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Abstract. We study a mutliscale jump process introduced in a work by Crudu, Debussche, Muller
and Radulescu. Using an adequate coupling, we are able to prove the strong convergence, for the
uniform topology, to a piecewise deterministic Markov process. Under some additional regularity, we
also obtain a central limit theorem and prove that the fluctuations of the continuous scale converge,
in a weaker sense, to the solution of a stochastic differential equation.

1. Introduction

Molecular biology deals with complex systems of reactions, involving numerous reagents, such
as the gene regulatory network. This network models the expression of genes and the synthesis of
proteins. Its reagents are mostly mRNA and proteins. Each reagents may have control (inhibition
or stimulation) over every reactions.

A relevant mathematical model of this network should capture diverse features that are experi-
mentally observable, and should be implemented effectively. Stochastic models, and more precisely,
Markovian models, have been used to study gene networks since the seminal work of Delbriick
(1940), and recent experiments show that these models are more appropriate to study gene net-
works than deterministic ones (Kepler and Elston, 2001). These models have proved their relevance
by reproducing experimentally observed behaviours such as burst-like production (Cai et al., 2006),
emergence of phenotypically distinct subgroups in an isogenic population (IKaern et al.; 2005), noise
propagation (Paulsson, 20041), or metastability (Gardner et al., 2000). From a computational per-
spective, Markovian models are really challenging. Exact algorithms such as the Stochastic Simu-
lation Algorithm (SSA) from Gillespie (1976) are extremely time-consuming, especially for highly
interconnected systems.

The search of higher efficiency leads to hybrid, or multiscale, models. The reagents are classified
according to their abundances : some species, in large quantity, are treated as continuous variables
(as a concentration limit), while the other species, in small amount are still treated as discrete
random variables. It results a hybrid process, R’} x Zi—valued. The work of Crudu et al. (2009)
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suggests that hybrid piecewise deterministic Markov processes (PDMP) are a relevant model for
gene regulatory network. These processes have been introduced by Davis (1984), in connection
with queuing theory. Moreover, Crudu et al. (2012) shows that hybrid PDMP can be obtained as
limits, in distribution, of Markovian discrete models, in several situations. The goal of this article
is to prove that, using a well-chosen probabilistic representation of the reactions, these convergence
results hold for stronger probabilistic convergence. In addition, we sharpen the convergence, with
an explicit speed of convergence and a central limit theorem for the fluctuations around the limit.
Besides, our proof relies on simpler arguments than Crudu et al. (2012).

The convergence of the mono-scale model has been studied by Kurtz (1970). He proves the
convergence in probability for a pure jump Markov process, X, with general transition kernel,
to the solution, X, of an ordinary differential equation (ODE). In Kurtz (1978), he also studies
the fluctuations, through a central limit theorem, and the diffusion approximation, together with
speed of convergence. He uses a coupling representation of XV and X, using independent Poisson
processes P,

XN =xY + Y %Pr <N /O (XN (5)) ds>

reER

t
X(t) =Xo + Zhr/ Ar(X(5)) ds
reR 0
where h, € Z" are the directions of the jumps and A, the rates. This coupling has been used in
Crudu et al. (2012), for hybrid processes, but it is not really adequate to the multiscale setting.
This explains why they could not obtain a strong convergence result, nor a central limit theorem.
In our work, we use a coupling through Poisson random measures. This coupling has been used in
several approaches arising from mathematical modelling, especially in epidemic models. Prodhomme
and Strickler (2024) study a population (the abundant scale) in random environment (the jumping
discrete scale). They obtain the convergence in probability to a PDMP and results on the extinction
time of the epidemic. Their model only allows elementary jumps (£1/N on only one coordinate).
In a different approach, Vuong et al. (2022) and then Hauray et al. (2022) study a spatial epidemic
model, with a mean-field point of view. Their hybrid process consists in the spatial position of an
individual (the continuous scale) and its infectious state (discrete scale). In this case, the limit of the
position jump process is not interpreted as a limit in concentration but the averaging influence of a
large population. They obtain convergence and fluctuations results for the empirical measure of the
population, in Wasserstein distance. At last, Bonnet (2023) retrieves the convergence established
in Crudu et al. (2012), using Poisson random measures. Her work is motivated by the modelling of
blood cancer and this explains why her work deals with linear or rational rate functions. Moreover,
she does not study stronger convergence results.
In this article, we study the process ZV = (XV,YV) ¢ R" x Zﬂlr defined as

hy
XN(t) :Xév—f— Z N/[Ot]XR ]IUSN)\T(ZN(S_)) Qr(dsdu)

reRe ’ +

hy /
+ N o<y, (2 s Q, (dsdu)
27;,3 N Jogr, @)

YN(t) :Y'ON—l— Z €r /[0 AxR ]]'ug,ur(ZN(s_)) Qr(dsdu)

re€Rp +

where the (Q,),er are independent Poisson random measures. Notations and assumptions will be
clarified in the next section. The two main results of our article are the convergence in probability
of (ZV)N>1, in Theorem 3.6 and a central limit theorem, in Theorem 4.7. As we stressed out, the
convergence in probability for the uniform topology, has been proved for some restricted models (see
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Prodhomme and Strickler, 2024) without explicit speed of convergence. By contrast, we even reach
! convergence, under some additional boundedness assumptions, and the speed of convergence.
A convergence result is not really complete, nor usable without a central limit theorem for the
fluctuations. To the best of our knowledge, a central limit theorem for hybrid jump process is a
novelty of our work and has not been studied in the literature yet.

Let us describe the structure of this article. In Section 2, we present our mathematical model and
the standard assumptions under which it is well-posed. In Section 3, we prove the convergence, in
probability, for the uniform topology, of the jump process to a piecewise deterministic process. We
also obtain a speed of convergence which suggests how to study the fluctuations of the continuous
scale. Section 4 is dedicated to the central limit theorem. We show that the fluctuations process
converges to the solution of a stochastic differential equation (SDE). In this case, the convergence
is weaker in the probabilistic sense, and requires more complex tools.

2. Gene network stochastic model

We consider chemical species, indexed by i from 1 to n + d, subject to a finite set of chemical
reaction R,, r € R. Let Z € Zﬁlfd be the vector consisting of the number of each species. Each
reaction R, induces a transformation of system Z — Z + ~,, with rate A, (Z). It results that, the
process Z evolves as a Markov process whose law is completely described by its generator

L7 = Y2+ ) — S An(2).
reR

We model a multiscale system with macroscopic and microscopic quantities of species. Let N be a
scaling parameter. The vector Z admits the decomposition Z = (NXV,YN) ¢ VAR Zi. The first
component, describes the species in large abundance and is proportional to the scaling parameter.
The vector XV can be interpreted as a vector of concentrations. This is the concentration, or
continuous, scale. The second component describes the species in scarce quantity, and so, is not
rescaled. This is the discrete scale. The set of reactions is also partitioned in two classes R =
Rc U Rp, according to the species involved. For r € R, the reaction only involves abundant
species and has a rate proportional to the scaling parameter, i.e.

Y = (hy,0) € Z" x 2%, A(Z2) = NM(XN, YY), VreRe.
This can be interpreted as quick reactions on the concentration scale. One the other hand, for
r € Rp, the reactions involve species from both scales and are slow

Y = (hpyer) € Z" x 28, A (2) = p (XN, YY), VreRp.

The law of the process ZV = (X, Y") is characterised by its generator

enfen) = |1 (o4 50) = o] ot

reRc
+ > {f <:c + h—]\},y+ er> - f(:v,y)} pr(,y).
r€RD

As explained in Crudu et al. (2012), the sequence (Z¥)y converges in distribution to a PDMP
whose law is characterised by its generator

Loof(z,y) = F(z,y) - Vaf(z,y) + Z [f(z,y+er) — f2,9)] pr(z,y),
re€Rp
where F': R" x Zi — R" is defined as

F(xvy) = Z hT}‘T<$7y)'

rERc
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However, there are several ways to construct a sequence of processes (ZN )~ and a process Z =
(X,Y), with these prescribed laws, and all of them may not allow anything stronger than the
convergence in distribution. The classical construction, from Crudu et al. (2012) or its spatial gen-
eralisation Debussche and Nguepedja Nankep (2021), uses independent Poisson processes, indexed
by random clocks depending on the rates A,.. This coupling is not appropriate as the jump times of
Y¥ and Y are different with large probability. Hence, sup |YY — Y| does not converge to 0. In this
work, we use a coupling by random Poisson measures. As explained in Vuong et al. (2022), this new
coupling is particularly adapted to L' convergence for the uniform topology of discrete processes.

Let Q,., r € R be independent Poisson random measures on Ri with intensity dsdu (see Sato,
2013 for definition and properties of Poisson random measures). Let Z = (X, Y{¥)n>1 € Z xZ2
be a sequence of independent integrable random variables, independent of Q,, r € R. We define
the sequence of processes ZVN = (X, YN) for N > 1, for t > 0, by

X =Xo + Z / Ly N (XN (s),y N (s-)) Qr(dsdu)
reRc [0,] xRy
+ ]lu s~ s~ Qr deu
EZR: N Jogxr, I EINE) (dsdu) (2.1)
YR =Y" + Z er/ Ly (XN (s-),y N (s-)) Qr(dsdu)
\ r€RD t]xR+

With minimal regularity assumptions, this system has a unique solution, defined on a stochastic
interval [0, 7V]. Tts solution could be extended to R, by adding of a cemetery point. In the following,
we will make some assumptions on the total number of jump on [0, 1], JtN in order to avoid the
cemetery construction. We also define a PDMP, Z = (X,Y), associated to the limit generator Lo,
Let Zy = (Xo,Yp) be a random variable, independent of the sequence (Z))y and (Q,)rer. We
have

X(t) Xg—l—/ F(X(s),Y(s))ds

=Yo+ > er/ Ly, (X (s),y(s—)) Qrldsdu)

TER 0t]><R+

(2.2)

The general conditions under which a PDMP is well-posed are given in Davis (1993). It combines
regularity assumptions on the rates, and a control over Jy, the number of jumps of Y on [0, ¢]

Jo = Z / Lu<p, (x(s-),v(s-)) @rldsdu).
reRp [0 t]XR+

For our analysis, we use the following hypothesis.
Assumption 2.1. The rates Ay, p, : R} % Zi — R, for 7 € R are measurable and locally Lipschitz

continuous on the first variable. Moreover, for all (z,y) € Ry XZ4, the vector field F (-, y) determines
a unique flow ¢(¢,z,y), defined for all ¢ > 0, solution to

d
agﬂ)(t,x’y) = F(gb(tal‘ay)ay) :

The numbers of jumps, on every compact time interval, have a bounded moment
YN >1,vt>0, E[J] <oo, E[J]< o0

In many biological models, the rates are polynomial, so our assumption is relevant. This also
explain why we do not assume boundedness on the rates. This assumption is sufficient to ensure
the existence of the PDMP for all time.
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Proposition 2.2. Under Assumption 2.1, the systems (2.1) for all N > 1, and (2.2), have a unique
solution, defined on R...

As explained in Crudu et al. (2012), Assumption 2.1 may be easy to check on explicit models,
but it is hard to formulate a sufficiently general criterion under which it holds. However, if the rates
are bounded, the number of jumps is easily bounded.

For all z = (x,y) € R® x Z¢, we denote by |z| and |y|, the Euclidean norm on R" and R?
respectively, and we endow the product space R” x Z¢ with the norm |z| = |z| + |y|. For T > 0, we
denote by D([0,7]) the Skorokhod space on [0, T], consisting of functions, defined on [0, 7], R"+-
valued, right-continuous and left-limited. This space can be endowed by two different topologies.
The first one is the uniform topology, associated to the distance supg<g <7 |f(s) — g(s)| for all
f,g € D([0,T]). This topology is particularly adequate on the subspace C([0,T]) of continuous
functions. On D([0,T7]), the uniform topology gives a very strict version of convergence. That is
why, we usually use a weaker topology, more adapted to jump processes : the Skorokhod topology.
This topology is also metrisable. In the following, we use the distance

dp(jo,r))(f; ) = inf max {ess sup [N (s) — 1], sup |foA(s) — g(s)l} :
A 0<s<T 0<s<T

where the infimum is taken over the set of continuous, strictly increasing function \ : [0, 7] — [0, T
such that A(0) = 0 and A(T") = T'. Let us remark that this metric is not the usual Skorokhod metric,
as (D(]0,T]),d) is not complete, but it defines the same topology as the usual Skorokhod metric,
for which, the space is complete (see Billingsley, 1999 for more details on the Skorokhod space and
Kern, 2024 for more intuition on the different topologies on D).

3. Strong convergence

The goal of this section is to prove the strong convergence of (ZN ) to Z, for the uniform

N>1
topology on D([0,T]). To that end, we prove a L! convergence under strengthened assumptions,
and then, we recover the convergence result, under the standard regularity assumptions, thanks to a
truncation argument, in the spirit of Crudu et al. (2012). In this section, without explicit mention,

we assume that we have the following bounds.

Assumption 3.1. For all r € R, the rates A\, and p, are bounded and globally Lipschitz continuous.
We denote by L > 0 a common upper bound of the rates and their Lipschitz constants.

Let us note that under this assumption, F' is globally Lipschitz continuous, with constant

Co=L Y |hl.

reERc

The global boundedness from Assumption 3.1, allows obtaining Grénwall’s bounds, in a L' sense,
for each scale, and so a convergence result. We begin with the discrete scale. The following lemma
relies on the random measures coupling between YV and Y.

Lemma 3.2. There exists Cp > 0 such that for all T >0

T
< BV Yoll + Cp [ E{sup Z¥() - 2(1)]| ds.

E [ sup [YN(t) = Y(1)] 0<t<

0<t<T
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Proof: By definition, for all 0 < ¢ < T, we have

YN =Y ()] < [YN0) =Y (0)+ > el Lycp, (2 — Lu<p,(z(s-))| Qrdsdu)
reRp [0,t] xR+
YY) =Y O+ ) el / L (29 (s (2057 ))) Qr(dsdu)
r€ERp
Hence,
N r N
| sup [0 - YOI SEIYY - %ll+ 3 lels | [ (2 (57) - (207 s
0<t<T reRp 0
B Yol 42 3 lenl [ B[127() - 266)] ds
r€Rp
T
N Yol + Co [ ] sup |27(0) - Z(t)\} s
0 0<t<s
Hence, the result. ]

In order to treat the continuous scale, we decompose the process ass the sum of a martingale,
a process with finite variation, and a reminder. For all r € R, we denote by O, the compensated
measure, defined as

9, (dsdu) = Q,(dsdsu) — dsdu.
For all ¢ > 0, we have

XN - X(t) =X - Xo+ > — /Ot Ly<na (28 (s-)) Qr(dsdu)
reRc

+> = /Ot Ly pu (20 (s-y) Qr(dsdu)

r€ERD
! N
+/0 F(Z%Y(s)) = F(Z(s)) ds

Let us denote

Z / Lu<na, (ZN(s7)) Qr(db’du)
0t]><R+

rERc

=> = / Ly (28 (s-y) Qr(dsdu).
0,t]x

r€Rp

and

We show that these terms both converge to 0, with explicit rate. For the first term, the proof relies
on martingale arguments. We prove a convergence in L', at rate v/ N.

Lemma 3.3. For all T > 0 there exists C; > 0 such that

E | sup ’Mt ’

0<t<T

55
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Proof: For all N > 1, the process M is a martingale, as a combination of stochastic integral. For
all T' > 0, we have

2
N2 _ tRc 2 ~
[MP|" <255 D Il < /[OﬁT]XM Ly<na (28 (s-)) Qr(dsd“)> :

reRc

Then, using Ito’s isometry formula, for all » € R, we have

2
E (/ ]lugN)\r(ZN(s*)) Qr(dsdu)> =E / ]112;§N)\T(ZN(S_))
[O,T] XR+ [O,T} XR+

_NE [ /0 M2V () ds]

<LNT

dsdu]

Therefore, we have

LT h|?

Moreover, Doob’s inequality implies that

E [ sup ‘Mt ‘] < 2E [‘M%V‘ ]
0<t<T

This ends the proof. O

The convergence of (V) ~N>1 is more straightforward.

Lemma 3.4. For all T > 0 there exists Co > 0 such that

o]
s€[0,T7]

Proof: For all N > 1 and 0 <t < T, we have almost surely

"Yt ‘< ~ Z |For |/ L1u<r Or(dsdu).

TGR 0t]><R+

It follows that

LT
E [ sup w] <ILS

Ost<T r€Rp
This concludes the proof. O
Now, we are able to state the convergence under the boundedness assumption 3.1.

Theorem 3.5. Assume that (ZéV)Nzl converges to Zy in LY, then, under Assumption 3.1, for
all T > 0, (ZN)z,>1 converges to Z, for the uniform topology on D([0,T)). Furthermore, if
(VNE (128 — Zo|]) =1 is bounded, then there exists C(T') > 0 such that for all N > 1

E [ sup |ZN(t) — Z(1)|

0<t<T




322 Baptiste Huguet

Proof: For all 0 <t < T, we have

XN () - X ()] < | X — Xo| + ]MtN|+htN\+/0 |F(XN(5),YN(s)) — F(X(s),Y(s))| ds

T
< |X{ = Xo| + | MN| + |7 +C(;/O |ZN(s) — Z(s)| ds.

By combining the previous lemmata, we have

C; Oy
E| sup |ZN — z,|| <E[|1ZN — Zo|| + — + ==
0§t£T| t t| H 0 OH \/N N
T
+Co+ow) [ E{sup |Ziv—zt|] s
0 0<t<s

By Gréwall’s lemma, it implies that

E | sup |ZtN—Zt|

0<t<T

JN N

Hence, the result. ]

< (EHZéV — Zo|l + g + C2> e(Cot+Cp)T

Our first main result is the convergence of (ZV)y>1, under the natural assumptions.

Theorem 3.6. Assume that (Z(])V)Nzl converges to Zg in L*. Then, under Assumption 2.1, for all
T > 0, the sequence (ZN)n>1 converges in probability to Z, for the uniform topology on D([0,T]).

The proof leans on a rather classical truncation argument, well detailed in Crudu et al. (2012).

Proof: Let 8 € C*°(R4.), supported on [0, 2] and such that #(u) =1 for all w € [0, 1]. For £ > 1 and
r € R, we define the truncated rates by

A (z,y) = 0((z )l/R)Ae (2, ), (2,y) = 0((2 )| /K) e (2, y),  (x,y) € R™ x Z4.

We define the processes Zi' and Zj, solutions of the systems (2.1) and (2.2), with truncated rates.
Under, Assumption 2.1, these processes fulfil Assumption 3.1. Hence,for all & > 1, (Z,iv IN>1
converges in probability to Zj, for the uniform topology on D([0,T]). Let us introduce the stopping
times

7 =inf {t € [0,T),|Zx(t)| > k}, 7 =inf{t € [0,7],|Z) () >k},
with the convention inf () = 7. Then, on [0, 74| (respectively [0,7[), we have Z(t) = Z(t) (re-

spectively ZN(t) = ZN(t). Let us fix 0 < § < T and 0 < £ < 1. Let us remark that, on the
event

{1 >T =6} ﬂ { sup | Z(s) — Z(s)| < 8} ,
0<s<T—§
we have
sup | ZY(s)| < k.
0<s<T—-4
It results that, on this event, Tév > T — 6. Moreover, 7, > T,_1. S0 on this event, we also have
1, > T — &, and the processes ZV and Z,]CV coincide with Z év and Zj, respectively. Then, we have

sup  |ZN(s) — Z(s)| < e.
0<s<T—§
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Therefore, we deduce that

P ( sup  |ZN(s) — Z(s)| > 5> <P(rp1 <T—-06)+P ( sup | Z (s) — Zy(s)| > 5) .
0<s<T—3§ 0<s<T—3§

By Assumption 2.1, the process Z can not explode on [0,7" — ¢], then the sequence (7x)r>1
converges to T almost surely and for k£ large enough, the first term is arbitrary small. Using
Theorem 3.5, for a fixed k£ and N large enough, the second term is also arbitrary small. Thus,
(ZN)N>1 converges in probability to Z, for the uniform topology on D([0,T — 4]). As it is true for
any T and &, we have the result. O

Let us remark that with a cemetery point construction and without assumptions on the number
of jumps J}V, we would have proved that for all € > 0

lim P <T <7V sup |ZVN(t) - Z(t)| < 5) =1
N—o0 0<t<T

To conclude with convergence results, let us remark that the convergence of YV is much stronger:
with large probability, the sequence Y is stationary.

Corollary 3.7. Assume that (ZéV)Nzl converges to Zy in LY. Under Assumption 2.1, for all T > 0
and € > 0, there exists Ng > 1 such that for all N > Ny

P(YN(s)=Y(s), Y0<s<T)>1-c¢.
Proof: As the processes (Y )y>1 are discrete, we have
P ( sup |[YN(s) = Y(s)] < 1/2) =P(YN(s)=Y(s), YO<s<t).
0<s<t
According to Theorem 3.6, we have

lim P < sup |[YN(s) = Y(s)| > 1/2) =0.

N—+4o00 0<s<t

This concludes the proof. O

4. Central limit theorem

The goal of this section is to study the fluctuations of the continuous scale and to prove a central
limit result. In the previous section, we have proved that, whenever the sequence (v N Zév IN>1 s

bounded, the sequence <\/ﬁ (ZN (t)—Z2 (t))>N>1 is bounded in L!. This suggests a central limit

behaviour, with fluctuations of order v/ N. However, Corollary 3.7 suggests that it is not relevant
to study the fluctuations of the discrete scale. Let us define

V(1) = VN (XY (1) - X(1), W' =VN (X - Xo),

the fluctuations of the continuous scale. We show that (V) converges in distribution, for a weaker
topology, and we characterise its limit. Our proof is inspired by the classical mono-scale case, as
in Ethier and Kurtz (1986), adapted to our Poisson random measure representation and to the
multiscale contribution. In order to do so, we need more regularity on the rates. As for Section 3,
we begin with strong boundedness assumptions, which can be relaxed latter, thanks to a truncation
argument. Here on, we make the following assumptions.
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Assumption 4.1. For all » € R, the rates A\, and p, are bounded and globally Lipschitz continuous.
Moreover, for all r € R¢, the rate A\, have C?-regularity with respect to the first variable, with
bounded derivatives up to order two. We denote by L > 0 a common upper bound of the rates,
their Lipschitz constants and their derivatives.

We denote by V. F and Hess, F the first and second order differential of F' with respect to its
R™ coordinates. Let us notice that for all z € R’} x Zi, V.F(z) is a linear application R” — R"
and Hess, F'(z) is bilinear R” x R™ — R".

As for the convergence result, we decompose V¥ so as to highlight the martingale part, the drift

part and the different reminders. The idea is to make a Taylor expansion of F' appear. For all
N > 1 and t > 0, we have

VN@#) =V + VNMY + VNN + \/N/t F(ZN(s)) — F (Z(s)) ds
0

t
V5" + U +VNy + / (VoF (ZN(s)) . VN(s)) ds+ G + &Y
0

where

h ~
UN - : ]lu s Qr deu
t 7"6273:0 VN [0,f] xR SNAH(ZN(5)) ( )

t N
¢ = \/N/O F(XN(s),YN(s)) = F (X(s),YN(s)) — <VIF(ZN(3), V\/]LVS)> ds

1
&N = VN /0 F(X(5),YV(s)) = F(X(s), Y (s)) ds

Let us note that we need to distinguish the behaviour of (X™V)y>1 and (YV)y>1 as the latter is
never close to its limit without being equal to it. These different terms need to be treated through
different strategies. On the one hand, v/ N4V and ¢V converge in a strong sense. For the former,
it is a direct application of Lemma 3.4. It yields that v/ N4~ converges to 0 in L' for the uniform
topology. The sequence ((V)y only converges in probability, for the uniform topology.

Lemma 4.2. Assume that (V3" )y is bounded in L', then ((NV)n converges to 0, in probability, for
the uniform topology on D([0,T]). Moreover, there exists C(T) > 0 such that for all e > 0

o(T)
P N < )
(0?;27"{5 ‘ ” 5) - ENUA

Proof: From Theorem 3.5, the sequence (V)y is bounded in L! for the uniform topology on
D([0,T]) : there exists ¢ > 0 such that

E [ sup ‘VN(S)‘:| <ec.
0<s<t
On the other hand, from Taylor formula, for all 0 < t < T, we have
N
14 (5)> s
VN

:\/N/Ot/ola—u)ﬁessﬁ(X;V—uv\]/vj%s),Y;N) (V\]/VJL\;),V\]/V;)) duds

G VN [P (6.7 0) = F (0, YY) = (T (9. YY)
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Thus, there exists C' > 0, such that, for all 0 < ¢ < T

C
GV < —= sup [V7(s)*.
N o<s<T
Hence, from Markov’s inequality, for all € > 0, we have
< 76\@ — 0
- \/EN1/4 N—+o0
This ends the proof. O

P ( sup ’(tN‘ > €
0<t<T

On the other hand, the convergence of the processes U and &V is, essentially, a convergences
in distribution only. The key argument, to obtain this convergence, is the tightness. In the case of
€N it results from Arzela-Ascoli theorem directly. This term is specific to our multiscale model.
It describes the contribution of the discrete scale on V. As we remarked, the sequence (YV)y
is stationary with large probability. This suggests that ¢V does not have any contribution. This
allows lifting the convergence in distribution to a convergence in probability.

Lemma 4.3. Assume that (VON)N is bounded, then, for all T > 0 the sequence £V converges in
probability, for the uniform topology on D([0,T]), to 0.

Proof: Firstly, the sequence (£V)n>1 is tight in C([0,77]). Indeed, for all N, £ is differentiable and
we have

N/
£s

1€V | ipjory == sup [€N] + sup
0<s<T 0<s<T

T
VN [ PG Y (9) = PIX (). V(5] ds

+ VN sup IF(X(s), YN (s)) — F(X(s),Y(s))]

0<s<T
<(1+ T)WOE?ET [F(X(s5),YN(s)) = F(X(s),Y (s))]
<(14+T)CcVN sup |ZN(s) — Z(s)|

0<s<T

Besides, from Theorem 3.5, (V' N(Zx — Z))n>1 is bounded in L' for the uniform topology on
D([0,T]). So, there exist a constant C' > 0 such that

E 1€ ip, o] < C-
);

For all € > 0, we define K. the || - || [0,m7-ball of C([0,T7]), of radius C/e. Hence, for all € > 0, we
have
PN eK.)>1-c.

From Arzela-Ascoli theorem, K. is a compact of C(]0,77]), endowed with the uniform topology.
Therefore, (¢V)y is C-tight and admits limit points for the uniform convergence. Let ¢ be such a
limit point. According to Skorokhod’s representation theorem on C([0,77]) (see Billingsley, 1999,
Theorem 6.7), up to extraction, we can assume that (¢V)y and (YV)y converge to € and Y almost
surely, for the uniform topology. Hence, according to Corollary 3.7, there exists Ny such that for
all N > No, supp YN (s) =Y (s)] = 0 and ¢V = 0. Then, (¢V)y admits a unique limit point,
0, and converges in distribution, and so in probability, to this unique limit point, for the uniform
topology. O

Finally, the tightness of (UY)y>1 and (V)N > 1 requires a more involved argument, Aldous’
criterion, which ensure the convergence for the Skorokhod topology only.
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Lemma 4.4 (Aldous’ criterion, Jacod and Shiryaev, 1987, Theorem VI4.5). Let (HN)x be a se-
quence of cadlag adapted processes, defined on [0,t] and R"™-valued. Assume that it satisfies

(i) For alle >0, there are Ny € 77 and K € R with
N2N0:>P<sup \H§|>K> <e.
0<s<t
(i) For all e,m > 0, there exists 69 > 0 and Ny € Z such that for all N > Ny, for all stopping
times 0 and T such that 7+ 6 <t and 6 <y a.s

P (Y, — Y| 2 ) <.

T

Then the sequence (H™) N is tight for the Skorokhod topology.

Lemma 4.5. For all T > 0, (UN)Nzl converges in distribution for the uniform topology on
D([0,T7]). Moreover, its limit is the law of a process

t
(ﬁizl/‘USdB&
0

where B is a §Rc-dimensional Brownian motions and o € M, 4R, satisfies
(0t)ir = WA (Z(2)).
Proof: This proof is divided in three steps : tightness of the sequence, through Aldous’ criterion,
continuity of limit points and uniform convergence, and uniqueness.
Tightness. From Lemma 3.3, there exists C' > 0 such that for all N > 1

E[sup uN|| <cC.

0<s<T

Then, from Markov’s inequality, (UV) v satisfies the condition (i). Let 7 and & be two finite stopping
times. We have

N _ N 2] 2 s N N 2
E [\UT Ul ] Re Y |h’E A(XN(s), YN (s)) ds| < C2/LE[3).
reERc T

Then for all e > 0, m > 0 and n > 0, we set §y = neQL/C%. For all stopping times 7 < m and
5S‘%)

P(UY - Uyl > €) <n.
Thus, according to Aldous’ criterion, the sequence (U N )n>1 is tight. Thanks to Prokhorov’s theo-
rem, the sequence (UY)y>1 admits limit points.

Continuity. The jumps of U are uniformly bounded and their sizes converge to 0. Indeed, for
all N > 1 and all 0 < s <t, we have

SUper,, |fir
AUN| < =52 1,
AU < MR
Thus, for all € > 0, we have

lim IP’( sup |AUY| zs> = 0.
N—oo  \o<s<T
According to the C-tightness criterion (Jacod and Shiryaev, 1987, Proposition VI3.26), any limit
distribution of (U™V)y is the law of a continuous process. As [0,7] is compact, limit points of
(UN)n>1 are uniformly continuous and the convergence for the Skorokhod topology implies for the
uniform convergence.
Uniqueness. Let U be a limit point of (UN)Nzl for the uniform convergence. Up to taking a
subsequence, let us assume that (U ) y>1 converges in distribution to U. As (U™)y>1 is a sequence
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of martingale, then U is a continuous martingale. Moreover, as the jumps sizes converge to 0, the
convergence of (U) ~>1 implies the joint convergence, in distribution, of its quadratic variation
([((UN)Y(UN)])1<ij<n to the quadratic variation of U. (see Jacod and Shiryaev, 1987, Corollary
VI.6.6). Let us denote the R-valued processes, for N > 1 and r € R¢

H];’”N :/ HUSN)\T(ZN(Sf)) Qr(dsdu)
[0 t]XR+

Let us remark that for all r # p € R¢, as Q, and Qp are independent, [H™", H”N]; = 0. Then,
for all 1 <4,j < n, the quadratic variations [(UN)? (UN)7]; write as

; ; h’h
(DL )e= ) —HH 2N
rpERC

hihl N o
= Y = EN Y,
reRc

For each N > 1 and r € R, H™N are compensated Poisson processes, and we have

[HT,N,HT,N]t:Z(AHTN ZAHTN HTN+N/ ZN ))d

s<t s<t

Then, from the convergence of (Z N )N>1, and from the boundedness assumption on \,, we have the
following convergences, in probability, for the uniform topology
H’F,N t

t
. _ . N _
A}gnoo N = 0, and A}gnoo ; M (27 (s))ds —/0 A (Z(s)) ds.

It follows that the quadratic variation of U satisfies
U, 07 =) hzhj/ Z(s))ds.
rERc

Therefore, the unique limit point of (UV) ~N>1, for the convergence in distribution, for the uniform
topology, is the Gaussian martingale with quadratic variation

t
U U= Y mkd [ A (20s) ds
r€ERc 0

and so, (U")n>1 converges to this martingale, for the uniform topology on D([0,T)]. To conclude,
we have the decomposition
AU U7y = > hiBIA(Z(t))dt = (0007 )ijdt,
r€ERc
with (0¢); = hi 1/2(Z(1§)) for 1 < i < m and r € Re. Then, using a martingale representation

theorem (see Ikeda and Watanabe, 1989, Theorem I1.7.1 for example), up to an enlargement of the
probability space, there exists a Ro-dimensional Brownian motion B, such that

t
Ut :/ O'Sst.
0
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Let us note that U can also be represented as a combination of independent Brownian motions
with random clocks

U= hBpyy 6:(t)= /O A\ (Z(5)) ds.

reRc

Now, under the boundedness assumption 4.1, we can prove the convergence of the fluctuation process
VN,

Theorem 4.6. Let us assume that (V{¥)n>1 is bounded in L' and converges in distribution to
Vo. Then, under Assumptions /.1, (VN)Nzl converges in distribution, for the uniform topology on
D([0,T7), to the law of V', the solution to the SDE

dV (t) = 0:dB; + (Vo F (Z(1)), V(1)) dt. (4.1)

Proof: Firstly we show that the sequence (VV)y is tight. Indeed, from Theorem 3.5, (VN)y is
bounded in L' and so, from Markov’s inequality, it satisfies the boundedness condition (i) of Aldous’
criterion. Moreover, let 7 and § be two stopping times such that 7+ § < ¢, we have

T+0
VN(r+6) - VN(r)] SIUﬁa—UiVH?\/NOiugt lvév|+os<ur<>t\<§!+00/ VN (s)| ds

)
+/ |F (X (s),YN(s)) — F(X(s),Y(s))| ds
<|UNs = UN|+2VN sup Y|+ sup [N+ Ccé sup [VV(s)]
0<s<t 0<s<t 0<s<t

+2Ccd

Then, for all € > 0, we have

B0, U] B[V stpocesi ]

P(VN(r+68)—VN(r)| > ¢) < T+22 6
5 «[E [su s VN S
+P<sup |C5V]25>_|_CC’ . [ Po< St’ ( )H
0<s<t c
+2C.P(0 > ¢)
Lelol~ 20 C Cclbll , 2Cc]]u

g2 V/Ne eNVA € €

for some C > 0. Then, for all £, > 0, there exist §y = % and Ny = g%’f such that for all N > Ny,
for all stopping time 7,0 with § < dp a.sand 7+ <t as

P(]VN(T—HS)—VN(T)\ ZE) <.

According to Aldous’ criterion, the sequence (VV)y>1 is tight. This means that it admits limit
points and up to extraction, we can assume that (V) ~N>1 converges almost surely for the Skorokhod
topology. Using the previous lemmata, (UN)ns>1, (VNYY)ns1, (CV)n>1 and (€Y)y>1 converge for
the uniform topology. Hence, up to a new extraction, we can assume that

O = V¥ + UN + VNAN + ¢V 46V



329

converges almost surely to U = Vy+ U, and (Z) ~N>1 converges almost surely to Z, for the uniform
topology. We show that (V) ~>1 converges to V' almost surely, for the uniform topology. Indeed,
for all t < T, we have

VNt - v(@) =0 - U, + /t (VoF (ZN(s)),VN(s) = V(s)) ds
0
+ [ (VaF (2Y() = 9o (206 V() ds

t
sup ]VN(U)—V(U)] < sup ]UéV—UUH—CC/ sup \VN(U) —V(o)|ds
0

0<o<t 0<o<T 0<o<s

+CoT sup |V(o)| sup [ZN(0) — Z(0)]
0<o<T 0<o<T

<C(T) ( sup |UN —U,|+ sup |V(o)| sup |Z%(0) —Z(a)])
0<o<T 0<o<T 0<o<T

where the last inequality follows from Gronwall’s lemma, and C > 0 is deterministic. Almost surely,
V' is continuous on [0, 7] and so supy<,<7 |V5| is finite. Then, we have proved that any convergent
subsequence of (V) ~N>1, for the Skorokhod topology, converges to V' for the uniform topology. It
follows that (V) N>1 converges to V, for the uniform topology on D ([0, T7). O

Let us remark that this proof would have been more tedious is we were not able to obtain a
convergence for the uniform topology, in the previous lemmata. Indeed, products and sums are not
continuous for the Skorokhod topology. In particular, the drift term

/0 (VoF (ZN(s)),VN(s)) ds

would have required some careful control of the number of jumps on the discrete scale.
To conclude, we apply the truncation argument to prove a CLT under Assumptions 2.1.

Theorem 4.7. Let us assume that for all ¥ € R¢, the rates A\ have C? reqularity, and that
(V()N)Nzl is bounded in L' and converges in distribution to Vy. Then, under Assumptions 2.1,
(VNN converges in distribution, for the uniform topology on D(]0,T]), to V.

Proof: Firstly, let us remark that under Assumption 2.1, equation (4.1) has a unique solution.
Indeed, it is linear, with, almost surely, finite coefficients. Then, we introduce the truncated fluc-
tuations V;V = VN (X N Xk). For all k > 1, the sequence (V;V)n>1 satisfies the assumptions of
Theorem 4.6.

Then, we use the truncation argument to show that the sequence (V) y>1 is tight on D([0, T —4])
and that it admits a unique limit point. Indeed, since P(7, < T — 4) converges to 0, for all n > 0
there exists k > 1 such that P(75_1 < T —§) < /3. Besides, as (Zi')n converges to Z, there exist
Ny > 1 and 0 < € < 1 such that for all N > Ny

P ( sup | ZY () — Zy(s)| > 6) <n/3.

0<s<T-§

Moreover, from Theorem 4.6, the sequence (V;V)n>; satisfies Aldou’s criterion. So there exist
N1 > 1 and M > 0 such that for all N > Ny

P ( sup ViV (s)| > M) <n/3.
0<s<T =4
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Then, under 7, < T — 8, supg<,<7_s |27 (s) — Zi(s)| < € and supgc 5|V, (5)| < M, we have
N >T -4 and
sup  |[VN(s)| < M.
0<s<T—§
Hence, for all N > Ny V Ni, we have

P ( sup  [VV(s)| > M) <P(r—1 <T—-6)+P ( sup  |ZN(s) — Zi(s)| > 6)
0<s<T—6 0<s<T—6

+P ( sup |V (s)| > M>
0<s<T—-¢

<n

Thus, (V) n>1 satisfies the first condition of Aldou’s criterion. We can check the second condition
with the same trick. Indeed, for all stopping time 7, ¢ such that 7+ o < T — J, we have

P (|VN(T +0)—VN()| > ) <P (-1 <T —6)+ P <O<sgga 1ZN (s) — Zp(s)| > 6)

+P (VN (r+0) -V (7)| > ¢)

Therefore, the sequence (VN )n>1 is tight. Now, let us prove that it admits a unique limit point.
Indeed, we have

P ( sup  |[VN(s) = V(s)| > E) <P(r1 <T—-06)+P ( sup | ZN (s) — Zy(s)| > E)
0<s<T—35 0<s<T—3§

+P ( sup |V (s) — Vi(s)| > E)
0<s<T—8

Hence, whenever a subsequence of (V1) N>1 converges in distribution, up to another extraction,

we can assume that (V;¥)n>1 converges in probability to Vj and so the subsequence of (VV)y>1

converges in probability to V. This proves that V is the unique limit point of (V1) ~>1. Therefore,

(VN)n>1 converges in distribution, for the uniform topology on D([0,T — §]), to V. This ends the

proof. O
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