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Abstract. We prove a Central Limit Theorem for the Euler-Poincaré characteristic of Berry’s
random wave model in a growing domain. We also show Gaussian fluctuations for a class of Berry’s
mixture models that correspond to a perturbation of the initial random field. Finally, some explicit
calculations of the variance of the perturbed Berry’s model and numerical investigations are provided
to illustrate our theoretical results.

1. Introduction and main results

1.1. Lipschitz-Killing Curvatures and Berry’s random wave model. The study of random fields in R?
through the geometry of their excursion sets has received a lot of interest in recent literature. The
three geometric additive features L, k = 0, 1, 2 are referred to as either Lipschitz-Killing curvatures
(LKCs) in stochastic geometry, curvature measures in differential geometry, intrinsic volumes or
Minkowski functionals in integral and convex geometry. These functionals are extensively used in
the literature to describe the geometry or the topology of the considered excursion set. Loosely
speaking, Ly is the Euler-Poincaré characteristic of the excursion set (i.e., the difference between
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the number of connected components and the number of holes), £; is half the perimeter length and
Lo is the area.

The planar Berry’s random wave model. Let us denote by T a bounded rectangle contained
in R?, with non empty interior. Obviously,

Lo(T) = 1, £1(T):%\8T\1, Lo(T) = |T), (1.1)

where OT stands for the boundary of the set 7', |- | the two-dimensional Lebesgue measure and |- |;
the one-dimensional Hausdorff measure.

We will consider here the random excursion set above a real level u, associated to Berry’s random
wave model, i.e.,

A(f,T,u)={z €T : f(z) > u}, (1.2)
where f is the isotropic centered Gaussian random field f : Q x R? — R uniquely defined by the
covariance function

Elf (@) f(w)] = Jo(lz - yl), (1.3)
for z, y € R?, where Jy is the order 0 Bessel function. Notice that in our context, since f is the
Laplacian eigenfunction with eigenvalue 1 (see Nourdin et al., 2019), it can be expressed through
its second derivatives. For the sake of illustration, in Figure 1.1 we generate via the R package
RandomFields (see Schlather et al., 2015), the Gaussian Berry random field f as in (1.3) (first
panel) in T = [-70,70]?, for dlﬁerent choices of the pixelization resolution. In Figure 1.2, we
display the excursion sets A(f, [~70,70]%,u) in (1.2), for u = 0,0.5, 1, 2, with 140 pixels for side.
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FIGURE 1.1. A random generation in [—70,70]? of a Gaussian Berry random field
f. From the left to the right: the side of the domain is divided in 50, 80, 140 and
400 pixels respectively.
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FIGURE 1.2. A random generation in [—70,70]?, with 140 pixels for side, of
a Gaussian Berry random field f (first panel) with associated excursion sets
A(f,[=70,70]%,u) in (1.2), for u = 0,0.5,1,2 (from the left to the right panels).

In this paper we focus on the asymptotic behaviour as the observation domain 7" tends to R2, of
the first Lipschitz-Killing curvature (the Euler-Poincaré Characteristic, EPC) of the excursion set
(1.2) for Berry’s random wave model in R? defined in (1.3). More precisely, as we are interested in the
asymptotics as T~ R?, instead of considering the EPC of the excursion of f above u, we consider
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the modified Fuler characteristic, inspired by Adler and Taylor (2007, Lemma 11.7.1), Estrade and
Leon (2016, Section 1), and Di Bernardino et al. (2017). Roughly speaking, by applying Morse’s
theorem, both notions coincide on f, the interior of the domain T'. Indeed, the Euler characteristic
of A(f,T,u) is equal to a sum of two terms (see Adler and Taylor, 2007, Chapter 9, for instance).
The first one only depends on the restriction of f to 70’, the second one exclusively depends on the
behaviour of f on the [-dimensional faces of T', with 0 <[ < 2. From now on, we focus on the first
term, denoted ¢(f,T,u), and defined in terms of number of local extrema of f in T above u, as

o(f, T, u) = #{local extrema of f above u in T} — #{local saddle points of f above u in T}. (1.4)

The study of Euler characteristic of the excursion sets has received much attention. Let us quote,
e.g., Worsley (1994) or Telschow et al. (2023) where the localization of peaks is inferred from
the observation of the Fuler characteristic of excursion sets in neuroimaging and in the Cosmic
Microwave Background radiation; Di Bernardino et al. (2017) or Biermé et al. (2019) where a test
of Gaussianity of the underlying random field is produced based on the Euler characteristic of its
excursion sets. Considering real data applications, the Euler-Poincaré characteristic has been used
for example, to express cancellous bone connectivity (see e.g. Odgaard and Gundersen, 1993) and
to morphologically model the microstructure of geo-materials (see e.g. Roubin, 2023).

On the literature of Central limit theorems (CLT) for LKCs. Recently, the asymptotic
Gaussian fluctuations of the LKCs of excursion sets (at any fixed threshold w) have been proven
in the case of a Gaussian random field when the observation domain grows to the whole Euclidean
space. The interested reader is referred for instance to Bulinski et al. (2012), Pham (2013) for CLTs
for the volume. In Kratz and Vadlamani (2018) and Miiller (2017) the authors prove a CLT for any
Minkowski functional of excursion sets in the general framework of stationary Gaussian fields whose
covariance function is decreasing fast enough at infinity (see also Spodarev, 2014 for survey). On the
same Gaussian setting for growing domain and fast-decay covariance, in Estrade and Leon (2016)
and Di Bernardino et al. (2017) the asymptotic fluctuations for the Euler-Poincaré characteristic
is proved. In this central limit theorems literature, the LKCs exhibit a variance asymptotically
proportional to the volume of the growing domain. However, Berry’s random wave model does not
fall inside these studies. Indeed, the covariance function in (1.3) does not satisfy the assumptions
required in these works, since it does not belong to L'(R?). Instead of the class of short-range
covariance of the aforementioned literature, we work here with an intermediate-range covariance,
i.e, the Bessel function Jg.

For Berry’s random wave model on R?, several results have been shown for specific geometric
functionals. The nodal sets (i.e., excursion sets at 0 level) of Berry’s random waves in R? have
been studied in Nourdin et al. (2019) in the high-energy limit setting and their results rigorously
confirm the asymptotic behaviour for the variances of the nodal length derived in Berry (2002). The
obtained asymptotics, which can be naturally reformulated in terms of the nodal statistics of a single
random wave restricted to a compact domain diverging to the whole plane, show that the variance
of the nodal length on a domain 7' on R? is asymptotically proportional to area(T")log(area(T))
as T grows up to R? (see Theorem 1.1 in Nourdin et al., 2019). Complements of this theory can
be found also in Vidotto (2021). In Smutek (2025) the author investigates the fluctuations of the
nodal number of two independent real Berry Random Waves, with distinct energies. Furthermore, in
Beliaev et al. (2020) critical points for the planar Berry’s random wave model have been investigated,
while the excursion area can be derived by using the polyspectra (stochastic terms in the Wiener
chaos decomposition of integral functionals) in Grotto et al. (2024) and the asymptotic behavior
of a general class of functionals in Maini and Nourdin (2024). In Estrade and Fournier (2020)
anisotropic random waves are considered in any dimension.

In Dalmao et al. (2021) and Dalmao (2023) the authors study the expected length nodal lines of
Berry’s random waves model in R3 for a long-range power law covariance model, i.e., the covariance
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function r(x) =~ |z|?~!, for B € (0,1), as  — oo. They explicitly show how the decay of the
covariance impacts on the unusual normalizing power of the volume of the growing domain in the
behaviour of the asymptotic variance. Indeed, for 0 < 8 < 1/4, an asymptotic behaviour can be
established, see Proposition 3.5 in Dalmao et al. (2021). In this long-ranged dependence, they also
exhibit a non-Gaussian limit, which is in hard contrast with the classical short-range covariance
situations.

A strongly related problem is the study of the Gaussian Laplace eigenfunctions on the unit sphere
S2. Namely, for /—th energy level, such centred Gaussian random fields {Ty(x), = € S?} have the
covariance function

E[Ty(x)Ty(y)] = Pe(cos(dist(z,y))),

where P, is the /—th Legendre polynomial and dist(x,y) is the geodesic distance on the sphere,
i.e., dist(x,y) = arccos({x,y)), where (z,) is the standard scalar product in R3. For large ¢ the
covariance function locally approximates Jy by virtue of Hilb’s asymptotics (Szego, 1939, Theorem
8.21.12), and there is hope to relate results for Ty to corresponding questions for the planar field f
n (1.3). This is a special case of Berry’s famous conjecture (see Berry, 1977) stating that the high
energy behaviour (i.e., large /) of Laplace eigenfunctions is universal across “generic” Riemannian
manifolds. If proven, this bridge would be extremely useful, because the symmetry of S? has been
fruitfully exploited for the study of geometric functionals in recent years. The asymptotic behaviour
of the nodal length of random spherical harmonics is given in Marinucci et al. (2020) and the CLT
for shrinking caps is established in Todino (2020). In Cammarota et al. (2016b) the authors study
the limiting distribution of critical points and extrema of random spherical harmonics, in the high
energy limit. The correlation between the total number of critical points of random spherical
harmonics and the number of critical points with value in any real interval is studied in Cammarota
and Todino (2022). In Cammarota et al. (2016a) a precise expression for the asymptotic variance
of the Euler-Poincaré characteristic for excursion sets of random spherical harmonics is presented.
A quantitative CLT in this high-energy limit has been investigated in Cammarota and Marinucci
(2018). Remarkably, for almost all levels the behaviour of the three LKC on S§? is determined by
Hy(Ty), the second Wiener chaos component of the initial field Ty. More precisely (see Marinucci,
2023), for k =0,1, 2,

Li(A(T;,S%,w)) — E[Lr(A(Ty, S, )] 720° cp(w) (Ag) 29/ Ho(To(w))da, (1.5)
S

where )y is the eigenvalue at the energy level £, and the explicit coefficients ¢y, are such that cx(u) =0
iff u=0for k=12 and ¢o(u) = 0 iff u € {—1,0,1}. If one knew by Berry’s conjecture that
Equation (1.5) also holds on the plane, the result of Grotto et al. (2024) would imply that the
variance of @(f,T,u) for u ¢ {—1,0,1} and f in (1.3) is of order area(T)%/? in contrast to the
short-range covariance case (see the aforementioned literature, e.g., Estrade and Leon, 2016; Kratz
and Vadlamani, 2018; Miiller, 2017).

A local version of Berry’s conjecture has been proven in Canzani and Hanin (2020), via a coupling
between a random field on a manifold and a random field on its tangent space. The authors give an
estimate for the expectation and variance of the nodal length and the number of critical points for
a large class of manifolds. This result has been completed in Dierickx et al. (2023) with a CLT for
the nodal length over shrinking balls. In Canzani and Hanin (2020) the authors also provide global
estimates for the nodal length and critical points on compact manifolds. As for precise results on
the plane confirming Berry’s conjecture in the sense of establishing (1.5), one can refer to Nourdin
et al. (2019) for the nodal length (see also Wigman, 2024 for an explicit comparison between R?
and S?), and, implicitly, in Grotto et al. (2024) for the area.

Our work confirms the prediction of Var(o(f, T, u)) by Berry’s conjecture, determines the precise
normalising constant as well as a CLT, concluding thereby the study of Berry’s random wave LKC
on R2, and providing an instance of a change in behaviour compared to the short-range covariance
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case. Based on this result, we can find precise asymptotics for a randomly perturbed random wave
field. The next section is dedicated to details and implications of our results.

Some conventions. For the rest of the paper, we assume that all random objects are defined
on a common probability space (2, F,P), with E denoting expectation with respect to P. In the
whole paper ¢ will be the probability density function and ® the cumulative distribution function of
the standard Gaussian random variable N'(0,1). Given two positive sequences a,, and b,,, we write

an ~ by if lim,, Z—: = 1. We use the symbol i> to denote convergence in distribution.

1.2. Main results. Our first goal is to establish the Central Limit Theorem for the modified FEuler-
Poincaré Characteristic of the excursion above u € R in Berry’s model in (1.3) in a growing domain
Tn = [~ N, N]?, with N a positive integer, with N — oo (see Theorem 1.1). Secondly, we define a
class of Berry’s mixture models and we study the obtained variances and the Gaussian fluctuations
in this perturbed setting (see Theorem 1.3).

Gaussian fluctuations of the EPC in the planar Berry’s model. The desired asymptotic
behaviour is obtained exploiting the L?(§2) expansion of modified Euler characteristic into Wiener
chaoses, which are orthogonal spaces spanned by Hermite polynomials. First of all, we recall that
the Hermite polynomials Hy(xz) are defined by Ho(z) =1, and for ¢ = 2,3,...

1 di¢(x)
H =(-1)1——
Q(x) ( ) QZ)(]T) dxt )
with z € R. We consider the Wiener chaos expansion of ¢(f, Ty, u) (see, e.g., Estrade and Leon,
2016, Section 1.2 and Cammarota and Marinucci, 2018).

(1.6)

o(f, Tv,u) = o(f, T, u)lgl, (1.7)
q=0

where o(f, Tn,u)[q] denotes the projection of ¢(f,Tn,u) on the g-order chaos component, that is,
the space generated by the L?-completion of linear combinations of the form

Hy, (§1) - Hyy(82) -+ - Hy, (&), k>1,

with ¢; € N such that ¢; + -+ + qx = ¢, and (&1, ..., &) real standard Gaussian vector.
It results that (after centring) a single term dominates the L2(£2) expansion in (1.7), that is, the
projection into the second chaos (see Proposition 2.1). As explained above, this was expected since

random spherical harmonics exhibit the same behavior as Berry’s random wave (see, e.g., Wigman,
2024).

Theorem 1.1. Recall that |Ty| = (2N)2. Let f : R?> — R be the isotropic standard Berry’s
1

Gaussian random field with covariance function in (1.3). Denote by Ay = 5 the second spectral
moment of f. Then for any u in R, with v ¢ {0,1,—1}, it holds that
T —E T
go(fa N?“) [‘P(f, N?u)] i>

VAT La(Ty) N

N(0,V (u),

where s ,

Elo(f, Tn,u)] = La(Tw) (2m) 72 Apue™ /2, (1.8)
and N(0,V (u)) stands for the centered Gaussian distribution with finite and strictly positive vari-
ance,

V) = v(u) — (1_3\/5 (1 + \/§)> : (1.9)

with )
v(u) = ¢ (u)? u? (u2 -1)". (1.10)
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Section 2 is devoted to the proof of Theorem 1.1. Notice that the restriction to u ¢ {0,1,—1} in
Theorem 1.1 avoids the vanishing of the asymptotic variance in Equation (1.9).

Remark 1.2. Although this statement, and in particular the dependence of the variance on the level
u, is quite similar to the spherical case studied in Cammarota and Marinucci (2018) and Cammarota
et al. (2016a), our proof strategy is different. In the above references, the authors rely on a Kac-
Rice formula type statement to calculate the variance and then compute the second chaos variance
that turns out to be the same in the high-frequency asymptotics, allowing them to ignore all the
other terms for the CLT. In contrast to this, we compute the order of the variance of each chaos
component separately, which requires in particular a careful treatment of the first chaos. This allows
us to see “from below” that the variance is dominated by a single component. Moreover, contrary
to the spherical case, we cannot rely on a representation of the field and its derivatives as a linear
combination of independent random variables. Instead, we show that there is perfect asymptotic
correlation between the second chaos component and its part containing only the contribution of
the initial field f, which allows us to obtain a CLT as an application of the spectral CLT recently
shown by Maini and Nourdin (2024).

Gaussian fluctuations of the EPC in a class of perturbed Berry’s models. Our second
aim is to establish the Central Limit Theorem for the modified Euler Poincaré Characteristic ¢ in
the case of a perturbed Berry’s model.

We will study Berry mixture model {fz(z) : # € T}, with T fixed compact domain in R?, that
have the following general structure:

falz) = g(f(x),A), with {f(z)} LA, z€T, (1.11)

where A is a shape variable with suitable properties and g is a certain link function, such that g(-, \)
is strictly increasing for any .

Specifically, location mixtures arise for g(w,\) = Aw (called Gaussian scale mizture), whereas
scale mixtures are obtained by setting g(w,\) = w + A (Gaussian location miztures). In the first
case A > 0 can be viewed as a random standard deviation parameter embedded in the Gaussian
random field f, the second one as a random mean Gaussian model.

Such processes have received considerable attention in the recent spatial statistics literature due
to their ability to account for asymmetric lower and upper tails, and for extremal dependence that is
stronger than in the purely Gaussian case (see e.g., Krupskii et al., 2018). In spatial extreme-value
theory, they lead to extensively studied limit processes of Brown—Resnick type (see e.g., Kabluchko
et al., 2009; Wadsworth and Tawn, 2014; Dombry et al., 2016).

This setting allows us to introduce the inverse function A(-, A) of g(-,A) so that from (1.2) we
have the following almost sure identity for the excursion set above the level u:

A(fa, T, u) = A(f, T, h(u, A)). (1.12)

Using the Central Limit Theorem 1.1 we derive the asymptotic behaviour of the variance of
o(fa, T, u) in the perturbed Berry’s model introduced in (1.11) and the Gaussian fluctuations as

Tn /7 R?% ie., N = oo (see Theorem 1.3 below). For any function ¢ such that E[¢(A(fa, T, u))] <
00, we can write

E[C(A(fa, T, u)] = E[E[C(A(S, T, h(u, A)))[A]]-

Theorem 1.3. Recall that |Ty| = (2N)2. Let f : R?> — R be the isotropic standard Berry’s
Gaussian random field with covariance function in (1.3). Let {fa(x) : x € TN} be Berry mizture

model in (1.11). Denote by Ay = % the second spectral moment of f. Then, for any u € R, such
that E [v (h(u, A))] # 0, with v as in (1.10), it holds that

o(f, Tn, h(u, A)) = E[p(f, Tn, h(u, A))] L,
¢ 1Ly (Tw) Lo(Ty) N—v00

N(07 VA(“)))
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where
Elp(A(fa, T, u))] = L2(Tn) Ay E[p2(h(u, A))], (1.13)
pa(u) == (2m) 732" 2 H, (u) = (27)"Y2¢(uw) u and

Va(u) = E[v (h(u, A))] 8—;2 <1 _3‘@ +In(1+ \/§)> : (1.14)

where h(-, \) is the inverse function of g(-, ).

Section 3 is devoted to the proof of Theorem 1.3. Obviously, Theorem 1.1 can be seen as a specific
case of the Central Limit Theorem 1.3 for Berry’s mixture models where h(u, A) is an almost surely
constant random variable.

The paper is organized as follows. In Section 2 and Section 3 we prove Theorems 1.1 and 1.3,
respectively. In Section 4 we present numerical studies for some parametric models for the perturbed
Berry’s random wave. Finally, technical lemmas exploited in the proof of Theorem 1.1 are collected
in Appendix A.

2. Proof of Central Limit Theorem 1.1

The first moment in (1.8) can be obtained via the Rice formulas for the factorial moments of
the number of local maxima above u, the number of local minima above u and the number of local
saddle points above u (see for instance Adler and Taylor, 2007, Chapter 11 or Azals and Wschebor,
2009, Chapter 6).

In Proposition 2.1 below, we compute the asymptotic variance of the EPC, exploiting the Wiener
chaos decomposition in (1.7), and conclude that the second chaos is the leading term of the series
expansion. Then, in Proposition 2.2, we prove that there is asymptotically full correlation between
the Euler-Poincaré characteristic and the second chaotic projection. By combining the variance in
Proposition 2.1 and this full correlation result in Proposition 2.2, the Central Limit Theorem 1.1
follows.

Proposition 2.1. Let f : Q xR? — R be the isotropic standard Berry’s Gaussian random field with
covariance function in (1.3). Then for any u in R, as N — oo, we have

o(f, Tn,u) = Elo(f, T, u)] = o(f, T, w) 2] + o(o(f, T, w)[2])

and then

1 1—+2 1
(2N)3Var(o(f, T, u)) = U(U)W ( 3\f +In(1+ \/§)> +0 (\/N) ;
where v(u) is defined in (1.10).

The proof of Proposition 2.1 is postponed to Section 2.1.

Proposition 2.2. Let
SUN) = [ Ha(f(@)de
[_NvN]Z

Then we have
N—o0

|Corr (@(f, Tiv, w)[2], S(f, N))| 7= 1.

The proof of Proposition 2.2 is postponed to Section 2.2.
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Proof of Theorem 1.1: In Proposition 2.1 we establish that, as N — oo, and u # {0, —1,1}

In view of Proposition 2.2 the Euler-Poincaré characteristic is fully correlated in the limit to

S(f,N), i.e

. Cov(p(f,Tn,u),S(f,N))
aim Corr(p(f, T, u), S(f,N)) = Jim /Var(p f,TN],V WVarS(f,N))

(2.1)

Moreover,

lim Var((p(faTNvu)[z])
N—oo Var(e(f,Tn,u))

Then, by using the Wasserstein distance dy and denoting Z a standard Gaussian random variable,
we have

. (so(f,TN, w) — Elp(/, Ty, u)] Z)
\/Var (f,Tn,u)) ’

o(f, T, u) —Elp(f, T, u)]  o(f, Tiv, u)[2] o(f, T, u)[2]
= dw < VVar(o(f, Ty, u)) "VVar(p(f, T, u) > dw <\/Va7’ (f, Tn,u))’ Z) .

Now we can bound the first term by

=1+o0(1).

dw(@(f T, u) — Elo(f, T, u) o(f, Tn,u)[2] >
\/VQT fvTN’ ))) 7 \/VQT faTN) )

o(f, T, u) — B((f, T, ) — ¢ (f,TN,u>[21r
\/VCLT f7TN7 ))) 7

which tends to 0 as N — oo (see Proposition 2.1). Hence, we have that

<¢vc(lf’T]Tf’ T)][V] ik Z) =dw(S(f,N), Z) + o(1).

Finally, dw (S(f,N),Z) — 0, applying the Central Limit Theorem in Maini and Nourdin (2024,
Theorem 2). Indeed, the authors show that the spectral condition required for weak convergence
is satisfied for the planar Berry random field. The only thing remaining to show is a condition on

<L E

the Fourier transform F of the rescaled domain of integration D := [—1, 1]?, namely |F[1p](x)| =
0 (HTIH) as ||z|| — oo. We have |F[1p](x)| = w, which satisfies the necessary condition.
g

2.1. Proof of Proposition 2.1. To prove Proposition 2.1 we first need to establish the L? expansion
of p(f,Tn,u) into Wiener chaoses. To this aim we recall a result by Estrade and Leon (2016,
Proposition 1.2) in Lemma 2.3 below, which allows to write the modified EPC as the limit of an
integral in L2. This representation permits the Wiener chaos expansion (after normalising the vector
of first and second derivatives to have unit variance). To study the behaviour of different chaos
components we need to compute all the covariances between f,0;f,0;f for all ¢ = 1,2. These
calculations are made in Lemma 2.4. The asymptotic behaviour of all chaos components in large
domain (i.e., N — o0) can be found in Lemma A.2, A4, A5 A6 and Remark A.3, collected in
Appendix A. From these results we establish that the leading terms of the series expansion belong
all to the second chaos and they behave as N3; all the other terms are o( N3). Then the asymptotic
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variance in Proposition 2.1 is given by the variance of the dominant terms and we conclude the
proof.

The following result is a close adaptation of Estrade and Leon (2016, Proposition 1.2) to our
setup.

Lemma 2.3. The following convergence holds almost surely and in L?(£2)

Onf(z) Ownf(x)

Daf(x) Do f () Lu,00) (—(O11f (%) + O22f(2))) 6:(V f(2))dz.  (2.2)

o(f,Tn,u) = lim /

e—=0t+
[7N7N}2

Proof: First, note that the integral appearing in the statement of the lemma can be written through
the Wiener chaos decomposition. More precisely, following similar notation as in Estrade and Leén
(2016, Section 1.2), we define

dnf(z) Oaf(x)

p(e,Tn) = /TN Oaf(z) Osaf(x)

which can be rewritten as the r.h.s in (2.2) since f is the Laplacian eigenfunction with eigenvalue 1.
We identify any symmetric matrix of size 2 x 2 with the 3—dimensional vector containing the
coefficients on and above the diagonal and write det the associated determinant map. Then we
consider the map G, defined on R® by

Ge(w,y,2) = 0=(2)det(y) o) (y),  (,y) € R* X R,

Liu,o0) (f(2))) 0c(V f (2))d, (2.3)

and the map
Gu(y, z) = det(y)1y00)(y), y € R’

We denote by X the covariance matrix of the 5-dimensional Gaussian vector X (t) = (Vf(t), V2f(t))
and we consider Z a 5 x 5 matrix such that =72 = ¥X. We can thus write, for any t € R2,
X (t) = ZY (t) with Y(¢) a 5-dimensional standard Gaussian vector. The matrix = can be factorized

. Z 0 — . _
into <O E2> , where 21 = /Ayl with Ay the second spectral moment of f. For y = (y,7) €

R5 = R? x R?, we define
és(y) = Gs(Ey) = 6€(Elg)Gu(EQ?) =0c 0 El(y)Gu o Ep (ﬂ)
For n = (ni,...,n5) € N’ and y € R% = R? x R3,
Huy) = [ Hn, ),
1<5<5

with Hy,; the Hermite polynomials recalled in (1.6). Now we can write

Ga(y) = Z[:) Z|:| <éaaﬁn>ﬁn(y)a
q=0 ne N5;|n|=q

where the Hermite coefficients (G-, H,) = E[G.(X)H,(X)] can be factorized as (G, H,,)
21, H,){(Gy 0 Za, Hy) given respectively by

Il
—

>
(L]

o

(6,051, ) = - / 5. (x/ Ay Hn () () dy
R2
and

(Gyo B9, Hp) := /R3 Gu(Z2, 2)Hin(2)p3(2) dz,
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with ¢,,, for m = 2,4 the standard Gaussian density on R™. We take the limit as € — 0 to obtain
the expansion of the modified EPC. We have that

= 1 1
(0 © Z1, Hn) —es0 — (27 y) "H,(0).
Then, for n = (n,n) € R? x R?, the Hermite coefficients (G, H,) are given by

1 _
(27 ;) P H,(0)(Gy 0 Za, 7).

By Estrade and Leon (2016, Proposition 1.3) the expansion of the modified EPC is finally given by

Y. Y (G Hy)hn,

q=0 neN>5 |n|=q

where |n| =ny +--- 4 ns and
[~ N,NJ2

We refer to Estrade and Leon (2016, Section 1.2) for more details.
It follows that, the chaotic decomposition in (1.7) can be written as

q=1 q=1 neN>,
In|=q
]

Now we can analyse the behaviour of different chaos components h,,. To this aim, we will need
to consider the polyspectra of the first and second order derivatives of f. The following technical
result helps evaluate their covariances.

Lemma 2.4. We have for x, y € R such that z = (0,0), y = (0,7):

9.0r) = Elonf@)on f()] = 7,

) = Bl f2)ouf ()] = T2,

(r) = Elohs F()0 £ (w)] = Eloy f()ono ()] = 2020 A R0

91(r) = Bl [ (2) ()] = =N

g5(r) = Elons f(@)on f(y)] = 2P0 ShE) 3Bl

0(r) = Bfous ()02 () = Bfora (2)0raf ()] = S B00 D) ZR) 2000,

_ 3Jo(r) — 4Jo(r) + Ju(r) (2 = 3)Ja(r)

g7(r) := E[O2 f(2)022 f ()] S > :

while all the other combinations are uncorrelated. The symmetric expressions for x = (0,1), y =
(0,0) are identical up to a possible multiplication by —1.

Proof of Lemma 2./: We compute, for instance, for g; (the proof of the remaining terms is similar):

i0n (0101100 = 2us0y0 (| (52) = ()]} ) =0 1o =) =2

BTl
—llz =yl = (1 —2) =y
e Al =yl +

(y1 —z1) (@1 —y1)
lz = y?

Jo (2 = yl)-
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This equals A0 for both z = (0,0), y = (0,7) and =z = (0,7), y = (0,0).

-
As for the symmetry property, note that all the derivatives have the form

h(il?l —Y1,T2 — Y2, ”‘T - y“))

and we can see by induction that the dependence on (zg — y2) is polynomial, either even or odd,
depending on the number of the second component derivatives. Therefore, going from z = (0,0),
y=(0,7) to x = (0,7), y = (0,0) would not change the final result if the polynomial is even, and
would change only the sign if the polynomial is odd. ]

In order to obtain the expansion (2.4) of the modified EPC in terms of Hermite polynomials, we
also need to normalise the vector of first and second order derivatives. First, let us denote

S T 0 f(z)

Y= 0f(n) = oo

o ) on f(z) B . 8
Y3:=0nf(x):= Var O (@) A )\/;

= 0 f(z)V2,

9 Tla) e O12f(x) - .
Y4 = algf( ) = Var(alzf(x)) = 612f( )\/g,
B /x; B Oaa f () B N 8
Ys = 0nf (@) := Var(0ea f(x)) = O/ )\/;7

where i = 1,2. Next, by considering the limit as 7 — 0 of g3(r), g4(r), and g¢(r) in Lemma 2.4, we
see that

1
E[Y3Ys] = 3
while the other variables are uncorrelated. By setting Z := %Yg — ﬁY& we obtain an i.i.d.

vector (Y1, Ya, Z,Yy,Ys), and with this notation we can write (2.2) as

onf(x) Owaf(x)
O12f(x) Ooaf(x)

- (200700 (0) - $0aT) ) 1o <—\/§ (9n 7@ + 35-7@)))

<6, (\2&]”(@) 5. <\}§82f(w)>
_ <2 (?z + ;Y5> Y — é)/f) (ool <\}§Z + st)

() ()
Now this expression can be expanded in terms of Wiener chaoses. Note that as a function of
the isotropic field (Vf, V2f) it is isotropic, and therefore, when computing the covariance in two
different points = and y, we can fix the coordinates at = (0,0), y = (0,r) once and for all.

In Lemmas A.2, A4, A5 A6 (proved in Appendix A) we compute the covariances that arise
from the chaos decomposition. Their results imply that the only summands contributing to the
leading order are given by some terms of the second chaos, namely by Hy(Y2), Ho(Y5), Ho(Z),
Hy(Y2)H(Ys), Hi1(Y2)H1(Z), and H1(Z)H1(Y5). Let us call the respective coefficients with which
they appear in the chaos decomposition co, c5, ¢,, C25, coy, and c,5. The precise expressions for

Luo0) (= (011 f(2) + 022 f (2))) 6(V f ()

WIl DN
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these coefficients are given in Lemma A.7. Then, let

Daf,N)i= [ Seatlaae)) + gesHalYs(w)) + gesHal(a) +ess (2 Hi (Vi)
(2.5)

denote the leading term of the second chaotic projection of the Wiener chaos expansion of the
modified EPC. We have
o (f,Tv,u)[2] = Da(f,N) + O(N*VN)
and
o(f, Tn,u) = Elp(f, Ty, u)] = o(f, Tn, u)[2] + o(o(f, T, u)[2]).

It follows that the variance V' := Var(p(f,Tn,u) — E[o(f, Tn,u)]) is asymptotically equivalent
to

E[Dy(f,N)*] =
2
E [</[ - %cQHQ(YQ( )+ %C5H2(Y5(x)) + %CZHQ(Z(x)) +cZ5H1(Z(x))H1(yg,($))dx> ] ,

where the coefficients c¢s, ¢5, ., .5 are given in Lemma A.7, i.e.,

(Var((p(fv TN, ’LL) - E[So(fa Ty, U)]))/E[Dg(f, N)2} — 1, for N — oo.
Denoting r := ||z — y|| and plugging in all the normalisations defined previously, we get

1 2 2 1 4 2 1 4 2
\% /[—N,NP /[—N,NP 262( g2(7))* + 26265<ﬁg4(r)> + 2620 (mg4(r)>

+ cocys (—\/;%SQZL(T) . \%94(7*)) + 30502 (%94(7’))2 + %cg (%m(r})z
1 8 1 4

+ €5z (—\ggg?(r))2 + c5eus (—?97(74) . g97(7")> + 2cch(mg4(r)>2

+ e (L) S (har) s (- Lon(r) - Sgntr)

+ cy5C2 (—%gdr) . :/1594(7“)) + €565 <—\fg7(7") ) 297(7"))
+ cz5¢; (—\fg?(r) : ém(r)) +cZs (297(7“)%97(7“) + (—\fg?(r)) (—?97(r)))d:cdy
(2.6)

Since

/ / r)dxdy N/ / r)dxdy N/ / g2 (r)dzdy
[-N,NJ2 J| NN]2 [~N,NJ2 J[~N,N]? [~N,NJ2 J[~N,N]2

(see Lemma A.6), the sum in (2.6) equals asymptotically

- 0() / / R (r)de dy.
[-N,N]2 J[-N,N]?

This can be seen by plugging in the values of ¢, c5,c,, and c,5 and comparing term by term.
For instance, the term containing ®(—u)? comes from the terms containing c5 and c.5 and equals
asymptotically

64 1 2-81 2-8\/§ 1
/[—N,N]2 /[_N,N]z ga(r)dedy -\ 55 6 Y S s T or 1) W =0
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i.e. it is negligible with respect to the dominating contribution and does not appear in the final
result. All the other terms are treated similarly.

We now recall the definition of the v function in (1.10). It follows that, as N — oo, the variance
of the modified EPC is asymptotically equivalent to

—Uu x — y||)dxdy.
327 /NN /NN]2 ( D

The last integral is evaluated in Lemma A.6 and it is equal to

42Ny L (1 _3ﬂ +In(1 + ﬂ)) .

s

This concludes the proof of Proposition 2.1.

2.2. Proof of Proposition 2.2. In Proposition 2.1 we proved that the Euler-Poincaré characteristic
behaves as the second chaotic projection, namely

o(f, Tn,u) = Elo(f, T, w)] = o(f, T, w)[2] + oo (f, T, u)[2)).

Moreover, recalling that
1 1 1
DafN) = [ SeH0RE)  gesHaYi(e) + gesa(Z(e) + ess () Hy (45 0) e
N,N

(see Equation (2.5)) we also proved that
o(f, T, u)[2] = Da(f, N) + O(N*V'N).

We now show that the entire Euler-Poincaré functional behaves as the second chaos projection
of the initial field f (as it happens for all the three Lipschitz-Killing curvatures in the sphere, see
for example Cammarota and Marinucci, 2018, Equation (7) and Vidotto, 2022). We note that

(£ (@) = EH(Z(@) + 2Ha(V3(a) + 2521, (Z(0) Fa (i),

since f is a Laplace eigenfunction. We can now compute the necessary covariances and variances
explicitly, term by term. We recall the notation r := ||z — y||. Applying the Diagram Formula (see,
e.g., Marinucci and Peccati, 2011, Section 4.3.1), we have that

E[Do(f.N / " /[ " ek (%94@))2%;@; (jggm)Q

V2 4 1 1{ V8 ’
+200 - ﬁgzx( r) \/394( )> +25055 <—397(T)>

>2 + 205@ <—\/§97(T) : 897(7")>
)

‘|‘2 C5 3 3

2
<—\/gg7(r)> e, Y2 (—\fg?(r) ' ;97(7”))

2

3 3

\/§

(
s (3
2 (a0
% ( 597 197(?“)) + 202% (-?97(7“) ' 297(7“)>

+Cz5\é§2 <3g (r ):1))97( )+ (—?97(@) (‘?97(@)) :

+2c¢5
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Due to the equivalence

/ / g2 r)dxdy ~ / r)dxdy ~ / / r)dxdy
[-N,N]2 J[-N,N]2 [-N,N]2 J[-N,N]2 NM2[NNP

(see Lemma A.G), expression (2.7) is equivalent to

1 o |
u -1) g r)dxdy. 2.7
4v[7 [-N,N]2 J[-N,NJ2 27

Moreover, by direct calculation we obtain

E (/[_NN]QHQ(f(x x) _2/[NN]2/[ g O (2.8)

The value of this integral is given in Lemma A .G, postponed to Appendix A. Finally, by using the
variance of Da(f, N) in Proposition 2.1, the expression in (2.8) and the covariance in (2.7), we get
the thesis of Proposition 2.2.

3. Proof of Central Limit Theorem 1.3

First, note that the Berry random field f in (1.3) satisfies regularity assumptions stated in
Remark 2 of Di Bernardino et al. (2024), which are sufficient to ensure that the Gaussian Kinematic
Formula (GKF, see Theorem 13.2.1 in Adler and Taylor, 2007 or Theorem 4.8.1 in Adler and
Taylor, 2011) can be applied. Then, using the tower property of conditional expectation, one
can write E[p(A(fa, TN, u))] = E[E[p(A(f, Tn, h(u, A)))|A]], to get the expected modified Euler-
Poincaré characteristic for perturbed Berry’s random field fo in (1.11) (see e.g., Section 4.1 in
Di Bernardino et al., 2024). This yields, using Equation (23) in Di Bernardino et al. (2024), to the
desired expression E[ (A(fa, Tn,u))] = Lo(Tn) Ap E[p2(h(u, A))] in (1.13).

We now state and prove the following result which provides the asymptotic variance of the
modified EPC of the perturbed model in (1.11).

Proposition 3.1. By using Equation (1.12), we get

(2N) " Var(p(fa, Tiv,u)) = (2N)"*Var((f, Ty, h(u, A))

= Elo(h(uA)] 5y (1 —3\@ +1n(1+\/§)> +0 <;N> ,

with v as in Equation (1.10).

Proof of Proposition 3.1: In Proposition 2.1 we proved that the second chaotic projection is the
leading term of the series expansion in (1.7) and then

o(f, T, w) —Elp(f, Tn,w)] = o(f,Tv, w2+ D> Y (Gu, Ha)hn

q=1,q#2[EN?,
Inl=q

where o(f,Tn,u)[2] = D2(f, N) + O(N?V/N). Therefore, by independence and monotone con-
vergence theorem, conditioning with respect to A and exploiting Proposition 2.1, in particular
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re-adapting computations in (2.6) to the perturbed model, we obtain, as N — oo,

E[((P(f/\, Tn, ’U,) - E[(P(f/\, Tn, u)])2]

1 __
= - E v (h(u, A))] E[F2]+E Z > (Ghunys Ha)?h,
q= 1’ n6N5
q72 In|=q
1
:@E[U(h( FN +Z Z Gh (u,A)» >2]E[h'721]7
q=1, neN>
‘13‘é2 In|=¢

with v(u) defined in (1.10) and

E[F}] = / / &l — yl)dzdy,
[7N7N]2 [7N7N]2

which has been computed in Lemma A.6. We write v(u,q) := E [(Gh(u,A), E}Z] and obtain that

the variance equals
1 [e.e]

q= 17TL€N5

972 |n|=q
We can note that for fixed u the second summand is dominated by the first summand in N, and
therefore the variance is of order of the first summand and this concludes the proof. O

Finally, let us prove the CLT for Berry perturbed field given in Theorem 1.3.

Proof of Theorem 1.5: We show convergence of the distribution function. Let us denote by Dy the
image of A and F the distribution function of A. Let x € R, then we have by the law of total
probability

o(f, Ty, h(u, N)) —Elo(f, Ty, h(u, A))] -
P( VaUIn ) - >

[ (U T A) ~ Bl Ty b )] _ [,
_/DAP< TarGeU I b ) ‘A_A) i

_ o, T, . ) — Bl T, b )] p
‘/DAP< NiTErR o I A)‘WA(A)

_ o(f T, b, ) — Elp(f, T, h(u, A)] _
_/DAP< VVar(e(f, Tn, h(u, \))) - )dFA(A)’

since f and A are independent. Denoting by Z, as usual, a standard Gaussian random variable,
by the dominated convergence theorem combined with the unperturbed CLT given in Theorem 1.1,
this expression tends to

/ P(Z <z)dFy(\) =P(Z <x),
Dy

as N tends to infinity, and the statement is proved. O

4. Numerical studies

In this section, we provide numerical studies for some particular perturbed Berry’s random wave
models to illustrate the performance on finite size samples of the obtained results.
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4.1. Some parametric perturbed Berry’s random wave models. Notice that for some choices of the
random shape variable A and a specific strictly increasing link function g in (1.11) the variance
in Theorem 1.3 can be explicitly computed. By Equation (1.14), this means computing the term
E [v (h(u, A))], with function v as in Equation (1.10) and h(-, A) the inverse function of g(-, A) in the
perturbed model in (1.11). One can design several scenarios in which this term can be determined.
In particular, if the perturbation is a scaling or a location shift, it suffices to know the value of

E[¢ (h(u,A))]. In the following we provide an exemplary illustration for such a computation.
u

Suppose that the link function is a product, that is, h(u,A) = §. The authors in
Di Bernardino et al. (2024) computed explicitly E [p; (%)] for j = 0,1,2, where pj(z) =
(27T)‘<1+j)/26_x2/2Hj,1(:E), for different choices of A. Using the formula for j = 2, they could
obtain an expression for the expectation of the EPC (see Equation (1.13)). We shall make use of
these calculations to compute the asymptotic variance of the modified EPC.

First, we can combine the recursive formula

pis1(w) = —(2m) "2 pli(u)
(consequence of 22.8.8 in Abramowitz and Stegun, 1964) and the relation
Hy1(x) =xH,(x) —nHy—1(x)

(see 22.7.14 in Abramowitz and Stegun, 1964) to obtain the expression

2o (1)) =7 (vaa [ (] + -2 o2 ()]

Note also that, letting % = v/2u, one can write

_u? _at -
2o (D] =2l (3) () Rl =% (-0 &) == % G ) 3]
Expanding the polynomial part of the expression with Hermite polynomials yields
U
2[o(3)]

= (el m] 5

E

sfo(D)m(3)
(e <>}+;ja[¢<i>ﬂo<§>})
- (el (3)] rerel(5)] s empn(D] + (D)) e

Heavy-tail perturbation. Let A such that A% is a random variable with a Pareto (Type I)
distribution with parameter a > 0 (A? ~ Pa(a)), i.e., P(A2 > z) = 7%, for z > 1 and a > 0. Then

o3
¢

El(5)] = w27 (m ™ q(a+1/2,4/2) + B(w),
Elo(3)] = w27 (@ ar(a?/2),
E[pg (%)} = w2220 )32 (a4 1/2,u%/2),

where 7(a,-) stands for the lower incomplete Gamma function, i.e., y(a,z) = fox te=le~tdt, for
a> 0,z >0 and @ for the survival standard normal cumulative distribution function. Then we
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have

Elps(4)] = —@;)za—l(w)—l a2y, u?/2)(1 — 20) + 2% /2),

E :p5 (%) = (Qi)22a_1(w)_1 a(u™ 2y (a,u?/2)(40?® — 8a + 3) + 21_0‘6_“2/2(—2@ —u? +4)),
E :p7 (% = — (271T)320‘_1(7T)_1 a(u™ (o, u?/2)(—8a® + 36a% — 46 + 15)

12122402 + 2002 — 18a + ut — 11u2 + 23)),
and then from (4.1)

u

El(Y)] = ész(w) a((v2u) 2y (a, u?)(80® + 8a? + 8a) —

A
210~ (V2u)! 4 20(v2u)? + 40® + da + 4)). (4.2)

Light-tail perturbation. Let us consider A such that A% ~ Exp(6). In Di Bernardino et al. (2024)
the authors show that

E [po (%)} = %e_““, E [pl (%)} %auKl(au) E [,02 (%)} = ﬁaue_““,

with a = 1/2/60. Then, we have

E :p3 <%> = - (27::)2(—@2u2K0(au) + auK(au)),
E :p5 (%) = (2717)3 (—6a*u?Ko(au) + K (av)(a*u® + 3au)),
E :p7 (%) = —(271T)4(K1(au)(13a3u3 + 15au) — (45a*u® + a*u?) Ko(au)),

where K, is modified Bessel functions of the second kind of order v. From Equation (4.1), we get

E [’U (%)] =3 (;W) (0% Ko(ait) — 20°03 K (ait) + 40202 Ko (ail)) .
4.2. Stmulated data results. Since this work provides asymptotic results for growing observation
domains, in this section we aim to numerically illustrate the performance on finite size samples of
the obtained results. In particular, we will focus on the asymptotic variances and the asymptotic
Gaussian fluctuations. Simulations are provided using the R package RandomFields (see Schlather
et al., 2015). To illustrate the asymptotic Gaussian fluctuations stated in Theorem 1.1 for growing
domain (i.e., T = [~N, N]? and N — o), in Figure 4.3 we display the p-values of the Shapiro—Wilk
Normality Test for the statistics (¢(f, T, u) — E[o(f, Tn,u)])/+/(2N)3V (u), with V(u) prescribed
by Equation (1.9), as a function of levels u and for several choices of N N = 70 (left panel),
N = 100 (center panel), N = 200 (right panel). The theoretical expected E[o(f, Tn,u)] is given
in Equation (1.8) and the estimation of the EPC ¢ is evaluated on Berry’s Gaussian samples in
Tn = [N, N]? and 2 N pixels for sides. Notice the global increasing performance of the p—values
in terms of N and in particular for extreme levels u (from left to right panels in Figure 4.3).

Then, we consider the Berry mixture model fj as in Equation (1.11). In Figure 4.4 we display
a realisation of the considered fy random field with h(u, A) = %, where A? ~ Pa(a) with o = 4
and associated excursions set. Notice that the choice of this Pareto mixture clearly impacts on
the standard deviation of the perturbed random field (see Figure 4.4). For this perturbed Berry’s
model, in Figure 4.5 we illustrate the EPC first and second moments behavior. In particular, we
aim to investigate the adequacy between estimated EPC moments and theoretical predicted ones.
In Figure 4.5 (fist and second panels) we display the boxplots of the estimated EPC values on
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FIGURE 4.3. We display the p—Values of the Shapiro Wilk Normality Test for the
statistics (o(f, Tn,u) — Elp(f,Tn,uw)])/+/(2N)3V (u) as a function of levels u and
for several choices of the window Ty = [N, N]?; N = 70 (left panel), N = 100
(center panel), N = 200 (right panel). Ebtlma‘mon of the EPC ¢ is provided on 250
Berry’s Gaussian samples.

500 mixture Berry samples with a = 2 (first panel) and a = 4 (second panel) in [-70,70]? with
140 pixels for sides. Unsurprisingly, the heavier-tail model for a = 2 exhibits a higher variance
in the EPC estimation (see first panel in Figure 4.5). For the sake of comparison, in Figure 4.5
(first and second panels), we add the theoretical expectation u — E[p(A(fa, [~70,70]2,u))], for

€ [-3.5,3.5] (red curve), by using Equation (1.13) and the E[p;(%))]’s expressions obtained in
Section 4.1 (Heavy-tail perturbation). Finally, the theoretical variance u — Vj (u), for u € [—3.5, 3.5]
obtained by Equations (1.14) and (4.2) is displayed in the third panel of Figure 4.5 by using a red
curve. The empirical variances obtained on 1000 Monte Carlo simulations are displayed in black dots
(see third panel in Figure 4.5). We see that the prescribed asymptotic variance and the empirical
counterpart estimated on the [—70,70]? domain are in good agreement.

00 02 04 06 08 10

00 02 04 06 08 10
L L L L L L

00 02 04 06 08 10

00 02 04 06 08 10

00 02 04 06 08 10
L L L L L \

FIGURE 4.4. A random generation in [—70, 70]? of a mixture Berry random field fx
as in Equation (1.11) with h(u, A) = %, where A? ~ Pa(a) and a = 4 (first panel)
with associated excursion sets A(fa, [~70,70]2,u) in Equation (1.2) for u = 0,1,2,3

(from the second to the fifth panel). Here we take 140 pixels for side.

Appendix A. Technical lemmas

In this section we collect all the technical results exploited in the proof of Proposition 2.1 which
give the asymptotic behaviour of the chaos components of the modified EPC expansion. In par-
ticular, we first state Lemma A.l which is an auxiliary result used in the proof of these technical
lemmas below. Then, Lemma A.2, A.4, A.5 and Remark A.3 imply that the asymptotic behaviour
of all the terms in the g-chaos for ¢ # 2 is o(N?3), as N — co. Lemma A.6 shows that the second
chaos behaves as N3 and hence it is the leading term of the chaos expansion. Finally in Lemma
A.7 we compute the constants of the dominant terms of the second chaotic projection.
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FIGURE 4.5. We consider the perturbed model fp as in Equation (1.11), with
h(u,A) = %, where A> ~ Pa(a) a = 2 (first panel), @ = 4 (second and third
panels). Theoretical u — E[p(A(fa,[—70,70]%,u))] (first and second panels) and
u — Vx(u) (third panel), for u € [-3.5,3.5] are drawn in red line. Empirical coun-
terparts are represent by using black boxplots on 500 sample simulations (first and
second panel) and black dots on 1000 sample simulations (third panel). Here we
take 140 pixels for side.

To prove some of the technical lemmas we first need the following simple result.

Lemma A.1. Let h : R — RT be a non-negative function. Then, assuming the integrals are

well-defined,
2v2N
/ / h(||x — y||)dx dy < 8N27r/ h(r)rdr.
[-N,N]2 J[-N,N)2 0

Proof of Lemma A.1: By a change of variables, we get

/ / h(llz — yll)dady = / / )@V — [za)h
[-N,N)2 J[-N,N]?

which can then be bounded by

o [ (G etz e [ (((2)
T2 By /5 (0) Tz

with a switch to radial coordinates. OJ

()

2v2N
D dxidzy = 8N27r/ h(r)rdr,
0

’) dl‘ldfbg,

The following lemma provides some auxiliary statements for the bounds of the chaos components.

Lemma A.2. We have for a € N, |a| = ¢, that, as N — oo,
2v2N 7
[ e ar = o)
0 i=1
for g > 3 and for ¢ > 1 if at least one of a1, as, as, ag is nonzero. Moreover,

2NV2
/0 rg;(r)dr| = o(N)

for ¢ =1 in either case.

Proof of Lemma A.2: First recall the following asymptotic formula for J,,, given, for instance, in
9.2.1 in Abramowitz and Stegun (1964):

In(r) = \/Z <cos (-T2 T ro (i)) , (A1)
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as well as the fact that Bessel functions are uniformly bounded by 1.
For ¢ = 1, the statement in the lemma is obvious for g1, g3, g5 and gg. More precisely, we have for
some constant K and ¢ =1, 3, 5, or 6

<K+ —dr S VN =0(N)

22N
rg;(r)dr
[ e N

thanks to the asymptotics and the bound mentioned above. The proof for ¢ > 3 follows along the
same lines.

2v2N

For ¢ =1 and g2, g4, and g7 we can compute the integral explicitly:

2V2N
/ rga(r)dr = Jo(2V2N) + 2V2N J1(2V2N) — 1,
0

2v2N
/0 rga(r)dr = —2v/2N Jo(2V/2N),

2V2N J1(2\/§N) 1
/0 rgr(r)dr = 22N J1(2V2N) — TOAN + Jo(2V2N) — Jo(2V2N) — 5

Again, due to the asymptotics of the Bessel functions, these integrals are sublinear in V. O

Remark A.3. We also have
2V2N
/ ngg(T)dT‘ SJN\/N,
0

as well as
2v2N 2v2N
/ r392 (r)dr / r3g4(1")dr
0 0

by direct calculation, using the identity 6.561 in Gradshteyn and Ryzhik (2007) together with the
asymptotics of the Bessel and Lommel functions (Equation (A.1) and an approximation result from
Dingle, 1959 respectively).

22N 22N
/ r2g4(7“)d7“ < N\/N, / T2g7(r)dr < NvVN
0 0

< N?VN,

2v2N
< N2VN, / rg7(r)dr| < N?VN.
0

The following three lemmata (see Lemmas A.4, A.5 and A.6 below) provide bounds and/or precise
calculations of all chaos components of the modified Euler-Poincaré characteristic.

Lemma A.4. The variance of chaos components of order 3 or higher, as well as all summands in
the chaos decomposition containing at least one of the factors 01 f, O11f, and Oraf is of order o(N3).

Proof of Lemma A.J: This is a direct consequence of Lemma A.1 and Lemma A.2. O
Lemma A.5. The variance of the first chaos component involving the factors Oof and/or Osaf is

of order o(N3), that is,

= o(N?)

/ / gilllz — yl)dzdy
[7N7N]2 [7N7N]2
forie {2, 4,17}

Proof of Lemma A.5: By a change of variables, we can write

/[NN /[NN]zgi(Hm_?/H)dmdy:
[l easrn 2

’) dxldxg.
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This integral can be decomposed into the integral over the inscribed ball Ban(0) and the integral
over the remaining domain. The integral over Byn(0) can be rewritten with spherical coordinates,
and the bound then follows by the second statement of Lemma A.2 and Remark A.3. As for the
remaining domain (the four “corners” of the rectangle), note that go (H (?) ), ga (H <i1> H>
2 2
and g7 <' <i1> D are radial functions that decay as \/% as N tends to infinity. Moreover, their
2
zero sets are (asymptotically) concentric circles with radii that are multiples of 2. Due to these
properties, and also since the area of the remaining domain decays with distance from the origin,
we can bound the integral over the remainder by two times the integral between two zero set circles
closest to Ban(0) of the absolute value of g2, g4 or g7 times the factor (2N — |z1])(2N —|z2|). This
integral is asymptotically bounded by the area of integration (27(2/N) - 27) multiplied by a bound
over the integrand (2V)? \/L This proves the statement also for the remaining domain. O

Lemma A.6. We have

/ / N — |z1)(2N — |x2|)g5 <' <2> )dl‘ldxg
[ e e - et (] (22) ) dedes
[ et -t (] (22) ) deee

— 4(2N)3% (1 _3\/5 +In(1 + ﬁ)) + O(N2VN).

Proof of Lemma A.0: First note that we can infer from the recurrence relations between Bessel
functions that ga2(r) ~ g7(r) ~ Jo(r) and g4(r) ~ —Ji(r) as r — oo. Due to the asymptotics (A.1)
we moreover obtain

J3(r) ~ % cos’(r — w/4) = %(cos(% —7/2)+1)

as well as 5 )
J2(r) ~ —cos?(r —w/2 — w/4) = —(cos(2r + 7/2) + 1).
wr wr
Note that, since the integrals appearing in this lemma all tend to infinity with N — oo, replacing

Bessel functions with their approximations up to an additive error of a smaller order is not going
to change the asymptotics (nor the relevant constants). Therefore,
T

[ s (e )]

1

/ / — |z1])(2N — |z2])———72 cos ( H (1‘1> H ) dxidzs,
"|¢2)

x2
and we can see with the same argument as in the previous lemma that this integral is of order
o(N3).
To show that all the integrals are indeed of order N3, one can use the fact that the oscillating
part (involving cos(2r + 7/2) and considered in the computation above) is not contributing to the
asymptotics. Indeed from the asymptotics above we have

20 = 1 4 sin(2r) +0<:2>

wr
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as r — oo.
This allows us to write explicitly, as N — oo,

I ) e
/ / ~ o1} (2N — [z H )‘

2N 2N
= 4/ / 2N — 1’1)(2N — :132 dl‘ldl'g
U —|— :U2

1
:4-2N2// 2N — 2Ny1)(2N — 2N dyyd
( ) ( y1)( y2)7r-2N\/m Yy1aYy2

4(2N) / / (1 —y1)(1 —y2) \/7dy1dgh
= 4(2N)3 % (1 _3\@ >

d:L‘l dl’g

+1n1—|—\f

(1_3\@ +In(1+ fg)) ~ 4(2N)?0.2366.
O

The following Lemma A.7 provides the coefficients of the dominating chaos components (see proof
of Proposition 2.1 for the precise definition); the proof exploits Cammarota and Marinucei (2018,
Proposition 5) and we omit it for the sake of brevity.

Lemma A.7. We have

11
Cy = _FZU(ﬁ(_U)’
s = = (guot-n) + oo + ja(-w).
1 1
= = (gguet-u) + o) )
1

1 1 1
== (Wngx—u) o+ ﬁw—u)) ,

Cco5 = co, = 0.
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