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Abstract. The aim of this paper is to study intertwining relations for Laguerre processes with
inverse temperature β ≥ 1 and parameter α > −1. We introduce a Markov kernel that depends
on both β and α, and establish new intertwining relations for the β-Laguerre processes using this
kernel. A key observation is that Jack symmetric polynomials are eigenfunctions of our Markov
kernel, which allows us to apply a method established by Ramanan and Shkolnikov. Additionally, as
a by-product, we derive an integral formula for multivariate Laguerre polynomials and multivariate
hypergeometric functions associated with Jack polynomials.

1. Introduction

1.1. Markov kernels and Laguerre processes. Our purpose is to give intertwining relations for La-
guerre processes for general inverse temperature β. Whilst intertwining relations for the β-Laguerre
process were shown in Assiotis (2019), we establish new relations by using different Markov kernels,
which are a β-extension of the kernel used in Bufetov and Kawamoto (2025b).

Throughout this paper, we set θ = β/2. Set the closure of the Weyl chamber WN = {xN =
(x1, . . . , xN ) ∈ RN ; x1 ≤ · · · ≤ xN}. We will write xN simply as x when no confusion can arise.
The interior of WN is denoted by W̊N := {x ∈ WN ; x1 < · · · < xN}. We write the set of interlaced
configurations as

WN,N+1(x) := {y ∈ WN ; x1 ≤ y1 ≤ x2 ≤ · · · ≤ yN ≤ xN+1} for x = (x1, . . . , xN+1) ∈ WN+1.

The following formula is useful to introduce Markov kernels.

Lemma 1.1. (Forrester, 2010, Proposition 4.2.1) Let (w1, . . . , wN+1) be a random variable dis-
tributed according to the Dirichlet distribution with parameters (s1, . . . , sN+1) and let x ∈ W̊N+1.
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Then, the roots y ∈ WN of the random rational function

y 7→
N+1∑
i=1

wi

y − xi

(
=

∑N+1
i=1

(
wi

∏
1≤j≤N+1,j ̸=i(y − xj)

)∏N+1
i=1 (y − xi)

)
has the probability density function

Γ(s1 + · · ·+ sN+1)

Γ(s1) · · ·Γ(sN+1)

∏
1≤i<j≤N (yj − yi)∏

1≤i<j≤N+1(xj − xi)sj+si−1

N+1∏
i=1

N∏
j=1

|xi − yj |si−11WN,N+1(x)(y).

Following Assiotis and Najnudel (2021), we introduce the Markov kernel ΛN+1
θ,N via a random

polynomial.

Definition 1.2. For θ > 0 and x = (x1, . . . , xN+1) ∈ WN+1, let ΛN+1
θ,N (x, ·) be the distribution on

WN of the roots of the random polynomial

y 7→
N+1∑
i=1

(
wi

∏
1≤j≤N+1,j ̸=i

(y − xj)
)
,

where (w1, . . . , wN+1) is distributed according to the Dirichlet distribution with all parameters being
equal to θ.

The kernel ΛN+1
θ,N is an integral operator on WN depending on a parameter x ∈ WN+1. In this

sense, we write ΛN+1
θ,N : WN+1 99K WN . We can describe the probability density of the kernel ΛN+1

θ,N

due to Lemma 1.1.

Proposition 1.3. For any x ∈ W̊N+1, we have

ΛN+1
θ,N (x, dy) =

1

ZN
θ

∏
1≤i<j≤N (yj − yi)∏

1≤i<j≤N+1(xj − xi)2θ−1

N+1∏
i=1

N∏
j=1

|xi − yj |θ−11WN,N+1(x)(y)dy, (1.1)

where the normalisation constant is given by
1

ZN
θ

:=
Γ((N + 1)θ)

Γ(θ)N+1
.

The distribution (1.1) is referred to as the Dixon–Anderson conditional distribution because this
probability density was found in the work by Dixon (1905), and considered by Anderson in the
context of the Selberg integral (Anderson, 1991). The formulation of Dixon–Anderson distribution
by Definition 1.2 is used in Assiotis and Najnudel (2021).

We discuss intertwining relations between Markov kernels and semigroups of stochastic processes
related to random matrices. Several diffusions intertwined by ΛN+1

θ,N have been identified. The first
example intertwined by this kernel is the non-intersecting Brownian motions, also known as the
Dyson Brownian motions for β = 2 (Warren, 2007). Other examples for β = 2 were studied in
Assiotis (2020); Assiotis et al. (2019). For general β, the intertwining relations for the β-Dyson
Brownian motions were established (Gorin and Shkolnikov, 2015; Ramanan and Shkolnikov, 2018),
and those for the β-Laguerre and β-Jacobi processes were obtained (Assiotis, 2019).

Here, we focus on intertwining relations for the β-Laguerre processes. Set WN
≥ = WN ∩ [0,∞)N .

The N -dimensional Laguerre process for the inverse temperature β ≥ 1 is the process on WN
≥

defined by the stochastic differential equation

dXN,i
t =

√
2XN,i

t dBi
t +

β

2

(
α+ 1 +

∑
1≤j≤N,j ̸=i

2XN,i
t

XN,i
t −XN,j

t

)
dt, 1 ≤ i ≤ N, (1.2)
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where (Bi)Ni=1 is the N -dimensional Brownian motion and α > −1. For any starting point xN ∈ WN
≥ ,

the equation (1.2) has a unique strong solution with no collisions and no explosions (Graczyk and
Małecki, 2014, Corollary 6.5). The Laguerre processes for general β were introduced and studied
in Demni (2007b). When β = 1, the Laguerre process is the squared singular values process of
a matrix with Brownian entries (Bru, 1991). The Laguerre process for β = 2 is identical to the
non-colliding square Bessel process, which describes the squared singular value process of a matrix
with complex Brownian entries (Demni, 2007a; König and O’Connell, 2001).

Set θ = β/2 as before. Let {TN
θ,α,t}t≥0 be the Markov semigroup associated with the solution to

(1.2). The following intertwining relation for Laguerre processes was established in Assiotis (2019)
(see also Assiotis et al., 2019, Section 3.7 for θ = 1).

Proposition 1.4 (Assiotis, 2019). Assume that θ ≥ 1/2 and α > −1. Then, for any N ∈ N and
t ≥ 0, we have the equality of Markov kernels

TN+1
θ,α,t Λ

N+1
θ,N = ΛN+1

θ,N TN
θ,α+1,t. (1.3)

Note that, in (1.1), the α-parameters of the Laguerre processes on the left- and right-hand sides
are different. For this reason, we refer to the equation (1.3) as the shifted intertwining relation.

In this paper, we establish intertwining relations with fixed parameters, analogous to those for the
Ornstein–Uhlenbeck counterpart of the Laguerre process for θ = 1 given in Bufetov and Kawamoto
(2025b). Specifically, we will identify a kernel ΛN+1

θ,α,N , depending on θ and α, such that

TN+1
θ,α,t Λ

N+1
θ,α,N = ΛN+1

θ,α,NTN
θ,α,t. (1.4)

Unlike in (1.3), the α-parameters on both sides of (1.4) are the same.

1.2. Main results. To obtain new intertwining relations for the Laguerre processes, we introduce a
kernel ΛN

θ,α,N : WN
≥ 99K WN

≥ depending on θ and α.

Definition 1.5. Suppose θ > 0 and α > −1. For x = (x1, . . . , xN ) ∈ WN
≥ , let ΛN

θ,α,N (x, ·) be the
distribution on WN

≥ of the roots of the random polynomial

y 7→
N∑
i=0

(
wi

∏
0≤j≤N,j ̸=i

(y − xj)
)
,

where (w0, w1, . . . , wN ) is distributed according to the Dirichlet distribution with parameters
(s0, s1, . . . , sN ) given by s0 = (α+ 1)θ and s1 = · · · = sN = θ. Here, we use the symbol x0 = 0 for
notational convenience.

The probability density of the kernel ΛN
θ,α,N is also explicitly given from Lemma 1.1. We set

W̊N
≥ = {x ∈ WN

≥ ; 0 < x1 < · · · < xN} and

WN,N
≥ (x) = {y ∈ WN

≥ ; 0 ≤ y1 ≤ x1 ≤ y2 ≤ · · · ≤ yN ≤ xN} for x = (x1, . . . , xN ) ∈ WN
≥ .

Proposition 1.6. Suppose θ > 0 and α > −1. For any x ∈ W̊N
≥ , we have

ΛN
θ,α,N (x, dy) =

1

ZN
θ,α

∏
1≤i<j≤N (yj − yi)∏

1≤i<j≤N (xj − xi)2θ−1

N∏
i,j=1

|xi − yj |θ−1
N∏
i=1

y
θ(α+1)−1
i

x
θ(α+2)−1
i

1
WN,N

≥ (x)
(y)dy, (1.5)

where the normalisation constant is given by

1

ZN
θ,α

:=
Γ((N + α+ 1)θ)

Γ(θ)NΓ((α+ 1)θ)
.
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When α ∈ {0}∪N, the probability density (1.5) for θ = 1/2, 1, 2 was established as the distribution
of the squared singular values of a fixed matrix multiplied with a truncated orthogonal, unitary,
symplectic random matrix, respectively (Ahn and Strahov, 2022; Kieburg et al., 2016). This fact
will be used in Section 5.

For θ > 0 and α > −1, we define the Markov kernel ΛN+1
θ,α,N : WN+1

≥ 99K WN
≥ as

ΛN+1
θ,α,N = ΛN+1

θ,N ΛN
θ,α,N . (1.6)

The kernel ΛN+1
θ,α,N gives an intertwining relation for β-Laguerre processes with a fixed parameter α.

Theorem 1.7. Suppose θ ≥ 1/2 and α > −1. Then, for any N ∈ N and t ≥ 0, we have the equality
of Markov kernels

TN+1
θ,α,t Λ

N+1
θ,α,N = ΛN+1

θ,α,NTN
θ,α,t. (1.7)

Theorem 1.7 is demonstrated by employing new shifted intertwining relations.

Theorem 1.8. Suppose θ ≥ 1/2 and α > −1. Then, for any N ∈ N and t ≥ 0, we have the equality
of Markov kernels

TN
θ,α+1,tΛ

N
θ,α,N = ΛN

θ,α,NTN
θ,α,t. (1.8)

Assuming Theorem 1.8, we can easily prove Theorem 1.7 as follows.

Proof of Theorem 1.7 The equations (1.3) and (1.8) imply that

TN+1
θ,α,t Λ

N+1
θ,N ΛN

θ,α,N = ΛN+1
θ,N TN

θ,α+1,tΛ
N
θ,α,N = ΛN+1

θ,N ΛN
θ,α,NTN

θ,α,t. (1.9)

Therefore, combining (1.9) with (1.6), we complete the proof. □

Thus, it remains to establish Theorem 1.8, and we apply the method used in Ramanan and
Shkolnikov (2018) to achieve this. The first step in their approach involves establishing intertwining
relations at the level of generators by using Jack symmetric polynomials. We introduce key relations
for Jack polynomials in the next subsection.

Furthermore, by the same strategy, we can show that Ornstein–Uhlenbeck counterparts of La-
guerre processes satisfy intertwining relations similar to (1.7) and (1.8). We will discuss this in
Appendix B.

Remark 1.9. The intuition behind Theorem 1.7 and Theorem 1.8 comes from an interpretation
of ΛN

θ,α,N and ΛN+1
θ,α,N in the context of random matrices for θ = 1/2, 1, 2 and α ∈ {0} ∪ N (see

Remark 5.5), together with an extrapolation to general θ and α.

Intertwining relations have fruitful applications in probability theory. For example, they were
used to prove convergence to stationary measures for Markov chains (Diaconis and Fill, 1990). More
recently, intertwining relations have been studied in the area of integrable probability. In particular,
they are closely related to multilevel processes on interlacing arrays, so-called interlacing processes.
The construction of multilevel Dyson Brownian motions, initiated by Warren (2007) for β = 2
and extended to general β by Gorin and Shkolnikov (2015), also establishes intertwining relations
for Dyson’s Brownian motions. For β = 2, interlacing Laguerre processes corresponding to (1.3)
were obtained in Assiotis et al. (2019), and more recently, interlacing processes for eigenvalues of
Laguerre-type matrix processes were also constructed (Assiotis, 2023). It would be of interest to
construct interlacing processes corresponding to intertwining relations (1.7). The construction of
multilevel processes in Gorin and Shkolnikov (2015) is based on a limit from discrete dynamics
defined via Jack polynomials. It is also an interesting problem to derive our intertwining relations
via such a discrete approximation.

Furthermore, intertwining relations are key ingredients in constructing a limit process of a co-
herent family of finite-dimensional processes by the method of intertwiners. This method was
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introduced in Borodin and Olshanski (2012) to construct Feller processes on the boundary of the
Gelfand-Tsetlin graph, and has since been applied in several other settings (Assiotis, 2020; Assiotis
and Mirsajjadi, 2024; Borodin and Olshanski, 2013; Cuenca, 2018; Olshanski, 2016). In the case
where β = 2 and α ∈ {0} ∪ N, the method of intertwiners was applied to the projective system
{WN

≥ ,ΛN+1
θ,α,N}N∈N, and a limit Laguerre (Ornstein–Uhlenbeck) process was obtained by Bufetov

and Kawamoto (2025a). For a general inverse temperature, the coherent family obtained from
Theorem 1.7 is expected to give rise to a limit process.

1.3. Integral operators and Jack polynomials. In what follows, let λ = (λ1 ≥ λ2 ≥ · · · ) be a
partition of an integer and define l(λ) as the length of λ. Let Pλ(xN ; θ) = xλ1

1 · · ·xλN
N + · · · be the

Jack symmetric polynomial parametrised by a partition λ. See Section 2 for the precise definition
of Jack polynomials. Hereafter, we use P θ

λ(xN ) := Pλ(xN ; θ) for simplicity.
For z ∈ C, the shifted factorial is defined by (x)z = Γ(x+ z)/Γ(x). We set

c(λ,N, θ ;α) :=
Γ((N + α+ 1)θ)

Γ((α+ 1)θ)

N∏
i=1

Γ((N + α+ 1− i)θ + λi)

Γ((N + α+ 2− i)θ + λi)
(1.10)

=
N∏
i=1

((N + α+ 1− i)θ)λi

((N + α+ 2− i)θ)λi

.

Note that c(λ,N, θ ;α) ∈ Q(θ, α) for fixed λ and N . Furthermore, we use c(λ,N, θ) := c(λ,N, θ ; 0).
Jack polynomials satisfy the following relation in terms of ΛN+1

θ,N , which is the key to showing the
intertwining relation at the level of generators in Assiotis (2019); Ramanan and Shkolnikov (2018).

Lemma 1.10. (Okounkov, 1998; Okounkov and Olshanski, 1997) Suppose θ > 0. Then, for any
partition λ with l(λ) ≤ N and xN+1 ∈ WN+1, we have

[ΛN+1
θ,N P θ

λ ](xN+1) = c(λ,N, θ)P θ
λ(xN+1), (1.11)

where we write [ΛN+1
θ,N P θ

λ ](xN+1) :=
∫
P θ
λ(yN )ΛN+1

θ,N (xN+1, dyN ).

The equation (1.11) suggests that Jack polynomials are eigenfunctions of ΛN+1
θ,N . However, strictly

speaking, this is not correct: whilst P θ
λ on the left-hand side of (1.11) is in N variables, on the right-

hand side, it is in N+1 variables. On the other hand, we establish that Jack polynomials are indeed
eigenfunctions of ΛN

θ,α,N .

Theorem 1.11. Suppose θ > 0 and α > −1. Then, for any λ with l(λ) ≤ N and xN ∈ WN
≥ , we

have

[ΛN
θ,α,NP θ

λ ](xN ) = c(λ,N, θ ;α)P θ
λ(xN ). (1.12)

Furthermore, using Theorem 1.11, we can compute the action of ΛN
θ,α,N on multivariate Laguerre

polynomials and multivariate hypergeometric functions, as demonstrated in the appendix.

1.4. Organisation of this paper. The present paper is organised as follows. We collect some facts
about Jack polynomials in Section 2. In Section 3, we give the proof of Theorem 1.11. Section 4 is
devoted to the proof of Theorem 1.8. In Section 5, we observe that the kernel ΛN+1

θ,α,N has an inter-
pretation in terms of squared singular values of invariant random matrices for classical parameter
θ = 1/2, 1, 2. In Appendix A, we apply Theorem 1.11 to obtain a formula for symmetric functions.
In Appendix B, we prove that Laguerre Ornstein–Uhlenbeck processes satisfy intertwining relations
similar to Theorem 1.7 and Theorem 1.8.
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2. Preliminaries on Jack symmetric polynomials

We begin by introducing Jack polynomials. See Vilenkin and Klimyk (1995, Chapter 2) for
further details. We introduce the differential operators in N -variables

EN
k =

N∑
i=1

xki
∂

∂xi
,

DN
k =

N∑
i=1

xki
∂2

∂x2i
+ 2θ

N∑
i=1

∑
1≤j≤N,j ̸=i

xki
xi − xj

∂

∂xi
.

The Jack polynomial parametrised by a partition λ is defined as a symmetric eigenfunction of
DN

2 :

DN
2 P θ

λ(xN ) = e(λ,N, θ)P θ
λ(xN ), (2.1)

where P θ
λ has the form

P θ
λ(xN ) := Pλ(xN ; θ) = mλ(xN ) + (lower terms with respect to the dominance order). (2.2)

Here, mλ(xN ) = xλ1
1 · · ·xλN

N + · · · denotes the monomial symmetric polynomial, and

e(λ,N, θ) := 2B(λ′)− 2θB(λ) + 2θ(N − 1)|λ|,

where |λ| =
∑

λi, B(λ) =
∑

(i − 1)λi, and λ′ is the conjugate partition of λ. A symmetric
polynomial satisfying (2.1) and (2.2) is unique up to a constant factor, and we take normalisation
such that the leading coefficient of P θ

λ is 1. Specifically,

P θ
λ(1N ) =

∏
1≤i<j≤N

(λi − λj + θ(j − i))θ

N∏
k=1

Γ(θ)

Γ(θk)
, (2.3)

where 1N denotes the N -dimensional vector whose components are all 1 (see Okounkov and Ol-
shanski, 1997, (6.4)).

From Kaneko (1993, (34), (35), (36)), Jack polynomials satisfy the following relations:

EN
0 P θ

λ(xN ) = P θ
λ(1N )

l(λ)∑
i=1

(
λ

λ(i)

)
θ

P θ
λ(i)

(xN )

P θ
λ(i)

(1N )
, (2.4)

EN
1 P θ

λ(xN ) = |λ|P θ
λ(xN ), (2.5)

DN
1 P θ

λ(xN ) = P θ
λ(1N )

l(λ)∑
i=1

(
λ

λ(i)

)
θ

(λi − 1 + (N − i)θ)
P θ
λ(i)

(xN )

P θ
λ(i)

(1N )
. (2.6)

Here, λ(i) denotes the partition given by λ(i) = (λ1, . . . , λi−1, λi − 1, λi+1, . . .), and
(
λ
ρ

)
θ

is the
generalised binomial coefficient introduced in Lassalle (1990), determined by the expansion

P θ
λ(1N + xN )

P θ
λ(1N )

=

|λ|∑
m=0

∑
|ρ|=m

(
λ

ρ

)
θ

P θ
ρ (xN )

P θ
ρ (1N )

. (2.7)

We remark that
(
λ
ρ

)
θ
= 0 unless ρ ⊆ λ (Vilenkin and Klimyk, 1995, Section 2.5.2), where we write

ρ ⊆ λ if ρi ≤ λi holds for all i.
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3. Integral operators for Jack polynomials

We now prove Theorem 1.11 using Lemma 1.10. We fix θ > 0, a partition λ, and xN ∈ W̊N
≥ . For

z ∈ C satisfying ℜz > −θ, we set the function

f(z) :=

∫ x1

0
. . .

∫ xN

xN−1

∏
1≤i<j≤N (yj − yi)∏

1≤i<j≤N (xj − xi)2θ−1

N∏
i,j=1

|xi − yj |θ−1
N∏
i=1

yz+θ−1
i

xz+2θ−1
i

P θ
λ(y)dy

− ZN
θ

N∏
i=1

((N + 1− i)θ)λi+z

((N + 2− i)θ)λi+z
P θ
λ(xN ).

By the definition of c(λ,N, θ;α), we observe that

1

ZN
θ,α

f(θα) = ΛN
θ,α,NP θ

λ(xN )−
ZN
θ

ZN
θ,α

N∏
i=1

((N + 1− i)θ)λi+θα

((N + 2− i)θ)λi+θα
P θ
λ(xN ) (3.1)

= ΛN
θ,α,NP θ

λ(xN )− c(λ,N, θ;α)P θ
λ(xN ).

Hence, to prove Theorem 1.11, it suffices to show that f ≡ 0 on {z ; ℜz > −θ}. To establish this
via Carlson’s theorem, we first derive the following estimate for f .

Lemma 3.1. For fixed θ > 0, a partition λ, and xN ∈ W̊N
≥ , the function f is bounded on the set

{z ; ℜz ≥ 0}.

Proof : For y ∈ WN,N
≥ (xN ), observe that

∏N
i=1 |yzi /xzi | =

∏N
i=1 y

ℜz
i /xℜz

i ≤ 1 on {z ; ℜz > −θ}.
Hence, the first term of f is bounded. Since we have

N∏
i=1

((N + 1− i)θ)λi+z

((N + 2− i)θ)λi+z
=

Γ((N + 1)θ)

Γ(θ)

N∏
i=1

Γ((N + 1− i)θ + λi + z)

Γ((N + 2− i)θ + λi + z)
,

the second term of f is also bounded from the formula Γ(z + a)/Γ(z + b) = za−b(1 + o(z−1)) as
z → ∞ in −π < arg z < π (Erdélyi et al., 1953, equation (4) in Section 1.18, Vol 1). Thus, we
obtain the desired result. □

Proof of Theorem 1.11
Let us first show that f(n) = 0 for any non-negative integer n. Let xN = (x1, . . . , xN ) ∈ W̊N

≥ .
Then, applying (1.11) for (0,xN ) ∈ W̊N+1, we obtain

[ΛN+1
θ,N P θ

λ+n1N
]((0,xN )) = c(λ+ n1N , N, θ)P θ

λ+n1N
((0,xN )) (3.2)

=
( N∏

i=1

xni

) N∏
i=1

((N + 1− i)θ)λi+n

((N + 2− i)θ)λi+n
P θ
λ(xN ).

Here, we used the formula P θ
λ+1N

(xN ) =
(∏N

i=1 xi
)
P θ
λ(xN ) (Okounkov and Olshanski, 1997, (1.2)).

On the other hand, the left-hand side of (3.2) turns out to be

1

ZN
θ

∫ x1

0
. . .

∫ xN

xN−1

∏
1≤i<j≤N (yj − yi)∏

1≤i<j≤N (xj − xi)2θ−1

N∏
i,j=1

|xi − yj |θ−1
N∏
i=1

yθ−1
i

x2θ−1
i

P θ
λ+n1N

(y)dy (3.3)

=

∏N
i=1 x

n
i

ZN
θ

∫ x1

0
. . .

∫ xN

xN−1

∏
1≤i<j≤N (yj − yi)∏

1≤i<j≤N (xj − xi)2θ−1

N∏
i,j=1

|xi − yj |θ−1
N∏
i=1

yn+θ−1
i

xn+2θ−1
i

P θ
λ(y)dy.

Therefore, equations (3.2) and (3.3) imply that f(n) = 0 by the definition of f .
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Here we recall Carlson’s theorem (see Titchmarsh, 1958, Section 5.81 for example). Assume that
g is analytic on {z ; ℜz > 0} and continuous on {z ; ℜz ≥ 0}, and that it satisfies

|g(z)| ≤ Cec|z| for all z with ℜz ≥ 0

for some constants C > 0 and c < π. Furthermore, if g(n) = 0 for any non-negative integer n, then
g ≡ 0 on {z ; ℜz ≥ 0}.

Carlson’s theorem with Lemma 3.1 implies that f(z) ≡ 0 on {z ; ℜz ≥ 0}. Furthermore, since
f is analytic on {z ; ℜz > −θ}, by analytic continuation (identity theorem) we have f ≡ 0 on
{z ; ℜz > −θ}. Hence, we obtain f(θα) = 0 for any θ > 0 and α > −1. Combining this with (3.1),
we obtain (1.12) for all xN ∈ W̊N

≥ .
We next prove (1.12) for all xN ∈ WN

≥ . For any xN ∈ WN
≥ , there exists a sequence {xn

N}n∈N ⊂
W̊N

≥ such that limn→∞ xn
N = xN . Then, by Definition 1.5 and the fact that the roots of a polynomial

are continuous function of its coefficients, we have the weak convergence of probability measures
limn→∞ ΛN

θ,α,N (xn
N , ·) = ΛN

θ,α,N (xN , ·). Furthermore, since ΛN
θ,α,N (xn

N , ·) has compact support, it
follows that limn→∞[ΛN

θ,α,NP θ
λ ](x

n
N ) = [ΛN

θ,α,NP θ
λ ](xN ). Therefore, taking the limit n → ∞ of the

equation [ΛN
θ,α,NP θ

λ ](x
n
N ) = c(λ,N, θ ;α)P θ

λ(x
n
N ), we obtain (1.12) for xN ∈ WN

≥ . Thus, we complete
the proof of Theorem 1.11. □

We illustrate Theorem 1.11 with examples. When N = 1, for a non-negative integer λ, the
equation (1.12) is rephrased as

Γ((α+ 2)θ)

Γ(θ)Γ((α+ 1)θ)

∫ x

0
(x− y)θ−1 y

θ(α+1)−1

xθ(α+2)−1

yλ

((α+ 1)θ)λ
dy =

xλ

((α+ 2)θ)λ
(3.4)

from P θ
λ(x) = xλ. The equation (3.4) can be shown also by straightforward computation as follows:∫ x

0
(x− y)θ−1 y

θ(α+1)−1

xθ(α+2)−1
yλdy = xλ

∫ 1

0
(1− t)θ−1tθ(α+1)−1+λdt = xλ

Γ(θ)Γ(θ(α+ 1) + λ)

Γ(θ(α+ 2) + λ)
.

When N = 2 and λ = (λ1, λ2), the equation (1.12) is written as

Γ((α+ 3)θ)

Γ(θ)2Γ((α+ 1)θ)

∫ x1

0

∫ x2

x1

(y2 − y1)

(x2 − x1)2θ−1

∏
i,j=1,2

|xi − yj |θ−1 (y1y2)
θ(α+1)−1

(x1x2)θ(α+2)−1
P θ
λ(y1, y2)dy1dy2 (3.5)

=
∏
i=1,2

((α+ 3− i)θ)λi

((α+ 4− i)θ)λi

P θ
λ(x1, x2).

The Jack polynomial in two-variables has the following representation (Koornwinder, 2014/15,
(10.15)):

P θ
λ(x1, x2) = xλ1

1 xλ2
2 2F1

( −λ1 + λ2, θ
1− λ1 + λ2 − θ

;
x2
x1

)
=

(λ1 − λ2)!

(θ)λ1−λ2

(x1x2)
λ1+λ2

2 Cθ
λ1−λ2

(
x1 + x2

2(x1x2)
1
2

)
,

where 2F1 is the hypergeometric function and Cθ
m is the Gegenbauer polynomial. Therefore, the

equation (3.5) gives an integral representation of these special functions. To the best of our knowl-
edge, a direct derivation of the equation (3.5) using hypergeometric functions or Gegenbauer poly-
nomials is not known.
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The equation (1.12) for a rectangular partition λ = (m, . . . ,m) with l(λ) = N is

Γ(θ(N + α+ 1))

Γ(θ)NΓ(θ(α+ 1))

∫ x1

0
· · ·

∫ xN

xN−1

∏
1≤i<j≤N (yj − yi)∏

1≤i<j≤N (xj − xi)2θ−1

N∏
i,j=1

|xi − yj |θ−1
N∏
i=1

y
θ(α+1)−1+m
i

x
θ(α+2)−1+m
i

dy

=
N∏
i=1

((N + α+ 1− i)θ)m
((N + α+ 2− i)θ)m

, (3.6)

which is just a paraphrase of
∫
ΛN
θ,α+m/θ,N (x, dy) = 1.

4. Proof of Theorem 1.8

We observed the actions of differential operators EN
k , DN

k on Jack polynomials in Section 2.
Combining these with Theorem 1.11, we obtain intertwining relations between these differential
operators and ΛN

θ,α,N .

Lemma 4.1. Assume that θ > 0 and α > −1. Then, for any partition λ with l(λ) ≤ N , the
following holds for xN ∈ WN

≥ :

[EN
1 ΛN

θ,α,NP θ
λ ](xN ) = [ΛN

θ,α,NEN
1 P θ

λ ](xN ) (4.1)

[
(
DN

1 + θ(α+ 2)EN
0

)
ΛN
θ,α,NP θ

λ ](xN ) = [ΛN
θ,α,N

(
DN

1 + θ(α+ 1)EN
0

)
P θ
λ ](xN ). (4.2)

Proof : The equation (4.1) results from (1.12) and (2.5). From (1.12), (2.4), and (2.6), we have the
equations

[
(
DN

1 + θ(α+ 2)EN
0

)
ΛN
θ,α,NP θ

λ ](xN ) (4.3)

= c(λ,N, θ ;α)P θ
λ(1N )

[ l(λ)∑
i=1

(
λ
λ(i)

)
θ

{
(N − i+ α+ 2)θ + λi − 1

}P θ
λ(i)

(xN )

P θ
λ(i)

(1N )

]
,

[ΛN
θ,α,N

(
DN

1 + θ(α+ 1)EN
0

)
P θ
λ ](xN ) (4.4)

= P θ
λ(1N )

l(λ)∑
i=1

(
λ
λ(i)

)
θ

c(λ(i), N, θ ;α)
{
(N − i+ α+ 1)θ + λi − 1

}P θ
λ(i)

(xN )

P θ
λ(i)

(1N )
.

A direct computation yields, for any i,

c(λ,N, θ ;α)
{
(N − i+ α+ 2)θ + λi − 1

}
= c(λ(i), N, θ ;α)

{
(N − i+ α+ 1)θ + λi − 1

}
,

which implies the coefficients of Pλ(i)
in (4.3) and (4.4) are the same. Thus, we have proved (4.2).

□

Let AN
θ,α be the generator associated with the stochastic differential equations (1.2). Specifically,

AN
θ,α = DN

1 + θ(α+ 1)EN
0 . (4.5)

Lemma 4.2. Assume that θ > 0 and α > −1. Then, for any partition λ with l(λ) ≤ N , the
following holds for any xN ∈ WN

≥ :

[AN
θ,α+1Λ

N
θ,α,NP θ

λ ](xN ) = [ΛN
θ,α,NAN

θ,αP
θ
λ ](xN ). (4.6)

Proof : The equation (4.6) results from (4.1) and (4.2) with (4.5). □

We next show that the intertwining relation for generators Lemma 4.2 gives rise to that for
semigroups Theorem 1.8. The following argument is almost identical to that of Assiotis (2019);
Ramanan and Shkolnikov (2018); however, for the convenience of the reader, a concise proof will
be provided.
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We write XN as the solution to (1.2). The following exponential moment estimate of XN follows
from Step 2 in Assiotis (2019, pp.1888–1889). Hereafter, let || · || denote the l1-norm on RN .

Lemma 4.3. For some ε > 0, we have ExN [e
ε||XN

t ||] < ∞ for any t ≥ 0.

For a fixed partition λ, define L({P θ
κ}κ⊆λ) as the finite-dimensional vector space spanned by

{P θ
κ}κ⊆λ. The kernel ΛN

θ,α,N can be regarded as an operator on L({P θ
κ}κ⊆λ) by Theorem 1.11.

Thus, ΛN
θ,α,N acts on the space as a matrix, denoted by M1 := [M1(κ, ν)]κ,ν⊆λ . Then, by the

definition of M1, we have

ΛN
θ,α,NP θ

κ (xN ) =
∑
ν⊆λ

M1(κ, ν)P
θ
ν (xN ) (4.7)

for any κ ⊆ λ and xN ∈ WN
≥ . Similarly, from Lemma 1.10, the kernel ΛN+1

θ,N acts on L({P θ
κ}κ⊆λ) as

a matrix, denoted by M ′
1.

Lemma 4.4. Assume that θ ≥ 1/2 and α > −1. Then, for any partition λ with l(λ) ≤ N , the
following holds for any xN ∈ WN

≥ :

[TN
θ,α+1,tΛ

N
θ,α,NP θ

λ ](xN ) = [ΛN
θ,α,NTN

θ,α,tP
θ
λ ](xN ). (4.8)

Proof : Because of (4.5) with (2.4) and (2.6), the generator AN
θ,α can be regarded as an operator on

L({P θ
κ}κ⊆λ). We define M2 := [M2(κ, ν)]κ,ν⊆λ as the finite-dimensional matrix describing an action

of AN
θ,α on this vector space. That is, the matrix M2 is determined by

AN
θ,αP

θ
κ =

∑
ν⊆λ

M2(κ, ν)P
θ
ν (4.9)

for any κ ⊆ λ. Similarly, let M3 be the matrix describing an action of AN
θ,α+1 on L({P θ

κ}κ⊆λ). Then,
we derive M1M3 = M2M1 from (4.6). Therefore, for any t ≥ 0, we have

M1e
tM3 = etM2M1. (4.10)

Recall that the exponential estimates for XN are given in Lemma 4.3. Therefore, by Itô’s formula
for P θ

λ(X
N
t ), and taking expectations, we have

TN
θ,α,tP

θ
λ(xN ) = P θ

λ(xN ) +

∫ t

0
TN
θ,α,sA

N
θ,αP

θ
λ(xN )ds (4.11)

for any xN ∈ WN
≥ . Fix xN ∈ WN

≥ and set fκ(t) := TN
θ,α,tP

θ
κ (xN ). Because (4.11) holds for any κ

with κ ⊆ λ, we obtain

fκ(t) = fκ(0) +
∑
ν⊆λ

M2(κ, ν)

∫ t

0
fν(s)ds

from (4.9), which has a unique solution

fκ(t) =
∑
ν⊆λ

etM2(κ, ν)fν(0). (4.12)

From (4.10) with (4.12) and its analogue for M3 instead of M2, we obtain (4.8). □

A probability measure m on WN
≥ gives rise to a symmetrised probability measure msym on [0,∞)N

via

msym(dz1, . . . , dzN ) =
1

N !
m(dz(1), . . . , dz(N)),
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where z(1) ≤ z(2) ≤ · · · ≤ z(N) are the ordered statistics of (z1, z2, . . . , zN ). Furthermore, for a (not
necessarily symmetric) function f on [0,∞)N , we have∫

[0,∞)N
f(z)msym(dz) =

∫
[0,∞)N

f sym(z)msym(dz) =

∫
WN

≥

f sym(z)m(dz), (4.13)

where f sym(z) is a symmetric function given by f sym(z) = 1
N !

∑
σ∈SN

f(zσ(1), . . . , zσ(N)).

Proof of Theorem 1.8 Fix x ∈ WN
≥ . Recall that Jack polynomials form a basis for the space of

symmetric polynomials. Therefore, from (4.8), we obtain

[TN
θ,α+1,tΛ

N
θ,α,Np](xN ) = [ΛN

θ,α,NTN
θ,α,tp](xN ) (4.14)

for any symmetric polynomial p in N -variables. Therefore, from (4.13) and (4.14), all moments of
the symmetrised measures of [TN

θ,α+1,tΛ
N
θ,α,N ](xN , ·) and [ΛN

θ,α,NTN
θ,α,t](xN , ·) are the same.

We observe that [ΛN
θ,α,Neε||·||](z) ≤ eε||z||[ΛN

θ,α,N1](z) = eε||z||. From this with the exponential
moment estimate Lemma 4.3 and de Jeu (2003, Theorem 1.3), it follows that the symmetrised
versions of [TN

θ,α+1,tΛ
N
θ,α,N ](xN , ·) and [ΛN

θ,α,NTN
θ,α,tp](xN , ·) are the same probability measure on

[0,∞)N . Thus, these measures coincide on WN
≥ , and this completes the proof. □

5. Interpretation of Markov kernels for classical θ in terms of the radial parts of random
matrices

In this section, we focus on the classical parameter θ = 1/2, 1, 2. Furthermore, we assume that α is
a non-negative integer. For these specific values of θ and α, the kernel ΛN+1

θ,α,N has an interpretation
in the context of random matrix theory, as described in Theorem 5.3. This interpretation was
originally established for θ = 1 in Bufetov and Kawamoto (2025b), and the proof for θ = 1/2, 2
follows by a nearly identical argument. For reader’s convenience, we will briefly outline the proof.

5.1. Conditional eigenvalues of invariant random matrices. Let F denote R, C, or the skew field
of quaternions H, which corresponds to θ = 1/2, 1, 2, respectively. Let Mm,n(F) be the space of
m × n matrices over F, and for brevity write Mn(F) = Mn,n(F). Define the subset Hn(F) ⊂
Mn(F) as the space of real symmetric matrices for F = R, complex Hermitian matrices for F =
C, or quaternion self-dual matrices for F = H. Furthermore, describe Un(F) as the group of
orthogonal/unitary/symplectic matrices for F = R,C,H, respectively.

For m1 ≥ m2, n1 ≥ n2, let πm1,n1
m2,n2 : Mm1,n1(F) → Mm2,n2(F) be the natural projection sending

an m1 × n1 matrix to its upper left m2 × n2 corner. We employ the expression πm1
m2,n2

in place of
πm1,n1
m2,n2 if m1 = n1, and use a similar symbol for m2 = n2.
We define a map evaln : Hn(F) → Wn as

evaln(X) = (λ1(X), . . . , λn(X)),

where (λi(X))ni=1 are the eigenvalues of X arranged in non-decreasing order. Furthermore, define
the radial part radn : Mm,n(F) → Wn

≥ as radn(X) = evaln(X
∗X). Let a probability measure

Pn
eval[X] on Wn be the distribution of the eigenvalues of a random matrix X ∈ Hn(F). Similarly, let

a probability measure Pn
rad[X] on Wn

≥ denote the distribution of the radial part of a random matrix
X ∈ Mm,n(F).

Let UN+1 ∈ UN+1(F) be a Haar distributed random matrix. For x ∈ WN+1, let diag(x1, . . . , xN+1)
denote the square matrix of order N + 1 with deterministic diagonal elements given by x. Then,
the equality

ΛN+1
θ,N (x, ·) = PN

eval[π
N+1
N (U∗

N+1diag(x1, . . . , xN+1)UN+1)] (5.1)
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holds for any x ∈ WN+1. That is, ΛN+1
θ,N (x, ·) is the pushforward of the distribution of the unitary

invariant random matrix U∗
N+1diag(x1, . . . , xN+1)UN+1 by eval ◦ πN+1

N . The equation (5.1) was
proved for θ = 1 in Baryshnikov (2001, Proposition 4.2), and extended to θ = 1/2, 2 in Neretin
(2003) (see also Assiotis and Najnudel, 2021, Proposition 1.7). As an immediate consequence of
(5.1), we obtain the following lemma:

Lemma 5.1. If a random matrix XN+1 ∈ HN+1(F) is UN+1(F)-invariant by conjugation in the
sense that U∗

N+1XN+1UN+1
law
= XN+1 for any UN+1 ∈ UN+1(F), then we have the equality of

probability measures

PN+1
eval [XN+1]Λ

N+1
θ,N = PN

eval[π
N+1
N (XN+1)]. (5.2)

5.2. Interpretation of ΛN+1
θ,α,N . In this subsection, α is supposed to be a non-negative integer. We

begin by explaining the following interpretation of ΛN
θ,α,N in the context of random matrix theory.

This interpretation is established for θ = 1 in Kieburg et al. (2016), and extended to θ = 1/2, 2 in
Ahn and Strahov (2022).

Lemma 5.2. Assume that α is a non-negative integer. Let VN+α+1 ∈ UN+α+1(F) be a Haar
distributed random matrix. Then, for any z = (z1, . . . , zN ) ∈ WN

≥ , we have

ΛN
θ,α,N (z, ·) = PN

rad[π
N+α+1
N+α,N (VN+α+1)diag(

√
z1, . . . ,

√
zN )]. (5.3)

Proof : It is sufficient to show (5.3) for z ∈ W̊N
≥ . Applying Ahn and Strahov (2022, Theorem 2.7)

with the setting (m, l, n, ν) = (N +α+1, N,N, α) yields that, for z ∈ W̊N
≥ satisfying 0 < z1 < · · · <

zN < 1, the probability density of

PN
rad[π

N+α+1
N+α,N (VN+α+1)diag(

√
z1, . . . ,

√
zN )]

is given by (1.5). This result extends naturally to z ∈ W̊N
≥ , since we have the scale invariance

ΛN
θ,α,N (γx, γdy) = ΛN

θ,α,N (x, dy) for γ > 0 from Definition 1.5 or Proposition 1.6. Thus, we obtain
(5.3) for z ∈ W̊N

≥ , which completes the proof.
□

We say a random matrix Xm,n ∈ Mm,n(F) is Um(F) × Un(F)-invariant if Xm,n
law
= VmXm,nUn

for any fixed matrices Vm ∈ Um(F), Un ∈ Un(F). The following theorem was proved for θ = 1 in
Bufetov and Kawamoto (2025b).

Theorem 5.3. Let α be a non-negative integer. For an UN+α+1(F) × UN+1(F)-invariant random
matrix XN+α+1,N+1 ∈ MN+α+1,N+1(F), let XN+α,N := πN+α+1,N+1

N+α,N (XN+α+1,N+1) be its trunca-
tion. Then, we have the equality of probability measures

PN+1
rad [XN+α+1,N+1]Λ

N+1
θ,α,N = PN

rad[XN+α,N ].

Proof : Setting XN+α+1,N := πN+α+1,N+1
N+α+1,N (XN+α+1,N+1), we have

πN+1
N (X∗

N+α+1,N+1XN+α+1,N+1) = X∗
N+α+1,NXN+α+1,N .

Furthermore, because X∗
N+α+1,N+1XN+α+1,N+1 ∈ HN+1(F) is UN+1(F)-invariant by conjugation,

the equation (5.2) yields

PN+1
rad [XN+α+1,N+1]Λ

N+1
θ,N = PN

rad[XN+α+1,N ]. (5.4)

For a random variable (z1, . . . , zN ) distributed as PN
rad[XN+α+1,N ], we set

DN+α+1,N :=

[
DN

0(α+1)×N

]
, DN := diag(

√
z1, . . . ,

√
zN ).
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Let UN ∈ UN (F) and VN+α+1 ∈ UN+α+1(F) be Haar distributed random matrices such that
DN+α+1,N , UN , and VN+α+1 are independent. Then, for a similar reason as in Defosseux (2010,
Lemma 2.4), we obtain

XN+α+1,N
law
= VN+α+1DN+α+1,NUN . (5.5)

A direct computation with (5.5) yields

XN+α,N = πN+α+1,N
N+α,N (XN+α+1,N )

law
= πN+α+1

N+α,N (VN+α+1)DNUN .

Therefore, using this with the equation (5.3), we have

PN
rad[XN+α,N ] = PN

rad[π
N+α+1
N+α,N (VN+α+1)DNUN ] = PN

rad[XN+α+1,N ]ΛN
θ,α,N . (5.6)

Collecting (5.4) and (5.6) with (1.6), we complete the proof of Theorem 5.3. □

Corollary 5.4. Let VN+α+1 ∈ UN+α+1(F) and UN+1 ∈ UN+1(F) be Haar distributed independent
random matrices and DN+α+1,N+1 ∈ MN+α+1,N+1(F) be a deterministic matrix given by

DN+α+1,N+1 =

[
diag(

√
x1, . . . ,

√
xN+1)

0α×(N+1)

]
for x = (x1, . . . , xN+1) ∈ WN+1

≥ .

Then, the probability measure ΛN+1
θ,α,N (x, ·) is the same as

PN
rad

[
πN+α+1,N+1
N+α,N (VN+α+1DN+α+1,N+1UN+1)

]
.

Proof : Because VN+α+1DN+α+1,N+1UN+1 is an UN+α+1(F) × UN+1(F)-invariant random matrix
and PN+1

rad [VN+α+1DN+α+1,N+1UN+1] = δx holds, the statement of this corollary follows from The-
orem 5.3. □

Here we show an example obtained as a straightforward consequence of Theorem 5.3; see Forrester
(2010, Chapter 3) for Laguerre ensembles below. Let X ∈ MN+α,N (F) be a random matrix whose
probability density is proportional to

exp
(
− TrX∗X

)
dX.

Then the distribution of the induced Hermitian positive definite matrix Y := X∗X ∈ HN (F) is
proportional to

(detY )θ(α+1)−1 exp(−Tr(Y )) dY, Y ∈ HN (F).

The distribution of the squared singular values of X, or eigenvalues of Y , is given by the Laguerre
ensemble

mN
θ,α(dx) :=

1

ZN
θ,α

∏
1≤i<j≤N

|xj − xi|2θ
N∏
i=1

x
θ(α+1)−1
i e−xidx, (5.7)

where ZN
θ,α is the normalising constant. Because X is UN+α(F)×UN (F)-invariant, we can use (5.6)

and Theorem 5.3, and the resulting equations are

mN
θ,α+1Λ

N
θ,α,N = mN

θ,α (5.8)

mN+1
θ,α ΛN+1

θ,α,N = mN
θ,α, (5.9)

for θ = 1/2, 1, 2 and α ∈ {0} ∪ N.

Remark 5.5. It is well known that the Laguerre process can be realised as the squared singular
value process of a rectangular matrix whose entries are independent F-valued Brownian motions
(Bru, 1991; König and O’Connell, 2001). Therefore, the intertwining relations (1.8) and (1.7) can
be regarded as dynamical counterparts of (5.8) and (5.9), respectively.
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Appendix A. Multivariate Laguerre polynomials and the integral operator ΛN
θ,α,N

In this appendix, we investigate the action of the kernel ΛN
θ,α,N on symmetric functions other than

Jack polynomials. For any partition λ with l(λ) ≤ N , we define multivariate Laguerre polynomial
(or generalised Laguerre polynomial) La

λ(xN ; θ−1) by

La
λ(xN ; θ−1) :=

1

|λ|!
∑
µ⊆λ

(−1)|µ|
(
λ

µ

)
θ

N∏
i=1

(a+ 1 + θ(N − i))λi

(a+ 1 + θ(N − i))µi

P θ
µ(xN )

P θ
µ(1N )

. (A.1)

Our notation La
λ(xN ; θ−1) follows the Baker-Forrester style (Baker and Forrester, 1997). Thus, the

parameter θ−1 is not a typo. We also remark that the notation of the Jack polynomial in Baker
and Forrester (1997) is Cα

λ (xN ) (this α is not our α) and the correspondence between our notation
and theirs is as follows:

Cθ−1

λ (xN )

Cθ−1

λ (1N )
=

P θ
λ(xN )

P θ
λ(1N )

.

Multivariate Laguerre polynomials associated with Jack polynomials were introduced as the poly-
nomial eigenfunctions of the following Calogero-Sutherland type operator (Lassalle, 1991):

H̃(L) := DN
1 + (a+ 1)EN

0 − EN
1 .

In fact, we have

H̃(L)La
λ(xN ; θ−1) = −|λ|La

λ(xN ; θ−1). (A.2)

We remark that H̃(L) + EN
1 appears in the intertwining relation (4.2), where a := θ(α + 1)− 1.

As a generalisation of the equation (4.2), we have the following lemma.

Lemma A.1. Suppose θ > 0 and α > −1. Let λ be a partition with l(λ) ≤ N . Then, for any k ∈ N
and xN ∈ WN

≥ , we have

[
(
DN

1 + θ(α+ 2)EN
0

)k
ΛN
θ,α,NP θ

λ ](xN ) = [ΛN
θ,α,N

(
DN

1 + θ(α+ 1)EN
0

)k
P θ
λ ](xN ). (A.3)

Proof : The proof is by induction on k. The equation (A.3) for k = 1 is exactly (4.2). Write
Cα := DN

1 + θ(α + 1)EN
0 . If we assume that (Ck−1

α+1Λ
N
θ,α,N − ΛN

θ,α,NCk−1
α )P θ

λ = 0 for some k, then
we have

(Ck
α+1Λ

N
θ,α,N − ΛN

θ,α,NCk
α)P

θ
λ

= Cα+1(C
k−1
α+1Λ

N
θ,α,N − ΛN

θ,α,NCk−1
α )P θ

λ + (Cα+1Λ
N
θ,α,N − ΛN

θ,α,NCα)C
k−1
α P θ

λ

= 0.

Here, we use the fact that Ck−1
α P θ

λ is given by a linear combination of P θ
µ with l(µ) ≤ N from (2.4)

and (2.6). Thus, we establish the desired result. □

The multivariate Laguerre polynomial La
λ(xN ; θ−1) has the following Rodrigues-type formula

(Baker and Forrester, 1997, (4.39)) (Baker-Forrester said that “prompted by M. Lassalle”):

(−1)|λ|

|λ|!
exp

(
−DN

1 − (a+ 1)EN
0

)P θ
λ(xN )

P θ
λ(1N )

= La
λ(xN ; θ−1). (A.4)

From this Rodrigues-type formula, Theorem 1.11, and Lemma A.1, we calculate the action of ΛN
θ,α,N

on La
λ(xN ; θ−1).

Theorem A.2. Suppose θ > 0 and α > −1. Then, for any λ with l(λ) ≤ N and xN ∈ WN
≥ , we

have

[ΛN
θ,α,NLa

λ(·; θ−1)](xN ) = La+θ
λ (xN ; θ−1)c(λ,N, θ ;α), (A.5)
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where a := θ(α+ 1)− 1.

Proof : Since the degree of P θ
λ(xN ) is |λ| and(

−DN
1 − (a+ 1)EN

0

)k
P θ
λ(xN ) = 0 for k > |λ|,

we have

La
λ(xN ; θ−1) =

(−1)|λ|

|λ|!
exp

(
−DN

1 − (a+ 1)EN
0

)P θ
λ(xN )

P θ
λ(1N )

=
(−1)|λ|

|λ|!

|λ|∑
k=0

(
−DN

1 − θ(α+ 1)EN
0

)k
k!

P θ
λ(xN )

P θ
λ(1N )

from (A.4). By applying Lemma A.1 and Theorem 1.11, we obtain

[ΛN
θ,α,NLa

λ(·; θ−1)](xN ) =
(−1)|λ|

|λ|!

|λ|∑
k=0

ΛN
θ,α,N

(
−DN

1 − θ(α+ 1)EN
0

)k
k!

P θ
λ(xN )

P θ
λ(1N )

=
(−1)|λ|

|λ|!

|λ|∑
k=0

(
−DN

1 − θ(α+ 2)EN
0

)k
ΛN
θ,α,N

k!

P θ
λ(xN )

P θ
λ(1N )

=
(−1)|λ|

|λ|!

|λ|∑
k=0

(
−DN

1 − (a+ θ + 1)EN
0

)k
k!

P θ
λ(xN )

P θ
λ(1N )

c(λ,N, θ ;α)

= La+θ
λ (xN ; θ−1)c(λ,N, θ ;α).

□

Remark that, if N = 1, the equation (A.5) is given Erdélyi et al. (1953, Equation (30) in Section
10.12, Vol.2). In the above proof, we use the intertwining relation (A.3). On the other hand, we
give another proof of (A.5) without Lemma A.1. In fact, Theorem 1.11 is equivalent to the following
formula:

[ΛN
θ,α,NP θ

λ ](xN )
N∏
i=1

1

((N + α+ 1− i)θ)λi

= P θ
λ(xN )

N∏
i=1

1

((N + α+ 2− i)θ)λi

, (A.6)

which is a multivariate analogue of (3.4). Then, from the definition (A.1) and the formula (A.6),
we have the conclusion (A.5):

[ΛN
θ,α,NLa

λ(·; θ−1)](xN )

=
1

|λ|!
∑
µ⊆λ

(−1)|µ|
(
λ

µ

)
θ

N∏
i=1

((N + α+ 1− i)θ)λi

((N + α+ 1− i)θ)µi

[ΛN
θ,α,NP θ

µ ](xN )

P θ
µ(1N )

=
1

|λ|!
∑
µ⊆λ

(−1)|µ|
(
λ

µ

)
θ

N∏
i=1

((N + α+ 1− i)θ)λi

((N + α+ 2− i)θ)µi

P θ
µ(xN )

P θ
µ(1N )

=
1

|λ|!
∑
µ⊆λ

(−1)|µ|
(
λ

µ

)
θ

N∏
i=1

(a+ θ + 1 + θ(N − i))λi

(a+ θ + 1 + θ(N − i))µi

P θ
µ(xN )

P θ
µ(1N )

N∏
i=1

((N + α+ 1− i)θ)λi

((N + α+ 2− i)θ)λi

= La+θ
λ (xN ; θ−1)c(λ,N, θ ;α).

Hence, Theorem A.2 is equivalent to Lemma A.1 under the assumptions of Theorem 1.11 and the
Rodrigues-type formula (A.4).
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From the formula (A.6), we also have a parameter shift formula of multivariate hypergeomet-
ric functions associated with Jack polynomials (see Baker and Forrester, 1997; Kaneko, 1993 and
Vilenkin and Klimyk, 1995, Chapter 3):

pFq

(
a1, . . . , ap
b1, . . . , bq

;xN

)
:=

∞∑
n=0

∑
|λ|=n

(a1)λ · · · (ap)λ
(b1)λ · · · (bq)λ

Cθ−1

λ (xN )

n!
, (A.7)

where (a)λ =
∏l(λ)

i=1(a− θ(i− 1))λi
.

Proposition A.3. We assume that (A.7) converges. For any 1 ≤ j ≤ q, under the condition
bj = (βj +N)θ, we have[

ΛN
θ,βj ,N

{
pFq

(
a1, . . . , ap
b1, . . . bq

; ·
)}]

(xN ) = pFq

(
a1, . . . , ap

b1, . . . , bj−1, bj + θ, bj+1, . . . , bq
;xN

)
. (A.8)

Appendix B. Intertwining of β-Laguerre Ornstein–Uhlenbeck processes

Recall that θ = β/2, and let θ ≥ 1/2 and α > −1 as before. We consider the N -dimensional
stochastic differential equation

dXN,i
t =

√
2XN,i

t dBi
t −Xi

tdt+ θ
(
α+ 1 +

∑
1≤j≤N,j ̸=i

2XN,i
t

XN,i
t −XN,j

t

)
dt, 1 ≤ i ≤ N, (B.1)

where (Bi)Ni=1 is the N -dimensional Brownian motion. By slightly modifying the proof of Graczyk
and Małecki (2014, Corollary 6.5), we see that the equation (B.1) has a unique strong solution with
no collisions and no explosions. We call the unique solution to (B.1) the N -dimensional β-Laguerre
Ornstein–Uhlenbeck process for parameter α, and define TN

θ,α,t as the associated Markov semigroup.
The infinitesimal generator associated with (B.1) is given by

AN
θ,α := DN

1 + θ(α+ 1)EN
0 − EN

1 .

The β-Laguerre Ornstein–Uhlenbeck processes satisfy shifted intertwining relations in analogy to
Proposition 1.4.

Proposition B.1. Assume that θ ≥ 1/2 and α > −1. Then, for any N ∈ N and t ≥ 0, we have

TN+1
θ,α,tΛ

N+1
θ,N = ΛN+1

θ,N TN
θ,α+1,t. (B.2)

Proof : This was essentially proved in Assiotis (2019). Actually, EN+1
1 ΛN+1

θ,N P θ
λ = ΛN+1

θ,N EN
1 P θ

λ

holds from (1.11) and (2.5). Combining this with Assiotis (2019, (21)), we have AN+1
θ,α ΛN+1

θ,N P θ
λ =

ΛN+1
θ,N AN

θ,α+1P
θ
λ . Furthermore, an exponential estimate for the β-Laguerre Ornstein–Uhlenbeck pro-

cesses can be derived from Lemma 4.3. Actually, by a comparison theorem for stochastic differen-
tial equations (see Revuz and Yor, 1999, Theorem 3.7 for example), the l1-norm of the Laguerre
Ornstein–Uhlenbeck process is not greater than that of the Laguerre process. Therefore, the argu-
ment in Assiotis (2019), with the above modifications, shows that (B.2) holds. □

The following theorem can be proved by the same method in Section 4 via Jack polynomials. On
the other hand, by using multivariate Laguerre polynomials instead of Jack polynomials, the proof
becomes somewhat simpler, so we present the computation explicitly.

Theorem B.2. Suppose θ ≥ 1/2 and α > −1. Then, for any N ∈ N and t ≥ 0, we have

TN
θ,α+1,tΛ

N
θ,α,N = ΛN

θ,α,NTN
θ,α,t. (B.3)

Furthermore, we have

TN+1
θ,α,tΛ

N+1
θ,α,N = ΛN+1

θ,α,NTN
θ,α,t. (B.4)
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Proof : The equation (B.4) results from (B.2) and (B.3) immediately. To establish (B.3), by the
same argument as in Lemma 4.4 with (A.2), we get

[TN
θ,α,tL

θ(α+1)−1
λ (·; θ−1)](xN ) = L

θ(α+1)−1
λ (xN ; θ−1) +

∫ t

0
[TN

θ,α,sA
N
θ,αL

θ(α+1)−1
λ (·; θ−1)](xN )ds (B.5)

= L
θ(α+1)−1
λ (xN ; θ−1)− |λ|

∫ t

0
[TN

θ,α,sL
θ(α+1)−1
λ (·; θ−1)](xN )ds,

which yields

[TN
θ,α,tL

θ(α+1)−1
λ (·; θ−1)](xN ) = e−|λ|tL

θ(α+1)−1
λ (xN ; θ−1). (B.6)

Combining the equation (B.6) with (A.5), we obtain

[ΛN
θ,α,NTN

θ,α,tL
θ(α+1)−1
λ (·; θ−1)](xN ) = e−|λ|tL

θ(α+2)−1
λ (xN ; θ−1)c(λ,N, θ;α) (B.7)

= [TN
θ,α+1,tL

θ(α+2)−1
λ (·; θ−1)](xN )c(λ,N, θ;α)

= [TN
θ,α+1,tΛ

N
θ,α,NL

θ(α+1)−1
λ (·; θ−1)](xN ).

Because any symmetric polynomial is a linear combination of multivariate Laguerre polynomials,
the equation (B.7) enables us to apply the same argument in the proof of Theorem 1.8, and thus
we conclude (B.3). □

Remark B.3. When θ = 1, the equations (B.3) and (B.4) were proved in Bufetov and Kawamoto
(2025b) by a different approach.
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