
(
DS×R>0((yj , vj), ε)

)
+ ε.

This, combined with (2.18), implies that there is exactly one atom of π lying in DS×R>0((yj , vj), ε).
Thus, π̃({(yj , vj)}) = 1. Assume that there exist j ̸= j′ such that yj = yj′ = y. It is then the case
that

2 = π̃({(y, vj), (y, vj′)}) ≤ π
(
DS×R>0((y, vj), ε) ∪DS×R>0((y, vj′), ε)

)
+ ε

Since C := DS×R>0((y, vj), ε) ∪ DS×R>0((y, vj′), ε) is contained in DS(ρS , r) × [e−r, er], there are
at least two atoms of π lying in C, which contradicts (2.18). Therefore, we deduce that π̃ ∈
P(n)(S). □

Lemma 2.20. It holds that P∗(S) =
⋂∞

n=1 P(n)(S).

Proof : This is immediate from the definition of P(n)(S) and (2.14). □

Theorem 2.21 (Polishness of Mdis(S)). In general, dS,ρSMdis is not complete. However, the vague-
and-point-process topology is Polish.

Proof : At the end of Section 2, we checked that dS,ρSMdis is not complete in general. However, by
Corollary 2.15 and Lemmas 2.19 and 2.20, we can apply Alexandrov’s theorem (see Srivastava, 1998,
Theorem 2.2.1) to conclude that the vague-and-point-process topology on Mdis(S) is Polish. □

We further study topological properties of P(S): precompactness, the Borel σ-algebra, and
tightness.

Theorem 2.22 (Precompactness in P(S)). A non-empty subset {πj}j∈J of P(S) is precompact
in P(S) if and only if the following conditions are satisfied.

(i) The subset {πj}j∈J is precompact in the vague topology as measures on S × R>0.
(ii) For each r > 0, sup

j∈J
W (r)(πj) <∞ and lim

ε↓0
sup
j∈J

M (r)
ε (πj) = 0.

Proof : Suppose that {πj}j∈J is precompact in P(S). Since the topology on P(S) is finer than
the vague topology, we have (i). If (ii) is not satisfied, then for some r > 0 there exists a sequence
(jn)n≥1 in J such that W (r)(πjn) → ∞ or M (r)

εn (πjn) > δ for some δ > 0 and εn ↓ 0. However, since
(πjn)n≥1 has a convergent subsequence, by Theorem 2.14, we obtain a contradiction, which yields
(ii). The converse assertion immediately follows from Theorem 2.14. □

To consider random element of P(S), we first identify the Borel σ-algebra on P(S). In par-
ticular, we show that it coincides with the one generated from the vague topology on P(S) in
Proposition 2.25 below.

Lemma 2.23. Let π, π1, π2, . . . be elements in P(S) such that πn → π vaguely. Fix r > 0 such
that π has no atoms on the boundary of DS(ρS , r)× [e−r, er]. Then, π[r]n → π[r] in P(S).
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Proof : It is elementary to check that π[r]n → π[r] vaguely (and even weakly). If (x,w) is an atom of
π
[r]
n , then we have that w ∈ [e−r, er]. Thus, by Theorem 2.14, we obtain the desired result. □

Proposition 2.24. The set P(S) is a Borel subset of M(S×R>0) equipped with the vague topology.

Proof : By Kallenberg (2021, Theorem 2.19), the set N (S×R>0) of integer valued Radon measures
is a Borel subset of M(S). Since N (S × R>0) ∋ π 7→ v(π)(S(r)) is measurable with respect to the
vague topology for each r > 0, we obtain the desired result. □

Proposition 2.25 (The Borel σ-algebra on P(S)). The Borel σ-algebra on P(S) coincides with
the Borel σ-algebra generated from the vague topology.

Proof : To distinguish between the two topological spaces, we rewrite P(S)′ for the topological
space P(S) equipped with the vague topology, and let P(S) represent the topological space P(S)

with the topology induced from dS,ρSP (which we have considered so far). Write Σ and Σ′ for the
Borel σ-algebras on P(S) and on P(S)′, respectively. Since the topology on P(S) is finer than
the vague topology, we have that Σ ⊇ Σ′. To show the converse relation, we let f be a bounded
continuous function on P(S). It suffices to show that f is vaguely measurable, i.e., Σ′-measurable.
For π ∈ P(S)′ and r > 0, if π has no atoms on the boundary of DS(ρS , r)× [e−r, er], then π[r] = π[s]

for all s > 0 sufficiently close to r. Hence, for each π ∈ P(S)′, f(π[r]) is continuous for all but
countably many r > 0 and so we can define a map fr : P(S)′ → R by setting

fr(π) :=

∫ 1

0
f(π(r+s)) ds.

Suppose that πn → π in the vague topology. Lemma 2.23 and the continuity of f imply that
f(π

(s)
n ) → f(π[s]) for all but countably many s > 0. Thus, the dominated convergence theorem yields

that fr is continuous on P(S)′. In particular, fr is Σ′-measurable. By Lemma 2.17, the continuity
of f and the dominated convergence theorem, we have that fr(π) → f(π) as r → ∞ for each
π ∈ P(S)′. Hence, f is Σ′-measurable. □

Now, we provide a tightness criterion for random elements of P(S).

Theorem 2.26 (Tightness in P(S)). Let (πn)n≥1 be a sequence of random elements of P(S).
Write Pn for the underlying probability measure of πn. Then the sequence (πn)n≥1 is tight if and
only if the following conditions are satisfied.

(i) The sequence (πn)n≥1 is tight with respect to the vague topology.
(ii) For each r > 0, lim

l→∞
lim sup
n→∞

Pn(W
(r)(πn) > l) = 0.

(iii) For each r, δ > 0, lim
ε↓0

lim sup
n→∞

Pn(M
(r)
ε (πn) > δ) = 0.

Proof : Assume that (πn)n≥1 is tight. The condition (i) is obvious. Fix r, δ, η > 0. By tightness,
there exists a compact subset A of P(S) such that Pn(πn /∈ A) < η for all n ≥ 1. Theorem 2.22
yields that l := supπ∈AW

(r)(π) < ∞ and supπ∈AM
(r)
ε0 (π) < δ for some ε0 > 0. We then deduce

that supn≥1 Pn(W
(r)(πn) > l) < η and supn≥1 Pn(M

(r)
ε0 (πn) > δ) < η. Using the monotonicity of

M
(r)
· (πn) stated in Lemma 2.12(iii), we obtain (ii) and (iii). Conversely, assume that (i), (ii) and

(iii) are satisfied. Fix ε > 0. By (i), there exists a subset A of P(S) such that A is vaguely compact
and Pn(πn /∈ A) < ε for all n ≥ 1. By Lemma 2.12(iii) and (iv), we note that “lim supn→∞” in the
statement of (ii) and (iii) can be replaced by “supn≥1”. Then, for each k,m ∈ N, we can find lk > 0

and εk,m > 0 such that supn≥1 Pn(W
(k)(πn) > lk) < 2−kε and supn≥1 Pn(M

(k)
εk,m(πn) > m−1) <

2−k−mε. Define A′ be a collection of π ∈ P(S) such that π ∈ A and, for all k,m ∈ N, W (k)(π) ≤ lk
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and M (k)
εk,m(π) ≤ m−1. By Theorem 2.22, A′ is precompact in P(S). Moreover, we have that

Pn(πn /∈ A′) ≤ Pn(πn /∈ A) +
∑
k∈N

Pn(W
(k)(πn) > lk) +

∑
k,m∈N

Pn(Mε
(k)
k,m

(πn) > m−1) ≤ 3ε.

Therefore, (πn)n≥1 is tight. □

Distributional convergence of random measures in the vague topology is well-studied in Kallen-
berg (2017, Section 4.2). In the following result, we provide a useful condition for strengthening
distributional convergence of random measures in the vague topology to distributional convergence
in P(S).

Corollary 2.27. Let π1, π2, . . . be random elements of P(S). If πn
d−→ π in the vague topology

for some random element π of M(S × R>0) and the conditions (ii) and (iii) of Theorem 2.26 are
satisfied, then π is a random element of P(S) and πn

d−→ π in P(S).

Proof : By Theorem 2.26, (πn)n≥1 is tight in P(S). Let (πnk
)k≥1 be a sequence such that πnk

d−→ π′

in P(S) for some random element π′ of P(S). Then, by Theorem 2.14, we have that πnk

d−→ π
in the vague topology. Hence, π and π′ give the same probability distribution on M(S × R>0)

equipped with the vague topology. It then follows from Propositions 2.24 and 2.25 that π d
= π′ as

random elements of P(S), which implies that πnk

d−→ π in P(S). This completes the proof. □

3. Gromov–Hausdorff-type topologies

Gromov–Hausdorff-type topologies are topologies on the set of (equivalence classes) of metric
spaces equipped with additional objects such as points, measures, and laws of stochastic processes.
Recently, the author established a general framework for the metrization of these topologies (Noda,
2024a), which we follow in this article. (NB. There is a related work by Khezeli, 2023, but the
framework in Noda, 2024a relies on milder assumptions. See Noda, 2024a, Section 1 for a detailed
comparison of the two approaches.) In Section 3.1, we recall the Fell topology, a natural topology on
the space of closed subsets of a given topological space, with a particular focus on its metrization.
We then introduce the framework presented in Noda (2024a) in Section 3.2. In Section 3.3, we
collect the Gromov–Hausdorff-type topologies used in this article.

3.1. The Fell topology. The Fell topology is a commonly used topology on the space of closed subsets
(cf. Molchanov, 2017, Appendix C). The purpose of this subsection is to present a metrization of
this topology. For detailed properties of the metrization, see Noda (2024a, Section 2.1), and for
further topological background, see Molchanov (2017, Appendix C).

Fix a rooted boundedly-compact metric space (S, dS , ρS). Recall that, for a subset A ⊆ S, the
(closed) ε-neighborhood of A in (S, dS) is given by

A⟨ε⟩ := {x ∈ S | ∃y ∈ A such that dS(x, y) ≤ ε}.

Let C(S) be the set of closed subsets in S and Cc(S) be the set of compact subsets in S (containing
the empty set). The Hausdorff metric dSH on Cc(S) is defined by setting

dSH(A,B) := inf{ε ≥ 0 | A ⊆ B⟨ε⟩, B ⊆ A⟨ε⟩},

where the infimum over the empty set is defined to be ∞. It is known that dSH is indeed a metric
(allowed to take the value ∞ due to the empty set) on Cc(S) (see Burago et al., 2001, Section
7.3.1), and the induced topology is called the Hausdorff topology. To deal with non-compact sets,
we introduce a metric on C(S).
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Definition 3.1. For A ∈ C(S) and r > 0, we write

A(r) := cl(A ∩BS(ρ, r)), (3.1)

where we recall that cl(·) denotes the closure of a set. We then define, for A,B ∈ C(S),

dS,ρS
H̄

(A,B) :=

∫ ∞

0
e−r
(
1 ∧ dSH(A(r), B(r))

)
dr. (3.2)

The function dS,ρS
H̄

is a metric on C(S) and a natural extension of the Hausdorff metric for
non-compact sets. The following is a basic property of dS,ρS

H̄
.

Theorem 3.2 (Noda, 2024a, Theorems 3.8, 3.9, and 3.11). The function dS,ρS
H̄

is a metric on C(S)
and the metric space (C(S), dS,ρS

H̄
) is compact. A sequence (An)n≥1 converges to A with respect to

dS,ρS
H̄

if and only if A(r)
n converges to A(r) in the Hausdorff topology for all but countably many r > 0.

Moreover, the topology on C(S) induced from dS,ρS
H̄

is independent of the root ρS.

In particular, the above result implies that the induced topology on C(S) by dS,ρS
H̄

coincides with
the Fell topology (see Molchanov, 2017, Appendix C for its definition).

Remark 3.3. In Noda (2024a), the restriction A(r) of a closed set A is defined differently from (3.1),
namely as

A(r) = A ∩DS(ρS , r).

This difference makes no impact on the definition of the metric dS,ρS
H̄

, since, by using the fact that
S is boundedly compact, one can verify that, for all but countably many r,

cl(A ∩BS(ρ, r)) = A ∩DS(ρS , r).

We adopt the definition via closure rather than closed balls, because this version of restriction is
more compatible with resistance metric spaces that we treat in this paper (see Lemma 4.8, for
example).

3.2. The Gromov–Hausdorff-type topologies generated by structures. In this subsection, we recall
the general theory on metrization of Gromov–Hausdorff-type topologies developed in Noda (2024a).

We first introduce a rule that determines structures to be added to metric spaces.

Definition 3.4 (Structure). We call τ a structure (on boundedly-compact metric spaces) if it
satisfies the following.

(i) For every boundedly-compact metric space (S, dS), there is a corresponding topological space
τ(S, dS), which we simply write as τ(S).

(ii) For every distance preserving map f : S1 → S2 between boundedly-compact metric spaces,
there is a corresponding topological embedding τf : τ(S1) → τ(S2), i.e., τf is a homeomor-
phism onto its image.

(iii) For any two distance-preserving maps f : S1 → S2 and g : S2 → S3 between boundedly-
compact metric spaces, it holds that τg◦f = τg ◦ τf .

(iv) For any boundedly-compact metric space (S, dS), it holds that τidS = idτ(S).
We say that τ is separable if each τ(S) is separable.

Throughout this subsection, we fix a separable structure τ on boundedly-compact metric spaces.
Given Si = (Si, d

Si , ρSi , aSi), i = 1, 2, such that (Si, dSi , ρSi) is a rooted boundedly-compact metric
space and aSi ∈ τ(Si), we say that S1 and S2 are rooted-τ -isometric if and only if there exists a
root-preserving isometry f : S1 → S2 such that τf (aS1) = aS2 . Note that f being an isometry means
that f is a surjective distance-preserving map (and hence f is bijective). We denote the collection
of rooted-τ -isometric equivalence classes by M•(τ).
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Remark 3.5. From a rigorous point of view of set theory, M•(τ) is not a set. However, it can be
regarded as a set. This is because one can construct a legitimate set M (τ) by appropriately choosing
representatives, such that every (S, dS , ρS , aS) is rooted-τ -isometric to a unique element of M (τ).
For details, refer to Noda (2024a, Proposition 6.2). Therefore, in this article, we will proceed with
the discussion by treating M•(τ) as a set to avoid repeatedly referring to this set-theoretic formality
concerning the choice of representatives.

To define a metric on M•(τ), we introduce the notion of metrization of structure.

Definition 3.6. We say that τ admits a metrization if and only if, for every rooted boundedly-
compact metric space (S, dS , ρS), there exists a metric dS,ρSτ on τ(S) inducing the given topology
such that the following condition holds.

(v) Let (S1, dS1 , ρS1) and (S2, dS2 , ρS2) be rooted boundedly-compact metric spaces. For every
root-preserving distance preserving map f : S1 → S2, the map τf : τ(S1) → τ(S2) is distance-
preserving with respect to d

S1,ρS1
τ and d

S2,ρS2
τ .

If each dS,ρSτ is complete, we say that τ admits a complete metrization.

Henceforth, we assume that τ admits a metrization. Then the metric on M•(τ) is defined by
generalizing the Gromov–Hausdorff metric Burago et al. (2001). To read the following definition,
recall the metric for the Fell topology defined in (3.2).

Definition 3.7. For S = (S, dS , ρS , aS) and T = (T, dT , ρT , aT ) in M•(τ), we define

dτM•(S, T ) := inf
f,g,M

{
dM,ρM
H̄

(
f(S), g(T )

)
∨ dM,ρM

τ

(
τf (aS), τg(aT )

)}
,

where the infimum is taken over all rooted boundedly-compact metric spaces (M,dM , ρM ) and
root-and-distance-preserving maps f : S →M and g : T →M .

To ensure that dτM•
is a metric, we assume the following continuity condition on τ .

Definition 3.8 (Embedding-continuity). We say that a structure τ is embedding-continuous if τ
satisfies the following condition.
(EC) Fix boundedly-compact metric spaces S and T . Let fn : S → T, n ∈ N ∪ {∞} be root-and-

distance-preserving maps. If fn → f∞ in the compact-convergence topology, i.e., uniformly
on every compact subset, then τfn(a) → τf∞(a) in τ(T ) for all a ∈ τ(S).

Theorem 3.9 (Noda, 2024a, Theorems 6.18 and 6.19). Assume that τ is embedding-continuous.
Then the function dτM•

is a metric on M•(τ). Moreover, a sequence (Sn, d
Sn , ρSn , aSn), n ∈ N, in

M•(τ) converges to (S, dS , ρS , aS) with respect to dτM•
if and only if there exist a rooted boundedly-

compact metric space (M,dM , ρM ) and root-and-distance-preserving maps fn : Sn →M and f : S →
M such that fn(Sn) → f(S) in the Fell topology as subsets of M and τfn(aSn) → τf (aS) in τ(M).

Remark 3.10. In Theorem 3.9, the roots ρSn of Sn are mapped to a common root ρM of M . By
relaxing this requirement, one can introduce another notion of convergence in M•(τ). Namely, we
say that Sn converges to S∞ if and only if

there exist a boundedly-compact space M and isometric embeddings fn : Sn → M and
f : S → M such that fn(Sn) → f(S) in the Fell topology, fn(ρSn) → f(ρS) in M , and
τfn(aSn) → τf (aS) in τ(M).

In general, this convergence is weaker than the convergence induced by dτM•
defined above. However,

for most structures of interest the two notions of convergence coincide. See Noda (2024a, Section 6.3)
for details.



176 Ryoichiro Noda

Remark 3.11 (The local Gromov–Hausdorff topology). If one follows the above framework without
introducing the structure τ , one obtains an extension of the (pointed) Gromov–Hausdorff topology
(cf. Burago et al., 2001, Section 7.3) to non-compact metric spaces, which have been studied in
Abraham et al. (2013); Khezeli (2020). We briefly recall the construction below; for further details,
see Noda (2024a, Section 4). Let M• be the collection of rooted-isometric equivalence classes
of rooted boundedly-compact metric spaces. For each rooted boundedly-compact metric space
S = (S, dS , ρS) and T = (T, dT , ρT ), set

dM•(S, T ) := inf
f,g,M

dM,ρM
H̄

(
f(S), g(T )

)
,

then dM• defines a metric on M•. We call the induced topology the local Gromov–Hausdorff topology
(see Noda, 2024a, Definition 4.8).

To discuss convergence of probability measures on M•(τ), it is desirable that the space be Polish.
This will be ensured by verifying that τ itself is Polish (see Definition 3.16 below). To formulate
this notion, we introduce several auxiliary definitions concerning τ below; however, they will not
be used in the proofs of our main results. The essential statement required for later purposes is
Theorem 3.17 below.

For rooted boundedly-compact metric spaces S = (S, dS , ρS) and T = (T, dT , ρT ), we write
S ⪯ T if and only if S ⊆ T , dT |S×S = dS , and ρS = ρT . In this case, we often regard τ(S) as a
subset of τ(T ) via the topological embedding τι, where ι denotes the inclusion map from S to T .

Assumption 3.12. Let Sn = (Sn, d
Sn , ρSn), n ∈ N ∪ {∞}, and M = (M,dM , ρM ) be rooted

boundedly-compact metric spaces such that Sn ⪯ M for all n ∈ N ∪ {∞} and Sn converges to S∞
in the Fell topology as subsets M .

(i) If a ∈ τ(M) and aSn ∈ τ(Sn) are such that aSn → a in τ(M), then a ∈ τ(S∞).
(ii) For every a ∈ τ(S∞), there exists a sequence an ∈ τ(Sn) such that an → a∞ in τ(M).

Definition 3.13 (Semicontinuity and continuity). We say that τ is upper (resp. lower) semicon-
tinuous if and only if it satisfies Assumption 3.12(i) (resp. (ii)). We say that τ is continuous if and
only if it is embedding-continuous and both upper and lower semicontinuous.

Theorem 3.14 (Noda, 2024a, Theorems 6.40 and 6.41). If τ is separable, continuous, and admits
a complete metrization, then the function dτM•

is a complete and separable metric on M•(τ).

Although the above result already covers a wide class of structures, some important structures fail
to satisfy semicontinuity, and hence the theorem does not apply. Even in such cases, the Polishness
of the space M•(τ) can still be established, by verifying that the space is a Gδ-subset of a larger
Polish space, as we did in Section 2.3. With this background, we introduce the following notion.

Definition 3.15 (Topological embedding). Recall that we have a fixed structure τ . Let τ̃ be
another structure. A topological embedding η : τ ⇒ τ̃ is a family of {ηS : τ(S) → τ̃(S)}S indexed by
boundedly-compact metric spaces S, satisfying the following conditions.
(TE1) Each map ηS : τ(S) → τ̃(S) is a topological embedding.
(TE2) For any rooted boundedly-compact metric spaces (S1, d

S1 , ρS1) and (S2, d
S2 , ρS2) and any

root-and-distance-preserving map f : S1 → S2, it holds that τ̃f ◦ ηS1 = ηS2 ◦ τf .

As the terminology suggests, a topological embedding η : τ ⇒ τ̃ induces a topological embedding
of the associated Gromov–Hausdorff type spaces as follows:

M•(τ) ∋ (S, dS , ρS , aS) 7−→ (S, dS , ρS , ηS(aS)) ∈ M•(τ̃),

see Noda (2024a, Lemma 6.44). Through this embedding, topological properties of M•(τ) can be
inferred from those of the larger space M•(τ̃).
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Definition 3.16 (Polish structure). We say that τ is Polish if there exist another structure τ̃ , a
topological embedding η : τ ⇒ τ̃ , and, for each rooted boundedly-compact metric space (S, dS , ρS),
a sequence (τ̃k(S, ρS))

∞
k=1 of open subsets of τ̃(S), satisfying the following conditions.

(P1) The structure τ̃ is continuous, separable, and admits a complete metrization.
(P2) For each rooted boundedly-compact metric space (S, dS , ρS), ηS(τ(S)) =

⋂
k≥1 τ̃k(S, ρS).

(P3) Let (S1, d
S1 , ρS1) and (S2, d

S2 , ρS2) be rooted boundedly-compact metric spaces. For every
root-and-distance-preserving map f : S1 → S2, it holds that τ̃−1

f (τ̃k(S2, ρS2)) = τ̃k(S1) for
each k ≥ 1.

We call (τ̃ , (τ̃k)k≥1) a Polish system of τ .

Theorem 3.17 (Noda, 2024a, Theorem 6.46). If τ is a Polish structure, then the topology on M•(τ)
induced from dτM•

is Polish. (NB. The metric dτM•
is not necessarily a complete metric.)

So far, we have considered boundedly-compact spaces. When one considers only compact un-
derlying spaces, it is more natural to use the Hausdorff topology rather than the Fell topology to
describe the convergence of the underlying spaces. In what follows, we briefly introduce a corre-
sponding modification of the above framework. See Noda (2024a, Appendix B) for details.

Recall that we have a fixed embedding-continuous structure τ that admits a metrization. We
define K•(τ) as the collection of (S, dS , ρS , aS) ∈ K•(τ) such that S is compact. We define a metric
on K•(τ) as follows: for S1 = (S1, dS1 , ρS1 , aS1) and S2 = (S2, dS2 , ρS2 , aS2) in K•(τ), set

dτK•(S1,S2) := inf
f,g,M

{
dMH (f(S1), g(S2)) ∨ dτM,ρM

(
τf (aS1), τg(aS2)

)}
,

where the infimum is taken over all rooted compact metric spaces (M,dM , ρM ) and all root-
preserving isometric embeddings f : S1 →M and g : S2 →M .

In the above definition, the Hausdorff metric dMH is employed instead of the Fell metric. Accord-
ingly, the characterization of convergence in K•(τ) is given in the same manner as in Theorem 3.9,
with the Fell topology replaced by the Hausdorff topology. It should also be noted that, if τ is
Polish, then the resulting topology on K•(τ) is again Polish.

3.3. Structures used in the present paper. Thanks to the theory introduced in Section 3.2, we can
easily handle various Gromov–Hausdorff-type topologies by defining corresponding structures. In
this subsection, we provide structures used for Gromov–Hausdorff-type topologies in our discussions.
(S1) Fixed spaces. Let Ξ be a Polish space. We define a structure τΞ as follows.

• For each boundedly-compact metric space (S, dS), set τΞ(S) := Ξ.
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τΞf := idΞ.
Let dΞ be a metric on Ξ inducing the given topology. We define a metrization of τ by equipping
τΞ(S) = Ξ with the metric dΞ. The structure τΞ is Polish (see Noda, 2024a, Section 8.1).

(S2) Points. We define a structure τpt as follows.
• For each boundedly-compact metric space (S, dS), set τΞ(S) := S.
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τptf := f .
We define a metrization of τpt by equipping τpt(S) = S with the the associated metric dS .
The structure τpt is Polish (see Noda, 2024a, Section 8.2).

(S3) Measures. Recall from Section 2.1 that M(S) denotes the space of Radon measures on S
equipped with the vague topology. We define a structure τM as follows.

• For each boundedly-compact metric space (S, dS), set τM(S) := M(S).
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• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,
set τMf (µ) := µ ◦ f−1 for each µ ∈ M(S), i.e., τMf (µ) is the pushforward measure of µ by
f .

We define a metrization of τM by equipping, for each rooted boundedly-compact metric space
(S, dS , ρS), τM(S) = M(S) with the the vague metric dS,ρSV , as recalled from (2.3).

We also introduce a structure τMfin for finite Borel measures, defined analogously but using
the weak topology instead of the vague topology. Recall that Mfin(S) denotes the space of
finite Borel measures on S, equipped with the weak topology.

• For each boundedly-compact metric space (S, dS), set τMfin(S) := Mfin(S).
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τMfin
f (µ) := µ ◦ f−1 for each µ ∈ Mfin(S).

We define a metrization of τMfin by equipping τMfin(S) = Mfin(S) with the Prohorov metric
dSP , as recalled from (2.1).

Both structures τM and τMfin are Polish (see Noda, 2024a, Section 8.4). We call the
topology on Gc := K•(τ

Mfin) the (pointed) Gromov–Hausdorff–Prohorov topology, which was
firstly introduced in Abraham et al. (2013). The topology on G := M•(τ

M) is an extension of
the Gromov–Hausdorff–Prohorov topology, which we call the local Gromov–Hausdorff-vague
topology. It is a consequence of Theorem 3.14 that Gc and G are Polish. (Moreover, the
associated metrics are complete. This is a consequence of Theorem 3.14; see Noda, 2024a,
Section 8.4 for details.)

(S4) Measures on marked spaces. Fix a rooted boundedly-compact metric space (Ξ, dΞ, ρΞ).
Recall from Section 2.1 that M(S) denotes the space of Radon measures on S equipped with
the vague topology. We define a structure τM(·×Ξ) as follows.

• For each boundedly-compact metric space (S, dS), set τM(·×Ξ)(S) := M(S × Ξ).
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τM(·×Ξ)
f (µ) := µ◦(f×idΞ)

−1 for each µ ∈ M(S×Ξ), i.e., τM(·×Ξ)
f (µ) is the pushforward

measure of µ by f × idΞ.
We define a metrization of τM(·×Ξ) by equipping, for each rooted boundedly-compact metric
space (S, dS , ρS), τM(·×Ξ)(S) = M(S × Ξ) with the the vague metric dS×Ξ,(ρS ,ρΞ)

V .

Similarly, we define a structure τMfin(·×Ξ) as follows.
• For each boundedly-compact metric space (S, dS), set τMfin(·×Ξ)(S) := Mfin(S × Ξ).
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τMfin(·×Ξ)
f (µ) := µ ◦ (f × idΞ)

−1 for each µ ∈ Mfin(S × Ξ).
We define a metrization of τMfin(·×Ξ) by equipping τMfin(·×Ξ)(S) = M(S × Ξ) with the the
Prohorov metric dS×Ξ

P .

Both structures τM(·×Ξ) and τMfin(·×Ξ) are Polish. This can be verified in the same manner
as the proof of the Polishness of the structures τM and τMfin introduced in (S3). Alterna-
tively, one may apply the notion of space transformation and composition introduced in Noda
(2024a, Section 7.2). Indeed, the structure τM(·×Ξ) (resp. τMfin(·×Ξ)) can be expressed as
a composition of τM (resp. τMfin) with a suitable space transformation, as shown in Noda
(2024a, Examples 7.7 and 7.15). Hence, by Noda (2024a, Theorem 7.14), we conclude that
both τM(·×Ξ) and τMfin(·×Ξ) are Polish.

(S5) Discrete measures. Recall from Section 2.2 the space Mdis(S) for discrete Radon measures
on S and the vague-and-point-process topology on it. We define a structure τMdis as follows.

• For each boundedly-compact metric space (S, dS), set τMdis
(S) := Mdis(S).
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• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,
set τMdis

f (ν) := ν ◦ f−1 for each ν ∈ Mdis(S).
We define a metrization of τMdis by equipping, for each rooted boundedly-compact metric
space (S, dS , ρS), τM

dis
(S) = Mdis(S) with the the metric dS,ρSMdis , as recalled from (2.7).

Proposition 3.18. The structure τMdis is Polish.

Proof : Recall the space P(S) from Section 2.3. Define a structure τ as follows.
• For each boundedly-compact metric space (S, dS), set τ(S) := P(S).
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τf (π) := π ◦ (f × idR>0)
−1 for each π ∈ P(S).

We define a metrization of τ by equipping τ(S) = P(S) with the metric dS,ρSP , as recalled
from (2.13). By Theorem 2.18, τ is separable and its metrization is complete. Moreover, by
the same argument as that of Noda (2024a, Proof of Theorem 8.9), one can check that τ is
continuous in the sense of Definition 3.13.

For each k ∈ N and rooted boundedly-compact metric space (S, dS , ρS), we set τk(S, ρS) :=
P(k)(S) (recall this space from (2.17)). We then obtain a Polish system (τ, (τk)k≥1) of τMdis

by Corollary 2.15 and Lemmas 2.19 and 2.20. Therefore, the desired result follows from
Theorem 3.17. □

(S6) Cadlag curves. Given a boundedly-compact metric space (S, dS) and an interval I of R≥0,
we write D(I, S) for the set of cadlag functions from I to S. For every t > 0, we write dSJ1,t
for the metric on D([0, t], S) given by Billingsley (1999, Equation (12.13)), which induces the
usual J1-Skorohod topology. Then the Skorohod metric on D(R≥0, S) is defined by setting,
for ξ, η ∈ D(R≥0, S),

dSJ1(ξ, η) :=

∫ ∞

0
e−t
(
1 ∧ dSJ1,t(ξ|[0,t], η|[0,t])

)
dt. (3.3)

The function dSJ1 is indeed a metric on D(R≥0, S) inducing the usual J1-Skorohod topology
(Whitt, 1980, Theorem 2.6). Define a structure τJ1 as follows.

• For each boundedly-compact metric space (S, dS), set τJ1(S) := D(R≥0, S) equipped with
the usual J1-Skorohod topology.

• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,
set τJ1f (ξ) := f ◦ ξ for each f ∈ D(R≥0, S).

We define a metrization of τ by equipping τJ1(S) = D(R≥0, S) with the metric dSJ1 . The
structure τJ1 is Polish (see Noda, 2024a, Theorem 8.14).

In Section 7.3, we will use another structure τUnif to deal with cadlag curves in the compact-
convergence topology.

• For each boundedly-compact metric space (S, dS), set τUnif(S) := D([0, 1], S) equipped
with the compact-convergence topology.

• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,
set τUnif

f (ξ) := f ◦ ξ for each f ∈ D([0, 1], S).
We define a metrization of τ by equipping τUnif(S) = D([0, 1], S) with the uniform metric
dS
τUnif , i.e., dS

τUnif (f, g) := sup0≤t≤1 |f(t)− g(t)| for each f, g ∈ D([0, 1], S). The structure τUnif

is embedding-continuous, but the resulting Gromov–Hausdorff-type topology is not Polish
because the compact-convergence topology on the set of cadlag functions is not Polish.

(S7) Product structures. In this framework, it is fairly easy to consider multiple objects. Fix
N ∈ N. Let (τ (k))Nk=1 be a sequence of structures. The product structure τ =

∏N
k=1 τ

(k) is
defined as follows.



180 Ryoichiro Noda

• For each boundedly-compact metric space (S, dS), set τ(S) :=
∏N

k=1 τ
(k)(S), equipped

with the product topology.
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τf :=
∏N

k=1 τ
(k)
f , that is, τf : τ(S1) → τ(S2) is a topological embedding given by

τf
(
(ak)

N
k=1

)
:=
(
τ
(k)
f (ak)

)N
k=1

.

Given a metrization of each structure τ (k), we define a metrization of the product structure τ by
equipping, for each rooted boundedly-compact metric space (S, dS , ρS), τ(S) =

∏N
k=1 τ

(k)(S)
with the associated max product metric (cf. (2.6)). Properties of the component structures
τ (k), such as continuity, are naturally inherited by τ , as shown in Noda (2024a, Section 7.1).
In particular, if all the structures τ (k) are Polish, then so is the product structure τ (see Noda,
2024a, Theorem 7.5).

(S8) Laws of structures. Fix a Polish structure σ. We define a structure τ = τP(σ) as follows.
• For each boundedly-compact metric space (S, dS), set τ(S) := P(σ(S)) to be the space of

probability measures on σ(S) equipped with the weak topology.
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,

set τf (P ) := P ◦ σ−1
f for each probability measure P on σ(S1), that is, τf (P ) is the

pushforward probability measure of P by the topological embedding σf : σ(S1) → σ(S2).
Since σ is assumed to be Polish, the structure τP(σ) is Polish by Noda (2024a, Theorem 8.35).

4. Resistance forms and transition densities

This section is divided into three subsections. In Section 4.1, we recall some basics of the theory
of resistance forms and resistance metrics. In Section 4.2, we introduce recurrent resistance metrics,
which are assumed for electrical networks in the main results, and present some auxiliary results.
Then, in Section 4.3, we prove the precompactness of transition densities of stochastic processes on
measured resistance metric spaces, which plays a crucial role in the proof of our main results.

4.1. Preliminaries. Following Croydon (2018), in this subsection we recall some basic properties of
resistance forms, starting with their definition. The reader is referred to Kigami (2012) for further
background. Also, for further study of resistance forms and their extended Dirichlet spaces, see
Noda (2024b, Section 3).

Definition 4.1 (Resistance form and resistance metric, Kigami, 2012, Definition 3.1). Let F be a
non-empty set. A pair (E ,F) is called a resistance form on F if it satisfies the following conditions.
(RF1) F is a linear subspace of the collection of functions {f : F → R} containing constants, and

E is a non-negative symmetric bilinear form on F such that E(f, f) = 0 if and only if f is
constant on F .

(RF2) Let ∼ be the equivalence relation on F defined by saying f ∼ g if and only if f−g is constant
on F . Then (F/ ∼, E) is a Hilbert space.

(RF3) If x ̸= y, then there exists a function f ∈ F such that f(x) ̸= f(y).
(RF4) For any x, y ∈ F ,

R(E,F)(x, y) := sup

{
|f(x)− f(y)|2

E(f, f)

∣∣∣∣ f ∈ F , E(f, f) > 0

}
<∞.

(RF5) If f̄ := (f ∧ 1) ∨ 0, then f̄ ∈ F and E(f̄ , f̄) ≤ E(f, f) for any f ∈ F .

For the following definition, recall the effective resistance on an electrical network with a finite
vertex set from Levin and Peres (2017, Section 9.4) (see also Kigami, 2001, Section 2.1).
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Definition 4.2 (Resistance metric, Kigami, 2001, Definition 2.3.2). A metric R on a non-empty
set F is called a resistance metric if and only if, for any non-empty finite subset V ⊆ F , there exists
an electrical network G with the vertex set V such that the effective resistance on G coincides with
R|V×V .

Theorem 4.3 (Kigami, 2001, Theorem 2.3.6). Fix a non-empty subset F . There exists a one-to-one
correspondence between resistance forms (E ,F) on F and resistance metrics R on F via R = R(E,F).
In other words, a resistance form (E ,F) is characterized by R(E,F) given in (RF4).

In the assumptions for the main results of this article, we consider effective resistance between
sets. This is precisely defined below.

Definition 4.4 (Effective resistance between sets). Fix a resistance form (E ,F) on F and write R
for the corresponding resistance metric. For sets A,B ⊆ F , we define

R(A,B) := (inf{E(f, f) : f ∈ F , f |A ≡ 1, f |B ≡ 0})−1 ,

which is defined to be zero if the infimum is taken over the empty set. Note that by (RF4) we
clearly have R({x}, {y}) = R(x, y).

A simple lower bound on the effective resistance between a point and a subset is given by the
metric entropy as described below. Note that, for a metric space (S, dS) and δ > 0, we write

NdS (S, δ) := inf

{
#A

∣∣∣∣∣A ⊆ S, S ⊆
⋃
x∈A

DS(x, δ)

}
,

where we recall from (1.1) that DS(x, δ) denotes the closed ball with radius δ centered at x. The
family (NdS (S, δ))δ>0 is called the metric entropy of S (cf. Marcus and Rosen, 2006).

Lemma 4.5 (Kigami, 2012, Theorem 5.3). For any x ∈ F and r > 0,

R(x,BR(x, r)
c) ≥ r

4NR(F, r/2)

We will henceforth assume that we have a non-empty set F equipped with a resistance form
(E ,F), and denote the corresponding resistance metric by R. Furthermore, we assume that (F,R)
is locally compact and separable, and the resistance form (E ,F) is regular, as described by the
following.

Definition 4.6 (Regular resistance form, Kigami, 2012, Definition 6.2). Let Cc(F ) be the collection
of compactly supported, continuous functions on (F,R) equipped with the compact-convergence
topology. A resistance form (E ,F) on F is called regular if and only if F ∩Cc(F ) is dense in Cc(F ).

We next introduce related Dirichlet forms and stochastic processes. First, suppose that we have
a Radon measure µ of full support on (F,R). Let B(F ) be the Borel σ-algebra on (F,R) and
Bµ(F ) be the completion of B(F ) with respect to µ. Two extended real-valued functions are said to
be µ-equivalent if they coincide outside a µ-null set. The space L2(F, µ) consists of µ-equivalence
classes of square-integrable Bµ(F )-measurable extended real-valued functions on F . Now, we define
a bilinear form E1 on F ∩ L2(F, µ) by setting

E1(f, g) := E(f, g) +
∫
F
fg dµ.

Then (F ∩ L2(F, µ), E1) is a Hilbert space (see Kigami, 2001, Theorem 2.4.1). We write D to be
the closure of F ∩ Cc(F ) with respect to E1. Under the assumption that (E ,F) is regular, we
then have from Kigami (2012, Theorem 9.4) that (E ,D) is a regular Dirichlet form on L2(F, µ)
(see Fukushima et al., 2011 for the definition of a regular Dirichlet form). Moreover, standard
theory gives us the existence of an associated Hunt process ((Xt)t≥0, {Px}x∈F ) (e.g. Fukushima
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et al., 2011, Theorem 7.2.1). We refer to this Hunt process as the (Hunt) process associated with
(F,R, µ). Note that such a process is, in general, only specified uniquely for starting points outside
a set of zero capacity. However, in this setting, every point has strictly positive capacity (see
Kigami, 2012, Theorem 9.9), and so the process is defined uniquely everywhere. From Kigami
(2012, Theorem 10.4), X admits a (unique) jointly continuous transition density with respect to µ.

4.2. Recurrent resistance metrics and auxiliary results. In this subsection, we introduce recurrent
resistance metrics, which we consider throughout this article. We then present some auxiliary results
that are used in the proofs of the main results.

Definition 4.7 (Recurrent resistance metric). Let (F,R) be a boundedly-compact resistance met-
ric space. We say that R is recurrent if and only if limr→∞R(ρ,BR(ρ, r)

c) = ∞ for some (or,
equivalently, any) ρ ∈ F .

Henceforth, we write F for the collection of (F,R, ρ, µ) ∈ G such that (F,R) is a recurrent
resistance metric space and µ is of full support. Fix (F,R, ρ, µ) ∈ F. We note that the resis-
tance form (E ,F) associated with (F,R) is regular and the Dirichlet form (E ,D) associated with
(F,R, µ) is recurrent (see Noda, 2024b, Corollary 3.22 and Croydon, 2018, Lemma 2.3). Write
(X = (Xt)t≥0, {Px}x∈F ) for the process associated with (F,R, µ).

The first Lemma regards traces of X onto subsets. For further details, the reader is referred to
Fukushima et al. (2011); Noda (2024b). For a non-empty closed subset B of F , we define a positive
continuous additive functional (PCAF) A of X by setting A(t) :=

∫ t
0 1B(X(s)) ds and γ to be the

right-continuous inverse of A, i.e., γ(t) := inf{s > 0 : A(s) > t}. Then the trace of X onto B is
given by setting trBX := X ◦ γ.

Lemma 4.8. Fix a non-empty open subset U of F . Set B := cl(U), i.e., the closure of U in F .
Let (Y, {Qx}x∈B) be the Hunt process associated with (B,R|B×B, µ|B). For any x ∈ B, it holds
that Px(trBX ∈ ·) = Qx(Y ∈ ·) as probability measures on D(R≥0, B) equipped with the usual
J1-Skorohod topology.

Proof : The metric RB×B is a regular resistance metric on B by Kigami (2012, Theorem 8.4). Since
µ is of full support on F , one can check that µ|B is of full support on B. Hence, the result follows
immediately from Noda (2024b, Theorem 3.34). □

By combining the trace technique described above with the following estimates of exit times of
X from balls, various analyses of processes on recurrent resistance metric spaces essentially reduce
to analyses of processes on compact resistance metric spaces. For a subset A ⊆ F , we denote by τA
the first exit time of X from A, i.e.,

τA := inf{t > 0 | X(t) /∈ A}.

Lemma 4.9 (Croydon, 2018, Lemma 4.2). For any x ∈ F , δ ∈ (0, R(x,BR(x, r)
c)) and T ≥ 0, it

holds that

Px(τBR(x,r) ≤ T ) ≤ 4δ

R(x,BR(x, r)c)
+

4T

µ(BR(x, δ))(R(x,BR(x, r)c)− δ)
.

We now prove new results, which provide lower bounds for a probability that X is at a point at
a fixed time.

Lemma 4.10. Assume that (F,R) is compact. Then, for any x ∈ F and t ≥ 0,

Px(X(t) = x) ≥ µ({x})
µ(F )

.



Aging and sub-aging for Bouchaud trap models 183

Proof : Fix x ∈ F and t ≥ 0. When F is a finite set, then X is simply a Markov chain on an
electrical network with vertex set F (see Noda, 2024b, Theorem 4.2). So, the result is proven by the
same argument as the proof of Fontes et al. (2002, Lemma 2.5). To extend the result to a general
compact resistance metric space (F,R), we approximate the space by finite subsets. To this end,
we first show that the following statement holds for each n ∈ N.

(A) There exist kn ∈ N and a finite collection of disjoint non-empty Borel subsets {Fi,n}kni=1

such that F =
⋃kn

i=1 F
⟨n−1⟩
i,n , F1,n = BR(x, n

−1), µ(Fi,n) > 0, µ(
⋃kn

i=1 Fi,n) = µ(F ), and
diamFi,n ≤ 2/n, where diamA denotes the diameter of a subset A. (Recall the closed
neighborhood ·⟨ε⟩ from (2.2).)

Let {xi}ki=1 be a finite subset of F such that F =
⋃k

i=1BR(xi, n
−1) and x1 = x. We then set F1 :=

BR(x1, n
−1) and inductively, for i ≥ 2, Fi := BR(xi, n

−1)\
⋃i−1

j=1 Fi. Define I0 to be the collection of

i such that µ(Fi) = 0, and define I+ := {1, . . . , k} \ I0. It remains to prove that F =
⋃

i∈I+ F
⟨n−1⟩
i .

Suppose that there exists an x ∈ F \
⋃

i∈I+ F
⟨n−1⟩
i . This implies that BR(x, n

−1) ∩
⋃

i∈I+ Fi =

∅. Hence, it is the case that BR(x, n
−1) ⊆

⋃
i∈I0 Fi. Since µ is of full support, it follows that

µ(
⋃

i∈I0 Fi) > 0, which is a contradiction. Thus, we obtain that F =
⋃

i∈I+ F
⟨n−1⟩
i .

For each n ∈ N, we let {Fi,n}kni=1 be a finite collection of disjoint Borel subsets satisfying (A).
Choose an element xi,n ∈ Fi,n for each i with x1,n = x. We then write Fn := {xi,n}kni=1, Rn :=
R|Fn×Fn , and xn := x. We define a fully-supported Radon measure µn on Fn by setting µn({xi,n}) :=
µ(Fi,n). Noting that (Fn, Rn) is a recurrent resistance metric space, we let (Xn, {P (n)

y }y∈Fn) be the
process associated with (Fn, Rn, µn). It is not difficult to check that

(Fn, Rn, xn, µn) → (F,R, x, µ)

in Gc with respect to the (pointed) Gromov–Hausdorff–Prohorov topology (recall this topology
from Section 3.3). Thus, by Croydon (2018, Theorem 1.2) and Theorem 3.9, it is possible to embed
(Fn, Rn) and (F,R) isometrically into a common rooted compact metric space (K, dK , xK) in such
a way that xn = x = xK as elements of K, Fn → F in the Hausdorff topology as subsets of K,
µn → µ weakly as measures on K, and P

(n)
xn (Xn ∈ ·) d−→ Px(X ∈ ·) as probability measures on

D(R≥0,K). By the quasi-left-continuity of X, X is continuous at the fixed time t almost surely.
Hence, we have that Xn(t)

d−→ X(t). Noting that {x} = {xn} = {xK} ⊆ K is closed, we deduce
that

Px(X(t) = x) ≥ lim sup
n→∞

P (n)
xn

(Xn(t) = xn). (4.1)

As noted at the beginning, the desired result holds for any finite resistance metric space. Thus, it
holds that

P (n)
xn

(Xn(t) = xn) ≥ µn({xn})/µn(Fn) = µ(BR(x, n
−1))/µ(F )

Combining this with (4.1), we obtain the desired result. □

Using the trace technique, the lower bound given above is improved as follows.

Proposition 4.11. For any x ∈ F , t ≥ 0, and ε > 0,

Px(X(t) = x) ≥ µ({x})
µ(DR(x, ε))

− Px(τBR(x,ε) ≤ t).

Proof : Fix x ∈ F and ε > 0, and write B := cl(BR(x, ε)). Let (Y, {Qx}x∈B) be the Hunt process as-
sociated with (B,R|B×B, µ|B). If τB > t, then we have that trBX(t) = X(t). Thus, by Lemma 4.8,
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we deduce that

Px(X(t) = x) ≥ Px(X(t) = x, τB > t)

= Px(trBX(t) = x, τB > t)

≥ Px(trBX(t) = x)− Px(τB ≤ t)

= Qx(Y (t) = x)− Px(τB ≤ t)

≥ µ({x})
µ(B)

− Px(τB ≤ t),

where we apply Lemma 4.10 to obtain the last inequality. Since BR(x, ε) ⊆ B ⊆ DR(x, ε), we
obtain the desired result. □

As mentioned in the last paragraph in Section 4.1, the process X admits a unique jointly contin-
uous transition density p : R>0 ×F ×F → R≥0 with respect to µ. The following result is used later
to show the non-triviality of the (sub-)aging function.

Proposition 4.12. For any x ∈ F and t > 0, p(t, x, x) > 0.

Proof : Fix t > 0 and x ∈ F . Write (E ,D) for the Dirichlet form associated with (F,R, µ). Suppose
that p(t, x, ·) is constant. Since (E ,D) is recurrent, X is conservative (see Fukushima et al., 2011,
Lemma 1.6.5 and Excercise 4.5.1). It follows that p(t, x, y) > 0 for some y ∈ F . Hence, we obtain
that p(t, x, x) > 0. Suppose that p(t, x, ·) is not constant. Since p(t, x, ·) ∈ D (see Kigami, 2012,
Theorem 10.4), by Fukushima et al. (2011, Lemma 1.3.3) and the Chapman-Kolmogorov equation,
we deduce that

t E(p(t, x, ·), p(t, x, ·)) ≤
∫
F
p
(
t/2, x, y

)2
µ(dy) = p(t, x, x).

Since p(t, x, ·) is not constant, it holds from (RF1) that E(p(t, x, ·), p(t, x, ·)) > 0. Hence, we complete
the proof. □

4.3. Transition densities of processes on resistance metric spaces. In this subsection, we prove that
when measured resistance metric spaces converge in the local Gromov–Hausdorff-vague topology,
the family of the transition densities of the associated processes is precompact (Proposition 4.13)
in the sense that it is uniformly bounded and equicontinuous on every compact subset.

Fix (Fn, Rn, ρn, µn) ∈ F for each n ∈ N and (F,R, ρ, µ) ∈ F. We define (pn(t, x, y))t>0,x,y∈Fn to
be the jointly continuous transition density of the process associated with (Fn, Rn, µn). Similarly,
we define (p(t, x, y))t>0,x,y∈F . To state the result, we introduce new notation. Given a rooted
boundedly-compact metric space (M,dM , ρM ), we set, for T > 0 and r > 0, KdM (T, r) := [T,∞)×
DM (ρS , r)×DM (ρS , r). For a function f : R>0 ×M ×M → R, we define

sM (f, T, r) := sup
(t,x,y)∈K

dM
(T,r)

f(t, x, y), (4.2)

and, for each δ > 0,

dM (f, T, r, δ) := sup

{
|f(t, x, y)− f(t′, x′, y′)|

∣∣∣∣ (t, x, y), (t′, x′, y′) ∈ KdM (T, r),
|t− t′| ∨ dM (x, x′) ∨ dM (y, y′) ≤ δ

}
. (4.3)

Proposition 4.13. Assume that (Fn, Rn, ρn, µn) converges to (F,R, ρ, µ) in the local Gromov–
Hausdorff-vague topology. Then, for any T > 0 and r > 0,

sup
n≥1

sFn(pn, T, r) <∞, lim
δ↓0

sup
n≥1

dFn(pn, T, r, δ) = 0.
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Proof : Fix T > 0 and r > 0. Note that the local Gromov–Hausdorff-vague convergence and µ being
of full support imply that

c1 := inf
n≥1

inf
x∈DRn (ρn,r)

µn(DRn(x, r)) > 0

(cf. Athreya et al., 2016, Corollary 5.7). By Kigami (2012, Equation (10.4)), it holds that, for any
t ≥ T and x ∈ DRn(ρn, r),

pn(t, x, x) ≤ 2rt−1 +
√
2µn(DRn(ρn, r))

−1 ≤ 2rT−1 +
√
2c−1

1 .

Using the Chapman-Kolmogorov equation and the Cauchy-Schwarz inequality, we deduce that, for
any (t, x, y) ∈ KRn(T, r),

pn(t, x, y) =

∫
pn(t/2, x, z)pn(t/2, z, y)µn(dz)

≤
(∫

pn(t/2, x, z)
2 µ(dz)

)1/2(∫
pn(t/2, z, y)

2 µ(dz)

)1/2

= pn(t, x, x)
1/2pn(t, y, y)

1/2

≤ 2rT−1 +
√
2c−1

1 ,

which shows the first result. By following the proof of Kigami (2012, Theorem 10.4) (specifically,
the top of page 44 of Kigami, 2012), we obtain that

|pn(t, x, y)− pn(t
′, x′, y′)| ≤

√
pn(t, x, x)Rn(y, y′)

t
+

√
pn(t, y′, y′)Rn(x, x′)

t

+ 2|t− t′|
√
pn(s/2, x′, x′)pn(s/2, y′, y′)

s
,

where s is a value between t and t′. Thus, for (t, x, y), (t′, x′, y′) ∈ KRn(T, r) with |t−t′|∨Rn(x, x
′)∨

Rn(y, y
′) ≤ δ, we deduce that

|pn(t, x, y)− pn(t
′, x′, y′)| ≤ 2

√
T−1sFn(pn, T, r)δ + 2δT−1sFn(pn, T/2, r).

This, combined with the first result, yields the second result. □

5. Aging and sub-aging for deterministic traps

In this section, we prove aging and sub-aging results for processes on resistance metric spaces
associated with deterministic traps. Throughout this section, we fix a sequence (Fn, Rn, ρn)n≥1 of
rooted recurrent resistance metric spaces and a rooted recurrent resistance metric space (F,R, ρ).

5.1. Aging result. We first prove an aging result, Theorem 5.7. Due to the length of the proof, we
divide this subsection into two smaller sections.

We let νn =
∑

i∈In v
(n)
i δ

x
(n)
i

be a fully-supported discrete measure on Fn and ν =
∑

i∈I viδxi be a
fully-supported discrete measure on F . We write (Xνn

n , {P νn
x }x∈Fn) for the Hunt process associated

with (Fn, Rn, νn) and pνnn for the jointly continuous transition density of Xνn
n with respect to νn.

Similarly, we write (Xν , {P ν
x }x∈F ) for the Hunt process associated with (F,R, ν) and pν for the

jointly continuous transition density of Xν with respect to ν. For a subset A ⊆ F , we denote by τνA
the first exit time of Xν from A, i.e.,

τνA := inf{t > 0 | Xν(t) /∈ A}.
We similarly define τνnA for the first exit time of Xνn

n from A ⊆ Fn. We define an aging function Φν

associated with Xν and ρ by setting

Φν(s, t) := P ν
ρ (X

ν(s) = Xν(t)).
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Similarly, we define Φνn
n to be the aging function associated with Xνn

n and ρn.
Throughout this subsection, we suppose that the following condition is satisfied.

Assumption 5.1. It holds that(
Fn, Rn, ρn, νn, P

νn
ρn (X

νn
n ∈ ·)

)
→
(
F,R, ρ, ν, P ν

ρ (X
ν ∈ ·)

)
.

in the space M•(τ
Mdis × τP(τ

J1))

Under Assumption 5.1, by Theorem 3.9, we may assume that (Fn, Rn, ρn) and (F,R, ρ) are
embedded isometrically into a common rooted boundedly-compact metric space (M,dM , ρM ) in
such a way that ρn = ρ = ρM as elements of M , Fn → F in the Fell topology as closed subsets
in M , and νn → ν in the vaguely-and-point-process topology as discrete measures on M , and
Xνn

n
d−→ Xν in D(R≥0,M). In Sections 5.1.1 and 5.1.2 below, we assume this embedding.

5.1.1. Precompactness of the aging functions. Here, we prove that the family (Φνn
n )n≥1 of the aging

functions is precompact (Proposition 5.5).

Lemma 5.2. The following statements hold.
(i) For each l > 0,

lim
r→∞

sup
n≥1

P νn
ρn

(
τνnBRn (ρn,r)

≤ l
)
= 0. (5.1)

(ii) For any xn ∈ Fn and x ∈ F such that xn → x in M , and any δ > 0,

lim
η→0

lim sup
n→∞

P νn
xn

(τνnBRn (xn,δ)
≤ η) = 0.

Proof : (i). This is a consequence of the weak convergence of Xνn
n to Xν in the usual J1-Skorohod

topology (see Kallenberg, 2021, Theorem 23.8).
(ii). If xn → x in M , then we have from Croydon (2018, Theorem 1.2) that P νn

xn
(Xνn

n ∈ ·) →
P ν
x (X

ν ∈ ·) as probability measures on D(R≥0,M). This yields that(
Fn, Rn, xn, νn, P

νn
xn

(Xνn
n ∈ ·)

)
→
(
F,R, x, ν, P ν

x (X
ν ∈ ·)

)
.

in the space M•(τ
Mdis × τP(τ

J1)). Hence, it is enough to show the result for xn = ρn and x =

ρ. Fix δ > 0. For r > 0, we write (Xν
(r)
n

n , {P ν
(r)
n

x }
x∈F (r)

n
) for the Hunt process associated with

(F
(r)
n , R

(r)
n , ν

(r)
n ), where we recall the restriction operator ·(r) from (1.2). We write τν

(r)
n

A for the first
exit time of Xν

(r)
n

n from a set A ⊆ Fn. Using Lemma 4.8, we deduce that, for any l > η and r > δ,

P νn
ρn

(
τνnBRn (ρn,δ)

≤ η
)
≤ P νn

ρn

(
τνnBRn (ρn,r)

≤ l
)
+ P ν

(r)
n

ρn

(
τν

(r)
n

B
R
(r)
n

(ρn,δ)
≤ η

)
. (5.2)

Note that the convergence of Fn to F in the Fell topology implies that

cr := sup
n≥1

N
R

(r)
n
(F (r)

n , δ/2) <∞

(cf. Noda, 2024a, Theorem 3.13). Lemma 4.5 yields that R(r)
n (ρn, BR

(r)
n
(ρn, δ)

c) ≥ δ/(4cr) =: c
′
r for

all n ≥ 1. By Lemma 4.9, we obtain that, for any ε < c′r,

P ν
(r)
n

ρn

(
τν

(r)
n

B
R
(r)
n

(ρn,δ)
≤ η

)
≤ 4ε

c′r
+

4η

νn(BRn(ρn, ε))(c
′
r − ε)

. (5.3)

By the vague convergence of νn to ν and the assumption that ν is of full support, we have that
infn≥1 νn(BRn(ρn, ε)) > 0. Therefore, using (i), (5.2), and (5.3), we deduce the desired result. □
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Note that ([l−1, l]2)l≥1 is a sequence of compact subsets increasing to R2
>0. To prove the equicon-

tinuity of (Φνn
n )n≥1 on [l−1, l]2, we divide [l−1, l]2 into a part near the diagonal and the other part

as follows: for l ∈ N and η > 0,

T1(l, η) := {(s, t) ∈ [l−1, l]2 | |t− s| ≤ η},
T2(l, η) := {(s, t) ∈ [l−1, l]2 | η ≤ |t− s|}.

In Lemmas 5.3 and 5.4 below, we prove the equicontinuity of (Φνn
n )n≥1 on T1(l, η) and T2(l, η),

respectively.

Lemma 5.3. For every l ∈ N and η > 0,

lim
η→0

lim sup
n→∞

sup
(s,t)∈T1(l,η)

|Φνn
n (s, t)− 1| = 0.

Proof : Fix (s, t) ∈ T1(l, η) with s ≤ t. Since 1 = P νn
ρn (X

νn
n (s) ∈ Fn), it holds that

|Φνn
n (s, t)− 1| = |P νn

ρn (X
νn
n (s) = Xνn

n (t))− P νn
ρn (X

νn
n (s) ∈ Fn)|

≤ 2P νn
ρn (τ

νn
BRn (ρn,r)

≤ l) +
∣∣∣P νn

ρn (X
νn
n (s) = Xνn

n (t) ∈ F (r)
n )− P νn

ρn (X
νn
n (s) ∈ F (r)

n )
∣∣∣ .

By Lemma 5.2(i), it is enough to show that, for all but countably many r > 0,

lim
η→0

lim sup
n→∞

sup
(s,t)∈T1(l,η)

∣∣∣P νn
ρn (X

νn
n (s) = Xνn

n (t) ∈ F (r)
n )− P νn

ρn (X
νn
n (s) ∈ F (r)

n )
∣∣∣ = 0.

Fix r > 0 such that the boundary of F (r) contains no atoms of ν. We have from Proposition 4.13
that

A := sup
n≥1

sup{pνnn (t, x, y) | l−1 ≤ t ≤ l, x, y ∈ F (r)
n } <∞.

Using the transition density pνnn and the Markov property, we deduce that, for any ε > 0,∣∣∣P νn
ρn (X

νn
n (s) = Xνn

n (t) ∈ F (r)
n )− P νn

ρn (X
νn
n (s) ∈ F (r)

n )
∣∣∣

=

∫
F

(r)
n

pνnn (s, ρn, x) (1− P νn
x (Xνn

n (t− s) = x)) νn(dx)

≤ AM (r)
ε (p(νn)) +A

∑
i∈In(ε)

(
1− P νn

x
(n)
i

(Xνn
n (t− s) = x

(n)
i )

)
v
(n)
i ,

where we define In(ε) := {i ∈ In | x(n)i ∈ F
(r)
n , v

(n)
i ≥ ε} and recall M (r)

ε from (2.11). By Theo-
rem 2.14, it holds that limε→0 lim supn→∞M

(r)
ε (p(νn)) = 0. Thus, it suffices to show that, for all

but countably many ε > 0,

lim
η→0

lim sup
n→∞

sup
(s,t)∈T1(l,η)

∑
i∈In(ε)

(
1− P νn

x
(n)
i

(Xνn
n (t− s) = x

(n)
i )

)
v
(n)
i = 0.

Proposition 4.11 yields that, for any (s, t) ∈ T1(l, η) and ε, ε′ > 0,∑
i∈In(ε)

(
1− P νn

x
(n)
i

(Xνn
n (t− s) = x

(n)
i )

)
v
(n)
i

≤
∑

i∈In(ε)

(
1−

v
(n)
i

νn(DRn(x
(n)
i , ε′))

+ P νn

x
(n)
i

(
τνn
BRn (x

(n)
i ,ε′)

≤ η
))

v
(n)
i

≤
∑

i∈In(ε)

νn(DRn(x
(n)
i , ε′) \ {x(n)i }) +W (r)(p(νn))

∑
i∈In(ε)

P νn

x
(n)
i

(
τνn
BRn (x

(n)
i ,ε′)

≤ η
)
,
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where we recall W (r) from (2.12). Set W := supn≥1W
(r)(p(νn))+W (r)(p(ν))+ 1, which is finite by

Theorem 2.22. Note that, by the definition of W (r), there are no atoms of p(νn) in F
(r)
n × [W,∞).

We choose ε > 0 so that the boundary of K := F (r) × [ε,W ] contains no atoms of p(ν). It is then
the case that p(νn)|K → p(ν)|K weakly. Hence, if we write I(ε) := {i ∈ I | (xi, vi) ∈ K}, then, by
Proposition 2.4, there exists a bijective map fn : I(ε) → In(ε) (at least, for all sufficiently large n)
such that x(n)fn(i)

→ xi and v(n)fn(i)
→ v

(n)
i for each i ∈ I(ε). Since I(ε) is a finite set, we deduce from

Lemma 5.2(ii) that, for each ε′ > 0,

lim
η→0

lim sup
n→∞

W (r)(p(νn))
∑

i∈In(ε)

P νn

x
(n)
i

(
τνn
BRn (x

(n)
i ,ε′)

≤ η
)

≤W
∑
i∈I(ε)

lim
η→0

lim sup
n→∞

P νn

x
(n)
fn(i)

(
τνn
BRn (x

(n)
fn(i)

,ε′)
≤ η

)
= 0.

Using Proposition 2.4, we obtain that

lim
ε′→0

lim sup
n→∞

∑
i∈In(ε)

νn
(
DRn(x

(n)
i , ε′) \ {x(n)i }

)
=
∑
i∈I(ε)

lim
ε′→0

lim sup
n→∞

νn
(
DRn(x

(n)
fn(i)

, ε′) \ {x(n)fn(i)
}
)

= 0.

Therefore, we complete the proof. □

Lemma 5.4. For every l ∈ N and η > 0,

lim
δ→0

lim sup
n→∞

sup
(s,t)∈T2(l,η)

|t−t′|∨|s−s′|<δ

|Φνn
n (s, t)− Φνn

n (s′, t′)| = 0.

Proof : Note that the vague convergence νn → ν implies that, for each r > 0,

Ar := sup
n≥1

νn(F
(r)
n ) <∞.

Fix (s, t), (s′, t′) ∈ T2(l, η) with |s− s′| ∨ |t− t′| ≤ δ, s < t, and s′ < t′. Using the transition density,
we obtain that

|Φνn
n (s, t)− Φνn

n (s′, t′)|
≤ 2P νn

ρn (τ
νn
BRn (ρn,r)

≤ l)

+
∣∣∣P νn

ρn (X
νn
n (s) = Xνn

n (t) ∈ F (r)
n )− P νn

ρn (X
νn
n (s′) = Xνn

n (t′) ∈ F (r)
n )
∣∣∣

≤ 2P νn
ρn (τ

νn
BRn (ρn,r)

≤ l)

+

∫
F

(r)
n

νn({x})
∣∣pνnn (s, ρn, x)p

νn
n (t− s, x, x)− pνnn (s′, ρn, x)p

νn
n (t′ − s′, x, x)

∣∣ νn(dx)
≤ 2P νn

ρn (τ
νn
BRn (ρn,r)

≤ l)

+A2
r sup
x∈F (r)

n

∣∣pνnn (s, ρn, x)p
νn
n (t− s, x, x)− pνnn (s′, ρn, x)p

νn
n (t′ − s′, x, x)

∣∣. (5.4)
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For any x ∈ F
(r)
n , we have that∣∣pνnn (s, ρn, x)p
νn
n (t− s, x, x)− pνnn (s′, ρn, x)p

νn
n (t′ − s′, x, x)

∣∣
≤ pνnn (s, ρn, x)

∣∣pνnn (t− s, x, x)− pνnn (t′ − s′, x, x)
∣∣+ pνnn (t′ − s′, x, x)

∣∣pνnn (s, ρn, x)− pνnn (s′, ρn, x)
∣∣

≤ sFn(p
νn
n , l

−1, r)dFn(p
νn
n , η, r, 2δ) + sFn(p

νn
n , η, r)dFn(p

νn
n , l

−1, r, δ),

where we recall the notation sFn and dFn from (4.2) and (4.3). Thus, we deduce from Proposi-
tion 4.13 that

lim
δ→0

lim sup
n→∞

sup
x∈F (r)

n

∣∣pνnn (s, ρn, x)p
νn
n (t− s, x, x)− pνnn (s′, ρn, x)p

νn
n (t′ − s′, x, x)

∣∣ = 0.

From Lemma 5.2(i), (5.4), and the above convergence, we establish the desired result. □

From Lemmas 5.3 and 5.4 above, we deduce the precompactness of (Φνn
n )n≥1 as follows. Below,

we write C(R2
>0,R≥0) for the space of continuous functions from R2

≥0 to R≥0 equipped with the
compact-convergence topology.

Proposition 5.5. The family {Φνn
n }n≥1 is precompact in C(R2

>0,R≥0).

Proof : It is enough to show that the family is uniformly bounded and equicontinuous on each com-
pact subset of R2

>0. (See Kallenberg, 2021, Theorem A5.2 for a necessarily and sufficient condition
for precompactness in C(R2

>0,R≥0)). Obviously, we have that supn≥1 sups,tΦ
νn
n (s, t) ≤ 1. So, it

remains to prove that, for every l ∈ N,

lim
δ→0

lim sup
n→∞

sup
(s,t),(s′,t′)∈[l−1,l]2

|t−t′|∨|s−s′|<δ

|Φνn
n (s, t)− Φνn

n (s′, t′)| = 0.

Fix δ, η > 0 with η > 4δ. Fix also (s, t), (s′, t′) ∈ [l−1, l]2 with |t− t′| ∨ |s− s′| ≤ δ. If |t− s| ≤ η,

|t′ − s′| ≤ |t− s|+ |t− t′|+ |s− s′| ≤ η + 2δ ≤ 2η.

Otherwise,
|t′ − s′| ≥ |t− s| − |t− t′| − |s− s′| ≥ η − 2δ ≥ η/2.

Thus, we deduce that

sup
(s,t),(s′,t′)∈[l−1,l]2

|t−t′|∨|s−s′|<δ

|Φνn
n (s, t)− Φνn

n (s′, t′)|

≤ sup
(s,t),(s′,t′)∈T1(l,2η)

|Φνn
n (s, t)− Φνn

n (s′, t′)|+ sup
(s,t),(s′,t′)∈T2(l,η/2)

|t−t′|∨|s−s′|<δ

|Φνn
n (s, t)− Φνn

n (s′, t′)|

≤ 2 sup
(s,t)∈T1(l,2η)

|Φνn
n (s, t)− 1|+ sup

(s,t),(s′,t′)∈T2(l,η/2)
|t−t′|∨|s−s′|<δ

|Φνn
n (s, t)− Φνn

n (s′, t′)|.

This, combined with Lemmas 5.3 and 5.4, yields the desired result. □

5.1.2. Convergence of aging functions. Here, we prove the convergence of the aging functions (The-
orem 5.7). Since we already showed the precompactness of the aging functions in Proposition 5.5,
it remains to prove the pointwise convergence of the aging functions. This is derived from the
following result.

Lemma 5.6. Fix k ∈ N, xn = (x
(n)
1 , . . . , x

(n)
k ) ∈ F k

n for each n, and x = (x1, . . . , xk) ∈ F k. If
x
(n)
i → xi in M and νn({x(n)i }) → ν({xi}) for each i, then

P νn
ρn

(
Xνn

n (t1) = x
(n)
1 , . . . , Xνn

n (tk) = x
(n)
k

)
→ Pρ

(
Xν(t1) = x1, . . . , X

ν(tk) = xk
)

for any t1, . . . , tk ∈ (0,∞).
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Proof : Since we have the convergence of finite-dimensional distributions of Xνn
n to those of Xν , by

Proposition 2.8, it suffices to show that

lim
δ↓0

lim sup
n→∞

P νn
ρn

(
(Xνn

n (t1), . . . , X
νn
n (tk)) ∈ BMk(xn, δ) \ {xn}

)
= 0, (5.5)

where we equip the product space Mk with the max product metric (cf. (2.6)). We write A(n, δ)
for the above probability. Using the transition density, we obtain that, for each δ ∈ (0, 1),

A(n, δ) ≤
k∑

i=1

P νn
ρn

(
Xνn

n (ti) ∈ BRn(x
(n)
i , δ) \ {x(n)i }

)
=

k∑
i=1

∫
BRn (x

(n)
i ,δ)\{x(n)

i }
pνnn (ti, ρn, y) νn(dy)

≤
k∑

i=1

νn(BRn(x
(n)
i , δ) \ {x(n)i }) sup

y∈BRn (x
(n)
i ,1)

pνnn (ti, ρn, y)

By Proposition 4.13, we have that

sup
n≥1

sup
y∈BRn (x

(n)
i ,1)

pνnn (ti, ρn, y) <∞.

Moreover, Proposition 2.8 and the convergence νn → ν in the vague-and-point-process topology
yield that

lim
δ↓0

lim sup
n→∞

νn(BRn(x
(n)
i , δ) \ {x(n)i }) = 0.

Therefore, we obtain (5.5). □

Theorem 5.7. Under Assumption 5.1, it holds that(
Vn, Rn, ρn, νn, P

νn
ρn (X

νn
n ∈ ·),Φνn

n

)
→
(
F,R, ρ, ν, P ν

ρ (X
ν ∈ ·),Φν

)
in the space M•(τ

dis × τP(τ
J1)× τC(R2

>0,R≥0)). Moreover, Φν(s, t) > 0 for all s, t ∈ R>0.

Proof : By Lemma 5.5, it suffices to show that Φνn
n (s, t) → Φν(s, t) for every (s, t) ∈ R2

>0. Fix

(s, t) ∈ T2. Since Xνn
n

d−→ Xν in the usual J1-Skorohod topology and Xν is continuous at s and t

almost surely by its quasi-left-continuity, we have that (Xνn
n (s), Xνn

n (t))
d−→ (Xν(s), Xν(t)). Noting

that the diagonal set in a product metric space is closed, we obtain that

lim sup
n→∞

P νn
ρn

(
Xνn

n (s) = Xνn
n (t)

)
≤ P ν

ρ

(
Xν(s) = Xν(t)

)
. (5.6)

Let {xj}j∈J be the set of elements of F satisfying Pρ

(
Xν(s) = Xν(t) = xi

)
> 0. For each i ∈ J ,

by the convergence νn → ν in the vague-and-point-process topology and Theorem 2.9, there exists
x
(n)
i ∈ Fn such that x(n)i → xi and νn({x(n)i }) → ν({xi}). Lemma 5.6 immediately yields that

P νn
ρn

(
Xνn

n (s) = Xνn
n (t) = x

(n)
i

)
→ P ν

ρ

(
Xν(s) = Xν(t) = xi

)
.

Let (Jl)l≥1 be an increasing sequence of finite subsets of J such that
⋃

l≥1 Jl = J . Then, the

convergence x(n)i → xi for each i implies that x(n)i ̸= x
(n)
j if i ̸= j with i, j ∈ Jk for all sufficiently

large n. Hence, we deduce that∑
i∈Jk

P ν
ρ

(
Xν(s) = Xν(t) = xi

)
= lim

n→∞

∑
i∈Jk

P νn
ρn

(
Xνn

n (s) = Xνn
n (t) = x

(n)
i

)
≤ lim inf

n→∞
P νn
ρn

(
Xνn

n (s) = Xνn
n (t)

)
.
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By letting k → ∞ in the above inequality and (5.6), we obtain that

Φνn
n (s, t) = P νn

ρn

(
Xνn

n (s) = Xνn
n (t)

)
→ P ν

ρ

(
Xν(s) = Xν(t)

)
= Φν(s, t).

Checking the last assertion for s = t is easy as it holds that Φν(s, s) = 1. Suppose that t > s. We
can find an x ∈ F such that pν(s, ρ, x)ν({x}) > 0. (Otherwise, one has that P ν

ρ (X(s) ∈ F ) = 0.)
Using the transition density pν , we obtain that

Φν(s, t) =

∫
pν(s, ρ, y)pν(t− s, y, y)ν({y}) ν(dy) ≥ pν(s, ρ, x)pν(t− s, x, x)ν({x})2

Thus, we deduce that Φν(s, t) > 0 from Proposition 4.12. □

5.2. Sub-aging result. We next prove a sub-aging result, Theorem 5.11. To do this, we extend the
framework of Section 5.1. For each n ≥ 1, we let π̇n =

∑
i∈In δ(x(n)

i ,w
(n)
i ,v

(n)
i )

be a simple measure
on Fn × R≥0 × R>0, and let π̇ =

∑
i∈I δ(xi,wi,vi) be a simple measure on F × R≥0 × R>0. For each

n ≥ 1, we assume that x(n)i ̸= x
(n)
j if i ̸= j, and the measure νn on Fn given below is of full support:

νn(A) =

∫
1A(x)v π̇n(dx dw dv) =

∑
i∈In

v
(n)
i δ

x
(n)
i

(A), A ∈ B(Fn).

Similarly, we assume that xi ̸= xj if i ̸= j, and the measure ν on F given below is of full support:

ν(A) =

∫
1A(x)v π̇(dx dw dv) =

∑
i∈I

viδxi(A), A ∈ B(F ).

As in the previous section, we write (Xνn
n , {P νn

x }x∈Fn) for the Hunt process associated with
(Fn, Rn, νn) and pνnn for the jointly continuous transition density of Xνn

n with respect to νn. Simi-
larly, we write (Xν , {P ν

x }x∈F ) for the Hunt process associated with (F,R, ν) and pν for the jointly
continuous transition density of Xν with respect to ν. We define a sub-aging function associated
with Xν and ρ by setting

Ψν(s, t) :=

∫
e−ws/vP ν

ρ (X
ν(t) = x) π̇(dx dw dv).

We similarly define Ψνn
n to be the sub-aging function associated with Xνn

n and ρn. Since ν({xi}) = vi
and P ν

ρ (X
ν(t) = x) = pν(t, ρ, x)ν({x}), we note that

P ν
ρ (X

ν(t) = x) π̇(dx dw dv) = pν(t, ρ, x)v π̇(dx dw dv). (5.7)

Assumption 5.8. It holds that(
Fn, Rn, ρn, νn, π̇n, P

νn
ρn (X

νn
n ∈ ·)

)
→
(
F,R, ρ, ν, π̇, P ν

ρ (X
ν ∈ ·)

)
in the space M•(τ

Mdis × τM(·×R≥0×R>0) × τP(τ
J1)).

Henceforth, we assume that Assumption 5.8 is satisfied. Under this assumption, by Theorem 3.9,
we may assume that (Fn, Rn, ρn) and (F,R, ρ) are embedded isometrically into a common rooted
boundedly-compact metric space (M,dM , ρM ) in such a way that ρn = ρ = ρM as elements of
M , Fn → F in the Fell topology as closed subsets in M , νn → ν in the vaguely-and-point-process
topology as discrete measures onM , π̇n → π̇ vaguely as measures onM×R≥0×R>0, andXνn

n
d−→ Xν

in D(R≥0,M).
For l ∈ N, we set

T3(l) := [0, l]× [l−1, l].

Note that (T3(l))l≥1 is a sequence of compact subsets increasing to R≥0 × R>0. Below, we show
some technical results used to prove the precompactness of (Ψνn

n )n≥1.

Lemma 5.9. Fix l ∈ N. The following statements hold.
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(i) For every r > 0,

lim
η→0

lim sup
n→∞

lim sup
(s,t)∈T3(l)

∫
DRn (ρn,r)×R≥0×(0,η]

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv) = 0.

(ii) It holds that

lim
r→∞

lim sup
n→∞

lim sup
(s,t)∈T3(l)

∫
DRn (ρn,r)

c×R≥0×R>0

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv) = 0.

(iii) For every r, η > 0, it holds that

lim
W→∞

lim sup
n→∞

sup
(s,t)∈T3(l)

∫
DRn (ρn,r)

c×[W,∞)×[η,∞)
e−ws/vP νn

ρn (X
νn
n (t) = x) π̇n(dx dw dv) = 0.

Proof : (i). For (s, t) ∈ T3(l), we deduce by (5.7) that∫
DRn (ρn,r)×R≥0×(0,η]

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv)

≤
∫
DRn (ρn,r)×R≥0×(0,η]

pνnn (t, ρn, x)v π̇n(dx dw dv)

≤ sFn(p
νn
n , l

−1, r)
∑

x
(n)
i ∈DRn (ρn,r)

v
(n)
i ≤η

v
(n)
i

≤ sFn(p
νn
n , l

−1, r)M (r)
η (p(νn)).

Hence, the result follows from Theorem 2.14 and Proposition 4.13.
(ii). For (s, t) ∈ T3(l), we have that∫

DRn (ρn,r)
c×R≥0×R≥0

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv) ≤

∑
xi∈DRn (ρn,r)

c

P νn
ρn (X

νn
n (t) = xi)

≤ P νn
ρn (τ

νn
DRn (ρn,r)

≤ l).

Hence, the desired result follows from (5.1).
(iii). Fix r, η > 0 and let r′ > r and η′ < η be such that the boundary of DM (ρ, r′)× [η′,∞) does

not contain the atoms of p(ν). By Theorem 2.22, it holds that

V :=W (r′)(p(ν)) + sup
n≥1

W (r′)(p(νn)) + 1 <∞.

Noting that Fn ∩DM (ρM , r) = DRn(ρn, r), we deduce that, for any W > 0,

sup
(s,t)∈T3(l)

∫
DRn (ρn,r)×[W,∞)×[η,∞)

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv)

≤
∫
DRn (ρn,r)×[W,∞)×[η,∞)

π̇n(dx dw dv)

= #
(
At(π̇n) ∩ (DRn(ρn, r)× [W,∞)× [η,∞))

)
≤ #

(
At(π̇n) ∩ (DM (ρM , r

′)× [W,∞)× [η′, V ])
)

(5.8)

We define a finite subset J ⊆ I so that {(xj , vj)}j∈J are the atoms of p(ν) lying inK := DM (ρM , r
′)×

[η′, V ]. Proposition 2.4 yields that #(At(p(νn))∩K) = #J for all sufficiently large n, which implies
that

#
(
At(π̇n) ∩ (DM (ρM , r

′)× R≥0 × [η′, V ])
)
= #J. (5.9)
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Now, fix W sufficiently large so that W > maxj∈J wj + 1. Since π̇n converges to π̇ vaguely,
Proposition 2.4 again yields that, for all sufficiently large n,

#
(
At(π̇n) ∩ (DM (ρM , r

′)× [0,W )× [η′, V ])
)
= #

(
At(π̇) ∩ (DM (ρM , r

′)× [0,W )× [η′, V ])
)

= #J.

Combining this with (5.9), we obtain that

lim
n→∞

#
(
At(π̇n) ∩ (DM (ρM , r

′)× [W,∞)× [η′, V ])
)
= 0.

From this and (5.8), we obtain the desired result. □

Lemma 5.10. The family {Ψνn
n }n≥1 is precompact in C(R≥0 × R>0,R≥0).

Proof : Noting that, for all s, t ∈ R≥0 × R>0 and n ≥ 1,

Ψνn
n (s, t) ≤

∫
P νn
n (Xνn

n = x) π̇n(dx dw dv) =
∑
i∈In

P νn
n (Xνn

n = x
(n)
i ) = 1,

it suffices to show that, for each l ≥ 1,

lim
δ→0

lim sup
n→∞

sup
(s,t),(s′,t′)∈T3(l)
|s−s′|∨|t−t′|≤δ

|Ψν(s, t)−Ψν(s′, t′)| = 0.

Fix l ≥ 1. By Lemma 5.9, this reduces to proving that, for any r,W, η > 0,

lim
δ→0

lim sup
n→∞

sup
(s,t),(s′,t′)∈T3(l)
|s−s′|∨|t−t′|≤δ

An(r,W, η) = 0, (5.10)

where An = An(r,W, η) is given by

An :=

∫
DRn (ρn,r)×[0,W ]×[η,∞)

∣∣e−ws/vP νn
n (Xνn

n (t) = x)− e−ws′/vP νn
n (Xνn

n (t′) = x)
∣∣ π̇(dx dw dv).

Fix (s, t), (s′, t′) ∈ T3(l) with |s− s′| ∨ |t− t′| ≤ δ. Using (5.7), we can write

An =

∫
DRn (ρn,r)×[0,W ]×[η,∞)

v
∣∣e−ws/vpνnn (t, ρn, x)− e−ws′/vpνnn (t′, ρn, x)

∣∣ π̇(dx dw dv).
By the triangle inequality, we have that∣∣e−ws/vpνnn (t, ρn, x)− e−ws′/vpνnn (t′, ρn, x)

∣∣
≤ |pνnn (t, ρn, x)− pνnn (t′, ρn, x)|+ pνnn (t′, ρn, x)|e−ws/v − e−ws′/v|

≤ dFn(p
νn
n , l

−1, r, δ) + sFn(p
νn
n , l

−1, r)|e−ws/v − e−ws′/v|.

For (x,w, v) ∈ DRn(ρn, r)× [0,W ]× [η,∞), we deduce by the mean value theorem that

|e−ws/v − e−ws′/v| ≤ w

v
|s− s′| ≤ W

η
δ.

Hence, it follows that

An ≤
{
dFn(p

νn
n , l

−1, r, δ) + sFn(p
νn
n , l

−1, r)Wη−1δ
} ∑

x
(n)
i ∈DRn(ρn,r)

v
(n)
i

=
{
dFn(p

νn
n , l

−1, r, δ) + sFn(p
νn
n , l

−1, r)Wη−1δ
}
νn(DRn(ρn, r)). (5.11)

Since the vague convergence νn → ν implies that supn≥1 νn(DRn(ρn, r)) <∞, we obtain (5.10) from
Proposition 4.13 and (5.11). □
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Theorem 5.11. Under Assumption 5.8, It holds that(
Fn, Rn, ρn, νn, πn, P

νn
ρn (X

νn
n ∈ ·),Ψνn

n

)
→
(
F,R, ρ, ν, π, P ν

ρ (X
ν ∈ ·),Ψν

)
in the space M•(τ

Mdis × τM(·×R≥0×R>0) × τP(τ
J1) × τC(R2

>0,R≥0)). Moreover, Ψν(s, t) > 0 for any
s ≥ 0 and t > 0.

Proof : The second assertion is straightforward. Indeed, for some i ∈ I, we have that P ν
ρ (X

ν(t) =
xi) > 0, which implies that

Ψν(s, t) ≥ e−wis/viP ν
ρ (X

ν(t) = xi) > 0.

We next show the first assertion. By Lemma 5.10, it suffices to show that Ψνn
n (s, t) → Ψν(s, t)

for every (s, t) ∈ R≥0 ×R>0. Fix (s, t) ∈ R≥0 ×R>0. By Lemma 5.9, it is enough to show that, for
some sequences (rk)k≥1, (Wl)l≥1, and (ηm)m≥1 with rk ↑ ∞, Wl ↑ ∞, and ηm ↓ 0,

lim
n→∞

∫
DM (ρM ,rk)×[0,Wl]×[ηm,∞)

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv)

=

∫
DM (ρM ,rk)×[0,Wl]×[ηm,∞)

e−ws/vP ν
ρ (X

ν(t) = x) π̇(dx dw dv).

We choose (rk)k≥1 so that rk ↑ ∞ and ν(∂DM (ρM , rk)) = 0. We then choose (Wl)l≥1 and (ηm)m≥1

so that Wl ↑ ∞, ηm ↓ 0, and π̇(∂(DM (ρM , rk) × [0,Wl] × [ηm,∞))) = 0 for all l,m. Fix k, l, and
m, and simply write r = rk, W =Wl, and η = ηm. Set

V :=

{
W (r)(p(ν)) ∨ sup

n≥1
W (r)(p(νn))

}
+ 1 <∞.

Then there are no atoms of πn nor π in DM (ρM , r) × [0,W ] × (V,∞). We define a finite subset
J ⊆ I so that {(xj , wj , vj)}j∈J are the atoms of π̇ lying in K := DM (ρM , r) × [0,W ] × [η, V ]. By
Proposition 2.4, there exist injections fn : J → In (at least for all sufficiently large n) such that

At(π̇n) ∩K = {(x(n)fn(j)
, w

(n)
fn(j)

, v
(n)
fn(j)

)}j∈J

and (x
(n)
fn(j)

, w
(n)
fn(j)

, v
(n)
fn(j)

) → (xj , wj , vj) for each j ∈ J . It then follows from Lemma 5.6 that

P νn
ρn (X

νn
n (t) = x

(n)
i ) → P ν

ρ (X
ν(t) = xi), ∀j ∈ J.

Therefore, we deduce that

lim
n→∞

∫
DM (ρM ,r)×[0,W ]×[η,∞)

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv)

= lim
n→∞

∫
DM (ρM ,r)×[0,W ]×[η,V ]

e−ws/vP νn
ρn (X

νn
n (t) = x) π̇n(dx dw dv)

= lim
n→∞

∑
j∈J

exp
(
−w(n)

fn(j)
s/v

(n)
fn(j)

)
P νn
ρn (X

νn
n (t) = x

(n)
fn(j)

)

=
∑
j∈J

e−wjs/vjP ν
ρ (X

ν(t) = xj)

=

∫
DM (ρM ,r)×[0,W ]×[η,∞)

e−ws/vP ν
ρ (X

ν(t) = x) π̇(dx dw dv),

which completes the proof. □
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6. Proof of the main results

In this section, we prove the main results. Since we already obtained the results in the previ-
ous section when the traps are deterministic and converge, thanks to the Skorohod representation
theorem, it remains to show the convergence of traps in distribution.

6.1. Proof of Theorem 1.6. We prove the aging result, Theorem 1.6. Suppose that Assumption 1.5
is satisfied. We first study some properties of the limiting trap environment. Recall that π(dx dv)
is the Poisson random measure with intensity measure µ(dx)αv−1−αdv and ν = v(π), where the
map v is introduced in Section 2.3 above.

Lemma 6.1.
(i) The set At(ν) of the atoms of ν is dense in F almost surely. In particular, ν is of full

support almost surely.
(ii) It holds that π ∈ P∗(F ) almost surely (recall P∗(F ) from (2.14)).

Proof : (i). Since µ is of full support, it holds that, for any x ∈ F and r > 0,

E[π(BR(x, r)× R>0)] = µ(BR(x, r))

∫ ∞

0
αu−1−α du = ∞,

where E denotes the expectation with respect to P, the underlying probability measure of π. Hence,
At(ν) ∩ BR(x, r) ̸= ∅ almost surely. Let {xi}i∈I be a countable dense subset of F . Then, almost
surely, we have that At(ν)∩BR(xi, q) ̸= ∅ for all i ∈ I and positive rational numbers q. This implies
the desired result.

(ii). Write π =
∑

i∈I δ(xi,vi). For each ε > 0, we set Iε := {i ∈ I | vi ≥ ε}. We then define a
random measure ν ′ε on F by setting

ν ′ε(A) :=
∑
i∈Iε

δxi(A) = π(A× [ε,∞)).

It is easy to check that ν ′ε is a Poisson random measure with intensity measure ε−αµ(dx). Since µ
is non-atomic, it follows from Kallenberg (2017, Lemma 3.6(i)) that xi ̸= xj for any i, j ∈ Iε with
i ̸= j, almost surely. Since Iε increases to I as ε→ 0, we deduce the desired result. □

For the following result, recall the random variable ξ from Definition 1.3.

Lemma 6.2. For every u > 0, limn→∞ bnPξ(c
−1
n ξ > u) = u−α.

Proof : Define f(u) := Pξ(ξ > u)−1 and g(u) := inf{s ≥ 0 | f(s) > u}. Then f is a regularly
varying function with index α and g is an asymptotic inverse of f , that is, f(g(u)) ∼ g(f(u)) ∼ u
as u → ∞ (Bingham et al., 1987, Theorem 1.5.12). (NB. For functions h and H, we write h ∼ H
when h(u)/H(u) → 1.) Using the relation cn = g(bn), we deduce that

Pξ(c
−1
n ξ > u) = (ucn)

−αℓ(u) = u−α ℓ(cnu)

ℓ(cn)
Pξ(ξ > cn) = u−α ℓ(cnu)

ℓ(cn)
f(g(bn))

−1.

Since ℓ is slowly varying and cn → ∞, we obtain the desired result. □

We now prove the distributional convergence of traps in the vague-and-point-process topology.

Lemma 6.3. It holds that(
Vn, a

−1
n Rn, ρn, b

−1
n µ#n ,Pn(c

−1
n νn ∈ ·)

)
→
(
F,R, ρ, µ,P(ν ∈ ·)

)
in the space M•(τ

M × τP(τ
Mdis

)).
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Proof : By Assumption 1.5(i) and Theorem 3.9, we may assume that (Vn, a
−1
n Rn, ρn) and (F,R, ρ)

are embedded isometrically into a common rooted boundedly-compact metric space (M,dM , ρM )
in such a way that ρn = ρ = ρM as elements in M , Vn → F in the Fell topology as closed subsets
of M , and b−1

n µ#n → µ vaguely as measures on M . It suffices to show that c−1
n νn

d−→ ν in the
vague-and-point-process topology as measures on M . Recall that πn :=

∑
x∈Vn

δ(x,c−1
n νn({x})). Fix a

bounded subset A of M such that µ(∂A) = 0. We have that, for every u > 0,

Pn(πn(A× (u,∞)) = 0) = Pn(c
−1
n ξ(n)x ≤ u for all x ∈ A) =

(
1− Pξ(c

−1
n ξ > u)

)µ#
n (A)

and En[πn(A× (u,∞))] = µ#n (A)Pξ(c
−1
n ξ > u). It then follows from Lemma 6.2 that

lim
n→∞

Pn(πn(A× (u,∞)) = 0) = e−µ(A)u−α
= P(π(A× (u,∞)) = 0), (6.1)

lim
n→∞

En[πn(A× (u,∞))] = µ(A)u−α = E[π(A× (u,∞))].

By Kallenberg (2017, Theorem 4.18), πn
d−→ π vaguely. We will check condition (ii) of Theorem 2.26.

Fix r > 0 satisfying µ(M (r)) = 0. Since we have that

p(n, l) := Pn(W
(r)(πn) > l) = Pn(πn(M

(r) × (l,∞)) > 0),

equation (6.1) yields that p(n, l) → P(π(M (r) × (l,∞)) > 0) = 1 − e−µ(M(r))l−α . Hence, we obtain
that liml→∞ lim supn→∞ p(n, l) = 0. The Markov inequality yields that

Pn(M
(r)
ε (πn) > δ) ≤ δ−1µ#n (M

(r))Eξ[c
−1
n ξ · 1(0,cnε)(ξ)] = −δ−1µ#n (M

(r))c−1
n

∫ εcn

0
u df(u),

where we set f(u) := P (ξ > u). Since f is a regularly varying function with index −α, we have by
Bingham et al. (1987, Theorem 1.6.4) that, as n→ ∞,∫ εcn

0
u df(u) ∼ −α

1− α
εcnf(εcn) =

−α
1− α

εcnPξ(c
−1
n ξ > ε).

It then follows from Lemma 6.2 that

lim
ε↓0

lim sup
n→∞

Pn(M
(r)
ε (πn) > δ) ≤ lim

ε↓0
δ−1α(1− α)−1µ(M (r))ε1−α = 0.

By Corollary 2.27, πn
d−→ π in P(M). It follows from Corollary 2.16 and Lemma 6.1(ii) that

c−1
n νn = v(πn)

d−→ v(π) = ν in the vague-and-point-process topology. □

Now, we prove Theorem 1.6.

Proof of Theorem 1.6: By Lemma 6.3, we may assume that (Vn, a
−1
n Rn, ρn) and (F,R, ρ) are em-

bedded isometrically into a common rooted boundedly-compact metric space (M,dM , ρM ) in such
a way that ρn = ρ = ρM as elements in M , Vn → F in the Fell topology as closed subsets of M ,
b−1
n µ#n → µ vaguely as measures on M , and c−1

n νn
d−→ ν in Mdis(M). Using the Skorohod represen-

tation theorem, we may further assume that c−1
n νn → ν almost surely on some probability space.

Then, by Croydon (2018, Theorem 1.2), we obtain that P νn
ρn (X̃

νn
n ∈ ·) d−→ P ν

ρ (X
ν ∈ ·). Hence, the

desired result follows from Theorem 5.7. □

6.2. Proof of Theorem 1.9. Next, we prove the sub-aging result, Theorem 1.9. Suppose that As-
sumption 1.8 is satisfied. Recall that π̇(dx dw dv) is a Poisson random measure on F × R≥0 × R>0

with the intensity measure µ̇(dx dw)αv−1−α dv and ν is a random measure on F defined by

ν(A) :=

∫
1A(x)v π̇(dx dw dv), ∀A ∈ B(F ). (6.2)
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For convenience, we write π for the pushforward measure of π̇ by the map (x,w, v) 7→ (x, v). It
is easy to show that π is a Poisson random measure with intensity µ(dx)αv−1−αdv and ν = v(π),
where we recall the map v from (2.10).

Lemma 6.4. (i) The random measure ν is of full support almost surely.
(ii) It holds that π ∈ P∗(F ) almost surely.

Proof : These results are proven similarly to Lemma 6.1. □

We set
π̇n :=

∑
x∈Vn

δ(x,µn(x),c
−1
n νn({x})).

The following result is a version of Lemma 6.3 for the sub-aging result.

Lemma 6.5. It holds that(
Vn, a

−1
n Rn, ρn, b

−1
n µ̇#n ,Pn((νn, π̇n) ∈ ·)

)
→
(
F,R, ρ, µ̇,P((ν, π̇) ∈ ·)

)
,

in the space M•(τ
M(·×R≥0) × τP(τ

Mdis × τM(·×R≥0×R>0))).

Proof : Under Assumption 1.8, we may assume that (Vn, a
−1
n Rn, ρn) and (F,R, ρ) are embedded

isometrically into a common rooted boundedly-compact metric space (M,dM , ρM ) in such a way
that ρn = ρ = ρM as elements in M , Vn → F in the Fell topology as closed subsets of M , and
b−1
n µ̇#n → µ̇ vaguely as measures on M × R≥0. From the vague convergence b−1

n µ̇#n → µ̇ and the
continuous mapping theorem, we have that b−1

n µ#n → µ vaguely. Therefore, by following the proof
of Lemma 6.3, we deduce that c−1

n νn
d−→ ν in the vague-and-point-process topology.

We next prove that π̇n → π̇ vaguely as measures on M × R≥0 × R>0 in the same way as before.
Fix a bounded subset A ⊆ M and a u1 > 0 such that µ(∂(A × (u1,∞))) = 0. Recall from (1.4)
that ψn(x) := ψGn(x) = (x, cn(x)) and that µ̇#n = µ#n ◦ ψ−1

n . We have that, for every u2 > 0,

Pn

(
π̇n(A× (u1,∞)× (u2,∞)) = 0

)
= Pn

(
c−1
n ξ(n)x ≤ u2 for all x ∈ ψ−1

n (A× (u1,∞))
)

=
(
1− Pξ(c

−1
n ξ > u2)

)µ̇#
n (A×(u1,∞))

and En[π̇n(A × (u1,∞) × (u2,∞))] = µ̇#n (A × (u1,∞))Pξ(c
−1
n ξ > u2). It follows from Lemma 6.2

and the convergence µ̇#n (A× (u1,∞)) → µ̇(A× (u1,∞)) that

lim
n→∞

Pn

(
π̇n(A× (u1,∞)× (u2,∞)) = 0

)
= P(π̇(A× (u1,∞)× (u2,∞)) = 0),

lim
n→∞

En[π̇n(A× (u1,∞)× (u2,∞))] = E[π̇(A× (u1,∞)× (u2,∞))].

Thus, by Kallenberg (2017, Theorem 4.18), we obtain that π̇n
d−→ π̇ vaguely.

From the above arguments, it is the case that (c−1
n νn, π̇n)n≥1 is tight as a sequence of random

elements of Mdis(M)×M(M ×R≥0×R>0). Let (nk)k≥1 be a subsequence such that (c−1
nk
νnk

, π̇nk
)

converges to some random element (ν ′, π̇′). We then have that π̇′ d
= π̇. Using the Skorohod repre-

sentation theorem, we may assume that (c−1
nk
νnk

, π̇nk
) → (ν ′, π̇′) almost surely on some probability

space. Define p :M × R≥0 × R>0 →M × R>0 by supposing (x,w, v) 7→ (x, v). Let ν ′ =
∑

i∈I viδxi

and π̇′ =
∑

j∈J δ(x′
j ,w

′
j ,v

′
j)

be the atomic decompositions of ν ′ and π̇′, respectively. The continuous
mapping theorem yields that

p(c−1
nk
νnk

) =
∑

x∈Vnk

δ(x,c−1
nk

νnk
({x})) = π̇nk

◦ p−1 → π̇′ ◦ p−1 =
∑
j∈J

δ(x′
j ,v

′
j)
.

On the other hand, from the convergence c−1
nk
νnk

→ ν ′ in the vague-and-point-process topology
and Theorem 2.9, we have that p(c−1

n νn) → p(ν ′) =
∑

i∈I δ(xi,vi) vaguely. Hence, we obtain that
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i∈I δ(xi,vi) =

∑
j∈J δ(x′

j ,v
′
j)

, which implies that {(xi, vi) | i ∈ I} = {(x′j , v′j) | j ∈ J}. This yields
that, for any A ∈ B(F ),

ν ′(A) =
∑
i∈I

viδxi(A) =
∑
j∈J

v′jδx′
j
(A) =

∫
1A(x)v π̇

′(dx dw dv).

Since π̇ d
= π̇′ and ν is given by (6.2), we obtain that (ν ′, π̇′)

d
= (ν, π̇). Therefore, we deduce that

(c−1
n νn, π̇n)

d−→ (ν, π̇), which completes the proof. □

Using Theorem 5.11 and Lemma 6.5, Theorem 1.9 is proven similarly to Theorem 1.6 as follows.

Proof of Theorem 1.9: By Lemma 6.5, we may assume that (Vn, a
−1
n Rn, ρn) and (F,R, ρ) are em-

bedded isometrically into a common rooted boundedly-compact metric space (M,dM , ρM ) in such
a way that ρn = ρ = ρM as elements in M , Vn → F in the Fell topology as closed subsets of M ,
and b−1

n µ̇#n → µ̇ vaguely as measures on M × R≥0, Pn((c
−1
n νn, π̇n) ∈ ·) → P((ν, π̇) ∈ ·) as proba-

bility measures on Mdis(M)×M(M × R≥0 × R>0). By the Skorohod representation theorem, we
may further assume that (c−1

n νn, π̇n) → (ν, π̇) almost surely on some probability space. Applying
Croydon (2018, Theorem 1.2), we obtain that P νn

n (X̃νn
n ∈ ·) → P ν

ρ (X
ν ∈ ·) as probability measures

on D(R≥0,M). Hence, from Theorems 5.7 and 5.11, the desired result follows. □

6.3. Proof of Theorems 1.13 and 1.16. Finally, we prove the aging and sub-aging results for random
electrical networks, Theorems 1.13 and 1.16. We start with a basic result regarding the Prohorov
metric (recall this from (2.1)).

Lemma 6.6. Let X and Y be random elements of a separable metric space (S, dS) defined on a
common probability space with probability measure P . Suppose that on an event E, we have that
dS(X,Y ) ≤ ε almost surely. It then holds that

dSP
(
P (X ∈ ·), P (Y ∈ ·)

)
≤ P (Ec) + ε.

Proof : Recall the definition of the ε-neighborhood ·⟨ε⟩ from (2.2). Fix a Borel subset A of S. We
deduce that

P (X ∈ A) ≤ P (X ∈ A, dS(X,Y ) ≤ ε) + P (Ec) ≤ P (Y ∈ A⟨ε⟩) + P (Ec),

and similarly, P (Y ∈ A) ≤ P (X ∈ A⟨ε⟩) + P (Ec). Hence, we obtain the desired result. □

Thanks to the Skorohod representation theorem, Theorem 1.13 (resp. Theorem 1.16) is obtained
similarly to Theorem 1.6 (resp. Theorem 1.9) by showing a version of Lemma 6.3 (resp. Lemma 6.5)
for random electrical networks. To do this, we will use the following technical results. Recall the
space F from Section 4.2.

Lemma 6.7. Fix (F,R, ρ, ν) ∈ F. Assume that, for some λ > 1, r > 0, and δ > 0,

R(ρ,BR(ρ, r)
c) ≥ λ, ν(BR(ρ, 1)) ≥ δ.

Write (Xν , {P ν
x }x∈F ) (resp. (Xν(r) , {P ν(r)

x }x∈F (r))) for the process associated with (F,R, ν) (resp.
(F (r), R(r), ρ(r))). It then holds that, for any T > 0,

d
D(R≥0,F )
P

(
P ν
ρ (X

ν ∈ ·), P ν(r)

ρ (Xν(r) ∈ ·)
)
≤ e−T +

4

λ
+

4T

δ(λ− 1)
,

where we recall that dD(R≥0,F )
P is the Prohorov metric on P(D(R≥0, F )) induced by the Skorohod

metric dJ1 on D(R≥0, F ) defined as (3.3).
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Proof : Let τF (r) be the first exit time of X from F (r). Fix T > 0 and define an event E := {τF (r) >
T}. On the event E, by the definition of the trace of X (recall it from Section 4.2), we have that
X(t) = trF (r) X(t) for all t < T . Thus,

dJ1(X, trF (r) X) ≤
∫ ∞

T
e−s ds = e−T .

Thus, the desired result follows from Lemmas 4.8, 4.9, and 6.6. □

Lemma 6.8. Under Assumption 1.12 or 1.15, it holds that

lim
δ↓0

lim sup
n→∞

Pn

(
Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
> η

)
= 0, ∀η > 0.

Proof : Suppose that Assumption 1.12 (resp. Assumption 1.15) is satisfied. Using the Skorohod
representation theorem, we may assume that the convergence in Assumption 1.12(i) (resp. the
convergence (1.6)) takes place almost surely on some probability space (Ω,G,P). Fix ω ∈ Ω. From
Lemma 6.3 (resp. Lemma 6.5), we have that(

Vn, a
−1
n Rn, ρn, b

−1
n µ#n ,Pn(c

−1
n νn ∈ ·)

)
→
(
F,R, ρ, µ,P(ν ∈ ·)

)
in M•(τ

M × τP(τ
Mdis

)). Then, by Theorem 3.9, we may assume that (Vn, a−1
n Rn, ρn) and (F,R, ρ)

are embedded isometrically into a common boundedly-compact metric space (M,dM , ρM ) in such
a way that ρn = ρ = ρM as elements in M , Vn → F in the Fell topology, b−1

n µ#n → µ vaguely,
and c−1

n νn
d−→ ν in the vague-and-point-process topology. Then, for some r ∈ (0, 1), we have that

c−1
n νn(BRn(ρn, anr))

d−→ ν(BR(ρ, r)) (see Kallenberg, 2017, Theorem 4.11). It is then the case that,
for all but countably many δ > 0,

lim
n→∞

Pn

(
c−1
n νn(BRn(ρn, anr)) < δ

)
= P

(
ν(BR(ρ, r)) < δ

)
.

Since ν is of full support with probability 1, we deduce that

lim
δ↓0

lim sup
n→∞

Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
≤ lim

δ↓0
lim sup
n→∞

Pn

(
c−1
n νn(BRn(ρn, anr)) < δ

)
= 0.

Hence, by (reverse) Fatou’s lemma, we obtain that

lim
δ↓0

lim sup
n→∞

Pn

(
Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
> η

)
≤ P

(
lim
δ↓0

lim sup
n→∞

Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
> η

)
= 0,

which completes the proof. □

The following results correspond to Lemmas 6.3 and 6.5 for random electrical networks.

Lemma 6.9. Under Assumption 1.12, it holds that(
Vn, a

−1
n Rn, ρn, bnµ

#
n ,Pn

(
(c−1

n νn, L̃νn
n ) ∈ ·

)) d−→
(
F,R, ρ, µ,P

(
(ν,Lν) ∈ ·

))
(6.3)

in the space M•(τ
M × τP(τ

Mdis × τP(τ
J1))).

Proof : This is proven similarly to Lemma 6.10 below. So, we omit the proof. □

Lemma 6.10. Under Assumption 1.15, it holds that(
Vn, a

−1
n Rn, ρn, bnµ̇

#
n ,Pn

(
(c−1

n νn, π̇n, L̃νn
n ) ∈ ·

)) d−→
(
F,R, ρ, µ̇,P

(
(ν, π̇,Lν) ∈ ·

))
in the space M•(τ

M(·×R≥0×R>0) × τP(τ
Mdis × τM(·×R≥0×R>0) × τP(τ

J1))).
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Proof : For simplicity, we write

M1
• := M•(τ

M(·×R≥0×R>0) × τP(τ
Mdis × τM(·×R≥0×R>0) × τP(τ

J1))).

For each r > 0, given νn, we write (Xν
(anr)
n

n , {P ν
(anr)
n

x }
x∈V (anr)

n
) for the process associated with

(V
(anr)
n , R

(anr)
n , ν

(anr)
n ). Note that by Lemma 4.8, Xν

(anr)
n

n has the same distribution as the trace of
Xνn

n onto V (anr)
n . For every r > 0, we set (µ̇#n )⟨anr⟩ = µ̇#n |V (anr)

n ×R≥0
, π̇⟨anr⟩n := π̇n|V (anr)

n ×R≥0×R>0
,

and

Xn :=
(
Vn, a

−1
n Rn, ρn, b

−1
n µ̇#n ,Pn

(
(c−1

n νn, π̇n, L̃νn
n ) ∈ ·

))
,

X̃ (r)
n :=

(
V (anr)
n , a−1

n R(anr)
n , ρn, b

−1
n (µ̇#n )

(anr),Pn

(
(c−1

n ν(anr)n , π̇⟨anr⟩n , L̃ν
(anr)
n

n ) ∈ ·
))
,

where we note that
L̃ν

(anr)
n

n := P ν
(anr)
n

ρn

(
(Xν

(anr)
n

n (anbnt))t≥0 ∈ ·
)
.

Similarly, we set µ̇⟨r⟩ = µ̇|F (r)×R≥0
, π̇⟨r⟩ := π̇|F (r)×R≥0×R>0

, and

X :=
(
F,R, ρ, µ̇,P

(
(ν, π̇,Lν) ∈ ·

))
,

X (r) :=
(
F (r), R(r), ρ(r), µ̇⟨r⟩,P

(
(ν(r), π̇⟨r⟩,Lν(r)) ∈ ·

))
.

Define

Q(r)
n :=

∫ r+1

r
Pn(X̃ (s)

n ∈ ·) ds, Q(r) :=

∫ r+1

r
P(X (s) ∈ ·) ds,

which are probability measures on M1
•. (NB. The measurability of integrands can be verified by

a similar argument to Noda, 2025+, Lemma 6.3.) Using the Skorohod representation theorem, we
may assume that the convergence (1.6) takes place almost surely on some probability space with
probability measure P. Fix a realization. For r > 0 such that

(V (anr)
n , a−1

n R(anr)
n , ρn, b

−1
n (µ̇#n )

⟨anr⟩) → (F (r), R(r), ρ(r), µ̇⟨r⟩),

we have from Lemma 6.5 that(
V (anr)
n , a−1

n R(anr)
n , ρ(anr)n , b−1

n (µ̇#n )
⟨anr⟩,Pn((c

−1
n ν(anr)n , π̇⟨anr⟩n ) ∈ ·)

)
→
(
F (r), R(r), ρ(r), µ̇⟨r⟩,P((ν(r), π̇⟨r⟩) ∈ ·)

)
.

Note that the rooted resistance metric spaces (V
(r)
n , a−1

n R
(anr)
n , ρ

(anr)
n ) satisfy Assumption 1.5(ii).

Thus, following the proof of Theorem 1.6, we obtain that X̃ (r)
n → X (r) almost surely under P.

Hence, we deduce that Q(r)
n → Q(r) weakly for every r > 0.

Next, we estimate the Prohorov distance between Q(r)
n and Pn(Xn ∈ ·). Define an event

En(s, λ, δ, η) :=
{
a−1
n Rn(ρn, BRn(ρn, ans)) ≥ λ

}
∩
{
Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
≤ η

}
Fix r, δ, η > 0, s ∈ (r, r + 1) and λ > 1, and suppose that the event En(s, λ, δ, η) occurs. To
estimate the distance between X̃ (s)

n and Xn, we think that (V
(anr)
n , a−1

n R
(anr)
n , ρ

(anr)
n ) are embedded

into (Vn, a
−1
n Rn, ρn) in the obvious way. On the event {c−1

n νn(BRn(ρn, an)) ≥ δ}, we have from
Lemma 6.7 that

d
D(R≥0,Vn)
P

(
L̃ν

(ans)
n

n , L̃νn
n

)
≤ e−T +

4

λ
+

4T

δ(λ− 1)
=: c(λ, δ, T ),

where we note that the Skorohod metric on D(R≥0, Vn) is induced from the scaled metric a−1
n Rn.

By definition, it is easy to check that

dVn,ρn
Mdis (c

−1
n ν(ans)n , c−1

n νn) ≤ e−s, d
Vn×R≥0×R>0,(ρn,0,1)
V (π̇⟨ans⟩n , π̇n) ≤ e−s
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(recall these metrics from Sections 2.1 and 2.2). Thus, if we write dP for the Prohorov metric on
Mdis(Vn)×M(Vn × R≥0 × R>0)× P(D(R≥0, Vn)), then we deduce from Lemma 6.6 that

dP

(
Pn

(
(c−1

n ν(ans)n , L̃ν
(ans)
n

n ) ∈ ·
)
,Pn

(
(c−1

n νn, L̃νn
n ) ∈ ·

))
≤ Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
+ e−s + c(λ, δ, T )

≤ η + e−s + c(λ, δ, T ),

where the last inequality follows from the definition of En(s, λ, δ, η). By definition, we have that

dVn,ρn
H̄

(V (ans)
n , Vn) ≤ e−s, d

Vn×R≥0,(ρn,0)
V (b−1

n (µ̇#n )
⟨ans⟩, b−1

n µ̇#n ) ≤ e−s.

Thus, on the event En(s, λ, δ, η), the distance between X̃ (s)
n and Xn in M1

• is bounded above by
η + e−s + c(λ, δ, T ). If we simply write d′P for the Prohorov metric on the space of the probability
measures on M1

•, then it follows from Lemma 6.6 that

d′P
(
Pn(X̃ (s)

n ∈ ·),Pn(Xn ∈ ·)
)

≤ Pn

(
a−1
n Rn(ρn, BRn(ρn, ans)

c) < λ
)
+Pn

(
Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
> η

)
+ η + e−s + c(λ, δ, T )

≤ Pn

(
a−1
n Rn(ρn, BRn(ρn, anr)

c) < λ
)
+Pn

(
Pn

(
c−1
n νn(BRn(ρn, an)) < δ

)
> η

)
+ η + e−r + c(λ, δ, T )

=: c′(n, r, λ, δ, η, T ).

where we use that s > r at the second inequality. The above inequality implies that

d′P
(
Q(r)

n ,Pn(Xn ∈ ·)
)
≤ c′(n, r, λ, δ, η, T ).

Combining this with Assumption 1.12(ii) and Lemma 6.8, by letting n → ∞, r → ∞, λ → ∞,
T → ∞, δ → 0, and then η → 0, we obtain that

lim
r→∞

lim sup
n→∞

d′P
(
Q(r)

n ,Pn(Xn ∈ ·)
)
= 0.

A similar argument yields that Q(r) → P(X ∈ ·) weakly. Recalling that Q(r)
n → Q(r) weakly, we

deduce that Xn
d−→ X , which completes the proof. □

By Lemma 6.9 (resp. Lemma 6.10), Theorem 1.13 (resp. 1.16) is proven similarly to Theorem 1.6
(resp. Theorem 1.9) as follows.

Proof of Theorems 1.13 and 1.16: We only give the proof of Theorem 1.13. Theorem 1.16 is proven
similarly by using Theorem 5.11 and Lemma 6.10. By Lemma 6.9 and the Skorohod representation
theorem, we may assume that the convergence (6.3) takes place almost surely on some probability
space. Fix such a realization. Then, by Theorem 3.9, it is possible to embed (Vn, a

−1
n Rn, ρn) and

(F,R, ρ) isometrically into a common boundedly-compact metric space (M,dM , ρM ) in such a way
that ρn = ρ = ρM as elements in M , Vn → F in the Fell topology, b−1

n µ#n → µ vaguely, and
(c−1

n νn, L̃νn
n )

d−→ (ν,Lν). Using the Skorohod representation theorem again, we may assume that
(c−1

n νn, L̃νn
n ) → (ν,Lν) almost surely. Then, from Theorem 5.7, we deduce the desired result. □

7. Applications

In this section, we apply the main results to several examples. Throughout this section, for
simplicity, we assume that ℓ(u) = 1 for all sufficiently large u (recall the slowly varying function ℓ
from Definition 1.3).
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7.1. The Sierpiński gasket. The Sierpiński gasket is a well-studied self-similar fractal. For details on
the probabilistic analysis of fractals see Barlow (1998); Kigami (2012), for example. Here, we briefly
confirm that our results apply to a sequence of electrical networks that converge to the Sierpiński
gasket.

Set ρ0 := (0, 0) ∈ R2. Let V0 := {x1, x2, x3} ⊆ R2 consist of the vertices of an equilateral triangle
of side length 1 with x1 = ρ0. Write ψi(x) := (x+ xi)/2 for i = 1, 2, 3. We then inductively define
Vn :=

⋃3
i=1 ψi(Vn−1). The electrical network Gn = (Vn, En, cn) is defined by setting En to be the

set of pairs of elements of Vn at a Euclidean distance 2−n apart and cn(x, y) := 1 if {x, y} ∈ En.
Write ρn := ρ0, Rn for the resistance metric on Vn associated with Gn, and µ#n for the counting
measure on Vn. Then, it is elementary to check that, for some (F,R, ρ, µ) ∈ F,

(Vn, (3/5)
nRn, ρ, 3

−nµ#n ) → (F,R, ρ, µ)

in Gc, i.e., the pointed Gromov–Hausdorff–Prohorov topology (recall this from Section 3.3). The
set F is the Sierpiński gasket and µ is a self-similar measure corresponding to the log2 3 Hausdorff
measure in the Euclidean metric. Moreover, since the degree of any vertex in Vn \V0 is 4, we deduce
that

(Vn, (3/5)
nRn, ρn, 3

−nµ̇#n ) → (F,R, ρ, µ⊗ δ{4}),

which implies that (Gn)n≥1 satisfies Assumption 1.8. Thus, by Theorem 1.9, we obtain the aging
and sub-aging results as follows. Let {(xi, vi)}i∈I be a Poisson point process on F × R>0 with
intensity µ(dx)αv−1−αdv and define ν(dx) :=

∑
i∈I viδxi(dx). Given ν, we write (Xν , {P ν

x }x∈F ) for
the process associated with (F,R, ν). We simply write Xνn

n := X
νGn
Gn

, which is the BTM on Gn (see
Definition 1.4). We denote by P νn

ρn for the underlying probability measure for Xνn
n started at ρn.

Set c̃n := (5/3)n · 3n/α. As a consequence of Theorem 1.9, we obtain that

P νn
ρn

(
Xνn

n (c̃ns) = Xνn
n (c̃nt)

)
→ P ν

ρ

(
Xν(s) = Xν(t)

)
,

P νn
ρn

(
Xνn

n (c̃nt) = Xνn
n (c̃nt+ t′), ∀t′ ∈ [0, 3n/αs]

)
→
∑
i∈I

e−4s/viP ν
ρ (X

ν(t) = xi).

7.2. The random conductance model. Given a connected simple graph, the random conductance
model is defined by placing random conductances on the edges. So, it is a random electrical
network. Here, we consider a very simple model, the random conductance model on Z, but similar
results hold for other graphs such as the Sierpiński gasket graph. Note that the BTM we consider
here is not a usual random walk on the random conductance model because the speed of the BTM
is determined by random traps, which are irrelevant to random conductances. However, when the
random conductances are heavy tailed, it is natural to think (sub-)aging occurs because edges with
very heavy conductances (resp. very light conductances) serve as traps (resp. walls) for the random
walk. Indeed, Croydon, Kious, and Scali (2025) confirmed this for the constant speed random
walk on the random conductance model on Z. For details regarding application of resistance form
theory to the random conductance model, see Croydon et al. (2017, Section 6) and Noda (2024b,
Appendix A).

Fix i.i.d. positive random variables {ζi}i∈Z built on a probability space with probability measure
P such that c < ζi < c′ almost surely for some deterministic constants c, c′ ∈ (0,∞). By scaling,
without loss of generality, we may assume that E[ζ−1

0 ] = 1. Define a random electrical network Gn

as follows. Set Vn := 2−nZ and En to be the set of the pairs of elements of Vn at a Euclidean distance
2−n apart. We place the random conductance ζi on the edge {i/2n, (i+ 1)/2n}. We equip Gn with
the root ρGn

:= 0. Then, from Noda (2024b, Theorem A.3), we deduce that (VGn , 2
−nRGn , ρGn)n≥1

satisfies Assumption 1.12(ii) and

(VGn , 2
−nRGn , ρGn , 2

−nµ#Gn
)

p−→ (R, dR, 0,Leb),
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where dR and Leb denote the Euclidean metric on R and the Lebesgue measure, respectively.
Moreover, since the total conductance at i/2n ∈ VGn is ζi−1 + ζi, it is possible to show that

(VGn , 2
−nRGn , ρGn , 2

−nµ̇#Gn
)

p−→ (R, dR, 0,Leb⊗P (ζ0 + ζ1 ∈ ·)).

Hence, we can apply Theorem 1.16 and obtain the aging and sub-aging results as follows. We
let {(xi, wi, vi)}i∈I be a Poisson point process on F × R≥0 × R>0 with intensity dxP (ζ0 + ζ1 ∈
dw)αv−1−αdv and define ν(dx) :=

∑
i∈I viδxi(dx). Given ν, we write (Xν , {P ν

x }x∈R) for the process
associated with (R, dR, ν). We simply write Xνn

n := X
νGn
Gn

, which is the BTM on Gn (see Defini-
tion 1.4). We denote by P νn

ρn for the underlying probability measure for Xνn
n started at ρn. Set

c̃n := 2n · 2n/α. As a consequence of Theorem 1.9, we obtain that

P νn
ρn

(
Xνn

n (c̃ns) = Xνn
n (c̃nt)

)
→ P ν

ρ

(
Xν(s) = Xν(t)

)
,

P νn
ρn

(
Xνn

n (c̃nt) = Xνn
n (c̃nt+ t′), ∀t′ ∈ [0, 2n/αs]

)
→
∑
i∈I

e−wis/viP ν
ρ (X

ν(t) = xi).

As seen above, the effect of random conductances disappears in the scaling limit of the aging
functions. This is called homogenization in the study of the random conductance model. On the
other hand, the scaling limit of the sub-aging functions is affected by random conductances. This
is because the sub-aging functions capture the behaviors of the BTMs on a time scale shorter than
that of homogenization.

7.3. The critical Galton-Watson tree. We apply our results to the critical Galton-Watson tree con-
ditioned on its size, which is naturally regarded as an electrical network by placing conductance 1 on
each edge. It is well-known that the suitably conditioned scaled critical Galton-Watson trees con-
verge to the continuum random tree in the Gromov–Hausdorff–Prohorov topology (Abraham et al.,
2013; Aldous, 1993; Noda, 2025+). Thus, Theorem 1.13 immediately shows that there is aging for
the BTMs on the critical Galton-Watson trees. To apply the sub-aging result (Theorem 1.13), we
need to prove that a uniformly chosen random vertex and its degree jointly converge. The former
convergence is related to the global properties of the graphs, while the latter convergence is related
to the local properties of the graphs. Usually, these global and local properties are studied inde-
pendently of each other, and their respective convergences are already known. The convergence of
uniformly chosen random vertices is an immediate consequence of the Gromov–Hausdorff–Prohorov
convergence, and the convergence of their degrees were shown in Janson (2012, Theorem 7.11). In
this section, we prove the joint convergence of uniformly chosen random vertices and their degrees,
Corollary 7.4 below. The proof of this result relies on Thévenin (2020), where the joint convergence
of two associated functions was shown: the contour functions and functions that count the num-
ber of vertices having certain outdegrees. For details of notion regarding plane trees, we refer to
Thévenin (2020).

Let T be a plane tree T with n vertices. We write ρT for the root and dT for the graph metric
on T . By declaring that {u, v} ⊆ V is an edge if and only if dT (u, v) = 1 and placing conductance
1 on each edge, we regard T as an electrical network. We then define µT (x) to be the total
conductance at x, which is exactly the degree of x, µ#T to be the counting measure, and µ̇#T to
be the pushforward of µ#T by the map ψT (x) = (x, µT (x)). Let v0 = ρT , v1, . . . , vn−1 be the
vertices of T in the lexicographical order (also known as the depth first order). We define a map
pT : [0, n− 1] → T by setting pT (i) := vi for i ∈ Z and pT (t) := pT (⌊t⌋). We also define the height
function HT : [0, n − 1] → R≥0 by setting HT (i) := dT (vi, v0) and linearly interpolating between
integers. We next introduce functions N (k)

T , D
(k)
T : [0, n−1] → R≥0 that record local structures of T .

Recall that the outdegree of a vertex is the number of its children. For every non-negative integer
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k and t ∈ [0, n− 1], we define N (k)
T (t) by

N
(k)
T (t) := #

{
pT (s) ∈ T | s ≤ t and the outdegree of pT (s) is k

}
. (7.1)

We similarly define D(k)
T by

D
(k)
T (t) := #

{
pT (s) ∈ T | s ≤ t and the degree of pT (s) is k

}
. (7.2)

To describe scaling limits of plane trees, we introduce real trees. For details, see Le Gall (2006),
for example. Write E for the space of excursions, that is,

E := {f ∈ C(R≥0,R≥0) : f(0) = 0,∃σf <∞ such that f(x) > 0 ∀x ∈ (0, σf ), f(x) = 0 ∀x ≥ σf}.
Given a function f ∈ C([0, σ],R≥0) with f(0) = f(σ) = 0 and f(x) > 0 for all x ∈ (0, σ), we will
abuse notation by identifying f with the function g ∈ E which has g(x) = f(x), 0 ≤ x ≤ σ and
g(x) = 0, x ≥ σ. We equip E with the metric induced by the supremum norm ∥ · ∥∞. Given an
excursion f ∈ E , we define a pseudometric d̄f on [0, σf ] by setting

d̄f (s, t) := f(s) + f(t)− 2 inf
u∈[s∧t,s∨t]

f(u).

Then, we use the equivalence
s ∼ t ⇔ d̄f (s, t) = 0

to define Tf := [0, σf ]/ ∼. Let pf : [0, σf ] → Tf be the canonical projection. It is then elementary
to check that

df (pf (s), pf (t)) := d̄f (s, t)

defines a metric on Tf . The metric space (Tf , df ) is called a real tree coded by f . The canonical
Radon measure on Tf is given by µf := Leb ◦(pf )−1, where Leb stands for the one-dimensional
Lebesgue measure. We define the root ρf by setting ρf := pf (0).

In Theorem 7.3 below, we show that if scaled height functions H̃T and scaled out-degree-counting
functions D̃(k)

T converge, then the associated plane trees converge and moreover uniformly chosen
random vertices and their degrees also converge jointly. To do this, we use the following result on
convergence of Lebesgue-Stieltjes integrals in terms of convergence of integrators. Given a non-
decreasing cadlag function g on [0, 1], we denote by sg the Lebesgue-Stieltjes measure associated
with g.

Lemma 7.1. Fix a metric space (M,dM ). Let g1, g2, . . . be non-decreasing functions in D([0, 1],R)
such that gn → g in the usual J1-Skorohod topology for some strictly increasing function g ∈
D([0, 1],R), and let q, q1, q2, . . . be measurable functions from [0, 1] to M such that qn → q in
the supremum norm ∥ · ∥∞. Then it holds that sgn ◦ q−1

n → sg ◦ q−1 weakly as measures on M .

Proof : Define g̃n ∈ D(R≥0,R≥0) by setting

g̃n(t) :=

{
gn(t)− gn(0), t ∈ [0, 1],

(t− 1) + gn(1)− gn(0), t > 1.

Similarly, we define g̃. Noting that gn(0) → g(0) and gn(1) → g(1), it is easy to check that g̃n → g̃
in the usual J1-Skorohod topology. Let τ̃n ∈ D(R≥0,R≥0) be the right-continuous inverse of g̃n
given by

τ̃n(t) := inf{s ≥ 0 | g̃n(s) > t}.
Similarly, we let τ̃ be the right-continuous inverse of g̃. Since g̃ is strictly increasing, we deduce
from Whitt (2002, Corollary 13.6.4) that τ̃n → τ̃ with respect to ∥ · ∥∞. Fix a bounded continuous
function F on M . By Chen and Fukushima (2012, Lemma A.3.7), we have that∫

(0,1]
F (qn(t)) sg̃n(dt) =

∫ ∞

0
1(0,1](τ̃n(t))F (qn ◦ τ̃n(t)) dt. (7.3)
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If τ̃n(t) < 2, then it is the case that t < g̃n(2). Since (g̃n(2))n≥1 is bounded, for some K > 0, it
holds that

1(0,1](τ̃n(t)) ≤ 1(0,2)(τ̃n(t)) ≤ 1(0,K)(t).

Thus, we can apply the dominated convergence theorem to (7.3), and we obtain that

lim
n→∞

∫
(0,1]

F (qn(t)) sg̃n(dt) =

∫ ∞

0
1(0,1](τ̃(t))F (q ◦ τ̃(t)) dt =

∫
(0,1]

F (q(t)) sg̃(dt),

where we use Chen and Fukushima (2012, Lemma A.3.7) to deduce the second equality. By the
definitions of g̃n and g̃, we have that sg̃n = sgn and sg̃ = sg on [0, 1]. Therefore, the proof is
completed. □

Convergence of scaled plane trees in the Gromov–Hausdorff–Prohorov topology follows from con-
vergence of coding functions (Abraham et al., 2013, Proposition 3.3). Furthermore, the convergence
of the coding functions of plane trees Tn leads to the convergence of the projections pTn to the
projection of the limiting real tree. This seems to be a basic and well-known fact, but it is asserted
as follows for the first time in a rigorous form by using the general theory of Gromov–Hausdorff-type
topologies introduced in Section 3.

Lemma 7.2. For each n ≥ 1, let Tn be a plane trees with n vertices. Let (αn)n≥1 be a sequence of
positive real numbers with αn → ∞. Assume that there exists an f ∈ E with σf = 1 such that

1

αn
HTn((n− 1)·) → f (7.4)

in C([0, 1],R≥0). Then it holds that

(Tn, α
−1
n dTn , ρTn , n

−1µ#Tn
, pTn((n− 1)·)) → (Tf , df , ρf , µf , pf )

in the space K•(τ
Mfin × τUnif).

Proof : Let Cn be a correspondence between Tn and Tf given by

Cn :=
{
(v, x) ∈ Tn × Tf | v = pTn((n− 1)t) and x = pf (t) for some t ∈ [0, 1]

}
.

(see Burago et al., 2001 for the definitions of a correspondence between sets). Then one can check,
by applying the same argument as that used to prove Noda (2025+, Proposition 8.3), that the
distortion dis Cn of Cn given below converges to 0:

dis Cn := sup
{
|α−1

n dTn(u, u
′)− df (x, x

′)| | (u, x), (u′, x′) ∈ Cn
}

(see also Burago et al., 2001 for the notion of distortion). Using the correspondence Cn, we define
a metric dn on the disjoint union Sn := Tn ⊔ Tf , extending α−1

n dTn and df , by setting, for u ∈ Tn
and x ∈ Tf ,

dn(u, x) := inf

{
α−1
n dTn(u, u

′) +
1

2
dis Cn + n−1 + df (x

′, x) | (u′, x′) ∈ Cn
}
.

In the obvious way, we regard µ#Tn
and µf as measures on Sn and regard pTn((n − 1)·) and p as

maps from [0, 1] to Sn. It is then the case that

dn(pTn((n− 1)t), p(t)) ≤ 1

2
dis Cn + n−1,

and so we obtain that

(Tn, a
−1
n dTn , ρTn , pTn((n− 1)·)) → (Tf , df , ρf , p).

Thus, by Theorem 3.9, we may assume that (Tn, α−1
n ) and (Tf , df ) are embedded isometrically into

a common (compact) metric space (M,dM ) in such a way that Tn → Tf in the Hausdorff topology,
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ρTn = ρf as elements in M , and pTn((n− 1)·) → pf with respect to ∥ · ∥∞. This immediately yields
that Leb ◦pTn((n− 1)·)−1 → Leb ◦p−1

f = µf weakly. For any u ∈ Tn \ {ρTn}, we have that

Leb ◦pTn((n− 1)·)−1({u}) = (n− 1)−1.

Hence, for any A ⊆ Tn,

|Leb ◦pTn((n− 1)·)−1(A)− (n− 1)−1µ#Tn
(A)| ≤ (n− 1)−1.

This, combined with Leb ◦pTn((n− 1)·)−1 → µf , implies that n−1µ#Tn
→ µf weakly. This completes

the proof. □

We now prove the main result.

Theorem 7.3. Suppose that we are in the same setting as Lemma 7.2. For each n ≥ 1 and k ≥ 1,
we define Set I(t) := t for t ∈ [0, 1]. In addition to (7.4), assume that there exists a probability
measure p = (pk)k≥1 on Z≥0 such that

1

n
N

(k)
Tn

((n− 1)·) → pk I (7.5)

in D([0, 1],R≥0) for every k ≥ 0, where we recall N (k)
Tn

from (7.1). Then it holds that

(Tn, α
−1
n dTn , ρTn , n

−1µ̇#Tn
) → (Tf , df , ρf , µf ⊗ p̃)

in the space K•(τ
Mfin(·×R≥0)), where p̃ = (p̃k)k≥1 is a probability measure on N given by p̃k := pk−1.

Proof : Recall the function D(k)
Tn

from (7.2). Since the degree of a vertex, except for the root, is the
outdegree plus 1, it is easy to deduce from (7.5) that

1

n
D

(k)
Tn

((n− 1)·) → pk I

in D([0, 1],R≥0) for every k ≥ 1. By Theorem 3.9 and Lemma 7.2, we may assume that
(Tn, α

−1
n dTn , ρTn) and (Tf , df , ρf ) are embedded isometrically into a common rooted compact met-

ric space (M,dM , ρM ) in such a way that Tn → Tf in the Hausdorff topology, ρTn = ρf = ρM as
elements in M , n−1µ#Tn

→ µf weakly, and p̃Tn → pf with respect to ∥ · ∥∞. For each k ≥ 1, we
write T (k)

n for the set of vertices of Tn whose degree is k. Then one can check that, for any subset
A ⊆ Tn,

µ#Tn
|
T

(k)
n

(A) = D
(k)
Tn

(0) · δ{0}(p−1
Tn

(A)) + s
D

(k)
Tn

(p−1
Tn

(A)).

This, combined with Lemma 7.1, yields that n−1µ#Tn
|
T

(k)
n

→ pk−1 µf weakly for every k ≥ 1. Fix
compactly supported continuous functions f1 : M → R and f2 : R≥0 → R. We have that

lim
n→∞

∫
f1(x)f2(w)n

−1µ̇#Tn
(dx dw) = lim

n→∞
n−1

∑
v∈Tn

f1(v)f2(µTn(v))

= lim
n→∞

n−1
∑
k≥1

f2(k)
∑

v∈T (k)
n

f1(v)

=
∑
k≥1

f2(k)

∫
f1(x)n

−1µ#n |T (k)
n

(dx)

=
∑
k≥1

f2(k)

∫
f1(x)pk−1 µf (dx)

=

∫
f1(x)f2(w)µf ⊗ p̃(dx dw).
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This implies that n−1µ̇#Tn
→ µf⊗ p̃ vaguely. Hence, it remains to prove the tightness of (n−1µ̇#Tn

)n≥1

in the weak topology, and this can be verified by the following:

lim
L→∞

lim sup
n→∞

n−1µ̇#Tn

(
M × (L,∞)

)
= 1− lim

L→∞
lim inf
n→∞

n−1µ̇#Tn

(
M × [1, L]

)
= 1− lim

L→∞
lim inf
n→∞

L∑
i=1

n−1µ#Tn
|
T

(k)
n

(M)

= 1− lim
L→∞

L∑
i=1

pk−1 µf (M)

= 1− lim
L→∞

L∑
i=1

pk−1

= 0.

□

We apply the above result to the critical Galton-Watson tree conditioned on its size. Let p =
(pk)k≥0 be a probability measure on Z≥0 such that

∑
k≥1 kpk = 1, p1 < 1, and its variance is

1. For simplicity, we assume that p is aperiodic, that is, the greatest common divisor of the set
{k | pk > 0} is 1. We write TGW for the Galton-Watson tree with the offspring distribution p,
and write TGW

n for a random plane tree having the same distribution as TGW conditioned to have
exactly n vertices, which is well-defined for all sufficiently large n by the aperiodicity of p. We define
e = (e(t))t∈[0,1] ∈ E to be the normalized Brownian excursion.

Corollary 7.4. Define a probability measure p̃ = (p̃k)k≥1 on N by setting p̃k := pk−1. Then it holds
that

(TGW
n , n−1/2dTGW

n
, ρTGW

n
, n−1µ̇#

TGW
n

)
d−→ (T2e, d2e, ρ2e, µ2e ⊗ p̃)

in the space K•(τ
Mfin(·×R≥0)).

Proof : From Duquesne (2003, Theorem 3.1) and Thévenin (2020, Theorem 1.1), we have that(
n−1/2HTGW

n
((n− 1)t)

)
t∈[0,1]

d−→ (2e(t))t∈[0,1],(
n−1N

(k)

TGW
n

((n− 1)t)
)
t∈[0,1]

p−→ (pkI(t))t∈[0,1], ∀k ≥ 0.

Hence, we obtain the desired result by Theorem 7.3 and the Skorohod representation theorem. □

By Corollary 7.4, we can apply Theorem 1.16 and we obtain the aging and sub-aging results
as follows. Let {(xi, wi, vi)}i∈I be a Poisson point process on T2e × R≥0 × R>0 with intensity
µ2e(dx) p̃(dw)αv

−1−αdv and define ν(dx) :=
∑

i∈I viδxi(dx). Given ν, we write (Xν , {P ν
x }x∈T2e)

for the process associated with (T2e, d2e, ν). We simply write Xνn
n := X

ν
TGW
n

TGW
n

, which is the BTM
on TGW

n (see Definition 1.4). We denote by P νn
ρn for the underlying probability measure for Xνn

n

started at ρn := ρTGW
n

. Set c̃n := n1/2 · n1/α. As a consequence of Corollary 7.4 and Theorem 1.16,
we obtain that

P νn
ρn

(
Xνn

n (c̃ns) = Xνn
n (c̃nt)

)
→ P ν

ρ2e

(
Xν(s) = Xν(t)

)
,

P νn
ρn

(
Xνn

n (c̃nt) = Xνn
n (c̃nt+ t′), ∀t′ ∈ [0, n1/αs]

)
→
∑
i∈I

e−wis/viP ν
ρ2e(X

ν(t) = xi).
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7.4. The critical Erdős-Rényi random graph. In this section, we consider the Erdős-Rényi random
graph G(n, p), which is a graph on n labeled vertices [n] := {1, 2, . . . , n} chosen randomly by joining
any two distinct vertices by an edge with probability p, independently for different pairs of vertices.
This model exhibits a phase transition in its structure for large n. Let p = c/n for some c > 0.
When c < 1, the largest connected component has size O(log n). On the other hand, when c > 1,
we see the emergence of a giant component that contains a positive proportion of the vertices. In
the critical case c = 1, the largest connected components have sizes of order n2/3. We will focus
here on the critical case c = 1, and more specifically, on the critical window p = n−1 + λn−4/3,
λ ∈ R. We fix λ ∈ R and write pn = n−1+λn−4/3. Let Cn

i be the i-th largest connected component
of G(n, pn).

One of the most significant results about random graphs in the above-mentioned critical regime
was proved by Aldous (1997). Write Zn

i and Sn
i for the size (that is, the number of vertices) and

surplus (that is, the number of edges that would need to be removed in order to obtain a tree) of
Cn
i . Set Zn := (Zn

1 , Z
n
2 , . . .) and Sn := (Sn

1 , S
n
2 , . . .).

Theorem 7.5 (Aldous, 1997, Folk Theorem 1 and Corollary 2). As n→ ∞, it holds that

(n−2/3Zn,Sn) → (Z,S)

in distribution, where the convergence of the first coordinate takes place in l2↘, the set of infinite
sequences (x1, x2, . . .) with x1 ≥ x2 ≥ · · · ≥ 0 and

∑
i x

2
i <∞, equipped with the usual l2-norm.

The limits Z = (Z1, Z2, . . .) and S = (S1, S2, . . .) are constructed as follows. Consider a Brownian
motion with parabolic drift, (W λ

t )t≥0, where

W λ
t :=Wt + λt− t2

2

and (Wt)t≥0 is a standard Brownian motion. Then the limit Z has the distribution of the ordered
sequence of lengths of excursions of the reflected process W λ

t − min0≤s≤tW
λ
s above 0, while S is

the sequence of numbers of points of a Poisson point process with rate one in R2
≥0 lying under the

corresponding excursions, where the Poisson point process is assumed to be independent of (Wt)t≥0.
The scaling limit of Cn

1 is given by fusing a tilted Brownian continuum random tree. For fused
resistance metric spaces, see Appendix A. Recall the space E of excursions from the previous section,
where we equip E with the metric induced by the supremum norm ∥ · ∥∞. Let e(σ) = (e(σ)(t), 0 ≤
t ≤ σ) be a Brownian excursion of length σ. Note that, by Brownian scaling, the distribution
of e(σ) coincides with that of (

√
σ e(t/σ))t∈[0,σ], where (e(t))t∈[0,1] denotes the standard Brownian

excursion on [0, 1]. The tilted excursion of length σ, ẽ(σ) = (ẽ(σ)(t), 0 ≤ t ≤ σ) ∈ E , is defined to be
an excursion whose distribution is characterized by

P
(
ẽ(σ) ∈ B

)
=

E
[
1{e(σ)∈B} exp(

∫ σ
0 e

(σ)(t)dt)
]

E
[
exp(

∫ σ
0 e

(σ)(t)dt)
]

for B ⊆ E a Borel set. For f ∈ E and S ⊆ R2
≥0, define

S ∩ f := {(x, y) ∈ S | 0 ≤ y < f(x)}.
For u = (ux, uy) ∈ S ∩ f , we define u′ = (ux, u

′
x) by setting u′x := inf{x ≥ ux | f(x) = uy}. We

write
T (S, f) := {u′ ∈ R2

≥0 | u ∈ S ∩ f}. (7.6)

Let P ⊆ R2
≥0 be a Poisson point process with rate one, independent of (ẽ(σ))σ>0 and (Wt)t≥0.

Assume that P ∩ ẽ(σ) is non-empty and write T (P, ẽ(σ)) = {(ξl, ξ′l) | 1 ≤ l ≤ s}. Define
al := p2ẽ(σ)(ξl) and bl := p2ẽ(σ)(ξ′l), where we recall from Section 7.3 that p2ẽ(σ) denotes the canon-
ical projection from [0, σ] onto the real tree T2ẽ(σ) coded by 2ẽ(σ). Recall also that d2ẽ(σ) denotes
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the metric on T2ẽ(σ) , ρ2ẽ(σ) denotes the root of T2ẽ(σ) , and µ2ẽ(σ) denotes the canonical measure on
T2ẽ(σ) . Define (M (σ), RM(σ)) to be the resistance metric space (T2ẽ(σ) , d2ẽ(σ)) fused over ({al, bl})sl=1

(see Definition A.2). Let π : T2ẽ(σ) → M (σ) be the canonical map and set ρM(σ) := π(ρ2ẽ(σ))

and µM(σ) := µ2ẽ(σ) ◦ π−1. If P ∩ ẽ(σ) is empty, then we define (M (σ), RM(σ) , ρM(σ) , µM(σ)) to be
equal to (T2ẽ(σ) , d2ẽ(σ) , ρ2ẽ(σ) , µ2ẽ(σ)). We let (M (Z1), RM(Z1) , ρM(Z1) , µM(Z1)) be a random element
of K•(τ

MfinR≥0) such that, conditional on Z1 = σ, its distribution is given by (M (σ), RM(σ) , ρM(σ) ,
µM(σ)).

Given a finite connected graph G with labeled vertices, we regard G as a rooted electrical network
by placing conductance 1 on each edge and set ρG to be the smallest-labeled vertex of G. The
following result shows that Assumption 1.15 holds. As a consequence of Theorem 1.16, we obtain
the aging and sub-aging results. In the remainder of this section, we set (pk)k≥0 to be the Poisson
distribution with mean 1, i.e., pk := e−k/k! for each k ≥ 0. We then define a probability measure
p̃ = (p̃k)k≥0 on Z≥0 by setting p̃k := pk−1.

Theorem 7.6. It holds that

(V (Cn
1 ), n

−1/3RCn
1
, ρCn

1
, n−2/3µ̇#Cn

1
)

d−→ (M (Z1), RM(Z1) , ρM(Z1) , µM(Z1) ⊗ p̃)

in the space K•(τ
Mfin(·×R≥0)).

To prove the above result, we let Gp
m be a random graph with the distribution of G(m, p) con-

ditioned to be connected. We assume that Zn
1 and (Gpn

m )m≥1 are all independent (recall Zn
1 from

the discussion above Theorem 7.5). It is then an easy exercise to check that the random graph Gpn
Zn
1

has the same distribution as the random graph Cn
1 with relabeled vertices. Combining this with

Theorem 7.5, we obtain Theorem 7.6, once the following Lemma is established.

Lemma 7.7. If a sequence (mn)n≥1 of natural numbers satisfies n−2/3mn → σ ∈ (0,∞), then it
holds that

(V (Gpn
mn

), n−1/3RGpn
mn
, ρGpn

mn
, n−2/3µ̇#

Gpn
mn

)
d−→ (M (σ), RM(σ) , ρM(σ) , µM(σ) ⊗ p̃)

in the space K•(τ
Mfin(·×R≥0)).

To prove the above lemma, we prepare some pieces of notation. Let Tm be the set of trees with
the vertex set [m], and T be an element of Tm. We regard T as a plane tree by using the depth-first
search (cf. Addario-Berry et al., 2012, Section 2). We write HT = (HT (t), 0 ≤ t ≤ m − 1) for the
height function of T and N (k)

T = (N
(k)
T (t))t∈[0,m−1] for the function counting the number of vertices

whose outdegree is k (recall these functions from Section 7.3). We set HT (t) := 0, t ∈ [m−1,m] for
convenience. Let v0, v1, . . . , vm−1 be the vertices of T as a plane tree in the depth-first order. Write
ki for the number of children of vi. Then the depth-first walk XT = (XT (t))t∈[0,m] of T is given by
setting XT (0) := 0, XT (i) :=

∑i−1
j=0(kj − 1) for i ∈ {0, 1, . . . ,m}, and XT (t) := XT (⌊t⌋). We then

set

a(T ) :=

m−1∑
i=1

XT (i) = m

∫ 1

0
XT (mt) dt.

Given p ∈ (0, 1), we define a random tree T̃ p
m on Tm that has a “tilted” distribution given by

P(T̃ p
m = T ) ∝ (1− p)−a(T ), T ∈ Tm.

For p ∈ (0, 1), a binomial pointset Qp ⊆ Z2
≥0 of intensity p is defined to be a random subset of Z2

≥0

in which each point is present independently with probability p. In Addario-Berry et al. (2012), it
is shown that Gp

m is recovered by attaching extra edges on T̃ p
m.
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Lemma 7.8 (Addario-Berry et al., 2012, Lemma 18). Fix p ∈ (0, 1). Let T̃ p
m to be a tilted tree as

defined above and Qp be a binomial pointset of intensity p, independent of T̃ p
m. Let v0, v1, . . . , vm−1

be the vertices of T̃ p
m in depth-first order. Write T (Qp, XT̃ p

m
) = {(xi, x′i) | 1 ≤ i ≤ s} (recall its

definition from (7.6)). We define a graph G(T̃ p
m,Qp) by attaching an edge between vxi and vx′

i
on T̃ p

m.
(If T (Qp, XT̃ p

m
) is empty, we define G(T̃ p

m,Qp) := T̃ p
m.) Then G(T̃ p

m,Qp) has the same distribution
as Gp

m.

The following result is also proven in Addario-Berry et al. (2012), which provide the convergence
of coding functions of T̃ p

m and vertices where new edges are attached.

Lemma 7.9 (Addario-Berry et al., 2012, Lemma 19). Assume that a sequence (mn)n≥1 satisfies
n−2/3mn → σ ∈ (0,∞). Let Qpn be a binomial pointset of intensity pn, independent of T̃ pn

mn, and
define Pn := {((σ/mn)i, (σ/mn)

1/2j) | (i, j) ∈ Qpn}. Then it holds that(√
σ

mn
HT̃ pn

mn

(⌊mn

σ
·
⌋)
,

√
σ

mn
XT̃ pn

mn

(⌊mn

σ
·
⌋)
,Pn ∩

(√
σ

mn
XT̃ pn

mn

(⌊mn

σ
·
⌋)))

d−−−→
n→∞

(2ẽ(σ), ẽ(σ),P ∩ ẽ(σ)), (7.7)

where the convergence of the first and second coordinate takes place in D([0, σ],R≥0) equipped with
the usual J1-Skorohod topology and the convergence of the third coordinate takes place with respect
to the Hausdorff metric.

Below, we prove the convergence of functions N (k)

T̃ p
m

defined at (7.1).

Lemma 7.10. Write I for the identity map from [0, 1] to itself. Assume that a sequence (mn)n≥1

satisfies n−2/3mn → σ ∈ (0,∞). Then, for any k ∈ Z≥0,

m−1
n N

(k)

T̃ pn
mn

((mn − 1)·) p−→ pk I(·)

in D([0, 1],R≥0).

Proof : Let TU
mn

be a random tree uniformly chosen from Tmn . If we think of TU
mn

as a random plane
tree, then it has the same distribution as the conditional Galton-Watson tree TGW

mn
with offspring

distribution that is Poisson with mean 1. We write

Ñ (k)
n (t) := m−1

n N
(k)

T̃ pn
mn

((mn − 1)t),

N (k)
n (t) := m−1

n N
(k)

TU
mn

((mn − 1)t),

Xn(t) := m−1/2
n XTU

mn
(mnt).

From Thévenin (2020, Theorem 1.1), we have that (Xn, N
(k)
n ) → (e, pk−1 I). Let f be a bounded

continuous function on D([0, 1],R). By the definition of T pn
mn . we obtain that

E[f(Ñ (k)
n )] =

E
[
f(N

(k)
n )(1− pn)

−m
3/2
n

∫ 1
0 Xn(t) dt

]
E
[
(1− pn)

−m
3/2
n

∫ 1
0 Xn(t) dt

] .

Moreover, in Addario-Berry et al. (2012, Proof of Theorem 12), it is shown that the following family
of random variables is uniformly integrable:

(1− pn)
−m

3/2
n

∫ 1
0 Xn(t) dt, n ≥ 1.
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Combining these with the scaling relation e(σ)(·) d
=

√
σe(·/σ), we deduce that

lim
n→∞

E
[
f(N (k)

n )(1− pn)
−m

3/2
n

∫ 1
0 Xn(t) dt

]
= E

[
f(pk−1 I) exp

(∫ σ

0
e(σ)(t) dt

)]
,

lim
n→∞

E
[
(1− pn)

−m
3/2
n

∫ 1
0 Xn(t) dt

]
= E

[
exp
(∫ σ

0
e(σ)(t) dt

)]
.

Therefore, the desired result follows. □

Combining the above results with a technical result regarding fused resistance metric space shown
in Appendix A, we can prove Theorem 7.6 as follows.

Proof of Theorem 7.6: We proceed with the proof in the setting of Lemma 7.9. By the Skorohod
representation theorem, we may assume that the convergence (7.7) takes place almost surely on some
probability space. Assume that P ∩ ẽ(σ) is non-empty and write T (P, ẽ(σ)) = {(ξl, ξ′l) | 1 ≤ l ≤ s}.
For all sufficiently large n, we can write T (Pn,

√
σ/mnXT̃ pn

mn
(⌊(mn/σ)·⌋)) = {(inl , jnl ) | 1 ≤ l ≤ s}

in such a way that
max
1≤l≤s

(|inl − ξl| ∨ |jnl − ξ′l|) → 0.

Let vn0 , vn1 , . . . , vnmn−1 be the vertices of T̃ pn
mn in depth-first order, and define anl := vnmninl /σ

, bnl :=

vnmnjnl /σ
. Here, we note that we have

{(mni
n
l /σ,mnj

n
l /σ) | 1 ≤ l ≤ s} = T (Qpn , XT̃ pn

mn
)

and in particular the indices mni
n
l /σ and mnj

n
l /σ are integers. Define al, bl ∈ T2ẽ(σ) by setting

al := p2ẽσ(ξl) and bl := p2ẽσ(ξ
′
l), where we recall that p2ẽσ is the canonical projection from [0, σ]

onto the real tree T2ẽ(σ) . Using Lemma 7.10 and following the proof of Theorem 7.3, we deduce that

(V (T̃ pn
mn

), n−1/3dT̃ pn
mn
, ρT̃ pn

mn
,m−1

n µ̇#
T̃ pn
mn

, an1 , b
n
1 , . . . , a

n
s , b

n
s )

→ (T2ẽ(σ) , d2ẽ(σ) , ρ2ẽ(σ) , σ−1µ2ẽ(σ) ⊗ p̃, a1, b1, . . . , as, bs)

in the space K•(τ
Mfin(·×R≥0) × τ2s-pts), where τ2s-pts denotes the product structure of 2s copies of

τpt, as recalled from (S2) and (S7). (See also Noda, 2025+, Proof of Lemma 8.42). This, combined
with Lemma 7.8 and Theorem A.13 below, yields the desired result. □

By Theorem 7.6, we can apply Theorem 1.16 and we obtain the aging and sub-aging results as fol-
lows. Let {(xi, wi, vi)}i∈I be a Poisson point process onM (Z1)×R≥0×R>0 with intensity µM(Z1)(dx)
p̃(dw)αv−1−αdv and define ν(dx) :=

∑
i∈I viδxi(dx). Given ν, we write (Xν , {P ν

x }x∈M(Z1)) for the
process associated with (M (Z1), RM(Z1) , ν). We simply write Xνn

n := X
νCn1
Cn
1

, which is the BTM on Cn
1

(see Definition 1.4). We denote by P νn
ρn for the underlying probability measure for Xνn

n started at
ρn := ρM(Z1) . Set c̃n := n1/3 · n2/(3α). As a consequence of Theorems 1.16 and 7.6, we obtain that

P νn
ρn

(
Xνn

n (c̃ns) = Xνn
n (c̃nt)

)
→ P ν

ρ
M(Z1)

(
Xν(s) = Xν(t)

)
,

P νn
ρn

(
Xνn

n (c̃nt) = Xνn
n (c̃nt+ t′), ∀t′ ∈ [0, n2/(3α)s]

)
→
∑
i∈I

e−wis/viP ν
M(Z1)

(Xν(t) = xi).

Appendix A. Convergence of fused spaces

In this appendix, we introduce the operation of fusing resistance metric spaces at disjoint pairs
of subsets, which are used to describe the scaling limit of the Erdős-Rényi graph in Section 7.4. We
note that this operation is considered in Croydon (2018); Kigami (2012). Our aim in this appendix
is to formalize the topological aspects of fusing. In particular, we prove some convergence results



212 Ryoichiro Noda

regarding fused resistance metric spaces (Theorems A.9 and A.13). Throughout this appendix, we
fix N ∈ N.

Let (F,R) be a compact resistance metric space and (E ,F) be the corresponding resistance form.
Fix a collection Γ = {Vi}Ni=1 of non-empty disjoint compact subsets of F and write

FΓ :=

(
F \

N⋃
i=1

Vi

)
∪

N⋃
i=1

{Vi},

i.e., we consider each subset Vi as a single point. Let πΓ : F → FΓ be the canonical map, that is,
πΓ(x) := x for x ∈ F \

⋃N
i=1 Vi and πΓ(x) := Vi for x ∈ Vi. Define (EΓ,FΓ) by setting

FΓ := {f : FΓ → R | f ◦ πΓ ∈ F},
EΓ(f, f) := E(f ◦ πΓ, f ◦ πΓ), ∀f ∈ FΓ.

Theorem A.1 (Croydon, 2018, Lemma 8.3). The pair (EΓ,FΓ) is a resistance form. If we write
RΓ for the associated resistance metric, then (FΓ, RΓ) is compact.

Definition A.2 (Fused resistance metric space). In the above setting, we refer to (FΓ, RΓ) as the
resistance metric space (F,R) fused over Γ and πΓ : F → FΓ as the associated canonical map.

Remark A.3. The fusing operation can also be defined when Γ = {Vi}Ni=1 is a family of compact
subsets that are not necessarily disjoint. In that case, we consider an equivalence relation ∼ on⋃N

i=1 Vi given by x ∼ y if and only if there exist l ∈ N, i1, . . . , il ∈ {1, . . . , N}, and x = x0, x1,

. . . , xl−1, xl = y such that {xk−1, xk} ⊆ Vik for each k. We let Γ′ := {V ′
i }N

′
i=1 be the collection of

equivalence classes Γ′ := {V ′
i }N

′
i=1. Then we refer to (FΓ′

, RΓ′
) as the resistance metric space (F,R)

fused over Γ.

It is easy to see that
RΓ(π(x), π(y)) ≤ R(x, y), ∀x, y ∈ F, (A.1)

which implies that πΓ : (F,R) → (FΓ, RΓ) is continuous. We will show that when resistance metric
spaces and collections of fusing points converge, then the associated fused resistance metric spaces
and the canonical maps also converge. To describe this precisely, we introduce a suitable topology
for convergence of functions with different domains. Fix a compact metric space (M,dM ) and a
complete, separable metric space (Ξ, dΞ).

Definition A.4. Define
Ĉc(M,Ξ) :=

⋃
X∈Cc(M)

C(X,Ξ),

where we recall that Cc(M) is the collection of compact subsets of M and C(X,Ξ) denotes the set
of continuous functions from X to Ξ. Note that Ĉc(M,Ξ) contains the empty map ∅Ξ : ∅ → Ξ. For
f ∈ Ĉc(M,Ξ), we write dom(f) for its domain.

Definition A.5 (The metric dM
Ĉc(·,Ξ)

). For f, g ∈ Ĉc(M,Ξ) and ε > 0, consider the following
condition.
(Ĉc(ε)) For any x ∈ dom(f), there exists an element y ∈ dom(g) such that

dM (x, y) ∨ dΞ(f(x), g(y)) ≤ ε.

Similarly, for any y ∈ dom(g), there exists an element x ∈ dom(g) such that

dM (x, y) ∨ dΞ(f(x), g(y)) ≤ ε.

We define
dM
Ĉc(·,Ξ)

(f, g) := inf{ε > 0 | ε satisfies (Ĉc(ε)) with respect to f, g} ∧ 1,

where the infimum over the empty set is defined to be ∞.
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Theorem A.6 (Noda, 2024a, Lemma 3.27 and Theorem 3.28). The function dM
Ĉc(·,Ξ)

is a well-

defined metric on Ĉc(M,Ξ). The induced topology on Ĉc(M,Ξ) is Polish.

Definition A.7 (The compact-convergence topology with variable domains). We call the topology
on Ĉc(M,Ξ) induced by dM

Ĉc(·,Ξ)
the compact-convergence topology with variable domains.

Theorem A.8 (Convergence in Ĉc(M,Ξ), Noda, 2024a, Theorem 3.30). Let f, f1, f2, . . . be elements
of Ĉc(M,Ξ). The following conditions are equivalent.

(i) The functions fn converge to f in the compact-convergence topology with variable domains.
(ii) The sets dom(fn) converge to dom(f) in the Hausdorff topology in M , and there exist func-

tions gn, g ∈ C(M,Ξ) such that gn|dom(fn) = fn, g|dom(f) = f and gn → g in the compact-
convergence topology.

(iii) The sets dom(fn) converge to dom(f) in the Hausdorff topology in M , and, for any xn ∈
dom(fn) and x ∈ dom(f) with xn → x, it holds that fn(xn) → f(x).

Using the compact-convergence topology with variable domains, we can state rigorously the con-
vergence of canonical maps associated with fused resistance metric spaces as follows. For notational
convenience, we write τ2N -pts for the product structure of 2N copies of τpt, as recalled from (S2)
and (S7).

Theorem A.9. Let (Fn, Rn, ρn), n ≥ 1 and (F,R, ρ) be rooted compact resistance metric spaces.
Let (a(i)n , b

(i)
n )Ni=1 and (a(i), b(i))Ni=1 be distinct elements of Fn and F , respectively. Assume that

(Fn, Rn, ρn, (a
(i)
n , b(i)n )Ni=1) → (F,R, ρ, (a(i), b(i))Ni=1)

in K•(τ
2N-pts). Write (F̃n, R̃n) and (F̃ , R̃) for the resistance metric spaces fused over {{a(i)n , b

(i)
n }}Ni=1

and {{a(i), b(i)}}Ni=1, respectively. Let πn : Fn → F̃n and π : F → F̃ be the associated canonical maps,
and set ρ̃n := πn(ρn) and ρ̃ := π(ρ). Then there exist rooted compact metric spaces (M,dM , ρM )

and (M̃, dM̃ , ρM̃ ) satisfying the following:
(i) (Fn, Rn, ρn) and (F,R, ρ) are embedded isometrically into (M,dM , ρM ) in such a way that

ρn = ρ = ρM as elements of M , Fn → F in the Hausdorff topology on M , and a(i)n → a(i)

and b(i)n → b(i) in M for each i;
(ii) (F̃n, R̃n, ρ̃n) and (F̃ , R̃, ρ̃) are embedded isometrically into (M̃, dM̃ , ρM̃ ) in such a way that

ρ̃n = ρ̃ = ρM̃ as elements of M̃ and F̃n → F̃ in the Hausdorff topology on M̃ ;
(iii) if we regard πn and π as elements of Ĉ(M, M̃) by the above embeddings, then πn → π in

Ĉ(M, M̃).

To prove the above result, for each boundedly-compact metric space M , we define a structure
τ Ĉc(M,·) as follows.

• For each boundedly-compact metric space (S, dS), set τ Ĉc(M,·)(S) := Ĉc(M,S).
• For each distance-preserving map f : S1 → S2 between boundedly-compact metric spaces,
τ
Ĉc(M,·)
f (g) := f ◦ g for each g ∈ Ĉc(M,S1).

Following the proof of Noda (2024a, Theorem 8.27), one can readily verify that τ Ĉc(M,·) is Polish.

Lemma A.10. For each boundedly-compact metric space M , the structure τ Ĉc(M,·) is Polish.

Proof : Following the proof of Noda (2024a, Theorem 8.27), one can readily verify that τ Ĉc(M,·) is
Polish. (Indeed, the desired result is deduced by replacing Ψ(X) with the fixed space M in that
proof.) □

Below, we provide a precompactness criterion for the space K•(τ
Ĉc(M,·)).
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Lemma A.11. A non-empty subset {Xα = (Sα, d
α, ρα, fα) | α ∈ A} of K•(τ

Ĉc(M,·)) is precompact
if and only if the following conditions are satisfied.

(i) The subset {(Sα, dα, ρα) | α ∈ A} is precompact in pointed the Gromov–Hausdorff topology
(recall this from Remark 3.11).

(ii) It holds that
lim
δ→∞

sup
α∈A

sup
x,y∈dom(fα)

dM (x,y)≤δ

dα(fα(x), fα(y)) = 0.

Proof : Similarly to Lemma A.10, following the proof of Noda (2024a, Theorem 8.29), we deduce
the desired result. □

Proof of Theorem A.9: By the assumption and Theorem 3.9, we can find a rooted compact metric
space (M,dM , ρM ) where (Fn, Rn, ρn) and (F,R, ρ) are embedded isometrically in such a way that
ρn = ρ = ρM as elements of M , Fn → F in the Hausdorff topology, and (a

(i)
n , b

(i)
n ) → (a(i), b(i)) in

M ×M for all i. We have from (A.1) that

lim
δ→0

sup
n≥1

sup
x,y∈Fn

Rn(x,y)≤δ

R̃n(πn(x), πn(y)) ≤ lim
δ→0

δ = 0.

By Lemma A.11, {(F̃n, R̃n, ρ̃n, πn)}n≥1 is precompact in K•(τ
Ĉc(M,·)). It remains to show that the

the limit of any convergent subsequence is (F̃ , R̃, ρ̃, π). So, we assume that (F̃n, R̃n, ρ̃n, πn) converges
to (K, dK , ρK , πK). It is enough to prove that (K, dK , ρK , πK) is equivalent to (F̃ , R̃, ρ̃, π). We may
assume that (F̃n, R̃n, ρ̃n) and (K, dK , ρK) are embedded isometrically into a common rooted compact
metric space (M̃, dM̃ , ρM̃ ) in such a way that ρ̃n = ρK = ρM̃ as elements of M̃ , F̃n → K in the
Hausdorff topology in M , and πn → πK in Ĉ(M, M̃). Since dom(πn) = Fn → F , we have from
Theorem A.8 that dom(π) = F . Moreover, the convergences of πn to πK and of ρn to ρ in M imply
that πn(ρn) → πK(ρ). However, we have that πn(ρn) = ρ̃n = ρK , and so it holds that πK(ρ) = ρK .
Fix x, y ∈ F . Since Fn → F in the Hausdorff topology in M , there exist xn, yn ∈ Fn such that
xn → x and yn → y in M . Then, from Croydon (2018, Proof of Proposition 8.4), we deduce that

lim
n→∞

R̃n(πn(xn), πn(yn)) = R̃(π(x), π(y)).

On the other hand, by Theorem A.8, we have that

lim
n→∞

dM̃ (πn(xn), πn(yn)) = dM̃ (πK(x), πK(y)).

It follows that
R̃(π(x), π(y)) = dK(πK(x), πK(y)).

Thus, there exists a unique map f : F̃ → K such that f ◦ π = πK . From the above equation, it is
easy to check that f is distance-preserving. Recalling that πK(ρ) = ρK , we deduce that f is root-
preserving, i.e., f(ρ̃) = ρK . It remains to prove that f is surjective, which is equivalent to showing
that πK is surjective. Fix y ∈ K. We choose yn ∈ F̃n so that yn → y in M̃ . Let xn ∈ Fn be such
that πn(xn) = yn. By the compactness of M , we can find a subsequence (nkl)l≥1 satisfying xnk

→ x
in M for some x ∈ F . From Theorem A.8, it holds that πnk

(xnk
) → πK(x). Thus, πK(x) = y,

which shows that πK is surjective. □

We next consider fused electrical networks. Let G be an electrical network with finite vertex set
VG. Fix a collection Γ = {Vi}Ni=1 of non-empty disjoint subsets of VG and write

V Γ
G :=

(
VG \

N⋃
i=1

Vi

)
∪

N⋃
i=1

{Vi}.
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Define an electrical network G̃ with vertex set VG̃ := V Γ
G by setting the conductance µG̃ as follows:

µG̃(x, y) := µG(x, y), x, y ∈ VG \
N⋃
i=1

Vi;

µG̃(x, Vi) :=
∑
y∈Vi

µG(x, y), x ∈ VG \
N⋃
i=1

Vi;

µG̃(Vi, Vj) :=
∑
x∈Vi

∑
y∈Vj

µG(x, y), i ̸= j.

The canonical map πG̃ : VG → VG̃ is given by πG̃(x) := x for x ∈ VG \
⋃N

i=1 Vi and πG̃(x) := Vi for
x ∈ Vi. We refer to G̃ as the electrical network G fused over Γ. It is easy to check that (VG̃, RG̃)
coincides with the resistance metric space (VG, RG) fused over Γ. (Indeed, the associated resistance
forms coincide.)

Proposition A.12. Let G be an electrical network with finite vertex set VG. Fix two distinct vertices
a, b ∈ VG such that µ(a, b) > 0. Write G̃ for the electrical network G fused over V0 := {a, b}. Let
π : VG → VG̃ be the canonical map. Then, it holds that, for any x, y ∈ VG,

RG̃(π(x), π(y)) ≤ RG(x, y) ≤ RG̃(π(x), π(y)) + µG(a, b)
−1. (A.2)

Proof : Fix x, y ∈ VG with x ̸= y. If π(x) = π(y), then x = y or {x, y} = {a, b}. Thus, the assertion
is straightforward as we have that RG(x, y) ≤ µG(a, b)

−1. Henceforth, we assume that π(x) ̸= π(y).
Let f̃ : VG̃ → R be such that RG̃(π(x), π(y)) = EG̃(f̃ , f̃)

−1, f̃(π(x)) = 1, and f̃(π(y)) = 0. Define
f : VG → R by setting f |V \V0

= f̃ |V \{V0} and f |V0
:= f̃(V0). It is the case that

RG(x, y)
−1 ≤ EG(f, f)

=
1

2

∑
z,w∈VG\V0

µG(z, w)(f(z)− f(w))2 +
∑

z∈VG\V0

∑
w∈V0

µG(z, w)(f(z)− f(w))2

=
1

2

∑
z,w∈VG\{V0}

µG̃(z, w)(f̃(z)− f̃(w))2 +
∑

z∈VG\{V0}

µG̃(z, V0)(f̃(z)− f̃(V0))
2

= EG̃(f̃ , f̃)
= RG̃(π(x), π(y))

−1.

Therefore, the first inequality of (A.2) follows.
To prove the second inequality, we use Thomson’s principle. For details, see Levin and Peres

(2017), for example. We first consider the case where x, y /∈ V0. Let ı̃ be the unit current flow from
x to y on G̃. We then define a flow i from x to y on G as follows:

i(z, w) := ı̃(z, w), z, w ∈ VG \ V0 such that z ∼ w,

i(z, a) :=
µG(z, a)

µG(z, a) + µG(z, b)
ı̃(z, V0), z ∈ VG \ V0 such that z ∼ a,

i(z, b) :=
µG(z, b)

µG(z, a) + µG(z, b)
ı̃(z, V0), z ∈ VG \ V0 such that z ∼ b,

i(a, b) := −
∑

z∈VG\V0

i(a, z).
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For non-negative real numbers s, t, we have that |s− t| ≤ s ∨ t. This yields that

|i(a, b)| ≤ max

 ∑
ı̃(V0,z)≥0

ı̃(V0, z), −
∑

ı̃(V0,z)≤0

ı̃(V0, z)

 ≤ 1.

By Thomson’s principle, we deduce that

RG(x, y) ≤
1

2

∑
z,w∈V \V0

z∼w

µG(z, w)
−1i(z, w)2 +

∑
z∈V \V0,w∈V0

z∼w

µG(z, w)
−1i(z, w)2 + µG(a, b)

−1i(a, b)2

≤ 1

2

∑
z,w∈V \V0

z∼w

µG̃(z, w)
−1ı̃(z, w)2 +

∑
z∈V \V0
z∼V0

µG̃(z, V0)
−1ı̃(z, V0)

2 + µG(a, b)
−1i(a, b)2

= RG̃(x, y) + µG(a, b)
−1.

Next, we consider the case where x /∈ V0 and y ∈ V0. We may assume that y = a. Let ı̃ be the unit
current flow from V0 to x on G̃. We then define a flow i from a to x on G as follows:

i(z, w) := ı̃(z, w), z, w ∈ VG \ V0 such that z ∼ w,

i(a, z) :=
µG(a, z)

µG(a, z) + µG(b, z)
ı̃(V0, z), z ∈ VG \ V0 such that z ∼ a,

i(b, z) :=
µG(b, z)

µG(a, z) + µG(b, z)
ı̃(V0, z), z ∈ VG \ V0 such that z ∼ b,

i(a, b) :=
∑

z∈VG\V0

i(b, z).

Then, by the same argument as before, one can check that RG(a, x) ≤ RG̃(x, y)+µG(a, b)
−1. Hence,

we complete the proof. □

For electrical networks, besides fusing, another natural operation can be considered: adding
edges. For each n ≥ 1, let Gn be an electrical network with finite vertex set such that µGn(x, y) = 1

if µGn(x, y) > 0 (i.e., any positive conductance is 1). Fix N ∈ N and a
(n)
i , b

(n)
i ∈ VGn such that

{a(n)1 , b
(n)
1 }, . . . , {a(n)N , b

(n)
N } are distinct subsets of VGn . Define an electrical network Ḡn with vertex

set VḠn
:= VGn by setting conductances as follows:

µḠn
(x, y) :=

{
µGn(a

(n)
i , b

(n)
i ) + 1, {x, y} = {a(n)i , b

(n)
i },

µGn(x, y), otherwise.

In other words, Ḡn is obtained by attaching a new edge between a(n)i and b(n)i (if there are multiple
edges, then those edges are replaced by a single edge with conductance 2). We let ρḠn

:= ρG.

Theorem A.13. Assume the above setting. Let (F,R, ρ) be a rooted compact resistance metric, a1,
b1, . . . , aN , bN be distinct elements of F , and µ̇ be a Radon measure on F × R≥0. Assume that(

VGn , α
−1
n RGn , ρGn , β

−1
n µ̇#Gn

, (a
(n)
i , b

(n)
i )Ni=1

)
→
(
F,R, ρ, µ̇, (ai, bi)

N
i=1

)
in the space K•(τ

Mfin(·×R≥0)×τ2N-pts), where (αn)n≥1 and (βn)n≥1 are sequences of positive numbers
with αn ∧ βn → ∞. Then, it holds that(

VḠn
, α−1

n RḠn
, ρḠn

, β−1
n µ̇#

Ḡn

)
→
(
F̃ , R̃, ρ̃, µ̇ ◦ (π × idR≥0

)−1
)

in the space K•(τ
Mfin(·×R≥0)), where (F̃ , R̃) is the resistance metric space (F,R) fused over

{{ai, bi}}Ni=1, π : F → F̃ is the canonical map, and we set ρ̃ = π(ρ).
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Proof : Write G̃n for the electrical network Gn fused over {{a(n)i , b
(n)
i }}Ni=1, and πn : VGn → VG̃n

for
the canonical map. Set ρG̃n

:= πn(ρGn). By Theorem A.9, we may assume the following:
• (VGn , α

−1
n RGn , ρGn) and (F,R, ρ) are embedded isometrically into a common rooted compact

metric space (M,dM , ρM ) in such a way that VGn → F in the Hausdorff topology, ρGn =

ρ = ρM as elements of M , β−1
n µ̇#Gn

→ µ̇ weakly, and a(n)i → ai and b(n)i → bi in M for each
i;

• (VG̃n
, α−1

n RG̃n
, ρG̃n

) and (F̃ , R̃, ρ̃) are embedded isometrically into a common rooted compact
metric space (M̃, dM̃ , ρM̃ ) in such a way that ρG̃n

= ρ̃ = ρM̃ as elements of M̃ , and VG̃n
→ F̃

in the Hausdorff topology;
• if we think of πn and π as elements of Ĉ(M, M̃) by the above embeddings, then πn → π in
Ĉ(M, M̃).

Since πn× idR≥0
→ π× idR≥0

in Ĉ(M ×R≥0, M̃ ×R≥0), we deduce that β−1
n µ̇#Gn

◦ (πn× idR≥0
)−1 →

µ̇ ◦ (π × idR≥0
)−1 weakly. Hence, it holds that(

VG̃n
, α−1

n RG̃n
, ρG̃n

, β−1
n µ̇#Gn

◦ (πn × idR≥0
)−1
)
→
(
F̃ , R̃, ρ̃, µ̇ ◦ (π × idR≥0

)−1
)

in the space K•(τ
Mfin(·×R≥0)). Hence, it suffices to show that the distance between(

VG̃n
, α−1

n RG̃n
, ρG̃n

, β−1
n µ̇#Gn

◦ (πn × idR≥0
)−1
)

and
(
VḠn

, α−1
n RḠn

, ρḠn
, β−1

n µ̇#
Ḡn

)
in the space K•(τ

Mfin(·×R≥0)) converges to 0. This is easily proven by Proposition A.12 and the
following:

lim sup
n→∞

α−1
n sup

1≤i≤N
µḠn

(a
(n)
i , b

(n)
i )−1 ≤ lim sup

n→∞
α−1
n = 0.

□
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