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Abstract. This paper studies a generalized Jackson network (GJN) with time-varying arrival, ser-
vice, and abandonment mechanisms, which are governed by an independently evolving external
random environment. The GJN is also equipped with time-dependent staffing and state dependent
routing mechanism. The additional involvement of the external process to the main queue dynamics
leads to a new many-server heavy-traffic regime under time-varying framework. By introducing a
scaling parameter β (> 0), the transition speed of the external process is accelerated by Nβ factor
inside the heavy-traffic regime (fast switching regime). We establish the fluid (or deterministic)
approximation and diffusion approximation inside the new time-varying many-server heavy-traffic
asymptotic regime under suitable assumptions. Due to the fluctuation of fluid approximation with
respect to time-varying staffing, the system enters into three possible states, which are referred to
as subcritical, critical, or supercritical. In each of the regimes, the diffusion limiting process is char-
acterized as a multi-dimensional Ornstein-Uhlenbeck process with time-varying drift and diffusion
parameters. Based on the value of β (i.e., whether β < 1, β = 1, β > 1), the diffusion approx-
imation of the system length process leads to a trichotomy. Since the GJN dynamics is entirely
influenced by the evolution of the external process, we derive further the Gaussian approximations
of the external process individually within a general asymptotic framework (central limit theorem
regime) adapting a suitable averaging principle.

1. Introduction

1.1. Background and Motivation: General stochastic networks, such as the Jackson queueing net-
work, serve as foundational models for complex and large scale service systems comprising multiple
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interconnected service stations, which are widely applicable to cloud computing and telecommu-
nication infrastructures, transportation and logistics systems, etc. However, the exact analysis of
general queueing networks is often intractable, especially in high volume or high utilization regimes.
This necessitates asymptotic methods that approximate system behaviours when the network oper-
ates under heavy traffic–that is, when demand closely matches service capacity. Nevertheless, from
both practical and theoretical perspectives, many of the above stochastic network systems often deal
with time-varying service, staffing or routing situations, interaction amongst service stations, allow-
ing an additional random effect inside the arrival, service, and routing mechanisms. A convenient
and effective approach to address such challenging scenarios is to embed an external process within
the primary stochastic system, allowing it to evolve on a potentially different time scale than the
time-dependent dynamics governing arrival, service, staffing, and routing mechanisms. Motivated
by this framework, in this paper, we study a stochastic network (the primary process) whose arrival,
service, and abandonment mechanisms are modulated by an external Markov process (the under-
lying process). These two interacting processes evolve on two different time scales, enabling the
model to effectively capture both stochastic fluctuations (for instance environmental uncertainty)
and deterministic patterns (for instance time-of-day effects).

We consider a stochastic network with L service stations (nodes) with L = {1, 2, . . . , L}, which is
governed by a continuous-time Markov process {K(t), t ≥ 0} with state space S′ = {1, 2, . . . , d} and
invariant distribution π = {π1, π2, . . . , πd}. In the present study, the external Markov process K is
considered to be a random environment, whose evolution strongly influence the time-varying arrival,
service and abandonment mechanisms of the network, i.e., the rate functions of these mechanisms
are defined as f(t,K(t)), for some Borel-measurable function f : R+×S′ 7→ R. The dynamics of the
routing probabilities (ϕij(.), ψij(.), i, j ∈ L) of the network is also governed by K. Each node in the
network is operated by a certain number of time-varying parallel servers K(t), independent of K
activities. In the time-varying framework, staffing K(t) defines the number of active time-varying
servers in each node, which may decrease or increase with time while all servers are busy. The time-
varying queueing network modulated by a random environment is often referred to as generalized
Jackson network (GJN) (see Mandelbaum et al., 1998; Budhiraja and Liu, 2011). Within the
framework of time-varying and randomly modulated environments, it is both natural and essential
to study the long-run behaviour of such complex stochastic network systems, particularly when each
node operates with a large number of servers. Our aim is to derive a tractable and computationally
feasible approximation of the system length process

{
Q(t) = (Qi(t))

L
i=1 , t ≥ 0

}
for the network, by

employing heavy-traffic theory under an appropriate asymptotic regime.

1.2. Main Results and Contributions: The present study addresses several fundamental theoretical
and methodological challenges in analyzing queueing networks subject to both time-varying param-
eters and external random modulation. The incorporation of an external stochastic process into
a time-dependent framework introduces both predictable and random sources of variability, ren-
dering classical many-server heavy-traffic regimes inapplicable. Notably, the presence of external
modulation breaks the stationarity of the system and invalidates key independence assumptions
typically imposed on arrival, service, and abandonment processes. Furthermore, within a time-
varying framework, the system may transition between subcritical (underloaded), critically loaded,
and supercritical (overloaded) phases within a single sample path, causing the offered load to vary in
a non-trivial and non-stationary manner–thus complicating modelling and performance approxima-
tions. These difficulties are further worsened when the external environment evolves on a different
time scale than queueing dynamics, where standard techniques fail to yield uniform approximations
or accurate heavy-traffic limits. In this study, we address the aforementioned challenges by devel-
oping and applying advanced methodological tools tailored to two-time scale many-server systems
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operating in time-varying environments. These techniques not only advance the theoretical under-
standing but also offer broad applicability to a wide range of two-time scale stochastic dynamic
systems. The main contributions of the paper are outlined below.

(1) We propose a novel two-time-scale time-varying many-server heavy-traffic regime to study
heavy-traffic theory, offering comprehensive insights into the limiting diffusion structure of
stochastic systems evolving on multiple time scales.

(2) A key innovation is the introduction of a transition scaling parameter β > 0 in the proposed
time-varying many-server heavy-traffic regime resulting in two-time scale separation, which
governs the speed of the random environment relative to the primary queueing system,
enabling a unified treatment of multiple time-scale interactions.

(3) The proposed regime not only encompasses the classical Halfin-Whitt heavy-traffic regime
(critically loaded) under a constant framework, but accommodates both subcritical and
supercritical phases within the same framework, depending on the time-varying offered load.

(4) We propose an advanced and refined methodology based on the non-homogeneous stochastic
averaging principle, applicable to a broad class of interacting and coupled non-homogeneous
stochastic dynamical systems.

(5) The multi-scale diffusion approximations (Theorems 3.2 and 3.4) presented in this article
offer significant insights and a tractable representation of the asymptotic behavior of the
system length process in generalized Jackson networks (GJN) across all possible dynamic
loading regimes. These results substantially extend the classical diffusion theory for time-
homogeneous stochastic dynamical systems to a more general setting involving two-time-
scale interactions.

(6) The unified diffusion framework for multi-scale modulated systems exhibits a trichotomous
structure in the limiting diffusion process, depending on whether β < 1, β = 1 or β > 1. This
general characterization yields a comprehensive approximation applicable to a wide range of
real-world systems influenced by both stochastic fluctuations and deterministic variability.

Time-varying many-server heavy-traffic regime at two-time scale framework: In the
present work, to derive diffusion approximations for the generalized Jackson network (GJN), we
consider a sequence of such systems indexed by a scaling parameter N ∈ N. Under the proposed two-
time-scale, time-varying, many-server heavy-traffic regime, the external Markov process {KN (t), t ≥
0} transitions among states at a rate proportional to O(Nβ) for some β > 0. In the primary
system, while the arrival rates and staffing levels at each node are increased at order O(N), the
service and abandonment rates remain of order O(1). This results in a two-time-scale structure
within the queueing dynamics. Specifically, the range of the transition parameter β with β = 1, or
β > 1, or β < 1 determines whether the primary GJN system evolves at the same speed as KN ,
significantly slower, or faster, respectively. We propose that if the arrival and staffing functions
are defined by fN (t,KN (t)) ≈ Nf(t,KN (t)) + N δf̂(t,KN (t)) with δ = max{1 − β/2, 1/2}, for
some locally integrable function f(., .), f̂(., .), then the system may experience subcritical, critical,
and supercritical loading phases along its sample paths—depending on the fluid characteristics of
the arrival and staffing functions (see Section 3). To ensure stability across all loading phases,
it is essential that the centered and scaled traffic load, N1−δ(ρN (t) − ρ0(t)), determined by the
system traffic load ρN (t) (i.e., the ratio of arrival rate to total service capacity) and its fluid-scale
counterpart ρ0(t) converges to a finite limit as N → ∞.

Averaged Halfin-Whitt regime: By the proposed heavy-traffic scaling framework, it is notewor-
thy to mention that this novel, advanced and largely generalized many-server heavy-traffic regime,
which is significantly different from the conventional heavy-traffic regimes, complements the well
existing regimes including the Halfin–Whitt (QED) regime (Halfin and Whitt, 1981; Pang et al.,
2007), and regimes involving time-varying dynamics (Mandelbaum et al., 1998; Liu and Whitt, 2012;
Pang and Yao, 2013; Puhalskii, 2013; Whitt, 2018). Within this framework, the system maintains
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the stability of the entire GJN system at every state of the random environment. Furthermore, it is
capable of maintaining a perfect balance between high utilization and quality of service no matter
what loading phase the system is experiencing. In addition, within a constant framework, when
the traffic load (or staffing) of the system does not change over time, i.e., the system consistently
operates at a particular loading regime (subcritical, critical or supercritical), our proposed regime
has a significant advantage to operate the system into a phase where it is not required to be criti-
cally loaded at each stage of the external environment, instead, at each stage, the system has the
relaxation behaving from subcritical to the supercritical regimes. As a result, we derive a further
generalized heavy-traffic regime, referred to as averaged Halfin-Whitt regime, with respect to the
invariant measure π where the system traffic load ρN (t) converges to its critical value 1 as N → ∞
but leaves a residual fluctuation of order O(N1−δ) (see Remark 3.1). This framework extends the
classical Halfin–Whitt regime by accommodating a broader range of the diffusion parameter, with
δ = max{1 − β/2, 1/2} as opposed to the fixed value δ = 1/2. Consequently, it enables the sys-
tem to simultaneously achieve high efficiency and good service quality across a wider spectrum of
operational conditions.

Non-homogeneous stochastic averaging principle: To develop the diffusion theory of sto-
chastic dynamical system operating under two different time scale framework, it is essential to
characterize the asymptotic behaviour of the external random process within interactive environ-
ment. In this work, we present a generalized framework—extending beyond the scope of the current
model, to study such dynamical system by employing the non-homogeneous averaging principle(see
Papanicolaou et al., 1977; Skorokhod, 1989; Kurtz, 1992). This approach leads to Gaussian approx-
imations that yield significant insights into the asymptotic behaviour of the coupled system.

Refined martingale methodology for dependent dynamics: Classical martingale approach
(see Pang et al., 2007 and Puhalskii, 2013) in establishing the stochastic approximations, generally
applicable for stationary queues or system without any effect of external random dynamics, break
down in our present heavy-traffic analysis. It leads to the necessity of developing a new advanced
methodology that can be applicable to generalized stochastic dynamical systems within a two-time
scale framework. This methodology includes a two-part analysis: firstly, we characterize the random
rate processes {fN (t,KN (t)), t ≥ 0} interacted with the external random environment as coupled
process and develop the Gaussian approximations applying two-time scale analogy (Section 5).
Secondly, we construct an extended martingale representation for the system length process and
tackle the dependency among the arrival, service, and abandonment processes (Sections 7, 8).

Trichotomy nature in diffusion limiting processes: This article demonstrates that, despite
the analytical complexity introduced by large staffing levels and the two-time-scale dynamics of
the GJN, the proposed stochastic approximations yield a tractable, analytically manageable, and
computationally efficient representation. In fact, the fluid scaled system length process in virtue of
Theorem 3.2 converges deterministically to a unique solution of an ordinary differential equation,
which is built on the averaged parameters with respect to π, independent of the effect of transition
rate parameter β. Furthermore, depending on the fluctuation of the fluid characterization resulting
in any loading phases (subcritical, critical, or supercritical), it is proved in Theorem 3.4 that the
centered and normalized system length process converges in distribution to a trichotomized multi-
dimensional Itô diffusion process depending on whether β < 1, β = 1, or β > 1. More precisely,
the diffusion limit process can be characterized as a multi-dimensional Ornstein-Uhlenbeck process
with time-varying drift and diffusion coefficients, which satisfies the Markov property.

1.3. Related research: Various kinds of asymptotic approximations of the stochastic networks (GJN
and Jackson network) have been studied earlier at a large scale, beginning with the notable work
by Reiman (1984) establishing the diffusion approximations inside a suitable heavy-traffic regime.
Introducing time-dependency within arrival and service (abandonment) mechanisms, the diffusion
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approximations are well established by Mandelbaum et al. (1998), Puhalskii (2013) and Sun and
Whitt (2018) under Halfin-Whitt regime. Later, Pang and Yao (2013) derived the heavy-traffic
approximations of a multi-server queueing network when the system experiences critically loaded
and overloaded. A recent survey by Whitt (2018) extensively discusses the recent developments
of time-dependent stochastic systems in a nice manner. In this regard, we can say that the time-
varying setup within our novel many-server heavy-traffic regime broadly generalizes the diffusion
theory of the aforementioned works. On the other hand, a noteworthy diffusion theory work related
to GJN operating in a random environment has been studied by Budhiraja and Liu (2011), where the
asymptotic scaling regime is substantially different from our present work. Recently, Arapostathis
et al. (2019) and Arapostathis et al. (2021) studied the diffusion control problem for Markov-
modulated many-sever system within the constant framework, which can be partially recovered
from our diffusion limit theorems. Not only limited to these results, the diffusion approximations
presented in this article yield the diffusion theory for infinite-server queueing system operating under
a Markovian environment presented in Anderson et al. (2016), Jansen et al. (2019) and Sen and
Selvaraju (2023).

The rest of the paper is organized as follows: Section 2 describes the GJN model together with
the definition of the external random environment. The main Theorems 3.2 and 3.4 are presented in
Section 3 with remarks. The required martingale representation of the vector system length process
is derived in Section 4. Section 5 demonstrates the averaging principle to prove the diffusion
convergence of the external Markov process. The main proofs including fluid approximation and
diffusion approximation are established in Sections 7 and 8, respectively. In the end, we derive the
necessary convergence results subsequently in Appendix A.

2. Model description and GJN system dynamics

We consider a sequence of generalized Jackson networks (GJN) with L service stations, which are
denoted by L = {1, 2, · · · , L} indexed by N . For each N ∈ N, each station i has KN

i (t) number of
time-varying parallel non-idle servers at time t providing service on FCFS basis. Every stations has
an infinite capacity buffer and has its own queue. A job may join a particular station i from outside
or inside routing of the network, and after joining it may wait until to get service or abandon the ith
station to join another station j, j ∈ Li = L\{i}. At the end of the service at station i, the job may
either join the other station j or may leave the entire system. In this article, we study the GJN where
the arrival, service and abandonment mechanisms are governed by time t as well as an independently
evolving random process KN = {KN (t), t ≥ 0}. The random process KN can be interpreted
as an external random environment, which is a continuous-time Markov process with state space
(S′,BS′), where S′ = {1, 2, · · · , d}. For every N ∈ N, the Markov process KN is characterized by the
transition probability matrix PN (t) = (PN

kl (t), k, l ∈ S′) and initial distribution π = {πk, k ∈ S′}.
Let QN = (Qkl, k, l ∈ S′) be the infinitesimal generator matrix associated with PN (t) with non-
diagonal entries QN

kl ≥ 0 and diagonal entries QN
k = −

∑
l ̸=k QN

kl < 0. Assume that KN has a unique
stationary distribution π. In addition, the recurrent potential kernel DN = (DN

kl , k, l ∈ S′) exists
for the Markov process KN with DN

kl =
∫∞
0

(
PN
kl (t)− πl

)
dt. The dynamics of the scaled process

KN has been described in detail in later part of this section.
In the Nth queueing network, an exogenous job arrives at the i station with time-varying arrival

rate λNki(t) when the external random environment KN (t) stays at the state k at a particular time
t, k ∈ S′. Upon arriving at station i, each job joins the queue in front of the station and may
abandon the queue after an exponentially distributed time with time-varying parameter γNki(t) when
KN (t) stays at the state k at time t, or it may wait for at the service ith station and requires an
exponentially service time with the parameter µNki(t) whenever KN (t) stays at k. Within time-
varying staffing framework, the staffing count KN

i (.), independent of KN dynamics, may decrease
while the servers are busy, hence it is necessary to handle the assignment of the job being served
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(the most recent customer joining for the service). Since, we prefer this job to be served by the rate
function µki(.) for some k ∈ S′ at same node i, we push the job into the head of queue and assign
a complete new service once it reaches to server again (see Puhalskii, 2013). As the service time is
assumed to be exponentially distributed, the remaining service time will have the same distribution
as the new service time. As per the server to be allowed to take off, we assume that the server who
completed its service most recently is allowed to be released. Let {EN

i (t), t ≥ 0} be the exogenous
cumulative arrival process, where EN

i (t) denotes the number of arrivals by time t at station i joining
from outside. For every N ∈ N, let {QN

i (t), t ≥ 0} be the system length process at the station i,
where QN

i (t) represents the number of jobs at this station at time t in the Nth network, considering
all the jobs in queue and service after routing from another service station j(∈ Li). Inside the
network, the routing mechanism is determined by the system state. More accurately, in the Nth
network, a particular job may join the station j in order to avoid significant waiting issue with
probability ψN

ij (Q
N
i (t−)) after abandoning the station i or it may exit the system with ψN

i0 (Q
N
i (t−))

probability at time t. Similarly, after completion of service at station i, a job may join the station
j, (j ∈ Li), with probability ϕNij (Q

N
i (t−)) or may leave the system with ϕNi0(Qi(t−)) probability

at time t. Therefore, we are given the L × L substochastic matrices ψN (.) = (ψN
ij (.), i, j ∈ L)

and ϕN (.) = (ϕNij (.), i, j ∈ L) with diagonal entries ψN
ii (.) = ϕNii (.) = 0, i ∈ L. By definition,∑L

j=1 ψ
N
ij (·) + ψN

i0 (·) = 1 and
∑L

j=1 ϕ
N
ij (·) + ϕNi0(·) = 1, for each i ∈ L. In addition, for any l ∈ N,

we define the following cumulative processes associated with the nodes i, j ∈ L as follows:

• Y N,A,l
ij (t) represents the cumulative number of jobs who abandon the queue at station i and

join the station j by time t.
• Y N,S,l

ij (t) represents the cumulative number of jobs routed to j upon the service completion
at station i by time t.

• Y N,A,l
i0 (t) represents the cumulative number of jobs who depart the entire system by time t

at the end of abandonment from the station i.
• Y N,S,l

i0 (t) represents the cumulative number of jobs exiting the entire system by time t after
service at station i is completed.

We assume that all counting processes EN
i , Y

N,A,l
ij , Y N,S,l

ij , i ∈ L, j ∈ L∪ {0} and the external jump
process KN have no common jumps P-a.s, i.e., for every N ∈ N,

△EN
i1 (t)△E

N
i2 (t) = 0, i1, i2(̸= i1) ∈ L,△EN

i1 (t)△Y
N,I,l
i2,j2

, i1, i2 ∈ L, j2 ∈ L ∪ {0}, I = A,S,

△Y N,A,l
i1j1

(t)△Y N,S,l
i2j2

(t) = 0, (i1, j1), (i2, j2) ∈ L× L ∪ {0},

△Y N,I,l
i1j1

(t)△Y N,I,l
i2j2

(t) = 0, (i1, j1), (i2, j2)(̸= (i1, j1)) ∈ L× L ∪ {0}, I = A,S,

△EN
i △KN (t) = 0, △Y N,I,l

ij (t)△KN (t) = 0, i ∈ L, j ∈ L ∪ {0}, I = A,S.

Therefore, the system dynamics at station i of the network can be represented as follows:

QN
i (t) =QN

i (0) + EN
i (t) +

Li∑
j=1

∞∑
l=1

∫ t

0
1
(
QN

j (s−) ≥ KN
j (s−) + l

)
ψN
ji

(
QN

j (s−)
)
dY N,A,l

ji (s)

+

Li∑
j=1

∞∑
l=1

∫ t

0
1
(
QN

j (s−) ∧KN
j (s−) ≥ l

)
ϕNji
(
QN

j (s−)
)
dY N,S,l

ji (s)

−
Li∑
j=1

∞∑
l=1

∫ t

0
1
(
QN

i (s−) ≥ KN
i (s−) + l

)
ψN
ij

(
QN

i (s−)
)
dY N,A,l

ij (s)
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−
Li∑
j=1

∞∑
l=1

∫ t

0
1
(
QN

i (s−) ∧KN
i (s−) ≥ l

)
ϕNij
(
QN

i (s−)
)
dY N,S,l

ij (s)

−
∞∑
l=1

∫ t

0
1
(
QN

i (s−) ≥ KN
i (s−) + l

)
ψN
i0

(
QN

i (s−)
)
dY N,A,l

i0 (s)

−
∞∑
l=1

∫ t

0
1
(
QN

i (s−) ∧KN
i (s−) ≥ l

)
ϕNi0
(
QN

i (s−)
)
dY N,S,l

i0 (s), (2.1)

where, for each i ∈ L, j ∈ L ∪ {0}, the counting processes {EN
i (t), t ≥ 0}, {Y N,A,l

ij (t), t ≥ 0},
{Y N,S,l

ij (t), t ≥ 0} have trajectories in D ([0,∞),R), l ∈ N. We introduce the L-dimensional random
vectors EN (t), Y N,A,l

0 (t) and Y N,S,l
0 (t) and QN (t) and the corresponding counting processes in

D
(
[0,∞),RL

)
, where each component x = (xi)

L
i=1 denotes the L-dimensional vector. Similarly, we

represent the L × L-dimensional random matrices Y N,A,l(t) and Y N,S,l(t) and the corresponding
random processes in D

(
[0,∞),ML×L

)
, for each l ∈ N, where y = (yij)

L
i,j=1 denotes the L × L-

dimensional matrix.
In order to better understand the aforementioned counting processes, for every N ∈ N, we

define the d-dimensional indicator process {HN (t) =
(
HN

k (t)
)d
k=1

, t ≥ 0} in D
(
[0,∞),Rd

)
, where

HN
k (t) = 1 if KN (t) = k, and zero otherwise. The definition of HN yields that HN is a jump

Markov process with measurable state space (S,BS), where S = {e1, e2, · · · , ed}. The associated
transition probability is defined by PN (t, ek, el) = P

(
HN (t) = el|HN (0) = ek

)
, which is same as

PN
kl (t), ek, el ∈ S. The operator QN generating the Markov process HN is given by QNg(h) =∑
z∈SQN (h, z) (g(z)− g(h)) , h, z ∈ S, where g is an BS-measurable bounded function. It directly

follows from the definition of KN that the new random processHN is stationary, and thus, for every
t ≥ 0, HN (t) has the same distribution as HN (0), which is distributed as π = {π(h),h ∈ S}. It
follows that πPN (t) = π, for any t ≥ 0, and hence π to be the invariant distribution of HN , for
all N ∈ N.

With respect to the newly defined random environment HN , for i ∈ L, j ∈ L ∪ {0}, we define
the counting processes mentioned in the system evolution (2.1) as follows:

EN
i (t) = PE

i

(
d∑

k=1

∫ t

0
λNki(s)H

N
k (s) ds

)
, Y N,A,l

ij (t) = PA,l
ij

(
d∑

k=1

∫ t

0
γNki(s)H

N
k (s) ds

)
,

Y N,S,l
ij (t) = PS,l

ij

(
d∑

k=1

∫ t

0
µNki(s)H

N
k (s) ds

)
, (2.2)

where PE
i , P

A,l
ij , PS,l

ij , i ∈ L, j ∈ L ∪ {0} are mutually independent unit-rate Poisson processes with
non-negative, non-decreasing trajectories in D ([0,∞),R) associated with arrival, abandonment and
service processes respectively.

3. Heavy-traffic approximations and main results

In this section, we develop the heavy-traffic theory of the GJN system which primarily builds on
the functional law of large numbers (FLLN) (Theorem 3.2) and functional central limit theorem
(FCLT) (Theorem 3.4). To build the heavy-traffic theory, we introduce a novel asymptotic regime at
two-time scale analogy, referred to as two-time-scale time-varying many-server heavy-traffic regime,
defined by the scaling presented in Assumptions 3.1, 3.3–3.6.
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Assumption 3.1. The infinitesimal generator matrix of HN is accelerated by Nβ factor, for some
β > 0, i.e., QN = O(Nβ), which is equivalent to say that the increment of jump rates are propor-
tional to Nβ.

Before proceeding to the main results, we assume that the Rd-valued deterministic rate functions
λN
i (.) = (λNki(.), k ∈ S′), γN

i (.) = (γNki(.), k ∈ S′), µN
i (.) = (µNki(.), k ∈ S′), i ∈ L satisfy the

following assumptions in the heavy-traffic regime, where (.) stands for the time dependency of the
rate functions.

Assumption 3.2. Assume that every rate functions belong to C1
c

(
[0,∞),Rd

)
for each i ∈ L.

Assumption 3.3. For every i ∈ L, there exists Rd-valued functions λi(.), γi(.)), µi(.) such that
for any T > 0,∣∣∣∣ 1

Nλ
N
i (.)− λi(.)

∣∣∣∣
T
→ 0,

∣∣∣∣γN
i − γi(.)

∣∣∣∣
T
→ 0,

∣∣∣∣µN
i (.)− µi(.)

∣∣∣∣
T
→ 0, as N → ∞.

Assumption 3.4. For every i ∈ L, given the deterministic fluid approximations in Assumption
3.3, we define

λ̂N
i (.) := N1−δ

( 1

N
λN
i (.)− λ(.)

)
,

γ̂N
i (.) := N1−δ

(
γN
i (.)− γi(.)

)
,

µ̂N
i (.) := N1−δ

(
µN
i (.)− µi(.)

)
.

Then there exists Rd-valued functions λ̂i(.), γ̂i(.), µ̂i(.), such that for any T > 0, and δ =
max{1− β/2, 1/2},∣∣∣∣∣∣λ̂N

i (.)− λ̂i(.)
∣∣∣∣∣∣
T
→ 0,

∣∣∣∣γ̂N
i (.)− γ̂i(.)

∣∣∣∣
T
→ 0,

∣∣∣∣µ̂N
i (.)− µ̂i(.)

∣∣∣∣
T
→ 0, as N → ∞.

Given Rd-valued functions f(.) = (fk(.))
d
k=1, we define fπ(.) :=

∑d
k=1 fk(.)πk, associated with

the invariant distribution π. By this definition, for every station i ∈ L, given the Rd-valued rate
functions λN

i (.), γN
i (.), µN

i (.), we introduce the averaged rate functions λN,π
i (.), γN,π

i (.) and µN,π
i (.).

Assumption 3.3 results the averaged fluid rate functions λπi (.), γπi (.) and µπi (.). Similarly, for the
Rd-valued diffusion rate functions λ̂N

i (.), γ̂N
i (.), µ̂N

i (.), we define λ̂N,π
i (.), γ̂N,π

i (.) and µ̂N,π
i (.) and

Assumption 3.4 results the averaged diffusion rate functionsλ̂πi (.), γ̂
π
i (.) and µ̂πi (.). Denote the

corresponding RL-valued rate functions as λN,π
(.), γN,π(.), µN,π(.), λπ

(.), γπ(.), µπ(.), λ̂N,π(.),
γ̂N,π(.), µ̂N,π(.), λ̂π(.), γ̂π(.), µ̂π(.).

Additionally, assume that the deterministic time-dependent servers KN (.) =
(
KN

i (.)
)L
i=1

and
the state dependent routing probability substochastic matrices ψN (.) =

(
ψN
ij (.)

)L
i,j=1

and ϕN (.) =(
ϕNij (.)

)L
i,j=1

and vectors ψN
0 (.) =

(
ψN
i0 (.)

)L
i=1

, ϕN
0 (.) =

(
ϕNi0(.)

)L
i=1

are RL-valued, ML×L-valued and
RL-valued Lebesgue measurable functions respectively, which are scaled accordingly in the following
way inside the heavy-traffic regime.

Assumption 3.5. Define KN
(.) := KN (.)

N . There exists RL-valued, non-negative Lebesgue inte-
grable function K(.) such that

∣∣∣∣KN
(.) − K(.)

∣∣∣∣
T

→ 0, as N → ∞. For the routing matrices

ψN (.),ϕN (.), define ψN
(.) := ψN (N.), ϕN

(.) := ϕN (N.). There exist ML×L-valued Lipschitz
functions ψ(.) and ϕ(.) with spectral radius strictly less than 1 such that∣∣∣∣ψN

(.)−ψ(.)
∣∣∣∣
T
→ 0,

∣∣∣∣ϕN
(.)− ϕ(.)

∣∣∣∣
T
→ 0, as N → ∞.

Similarly, for the RL-valued functions ψN
0 (.) and ϕN

0 (.), there exists ψ0(.) and ϕ0(.) such that∣∣∣∣ψN
0 (.)−ψ0(.)

∣∣∣∣
T
→ 0,

∣∣∣∣ϕN
0 (.)− ϕ0(.)

∣∣∣∣
T
→ 0, as N → ∞.
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In addition, let ψ(.), ψ0(.), ϕ(.), ψ0(.) be differentiable, with derivatives that are bounded on
every compact interval.

NOTE: The condition that the spectral radii of the routing matrices ψ(.) and ϕ(.) are strictly less
than 1 is necessary to ensure the stability of the stochastic network. This assumption guarantees the
invertibility of (I−ψ(.)T ) and (I−ϕ(.)T ), which is crucial for well-defined network dynamics. Such
a condition is standard in the literature on Jackson queueing networks and ensures the existence
and uniqueness of the associated diffusion approximations.

Assumption 3.6. Fix δ = max{1 − β/2, 1/2}. For the diffusion deterministic approximation,
define K̂N (.) := N1−δ

(
K

N
(.)−K(.)

)
. Given fluid servers K(.) in Assumption 3.5, there exists an

RL-valued Lebesgue measurable function K̂(.) so that for all T > 0,∣∣∣∣K̂N (.)− K̂(.)
∣∣∣∣
T
→ 0, as N → ∞.

Define ψ̂N (.) := N1−δ
(
ψ

N
(.) − ψ(.)

)
and ψ̂N (.) := N1−δ

(
ψ

N
(.) − ψ(.)

)
. Given the deterministic

fluid approximations ψ(.) and ϕ(.) with spectral radius less that 1 in Assumption 3.5, there exist
ML×L-valued Lipschitz functions ψ̂(.) and ϕ̂(.) such that for any T > 0,∣∣∣∣ψ̂N (.)− ψ̂(.)

∣∣∣∣
T
→ 0,

∣∣∣∣ψ̂N (.)− ϕ̂(.)
∣∣∣∣
T
→ 0, as N → ∞.

In similar manner, given ψ0(.), ϕ0(.) ∈ RL from Assumption 3.5, there exists ψ̂0(.) and ϕ̂0(.) such
that ∣∣∣∣ψ̂N

0 (.)− ψ̂0(.)
∣∣∣∣
T
→ 0,

∣∣∣∣ψ̂N
0 (.)− ϕ̂0(.)

∣∣∣∣
T
→ 0, as N → ∞.

Remark 3.1 (Averaged Halfin-Whitt regime). Assumptions 3.4, 3.6 generate the Halfin-Whitt as-
ymptotic regime for each station i ∈ L of the GJN system inside the time-varying framework. In
addition, if the RL-valued deterministic functions λN (.),γN (.),µN (.) and KN (.) are assumed to be
constants, and the routing probabilities ψ(.) and ϕ(.) are state-independent, the averaged Halfin-
Whitt regime arises in the system whenever λN,π

=
(
I−ϕT

)diag(KN )µπ for large N , with respect
to the invariant distribution π of HN . Using Assumptions 3.3, 3.5, we obtain that

λ
π
=
(
I − ϕT

) diag(K) µπ, (3.1)

which is the required condition for the system to be critically loaded. The condition (3.1) yields
that that the total input at each station i ∈ L coincides with the total service capacity, i.e.,

λ
N,π
i +

Li∑
i=1

ϕjiK
N
j µ

π
j =

Li∑
j=1

ϕijK
N
i µ

π
i + ϕi0K

N
i µ

π
i , for large N .

If αN,π = N−δ
(
λ
N,π −

(
I − ϕ

T
)diag(KN )µπ

)
, it follows from Assumptions 3.4 and 3.6 that

limN→∞α
N,π = απ, where απ = λ̂π − (I − ϕT

)diag(K)µ̂π under averaged Halfin-Whitt regime.

For each N ∈ N, given a process {XN (t), t ≥ 0} with trajectories in D ([0,∞), E), we define
the fluid scaled processes as

{
XN

(t) := XN (t)
N , t ≥ 0

}
and diffusion scaled process as

{
X̂

N
(t) :=

N1−δ
(
XN

(t) − X (t)
)
, t ≥ 0

}
. In the remaining of the article, we strict to the notations defined

above to denote fluid and diffusion scaled process accordingly. The next two results Theorem
3.2 and 3.4 are the main contributions of the article, which shows that the fluid scaled system
length process {QN

(t) =
(
Q

N
i (t)

)L
i=1
, t ≥ 0} converges to a deterministic system averaged by the

invariant distribution π, and the diffusion scaled system length process {Q̂N (t) =
(
Q̂N

i (t)
)L
i=1
, t ≥ 0}

converges in distribution to a certain diffusion process as N → ∞ for every value of diffusion
parameter β < 1, or 1, or > 1.
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Theorem 3.2 (Fluid approximation). Suppose that the initial fluid scaled system length process
Q

N
(0) converges to Q(0) in RL, as N → ∞. Under Assumption 3.2–3.3, and Assumption 3.5,

{QN
(t), t ≥ 0} converges to

{
Q(t) =

(
Qi(t)

)L
i=1
, t ≥ 0

}
in probability uniformly on compact sets as

N → ∞, where Q(t) uniquely satisfies the following deterministic integral equation

Q(t) =Q(0) +

∫ t

0
λ
π
(s) ds−

∫ t

0

(
I −ψ

(
Q(s)

)T)diag
(
Q(s)−K(s)

)+
γπ(s) ds

−
∫ t

0

(
I − ϕ

(
Q(s)

)T)diag
(
Q(s) ∧K(s)

)
µπ(s) ds, (3.2)

where I is an L× L-dimensional identity matrix.

Remark 3.3. Theorem 3.2 shows that the fluid approximation Q has deterministic trajectories in
D
(
[0,∞),RL

)
for given deterministic approximations resulting from Assumptions 3.3, 3.5, which is

averaged by the invariant distribution π of the external environment. In particular,

If sup
0≤t≤T

||Q(t)−K(t)|| < 0, the system is said to be subcritical.

If inf
0≤t≤T

||Q(t)−K(t)|| > 0, the system is said to be supercritical.

If sup
0≤t≤T

||Q(t)−K(t)|| = 0, the system is said to be critical.

In particular, the system becomes critically loaded if

sup
0≤t≤T

∣∣∣∣∣∣∣∣∫ t

0
λ
π
(s) ds−

∫ t

0

(
I − ϕ

(
Q(s)

)T )diag
(
K(s)

)
µπ(s) ds

∣∣∣∣∣∣∣∣ = 0, (3.3)

which represents the Halfin-Whitt condition of the system.
In particular, if λπ

(.), µπ(.), K(.) and ϕ(.) are constants, then (3.3) yields

λ
π −

(
I − ϕT )diag

(
K
)
µπ = 0,

which actually coincides with the averaged Halfin-Whitt regime condition (3.1), see Remark 3.1.

Theorem 3.4 (Diffusion approximation). Suppose that Q̂N (0) converges in distribution to Q̂(0) in
RL, as N → ∞, and Assumption 3.2–3.6 are satisfied. In addition, the fluid approximation Q of
Theorem 3.2 is subcritical, critical, or supercritical. Then {Q̂N (t), t ≥ 0} converges in distribution
to
{
Q̂(t) =

(
Q̂i(t)

)l
i=1
, t ≥ 0

}
in D

(
[0,∞),RL

)
as N → ∞, where the limit Q̂(t) uniquely satisfies

the stochastic integral equation as follows.

Q̂(t) =Q̂(0) + 1(β ≤ 1)

(
Wλ(t)−

∫ t

0

(
I −ψ

(
Q(s)

)T)diag
(
Q(s)−K(s)

)+
dWγ(s)

−
∫ t

0

(
I − ϕ

(
Q(s)

)T)diag
(
Q(s) ∧K(s)

)
dWµ(s)

)
+

∫ t

0
λ̂π(s) ds

+

∫ t

0

(
ψ̂
(
Q(s)

))T
diag

(
Q(s)−K(s)

)+
γπ(s) ds

−
∫ t

0

(
I −ψ

(
Q(s)

)T)diag
(
Q(s)−K(s)

)+
γ̂π(s) ds

+

∫ t

0

(
ϕ̂
(
Q(s)

))T
diag

(
Q(s) ∧K(s)

)
µπ(s) ds

−
∫ t

0

(
I − ϕ

(
Q(s)

)T)diag
(
Q(s) ∧K(s)

)
µ̂π(s) ds+ 1(β ≥ 1)B(t)
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+

∫ t

0
⟨∇ψ

(
Q(s−)

)
, Q̂(s)⟩Tdiag

(
Q(s)−K(s)

)+
γπ(s) ds,

+

∫ t

0
⟨∇ϕ

(
Q(s−)

)
, Q̂(s)⟩Tdiag

(
Q(s) ∧K(s)

)
µπ(s) ds,

−
∫ t

0

(
I −ψ

(
Q(s−)

)T)diag
(
h1

(
Q̂(s)

))
γπ(s) ds

−
∫ t

0

(
I − ϕ

(
Q(s−)

)T)diag
(
h2

(
Q̂(s)

))
µπ(s) ds, (3.4)

with h1(Q̂(t)) = (Q̂(t) − K̂(t))1(Q(t)) > K(t)) + (Q̂(t) − K̂(t))+1(Q(t) = K(t)), h2(Q̂(t)) =

Q̂(t)1(Q(t) < K(t)) + Q̂(t) ∧ K̂(t)1(Q(t) = K(t)) + K̂(t)1(Q(t) > K(t)), where {Wλ(t), t ≥
0}, {Wγ(t), t ≥ 0}, {Wµ(t), t ≥ 0} are correlated Brownian motions in D

(
[0,∞),RL

)
, and the as-

sociated covariance function is given by Cfg(t) =
(
Cfigj (t), 1 ≤ i, j ≤ L

)
, fi(t) = λi(t),γi(t),µi(t),

gj(t) = λj(t),γj(t),µj(t)

Cfigj (t) =

d∑
k=1

d∑
l=1

πkDkl

∫ t

0

(
fik(s)gjl(s) + fjl(s)gik(s)

)
ds, 1 ≤ i, j ≤ L, (3.5)

and {B(t), t ≥ 0} is an independent drift-less Brownian motion in D
(
[0,∞),RL

)
with

d

dt
E
(
B(t)B(t)T

)
=diag

(
λ
π
(t) +

(
I+ψ

(
Q(t)

)T)diag(Q(t)−K(t)
)+
γπ(t) +

(
I + ϕ

(
Q(t)

)T)
× diag

(
Q(t)∧K(t)

)
µπ(t)

)
−ψ

(
Q(t)

)Tdiag
(
Q(t)−K(t)

)+ diag (γπ(t))

− diag (γπ(t))diag
(
Q(t)−K(t)

)+
ψ
(
Q(t)

)
− ϕ

(
Q(t)

)T diag
(
Q(t) ∧K(t)

)
× diag (µπ(t))− diag (µπ(t))diag

(
Q(t) ∧K(t)

)
ϕ
(
Q(t)

)
.

Remark 3.5. Under Assumptions 3.5–3.6, Theorem 3.4 shows that the diffusion scaled system length
process Q̂N converges in distribution to a RL-valued Itô diffusion process Q̂ regardless of whether
the system is subcritical, critical or supercritical. In the diffusion component, the time-varying
diffusion coefficients are determined by the deterministic approximations of the rate functions as
well as the state-dependent routing probabilities and system length process. In contrast, the time-
varying drift coefficients are additionally dependent on the functional Q̂. As a consequence, the
limiting process Q̂ can be characterized as the multi-dimensional Ornstein–Uhlenbeck process with
time-varying drift and diffusion coefficients. Therefore, using a similar analogy to evaluate the
performance measures (i.e., mean, covariance, etc.) of the Ornstein–Uhlenbeck process, one can
derive the performance measures of interest.

Remark 3.6. The diffusion scaled parameter δ = max{1− β/2, 1/2} plays a crucial role in deriving
the particular form of the limiting process Q̂ in (3.4). For example, if β < 1, which is equivalent
to saying that the transition speed of the external Markovian environment is slow compared to the
arrival speed of the exogenous arrivals at each station i ∈ L, the dynamics of the resulting system
Q̂ are determined by the RL-valued rate functions

(
λki(.)

)L
i=1

,
(
γki(.)

)L
i=1

,
(
µki(.)

)L
i=1

when the
external process stays at a particular state k ∈ S′. On the contrary, when β > 1, the arrivals join
from outside in each station i at a much lower speed than the transition speed of of the external
process, and hence Q̂ leads to a averaged system with averaged RL-valued rate functions λπ

(.),
γπ(.), µπ(.) with respect to the invariant distribution π, which eventually behaves as the general
GJN system without acting under random environment. But, in particular, if β = 1, the speed of
transitions of the external process and the exogenous arrivals turn out to be of O(N), and as a result,
the system successfully captures the stochastic as well as the predictable behaviour simultaneously.
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Remark 3.7. If the parameters λN (.), µN (.), γN (.), KN (.), ψN (.) and ϕN (.) are independent of
time evolution and the system is operating under critically loaded Halfin-Whitt regime, i.e. the
condition (3.3) holds (see Remark 3.1), then the diffusion limit Q̂(t) has the following form

Q̂(t) =Q̂(0) + 1(β ≤ 1)
(
Wλ(t)−

(
I−ϕT

)
diagKWµ(t)

)
+απt+ ϕ̂TdiagK µπt+ 1(β ≥ 1)B(t)

−
∫ t

0

(
I −ψT

)
diag

(
Q̂(s)− K̂

)+
γπ ds−

∫ t

0

(
I − ϕT

)
diag

(
Q̂(s) ∧ K̂

)
µπ ds,

where απ = λ̂π − (I − ϕT )diagK µ̂π, and

d

dt
E
(
B(t)B(t)T

)
= diag

(
λ
π
+
(
I + ϕ

T
)

diagK µπ

)
−ϕTdiagK diagµπ−diag (µπ)diagK ϕ.

4. Martingale representation

The dynamical representation (2.1) of the system length process at station i of the Nth sys-
tem admits a martingale representation incorporating the martingales associated with the counting
processes EN ,Y N,A,l,Y N,S,l,Y N,A,l

0 ,Y N,S,l
0 . The foundations of heavy-traffic approximations (The-

orems 3.2, 3.4) of the system length process QN are built on the martingales associated with the
above counting processes, and their convergence in the respective Skorokhod space.

For every N ∈ N, we introduce the sigma algebra H N (t) = σ
(
HN (s), s ≤ t

)
, and the right-

continuous filtration H N =
{
H N (t), t ≥ 0

}
associated with the external Markov process HN . We

define the complete sigma algebra

FN (t) = σ
(
QN (0),EN (s),Y N,A,l(s),Y N,S,l(s),Y N,A,l

0 (s),Y N,S,l
0 (s), l ∈ N, s ≤ t

)
∨ N ,

where N represents the family of P-null sets. By definition, H N (t) ⊆ FN (t), for all t ≥ 0. For
i ∈ L, j ∈ L ∪ {0}, we introduce

ZN
λN
i
(t) =

d∑
k=1

∫ t

0
λNki(s)H

N
k (s) ds,

ZN
γN
i
(t) =

d∑
k=1

∫ t

0
γNki(s)H

N
k (s) ds,

ZN
µN

i
(t) =

d∑
k=1

∫ t

0
µNki(s)H

N
k (s) ds, (4.1)

and the corresponding RL-valued processes are denoted by
{
ZN

λN (t), t ≥ 0
}
,
{
ZN

γN (t), t ≥ 0
}
,{

ZN
µN (t), t ≥ 0

}
. It follows from the definition that, for every N ∈ N, each process ZN

λN ,Z
N
γN ,Z

N
µN

is H N (t)-measurable, and thus FN -adapted predictable processes. Also these Lebesgue-Stieltjes
integral processes have non-decreasing trajectories in C

(
[0,∞),RL

)
. According to the construction,

EN
i (t) = PE

i ◦ZN
λN
i
(t), Y N,A,l

ij (t) = PA,l
ij ◦ZN

γN
i

, Y N,S,l
ij (t) = PS,l

ij ◦ZN
µN

i
(t), i ∈ L, j ∈ L∪{0}. It is easy

to verify that EN
i −ZN

λN
i

, Y N,A,l
ij −ZN

γN
i

, Y N,S,l
ij −ZN

µN
i

are FN -local martingales with compensators

ZN
λN
i

, ZN
γN
i

, and ZN
µN

i
respectively. For example, if τN (n) := inf{t ≥ 0 : ZN

λN
i
(t) ≥ n}, then τN (n) is

an FN -stopping time for every n ∈ N, and τN (n) ↑ ∞ as n→ ∞ P-a.s. By conditional expectation
property, we can show that

{
EN

i (t ∧ τN (n)) − ZN
λN
i
(t ∧ τN (n))

}
is an FN -martingale, for each

i ∈ L. Consequently, Theorem 1.6.3 of Liptser and Shiryayev (1989) yields that ZN
λN
i

, ZN
γN
i

and ZN
µN

i

are FN -predictable compensators of the counting processes EN
i , Y N,A,l

ij and Y N,S,l
ij respectively, for

each l ∈ N, i ∈ L, j ∈ L ∪ {0}.
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We define the processes{
MN,E(t) =

(
MN,E

i (t)
)L
i=1
, t ≥ 0

}
,
{
MN,A

0 (t) =
(
MN,A

i0 (t)
)L
i=1
, t ≥ 0

}
,{

MN,S
0 (t) =

(
MN,S

i0 (t)
)L
i=1
, t ≥ 0

}
with trajectories in D

(
[0,∞),RL

)
, and{

MN,A(t) =
(
MN,A

ij (t)
)L
i,j=1

, t ≥ 0
}
,
{
MN,S(t) =

(
MN,S

ij (t)
)L
i,j=1

, t ≥ 0
}

with trajectories in D
(
[0,∞),ML×L

)
with respect to the compensated processes

EN
i − ZN

λN
i
, Y N,A,l

ij − ZN
γN
i
, Y N,S,l

ij − ZN
µN

i
, for i ∈ L, j ∈ L ∪ {0}, l ∈ N,

as follows:

MN,E
i (t) =EN

i (t)− ZN
λN
i
(t),

MN,A
ij (t) =

∞∑
l=1

∫ t

0
1
(
QN

i (s−) ≥ KN
i (s−) + l

)
ψN
ij

(
QN

i (s−)
)
d
(
Y N,A,l
ij (s)− ZN

γN
i
(s)
)
,

MN,S
ij (t) =

∞∑
l=1

∫ t

0
1
(
QN

i (s−) ∧KN
i (s−) ≥ l

)
ϕNij
(
QN

i (s−)
)
d
(
Y N,S,l
ij (s)− ZN

µN
i
(s)
)
, (4.2)

for i ∈ L, j ∈ L ∪ {0}. In the next lemma, we show that the processes defined in (4.2) are square-
integrable local martingales with certain predictable variation processes. The convergence results
(Lemma 7.1 and 8.1) related to the martingales (4.2) are presented in later sections. These results are
straightforward consequences of the standard martingale theory associated with counting processes,
so we discard the proofs.

Lemma 4.1. The RL-valued processes MN,E, MN,A
0 and MN,S

0 are FN -local square-integrable
martingales with respective ML×L-valued predictable variation processes

{
diag

(
⟨MN,E⟩(t)

)
, t ≥ 0

}
,{

diag
(
⟨MN,A

0 ⟩(t)
)
, t ≥ 0

}
,
{
diag

(
⟨MN,S

0 ⟩(t)
)
, t ≥ 0

}
, and ML×L-valued processes MN,A and

MN,S are FN -local square-integrable martingales with ML×L-valued predictable variation processes{
⟨MN,A⟩(t), t ≥ 0

}
and

{
⟨MN,S⟩(t), t ≥ 0

}
, where ⟨MN,E⟩(t) =

(
⟨MN,E

i ⟩(t)
)L
i=1

, ⟨MN,A
0 ⟩(t) =(

⟨MN,A
i0 ⟩(t)

)L
i=1

, ⟨MN,S
0 ⟩(t) =

(
⟨MN,S

i0 ⟩(t)
)L
i=1

, and ⟨MN,A⟩(t) =
(
⟨MN,A

ij ⟩(t)
)L
i,j=1

, ⟨MN,A⟩(t) =(
⟨MN,A

ij ⟩(t)
)L
i,j=1

with〈
MN,E

i

〉
(t) =ZN

λN
i
(t), i ∈ L,〈

MN,A
ij

〉
(t) =

∫ t

0

(
QN

i (s)−KN
i (s)

)+
ψN
ij

(
QN

i (s−)
)
dZN

γN
i
(s), i ∈ L, j ∈ L ∪ {0}〈

MN,S
ij

〉
(t) =

∫ t

0

(
QN

i (s) ∧KN
i (s)

)
ϕNij
(
QN

i (s−)
)
dZN

µN
i
(s), i ∈ L, j ∈ L ∪ {0}. (4.3)

In addition, the martingales MN,E, MN,A
0 , MN,S

0 , MN,A and MN,S are pairwise orthogonal to
each other.

In addition, we define the integral processes{
RN,E(t) =

(
RN,E

i (t)
)L
i=1
, t ≥ 0

}
,
{
RN,A

0 (t) =
(
RN,A

i0 (t)
)L
i=1
, t ≥ 0

}
,{

RN,S
0 (t) =

(
RN,S

i0 (t)
)L
i=1
, t ≥ 0

}
in D

(
[0,∞),RL

)
, and{

RN,A(t) =
(
RN,A

ij (t)
)L
i,j=1

, t ≥ 0
}
,
{
RN,S(t) =

(
RN,S

ij (t)
)L
i,j=1

, t ≥ 0
}
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in D
(
[0,∞),ML×L

)
, where each component is defined by

RN,E
i (t) =ZN

λN
i
(t), i ∈ L,

RN,A
ij (t) =

∫ t

0

(
QN

i (s)−KN
i (s)

)+
ψN
ij

(
QN

i (s−)
)
dZN

γN
i
(s), i ∈ L, j ∈ L ∪ {0},

RN,S
ij (t) =

∫ t

0

(
QN

i (s) ∧KN
i (s)

)
ϕNij
(
QN

i (s−)
)
dZN

µN
i
(s), i ∈ L, j ∈ L ∪ {0}, (4.4)

By definition (4.4), these Lebesgue-Stieltjes integral processes with respect to the finite-variation
process ZN

λN ,Z
N
γN ,Z

N
µN are FN -adapted semimartingales in D

(
[0,∞),RL

)
.

To the end of this section, we represent the martingale representation of the evolution of the
stochastic GJN system defined in (2.1) as follows:

QN (t) =QN (0) +MN,E(t) +
(
MN,A(t)T −MN,A(t)

)
.1+

(
MN,S(t)T −MN,S(t)

)
.1

−MN,A
0 (t)−MN,S

0 (t) +RN,E(t) +
(
RN,A(t)T −RN,A(t)

)
.1

+
(
RN,S(t)T −RN,S(t)

)
.1−RN,A

0 (t)−RN,S
0 (t). (4.5)

5. Gaussian approximations for the external random process

The main two proofs of the present article Theorems 3.2 and 3.4 are essentially determined by
stochastic approximations of the external process HN , which are presented in Theorems 5.6 and
5.8 in this section. In particular, we treat the rate mechanisms of the primary network interacted
with the external process as an coupled random process {(XN (t),HN (t)), t ≥ 0} representing the
trajectories (5.1). This dynamics motivate us to adapt the non-homogeneous stochastic averaging
principle under two-time scale analogy, which is highly influenced by Papanicolaou et al. (1977) and
Skorokhod (1989).

5.1. Averaging principle for external process under central limit theorem regime. For each N ∈ N,
we consider a joint Markov process {(XN (t),HN (t)), t ≥ 0} with measurable state space (RL ×
S,BRL ⊗BS), where S = {e1, e2, · · · , ed} is a finite subset of Rd embedded with discrete topology.
The first component {XN (t), t ≥ 0} has continuous trajectories in C

(
[0,∞),RL

)
P-a.s..The other

component HN is assumed to be a jump Markov process with trajectories in D
(
[0,∞),Rd

)
. The

increment of intensity of the jumps of the discrete component HN is taken proportional to Nβ , for
some β > 0, which is equivalent to scaling the time factor t by Nβ , i.e., HN (t) = H(Nβt). For
each N ∈ N, the stochastic evolution of the joint process (XN ,HN ) is defined by the following
differential equation

dXN (t) = Nβ/2AN (t,XN (t),HN (t)) dt+BN
(
t,XN (t),HN (t)

)
dt, (5.1)

with initial condition XN (0) = x,HN (0) = h. Here, the dynamics are determined through the
coefficients AN : [0,∞) × RL × S → RL, BN : [0,∞) × RL × S → RL. Given the coefficients
AN (t,x,h),BN (t,x,h), the continuous component XN follows the trajectories of the vector field
Nβ/2AN (t,x,h) +BN (t,x,h) in between each transitions of the jump process HN . Our aim is to
show that this particular stochastic system will reach to equilibrium by speeding up the transition
rates of the jump process under suitable conditions. In particular, Theorem 5.1 proves that, based on
the longer run behaviour of the jump process HN under certain asymptotic regime, the asymptotic
distribution of XN can be essentially determined.

Consider the joint Markov process {(X(t),H(t)), t ≥ 0} with trajectories in C
(
[0,∞),RL

)
×

D
(
[0,∞),Rd

)
. For each x ∈ RL, let q : RL × S → [0,∞) be the intensity rate function, and

R : RL × S × S → [0, 1] be the transition probability kernel satisfying
∑

z∈SR(x,h, z) = 1 and
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R(x,h,h) = 0. Let {Tn, n ∈ N ∪ {0}} be the sequence of the jump times of H. Besides, the RL-
valued diffusion component {X(t), t ≥ 0} has continuous trajectories P-a.s., and thus the transition
probability kernel can be expressed as

R(x,h,A) = P (H(T1) ∈ A|X(T1−) = x,H(T1−) = h) , x ∈ RL, h ∈ S, A ∈ BS.

We will occasionally prefer qx(.), Rx(h, .) in stead of q(x, .),R(x,h, .) in the remaining part of
this section. For every x ∈ RL, let Qx be the generating operator acting on every bounded BS-
measurable real-valued function by Qxg(h) = qx(h)

∑
z∈S g(z)Rx(h, z)− qx(h)g(h). The operator

Qx represents the infinitesimal generator of S-valued jump process H, for fixed x ∈ RL. Let
Px(t,h,A) be the transition probability function of H for each x ∈ RL. Assume that there exists
a unique invariant distribution πx = {πx(h),h ∈ S} for the process H, i.e., a probability measure
depending on x ∈ RL such that πx(A) =

∑
h πx(h)Px(t,h,A), A ∈ BS, t ≥ 0. In other words,∑

h πx(h)Qxf(h) = 0,x ∈ RL, for every BS-measurable bounded function f . Consequently, the
recurrent potential kernel Dx is defined as

Dx(h,A) =

∫ ∞

0
(Px(t,h,A)− πx(A)) dt, A ∈ BS, (5.2)

which is well defined for each x ∈ RL. It follows from (5.2) that Px(t,h,A) tends to πx(A)
sufficiently rapidly as t ↑ ∞ for all h ∈ S, and A ∈ BS.

In order to establish the diffusion approximation of the joint process (XN,HN ) in C
(
[0,∞),RL

)
×

D
(
[0,∞),Rd

)
, we require the following assumptions on the characteristic functions of the jump

process HN as well as on the coefficients AN (t,x,h),BN (t,x,h) of (5.1).

Assumption 5.1. For every x ∈ RL, the non-negative transition rate function qx(.) is bounded.

Assumption 5.2. The transition rate function qx(.), non-trivial probability measure Rx(., .), the
transition function Px(t, ., .), the generating operator Qx, the recurrent potential kernel Dx(., .), and
the invariant probability measure πx are assumed to be smoothly depending upon x.

Assumption 5.3. The coefficients of (5.1), i.e., RL-valued functions AN (t,x,h), and BN (t,x,h)
are jointly measurable on every (t,x,h) ∈ [0,∞)× RL × S.

Assumption 5.4. For every t ∈ [0,∞), h ∈ S, and x,x′ ∈ RL, there exists a constant KLip,
independent of t,h, such that

||AN (t,x,h)−AN (t,x′,h)||+ ||BN (t,x,h)−BN (t,x′,h)|| ≤ KLip||x− x′||.

Assumption 5.5. For every (t,x,h) ∈ [0,∞)× RL × S, there exists Kgrowth such that

||AN (t,x,h)||+ ||BN (t,x,h)|| ≤ Kgrowth(1 + ||x||).

Assumption 5.6. For every i, j, k = 1, 2, · · · , L, there exist some constants K1,K2,∣∣∣∣ ∂∂xiAN
k (t,x,h)

∣∣∣∣ ≤ K1,

∣∣∣∣ ∂2

∂xj∂xj
AN

k (t,x,h)

∣∣∣∣ ≤ K1,

∣∣∣∣ ∂∂xiBN
k (t,x,h)

∣∣∣∣ ≤ K1,∣∣∣∣ ∂∂tAN
k (t,x,h)

∣∣∣∣ < K2,

∣∣∣∣ ∂∂tBN
k (t,x,h)

∣∣∣∣ < K2.

Assumption 5.7. There exist RL-valued Lipschitz continuous functions A(t,x,h) and B(t,x,h)
defined on [0,∞]× RL × S such that

||AN (t,x,h)−A(t,x,h)|| → 0, ||BN (t,x,h)−B(t,x,h)|| → 0, as N → ∞,

uniformly on (t,x,h) in compact subset of [0,∞)× RL × S.
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Assumption 5.8. In addition, we assume the centering condition on the function AN (t,x,h) with
respect to the invariant measure πx, i.e.,∑

h

AN (t,x,h)πx(h) = 0, t ≥ 0, x ∈ RL.

Let GN (t) = σ
(
XN (s),HN (s), s ≤ t

)
be the sigma algebra generated by the joint process

(XN ,HN ) and GN = {GN (t), t ≥ 0} be the associated filtration. The proof of Theorem 5.1 is
heavily relied on the martingale approach. In particular, we construct an GN -martingale associated
with the joint process (XN ,HN ) through its generator using the Markov property. For each N ∈ N,
the non-homogeneous bounded operator LN generating the joint Markov process

(
XN ,HN

)
is of

the following form

LN
t = NβQx +Nβ/2AN (t,x,h) · ∇x +BN (t,x,h) · ∇x, t ≥ 0, (5.3)

where, for each x ∈ Rd, among the following forms, ∇x denotes the gradient, i.e.,

AN (t,x,h) · ∇x =
L∑
i=1

AN
i (t,x,h)

∂

∂xi
, BN (t,x,h) · ∇x =

L∑
i=1

BN
i (t,x,h)

∂

∂xi
.

Under the given hypotheses, there is a unique probability measure Px,h with the initial point (x,h),
such that

(1) Px,h

(
XN (0) = x,HN (0) = h

)
= 1,

(2) f(t,XN(t),HN(t))−f(0,x,h)−
∫ t
0

(
∂
∂s + LN

s

)
f
(
s,XN(s),HN(s)

)
ds is an GN-local square-

integrable martingale with respect to Px,h for every bounded measurable function f(t,x,h).
Introduce the averaged operator Lπx

t depending on t and x, averaged by the invariant distribution
πx of HN process

Lπx

t =
1

2

L∑
i=1

L∑
j=1

A
1,πx

ij (t,x)
∂2

∂xi∂xj
+

L∑
i=1

A
2,πx

i (t,x)
∂

∂xi
+

L∑
i=1

B
πx

i (t,x)
∂

∂xi
, (5.4)

where the coefficient functions A1,πx

ij (t,x), A2,πx

ij (t,x), Bπx

i (t,x) determined by the limiting func-
tions A(t,x,h) and B(t,x,h) from Assumptions 5.7 are defined as follows:

A
1,πx

ij (t,x) =
∑
h

πx(h)
∑
z

Dx(h, z) (Ai(t,x,h)Aj(t,x, z) +Ai(t,x, z)Aj(t,x,h)) ,

A
2,πx

i (t,x) =
∑
h

πx(h)

L∑
l=1

Aj(t,x,h)
∂

∂xj

(∑
z

Dx(h, z)Ai(t,x, z)

)
,

B
πx

i (t,x) =
∑
h

Bi(t,x,h)πx(h), i, j ∈ L. (5.5)

To achieve the unique limiting process generated by the averaged operator Lπx

t , we require the
Lipschitz property of the averaged coefficientsA1,πx

(t,x,h),A
2,πx

(t,x,h),B
πx

(t,x,h), which sim-
ply follows from Assumption 5.4, 5.7.

Theorem 5.1. Suppose the joint Markov process
(
XN ,HN

)
is a solution of (5.1) with initial con-

ditions XN (0) = x,HN (0) = h. Let Assumptions 5.1–5.8 hold. Then XN converges in distribution
to {X(t), t ≥ 0} in C

(
[0,∞),RL

)
generated by the averaged operator Lπx

t given by (5.4) as N → ∞.
Moreover, the diffusion Markov process X uniquely satisfies the stochastic differential equation

dX(t) = A
1,πx

∗ (t,X(t)) dW (t) +A
2,πx

(t,X(t)) dt+B
πx

(t,X(t)) dt, (5.6)

with initial condition X(0) = x, where A1,πx
(x) = A

1,πx

∗ (x)A
1,πx

∗ (x)T , and {W (t), t ≥ 0} is an
independent L-dimensional standard Brownian motion.
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Remark 5.2. Due to scaling up the transition rate of the jump process HN by Nβ factor, HN is
often referred to as rapidly varying component of the joint process (XN ,HN ). On the contrary,
after imposing the centering Assumption (5.8) on AN (t,x,h), the rate of change of XN process
roughly becomes O(1), and therefore XN is often referred to as the slowly varying component in
the literature (see Budhiraja et al., 2018; Papanicolaou, 1975; Skorokhod, 1989). In (5.1) with HN

being rapidly-varying component, Theorem 5.1 actually proves that the diffusion approximation of
XN is determined by the evolution of HN .

Remark 5.3. In particular, when AN (t,x,h) = 0, the differential equation (5.1) simply becomes
the Itô equation, and the corresponding limiting process with A1,πx

(t,x) = A
2,πx

(t,x) = 0 is only
determined by the averaged function Bπx

(t,x), which is eventually a consequence of Theorem II.8
of Skorokhod (1989). In such scenario, XN converges to a diffusion process {X0(t), t ≥ 0} as
N → ∞, which has deterministic trajectory on C

(
[0,∞),RL

)
as unique solution of the ordinary

differential equation dX0(t) = B
πx

(t,X0(t)) dt, X0(0) = x.

Remark 5.4. Under certain assumptions, Theorem 5.1 states that the limiting process {X(t), t ≥
0} is a Itô diffusion process satisfying SDE (5.6) uniquely with averaged coefficients A1,πx

∗ (t,x),
A

2,πx
(t,x), Bπx

(t,x), even though the original stochastic dynamics (5.1) is governed by HN .
The averaged coefficients incorporate the asymptotic influence of the jump process on the limiting
process X and effectively capture both predictable and stochastic fluctuations.

Proof of Theorem 5.1: The complete proof of weak convergence of the diffusion component XN

relies on establishing finite dimensional convergence and C-tightness of the scaled process XN

in C
(
[0,∞),RL

)
. The primary step of proving the finite dimensional convergence is based upon

the martingale problem, as the solution of a martingale problem represents its finite dimensional
distributions, and the uniqueness of solution of martingale problem leads us to the required limiting
process.

Let g ∈ C∞
c

(
RL,R

)
be a test function. Given the recurrent potential kernel Dx(., .) associated

to the jump process HN , we define

θNg (t,x,h) =
∑
z

Dx(h, z)A
N (t,x, z) · ∇xg(x). (5.7)

For given AN (t,x,h),BN (t,x,h), we additionally define

αN
g (t,x,h) =AN (t,x,h) · ∇xθg(t,x,h) +B

N (t,x,h) · ∇xg(x), (5.8)

ϕNg (t,x,h) =
∑
z

Dx(h, z)α
N
g (t,x, z). (5.9)

We define the averaged generator with respect to invariant measure π

LN,πx

t g(x) =
∑
h

πx(h)α
N
g (t,x,h). (5.10)

in such way that ||LN,πx

t g−Lπx

t g|| → 0 as N → ∞ by Assumption 5.7. It follows from Assumptions
5.2–5.6 that for each N ∈ N the entities θNg (t,x,h), αN

g (t,x,h), ϕNg (t,x,h) are bounded.
Given g, choose the sequence of functions {gN , N ∈ N} defined by

gN (t,x,h) = g(x) +N−β/2θNg (t,x,h) +N−βϕNg (t,x,h),

such that gN converges to g uniformly on compact sets. In order to show the existence of solutions of
the martingale problem for Lπx

t , we need to identify the weak limit of solutions of the approximating
martingale problems for LN

t such that gN converges to g and LN
t g

N converges to Lπx

t g uniformly
on compact sets as N → ∞ in view of Lemma 5.1 in Ethier and Kurtz (1986). In addition, the
uniqueness of solution of the martingale problem for Lπx

t follows from Theorem 4.4.1 of Ethier and
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Kurtz (1986) as the averaged diffusion operator Lπx

t defined on C∞
c

(
RL,R

)
satisfies the necessary

conditions of the same theorem as a consequence of Hille-Yoshida theorem (see Theorem 4.2.2 of
Ethier and Kurtz, 1986).

Applying the generator defined in (5.3) on gN (t,x,h), we obtain(
∂

∂t
+ LN

t

)
gN (t,x,h) =NβQxg(x) +Nβ/2

(
Qxθ

N
g (t,x,h) +AN (t,x,h) · ∇xg(x)

)
+
∂

∂t
g(x)

+Qxϕ
N
g (t,x,h) +AN (t,x,h) · ∇xθ

N
g (t,x,h)

+BN (t,x,h) · ∇xg(x) + ℸN
g (t,x,h), (5.11)

where

ℸN
g (t,x,h) =N−β/2

(
AN (t,x,h) · ∇xϕ

N
g (t,x,h) +BN (t,x,h) · ∇xθ

N
g (t,x,h)

+
∂

∂t
θNg (t,x,h)

)
+N−β

(
BN (t,x,h) · ∇xϕ

N
g (t,x,h) +

∂

∂t
ϕNg (t,x,h)

)
. (5.12)

For every N ∈ N, the generator Qx acting on θNg (t,x,h) and ϕN
g (t,x,h) results

Qxθ
N
g (t,x,h) +AN (t,x,h) · ∇xg(x) = 0, (5.13)

Qxϕ
N
g (t,x,h) +AN (t,x,h) · ∇xθ

N
g (t,x,h) +BN (t,x,h) · ∇xg(x)− LN,πx

t g(x) = 0. (5.14)

By the definition, the last equality (5.14) can be rewritten as

Qxϕ
N
g (t,x,h) + αN

g (t,x,h)− LN,πx

t g(x) = 0.

Besides, Assumption 5.6 yields that ℸN
g (t,x,h) associated with the derivatives of coefficients

AN (t,x,h), BN (t,x,h) is bounded.
Define

MN
gN (t) = gN

(
t,XN (t),HN (t)

)
− gN (0,x,h)−

∫ t

0

(
∂

∂s
+ LN

s

)
gN
(
s,XN (s),HN (s)

)
ds. (5.15)

It is clear thatMN
gN

is an GN -square-integrable, bounded, zero-mean martingale, and the predictable
quadratic variation process is given by〈

MN
gN

〉
(t) =

∫ t

0
ΓN
gN

(
u,XN (u),HN (u)

)
du

where ΓN
gN

(t,x,h) = LN
t (gN (t,x,h))2 − 2gN (t,x,h)(LN

t g
N (t,x,h)). After substituting the value

of gN (t,x,h) in (5.15), we obtain

MN
gN (t) =g(X

N (t))− g(x) +N−β/2
(
θNg
(
t,XN (t),HN (t)

)
− θNg (0,x,h)

)
+N−β

(
ϕNg
(
t,XN (t),HN (t)

)
− ϕNg (0,x,h)

)
−
∫ t

0

(
Qxϕ

N
g

(
s,XN (s),HN (s)

)
+ αN

g

(
s,XN (s),HN (s)

)
+ ℸN

g

(
s,XN (s),HN (s)

))
ds. (5.16)

Next, to show that XN is tight in C
(
[0,∞),RL

)
in view of Theorem 1.3.2 of Stroock and

Varadhan (2006), it suffices to show that for any T > 0, and ϵ > 0,

lim
δ→0

lim sup
N→∞

P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣∣∣XN (t)−XN (s)
∣∣∣∣ > ϵ

)
= 0.
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Take g(x)=xi, i=1, . . ., L, and introduce the vector valued functions θNx (t,x,h) =
(
θNxi

(t,x,h)
)L
i=1

,
αN

x (t,x,h) =
(
αN
xi
(t,x,h)

)L
i=1

, ϕN
x (t,x,h) =

(
ϕNxi

(t,x,h)
)L
i=1

, and ℸℸℸN
x (t,x,h) =

(
ℸN
xi
(t,x,h)

)L
i=1

accordingly. Also, consider the RL-valued martingale {MN
x (t) =

(
MN

xi
(t)
)L
i=1
, t ≥ 0}, standing for

the martingale MN
gN corresponding to the vector valued function gN (t,x,h) = (gNxi

(t,x,h))Li=1.
Each component of the associated ML×L-valued predictable variation process

〈
MN

x

〉
is given by〈

MN
xi
,MN

xj

〉
(t) =

∫ t

0
ΓN
gNxi ,g

N
xj

(u,XN (u),HN (u)) du, 1 ≤ i, j ≤ L,

where ΓN
gNxi ,g

N
xj

(t,x,h)=LN
t (g

N
xi
·gNxj

)(t,x,h)−gNxi
(t,x,h)LN

t (g
N
xj
(t,x,h))−gNxj

(t,x,h)LN
t (g

N
xi
(t,x,h)).

Despite the unbounded choice of g, the corresponding functions θNg (t,x,h), αN
g (t,x,h), ϕNg (t,x,h),

and ℸN
g (t,x,h) remain bounded, as they depend on the derivatives of g. Therefore, using the

expression (5.16) we get

P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣∣∣XN (t)−XN (s)
∣∣∣∣ > 4ϵ

)

≤ P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣∣∣MN
x (t)−MN

x (s)
∣∣∣∣ > ϵ

)

+ P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣∣∣N−β/2
(
θNx
(
t,XN (t),HN (t)

)
− θNx

(
s,XN (s),HN (s)

) )∣∣∣∣ > ϵ

)

+ P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣∣∣N−β
(
ϕN
x

(
t,XN (t),HN (t)

)
− ϕN

x

(
s,XN (s),HN (s)

)) ∣∣∣∣ > ϵ

)

+ P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣∣∣ ∫ t

s

(
Qxϕ

N
x

(
u,XN (u),HN (u)

)
+αN

x

(
u,XN (u),HN (u)

)
+ ℸℸℸN

x

(
u,XN (u),HN (u)

))
du
∣∣∣∣ > ϵ

)
. (5.17)

For the first probability term of (5.17) associated with the martingale MN
x , the Lenglart-Rebolledo

inequality (see Theorem 1.9.3 in Liptser and Shiryayev, 1989) yields

P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣∣∣MN
x (t)−MN

x (s)
∣∣∣∣ > ϵ

)
≤

L∑
i=1

P
(

sup
0≤s≤t≤T,
|t−s|<δ

∣∣MN
xi
(t)−MN

xi
(s)
∣∣ > ϵ

L

)

≤ ηL2

ϵ2
+

L∑
i=1

P
(〈

MN
xi

〉
(T + δ)−

〈
MN

xi

〉
(T ) > η

)

≤ ηL2

ϵ2
+

L∑
i=1

P
(∫ T+δ

T
ΓN
gNxi

(u,XN (u),HN (u)) du > η

)
. (5.18)

By Theorem 9.6.1 of Liptser and Shiryayev (1989), it can be shown that the latter term appearing in
the right hand side of (5.18) goes to zero as δ → 0. Also, the convergence of the remaining entities in
(5.17) directly follows from the boundedness of θNx (t,x,h), αN

x (t,x,h), ϕN
x (t,x,h), Qxϕ

N
x (t,x,h),

ℸℸℸN
x (t,x,h), and therefore concludes the tightness criterion of XN , and hence concludes the weak

convergence.
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To identify the limit as a solution of the martingale problem for Lπx

t , we consider

g
(
XN (t)

)
− g

(
XN (s)

)
−
∫ t

s
Lπx

u g(XN (u)) du

=MN
gN (t)−MN

gN (s)−N−β/2
(
θNg
(
t,XN (t),HN (t)

)
− θNg

(
s,XN (s),HN (s)

))
−N−β

(
ϕNg
(
t,XN (t),HN (t)

)
− ϕNg

(
s,XN (s),HN (s)

))
+

∫ t

s

(
Qxϕ

N
g

(
u,XN (u),HN (u)

)
+ αN

g

(
u,XN (u),HN (u)

)
+ ℸN

g

(
u,XN (u),HN (u)

)
− Lπx

u g(XN (u))

)
du.

Our aim is to show that

lim sup
N→∞

E(x,h)

(
g
(
XN (t)

)
− g

(
XN (s)

)
−
∫ t

s
Lπx

u g(XN (u)) du|GN (s)

)
= 0,

which essentially follows from the boundedness of θNg (t,x,h), αN
g (t,x,h), ϕNg (t,x,h), Qxϕ

N
g (t,x,h),

ℸN
g (t,x,h), and definition (5.10), and the condition (5.14), and martingale property of MN

gN
with

respect to GN . As a consequence of the continuous mapping theorem and tightness, any limiting
process of XN is a solution of the martingale problem for Lπx

t in C
(
[0,∞),RL

)
for every g ∈

C∞
c

(
RL,R

)
. Thus, the uniqueness of solution of the martingale problem concludes the finite-

dimensional convergence. Moreover, such uniqueness of solution yields the Markov property of the
limiting process {X(t), t ≥ 0}, the unique solution of the martingale problem for Lπx

t . □

Remark 5.5. One can adapt an alternative approach via Theorem 2.1 of Kurtz (1992) to deduce the
Gaussian approximation of XN or ẐN

fN (in which we are particularly interested). This approach
is primarily relied on the martingale problem for LN

t defined in (5.3) showing that ∃p > 1 such
that for any T > 0, E(

∫ T
0 |( ∂

∂s + LN
s )gN (s,XN (s),HN (s))|p ds) < ∞ and the expected value of

the corrector term consisting with θNg (t,x,h) and ϕNg (t,x,h) in the martingale formulation (5.16)
vanishes to zero, and the tightness of the associated occupation measures. The latter tightness
condition can be established in a straightforward manner under the present formulation defined in
(5.19) and (5.20), together with Assumptions 3.3, 3.4. Nonetheless, to verify the former conditions,
it is necessary to analyze the generator LN

t and the martingale MN
g in (5.15) derived in the above

proof, which play the key roles in our adapted martingale approach to establish the tightness and
the identification of the limit process.

5.2. Asymptotic approximations for stochastic integral processes derived by external process. This
particular section deals with certain integral processes determined by the external jump processHN

and their convergences, which arise in the main proofs of Theorems 3.2 and 3.4. We discuss the
sufficient conditions to establish the Gaussian approximations of the stochastic integral processes
with respect to semimartingales (5.19), (5.20) by adding the classical concept of P-UT criterion (see
(Definition A.1) in Appendix A). In the end, Theorem 5.8 provides the necessary requirements to
derive the Gaussian approximations of such integral processes. The detailed proofs of this section
are presented in Appendix A.

For every i ∈ L, the Lebesgue-Stieltjes integral processes defined in (4.1) are centered with respect
to the invariant measure π in the following manner:

Z
N
1
N
λN
i
(t) =

∫ t

0

1

N

(
λN
i (s)

)T (
HN (s)− π

)
ds, Z

N
γN
i
(t) =

∫ t

0

(
γN
i (s)

)T (
HN (s)− π

)
ds,

Z
N
µN

i
(t) =

∫ t

0

(
µN
i (s)

)T (
HN (s)− π

)
ds, i = 1, 2, · · · , L, (5.19)



Stochastic networks in random environments 353

and the associated RL-valued centered integral processes are
{
Z

N
1
N
λN (t), t ≥ 0

}
,
{
Z

N
γN (t), t ≥ 0

}
,{

Z
N
µN (t), t ≥ 0

}
with ZN

fN (0) = 0, fN (.) = ( 1
Nλ

N
i (.))Li=1, (γ

N
i (.))Li=1, (µ

N
i (.))Li=1.

Introducing the parameter β, we define the diffusion scaled processes as

ẐN
1
N
λN
i
(t) = Nβ/2

∫ t

0

1

N

(
λN
i (s)

)T (
HN (s)− π

)
ds, ẐN

γN
i
(t) = Nβ/2

∫ t

0

(
γN
i (s)

)T (
HN (s)− π

)
ds

ẐN
µN

i
(t) = Nβ/2

∫ t

0

(
µN
i (s)

)T (
HN (s)− π

)
ds, β > 0, i = 1, 2, · · · , L, (5.20)

and the corresponding RL-valued diffusion scaled processes are
{
ẐN

1
N
λN (t), t ≥ 0

}
,
{
ẐN

γN (t), t ≥ 0
}
,{

ẐN
µN (t), t ≥ 0

}
with ẐN

fN (0) = 0, fN (.) = ( 1
Nλ

N
i (.))Li=1, (γ

N
i (.))Li=1, (µ

N
i (.))Li=1. For convenience,

and with a slight abuse of notation, we denote ZN
1
N
λN and ẐN

1
N
λN by ZN

λN and ẐN
λN , respectively.

In the following theorem, we explicitly derive the stochastic convergence of the centered and
diffusion scaled processes ZN

fN , ẐN
fN , fN (.) = (λN

i (.))Li=1, (γ
N
i (.))Li=1, (µ

N
i (.))Li=1.

Theorem 5.6. Suppose that, for each i ∈ L, the deterministic rate functions λN
i (.),γN

i (.),µN
i (.)

satisfy Assumption 3.2–3.3. Then the centered joint process
(
Z

N
λN ,Z

N
γN ,Z

N
µN

)
converges in proba-

bility to the trivial process (Ξ,Ξ,Ξ) uniformly on compact sets as N → ∞, and the diffusion scaled
joint process

(
ẐN

λN , Ẑ
N
γN , Ẑ

N
µN

)
converges in distribution to(

{Wλ(t), t ≥ 0}, {Wγ(t), t ≥ 0}, {Wµ(t), t ≥ 0}
)

in D
(
[0,∞),R3L

)
,

where Wλ,Wγ ,Wµ are correlated drift-less L-dimensional Brownian motions with covariances
Cfg(t) =

(
Cfigj (t)

)L
i,j=1

defined in (3.5), fi(t) = λi(t),γi(t),µi(t), gj(t) = λj(t),γj(t),µj(t).

Remark 5.7. The diffusion approximation of the coupled process
(
ẐN

λN , Ẑ
N
γN , Ẑ

N
µN

)
to the Gaussian

martingale
(
Wλ,Wγ ,Wµ

)
is characterized by the covariance function〈

Wλ

〉
(t) = Cλλ(t),

〈
Wγ

〉
(t) = Cγγ(t),

〈
Wµ

〉
(t) = Cµµ(t),〈

Wλ,Wγ

〉
(t) = Cλγ(t),

〈
Wλ,Wµ

〉
(t) = Cλµ(t),

〈
Wγ ,Wµ

〉
(t) = Cγµ(t),

given by (3.5).

Next, we are interested in establishing the Skorokhod convergences of an stochastic integral
process of the form

KN
− ·ZN

fN (t) =

∫ t

0
KN (s−) dZN

fN (s), ZN
fN (t) = Z

N
fN (t), ẐN

fN (t),

with fN (.) = (λN
i (.))Li=1, (γ

N
i (.))Li=1, (µ

N
i (.))Li=1. Here {KN (t), t ≥ 0} is an GN -predictable locally

bounded process, which has trajectories in Skorokhod space D
(
[0,∞),MM×L

)
, and {ZN

fN (t), t ≥ 0}
is an GN -adapted semimartingale in D

(
[0,∞),RL

)
, such that the integral process {KN

− ·ZN
fN (t), t ≥

0} is well-defined. It is noted that the convergence of the semimartingale ZN
fN to the process

{Zf (t), t ≥ 0}(say) as N → ∞ by virtue of Theorem 5.6 is not enough to ensure the Skorokhod
convergence of the integral process KN

− ·ZN
fN to K− ·Zf as N → ∞ in D

(
[0,∞),RM

)
. We need to

straighten the condition on the semimartingale ZN
fN , which we refer to as predictable uniformly tight

(P-UT) condition (see Appendix A). Despite having non-PUT feature of the sequence {ẐN
fN , N ∈

N}, the next theorem establishes the multi-dimensional joint convergence of the Lebesgue-Stieltjes
integral process with respect to semimartingale

(
ẐN

λN , Ẑ
N
γN , Ẑ

N
µN

)
.
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Theorem 5.8. For each N ∈ N, let KN
1 ,KN

2 and KN
3 be GN -adapted predictable processes with each

KN
i having trajectories in D

(
[0,∞),MM×L

)
, i = 1, 2, 3, and

(
ẐN

λN , Ẑ
N
γN , Ẑ

N
µN

)
be the GN -adapted

semimartingale in C
(
[0,∞),R3L

)
satisfying the assumptions in Theorem 5.6. If

(
KN

1 ,KN
2 ,KN

3 , Ẑ
N
λN ,

ẐN
γN , Ẑ

N
µN

)
converges in distribution to

(
K1,K2,K3,Wλ,Wγ ,Wµ

)
in the Skorokhod topology on

D
(
[0,∞),M3M×3L

)
×C

(
[0,∞),R3L

)
, then

(
KN

1− · ẐN
λN ,KN

2− · ẐN
γN ,KN

3− · ẐN
µN

)
converges in distri-

bution to
(
K1− ·Wλ,K2− ·Wγ ,K3− ·Wµ

)
in the Skorokhod topology on D

(
[0,∞),R3L

)
as N → ∞.

Note that, the centered family ZN
fN given fN (.) = (λN

i (.))Li=1, (γ
N
i (.))Li=1, (µ

N
i (.))Li=1 satisfy the

required P-UT criterion to derive the Skorokhod convergence of KN
− · ZN

fN , and hence the next
corollary of Theorem 5.8 proves the convergence of the Lebesgue-Stieltjes stochastic integral family
KN

− ·ZN
fN with respect to ZN

fN .

Corollary 5.9. Under the assumptions of Theorem 5.8, if (KN
1 ,KN

2 ,KN
3 ,Z

N
λN ,Z

N
γN ,Z

N
µN ) con-

verges in probability to (K1,K2,K3,Ξ,Ξ,Ξ) uniformly on compact sets with trajectories in D([0,∞),

M3M×3L) × C
(
[0,∞),R3L

)
, then (KN

1− · ZN
λN ,KN

2− · ZN
γN ,KN

3− · ZN
µN ) converges in probability

to
(
K1− · Ξ,K2− · Ξ,K3− · Ξ

)
(i.e., the trivial process (Ξ,Ξ,Ξ)) uniformly on compact sets in

D
(
[0,∞),R3M

)
as N → ∞.

6. Continuity of multi-dimensional integral representation

In this section, we state the continuity of multi-dimensional integral representation (6.1) modu-
lated by the external random environment KN within the two-time-scale framework, which is highly
influenced by Pang et al. (2007). In the following sections, this continuity plays a crucial role in
order to apply the continuous mapping theorem to conclude the assertions of Theorems 3.2 and 3.4.

Given C ∈ RL
+, and the process Y ∈ D

(
[0,∞),RL

)
and the functions h1,h2 : RL → RL, we

consider an integral representation governed by the external Markov process H defined by

X(t) =C + Y (t)−
∫ t

0

(
I − P1 (X(s))T

)
diag (h1 (X(s))) dZγ(s)

−
∫ t

0

(
I − P2 (X(s))T

)
diag (h2 (X(s))) dZµ(s), (6.1)

where P1,P2 : RL → [0, 1]L×L are two substochastic matrices satisfying Lipschitz condition, i.e.,
there exists K1

Lip, K
2
Lip such that ||P1(x1) − P1(x2)|| ≤ K1

Lip||x1 − x2||, ||P2(x1) − P2(x2)|| ≤
K2

Lip||x1−x2||, for any x1,x2 ∈ RL. The integral processes in (6.1) are Lebesgue-Stieltjes processes
with respect to semimartingales {Zγ(t), t ≥ 0} and {Zµ(t), t ≥ 0} in C

(
[0,∞),RL

)
defined by

Zγ(t) =

∫ t

0
gγ(s,H(s)) ds, Zµ(t) =

∫ t

0
gµ(s,H(s)) ds,

where gγ , gµ : R+ × S → RL are two Borel measurable functions. In particular, for each N ∈ N,
if gN

γN (t,h) =
(
γN
i (t)Th

)L
i=1

, and gN
µN (t,h) =

(
µN
i (t)Th

)L
i=1

, t ≥ 0, then it follows from Theorem
5.6 that the RL-valued scaled integral processes ZN

γN and ZN
µN converge in probability to the deter-

ministic processes
∫ .
0 γ

π(s) ds and
∫ .
0 µ

π(s) ds, respectively, uniformly on compact set as N → ∞.
If gγ(t,h) =

(
γi(t)

Th
)L
i=1

, gµ(t,h) =
(
µi(t)

Th
)L
i=1

, then

lim
N→∞

||gNγN − gγ ||S,T = 0, lim
N→∞

||gNµN − gµ||S,T = 0,

by Assumption 3.3, where ||g||S,T = sup h∈S,
0≤t≤T

||g(t,h)||.
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Theorem 6.1. Assume that the functions h1,h2 are Lipschitz continuous with respect to the con-
stants C1

Lip and C2
Lip, i.e. ||h1(x1)−h1(x2)|| ≤ C1

Lip||x1−x2||, ||h2(x1)−h2(x2)|| ≤ C2
Lip||x1−x2||,

for any x1,x2 ∈ RL. In addition ||h1(x)∥ ≤ ||x||, ||h2(x)|| ≤ ||x||, for any x ∈ RL, and
h1(0) = h2(0) = 0. Then the integral representation characterized by

Φ : RL
+ × D

(
[0,∞),RL

)
×
(
ML×L

)2 × D
(
[0,∞),RL

)2 → D
(
[0,∞),RL

)
mapping

(
C,Y ,P1,P2,Zγ ,Zµ

)
into X ≡ Φ

(
C,Y ,P1,P2,Zγ ,Zµ

)
has a unique solution. More-

over, the map Φ is continuous in D
(
[0,∞),RL

)
endowed with the topology of uniform convergence

on compact sets or the Skorokhod J1 topology.

7. Proof of fluid approximation

In the beginning of the section, we represent the fluid scaled system length processes QN in the
following manner:

Q
N
(t) =Q

N
(0) +M

N,E
(t) +

(
M

N,A
(t)T −MN,A

(t)
)
.1+

(
M

N,S
(t)T −MN,S

(t)
)
.1

−MN,A
0 (t)−MN,S

0 (t) +R
N,E

(t) +
(
R

N,A
(t)T −RN,A

(t)
)
.1

+
(
R

N,S
(t)T −RN,S

(t)
)
.1−RN,A

0 (t)−RN,S
0 (t), (7.1)

where the fluid scaled martingales are defined byMN,E
i (t) =

MN,E
i (t)
N ,MN,A

ij (t) =
MN,I

ij (t)

N ,MN,S
ij (t) =

MN,S
ij (t)

N , i ∈ L, j ∈ L ∪ {0} and the fluid scaled Lebesgue-Stieltjes integral processes are defined by

R
N,E
i (t) =

∫ t

0

1

N
dZN

λN
i
(s), i ∈ L, RN,A

ij (t) =

∫ t

0

(
Q

N
i (s)−K

N
i (s)

)+
ψ
N
ij

(
Q

N
i (s−)

)
dZN

γN
i
(s),

R
N,S
ij (t) =

∫ t

0

(
Q

N
i (s) ∧KN

i (s)
)
ϕ
N
ij

(
Q

N
i (s−)

)
dZN

µN
i
(s), i ∈ L, j ∈ L ∪ {0}. (7.2)

In addition, we introduce the processes

R
E
i (t) =

∫ t

0
λ
π
i (s) ds, i ∈ L, RA

ij(t) =

∫ t

0

(
Qi(s)−Ki(s)

)+
ψij

(
Qi(s−)

)
γπi (s) ds,

R
S
ij(t) =

∫ t

0

(
Qi(s) ∧Ki(s)

)
ϕij
(
Qi(s−)

)
µπi (s) ds, i ∈ L, j ∈ L ∪ {0}, (7.3)

so that we can express the RL-valued fluid limiting process Q of Theorem 3.2 in the following
manner

Q(t) = Q(0)+

∫ t

0
λ
π
(s) ds+

(
R

A
(t)T −RA

(t)
)
.1+

(
R

S
(t)T −RS

(t)
)
.1−RA

0 (t)−R
S
0 (t). (7.4)

As a consequence of Theorem 5.6 and Assumption 3.3, the deterministic approximations of the
integral processes of

{
ZN

λN (t), t ≥ 0
}
,
{
ZN

γN (t), t ≥ 0
}

and
{
ZN

µN (t), t ≥ 0
}

are given by{∫ t

0
λ
π
(s) ds, t ≥ 0

}
,
{∫ t

0
γπ(s) ds, t ≥ 0

}
,
{∫ t

0
µπ(s) ds, t ≥ 0

}
,

respectively. Before proceeding to prove the main Theorem 3.2, we establish the trivial convergences
of the fluid scaled martingales MN,E

i , MN,A
ij , MN,S

ij , i ∈ L, j ∈ L ∪ {0} in the next lemma.
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Lemma 7.1. Under Assumption 3.2–3.3, Assumption 3.5, for all T > 0 and ϵ > 0 the following
convergences hold in D ([0,∞,R).

lim sup
N→∞

P
(

sup
0≤t≤T

∣∣∣∣∣∣MN,E
(t)
∣∣∣∣∣∣ > ϵ

)
= 0, lim sup

N→∞
P
(

sup
0≤t≤T

∣∣∣∣∣∣MN,I
(t)
∣∣∣∣∣∣ > ϵ

)
= 0, I = A,S.

Proof of Theorem 3.2: For every i ∈ L and j ∈ L ∪ {0}, consider the differences

R
N,A
ij (t)−R

A
ij(t) =

∫ t

0

((
Q

N
i (s)−K

N
i (s)

)+
−
(
Qi(s)−Ki(s)

)+)
ψ
N
ij

(
Q

N
i (s−)

)
dZN

γN
i
(s)

+

∫ t

0

(
Qi(s)−Ki(s)

)+ (
ψ
N
ij

(
Q

N
i (s−)

)
− ψij

(
Q

N
i (s−)

))
dZN

γN
i
(s)

+

∫ t

0

(
Qi(s)−Ki(s)

)+ (
ψij

(
Q

N
i (s−)

)
− ψij

(
Qi(s−)

))
dZN

γN
i
(s)

+

∫ t

0

(
Qi(s)−Ki(s)

)+
ψij

(
Qi(s−)

) (
dZN

γN
i
(s)− γπi (s) ds

)
. (7.5)

and

R
N,S
ij (t)−R

S
ij(t) =

∫ t

0

(
Q

N
i (s) ∧KN

i (s)−Qi(s) ∧Ki(s)
)
ϕ
N
ij

(
Q

N
i (s−)

)
dZN

µN
i
(s)

+

∫ t

0

(
Qi(s) ∧Ki(s)

) (
ϕ
N
ij

(
Q

N
i (s−)

)
− ϕij

(
Q

N
i (s−)

))
dZN

µN
i
(s)

+

∫ t

0

(
Qi(s) ∧Ki(s)

) (
ϕij

(
Q

N
i (s−)

)
− ϕij

(
Qi(s−)

))
dZN

µN
i
(s)

+

∫ t

0

(
Qi(s) ∧Ki(s)

)
ϕij
(
Qi(s−)

) (
dZN

µN
i
(s)− µπi ds

)
. (7.6)

By (7.1), (7.4), and the decomposition representations (7.5), (7.6), we finally get

Q
N
(t)−Q(t) =Q

N
(0)−Q(0) + Y

N
(t)

+

∫ t

0

(
ψ
(
Q

N
(s−)

)T
−ψ

(
Q(s−)

)T)diag
(
Q(s)−K(s)

)+
dZN

γN (s)

+

∫ t

0

(
ϕ
(
Q

N
(s−)

)T
− ϕ

(
Q(s−)

)T)diag
(
Q(s) ∧K(s)

)
dZN

µN (s)

−
∫ t

0

(
I −ψN

(
Q

N
(s−)

)T)
diag

(
h1

(
Q

N
(s)−Q(s)

))
dZN

γN (s)

−
∫ t

0

(
I − ϕN

(
Q

N
(s−)

)T)
diag

(
h2

(
Q

N
(s)−Q(s)

))
dZN

µN (s), (7.7)

where h1(Q
N
(t) −Q(t)) = (Q

N
(t) −KN

(t))+ − (Q(t) −K(t))+, h2(Q
N
(t) −Q(t)) = (Q

N
(t) ∧

K
N
(t))− (Q(t) ∧K(t)), and

Y
N
(t) =M

N,E
(t) +

(
M

N,A
(t)T −MN,A

(t)
)
.1+

(
M

N,S
(t)T −MN,S

(t)
)
.1

−MN,A
0 (t)−MN,S

0 (t) +R
N,E

(t)−
∫ t

0
λ
π
(s) ds

+

∫ t

0

(
ψ

N
(
Q

N
(s−)

)T
−ψ

(
Q

N
(s−)

)T)
diag

(
Q(s)−K(s)

)+
dZN

γN (s)

−
∫ t

0

(
I −ψ

(
Q(s−)

)T)diag
(
Q(s)−K(s)

)+ (
dZN

γN (s)− γπ(s) ds
)
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+

∫ t

0

(
ϕ
N
(
Q

N
(s−)

)T
− ϕ

(
Q

N
(s−)

)T)
diag

(
Q(s) ∧K(s)

)
dZN

µN (s)

−
∫ t

0

(
I − ϕ

(
Q(s−)

)T)diag
(
Q(s) ∧K(s)

) (
dZN

µN (s)− µπ(s) ds
)
.

It follows from Lemma 7.1,Theorem 5.6 along with Assumptions 3.3, 3.5 that for any T > 0 and
ϵ > 0, lim supN→∞

(
sup0≤t≤T ||Y N

(t)|| > ϵ
)
= 0. Using the argument of Theorem 6.1, and applying

the Lipschitz continuity of the probability matricesψ(.) and ϕ(.) and Gronwall’s inequality, it follows
from (7.7) that lim supN→∞

(
sup0≤t≤T ||QN

(t)−Q(t)|| > ϵ
)
= 0 for any T > 0 and ϵ > 0, which

essentially concludes the requisite convergence. □

8. Proof of diffusion approximation

In this section, we present the detailed proof of the multi-scale diffusion approximation Theo-
rem 3.4 of the system length process within two-time-scale time-varying many-server heavy-traffic
regime. Based on the fluid trajectories of Q from Theorem 3.2, the system experiences subcritical,
critical or supercritical loading phases (Remark 3.3), and according wise the diffusion scaled length
process Q̂N converges D

(
[0,∞),RL

)
.

Summary of proof of Theorem 3.4 Firstly, we divide the main proof into several parts as the
final representation (8.6) of the diffusion scaled system length process Q̂N consists of certain mar-
tingales as well as semimartingales. The representation (8.6) of Q̂N necessitates the derivation of
the joint convergences of the martingales and semimartingales separately. This joint convergence
follows from the multi-dimensional Gaussian convergence of the martingales in Lemma 8.1 and the
Skorokhod convergence of the semimartingales in Proposition 8.2 presented in Appendix A. Finally,
after deriving all the convergence results, we proceed to main proof and conclude the joint con-
vergence among martingales and semimartingales. In particular, we adapt the martingale central
limit theorem by virtue of Ethier and Kurtz (1986) to prove the requisite joint convergence. In the
end, the application of the continuous mapping theorem in view of Theorem 6.1 together with the
Lipschitz property of ψ(.), ϕ(.) completes the proof.

We define the diffusion scaled martingales by M̂N,E
i (t) =

MN,E
i (t)√

N
, M̂N,A

ij (t) =
MN,A

ij (t)
√
N

, M̂N,S
ij (t) =

MN,S
ij (t)
√
N

i ∈ L, j ∈ L∪ {0} with trajectories in D ([0,∞),R). Additionally, define the diffusion scaled
integral processes

R̂N,E
i (t) =N1−δ

(
R

N,E
i (t)−R

E
i (t)

)
, i ∈ L,

R̂N,A
ij (t) =N1−δ

(
R

N,A
ij (t)−R

A
ij(t)

)
, i ∈ L, j ∈ L ∪ {0},

R̂N,S
ij (t) =N1−δ

(
R

N,S
ij (t)−R

A
ij(t)

)
, i ∈ L, j ∈ L ∪ {0}.

Consequently, the representations (7.1) and (7.4) result the diffusion scaled representation of
Q̂N (t) as follows:

Q̂N (t) =Q̂N (0) +N1/2−δ

(
M̂N,E(t) +

(
M̂N,A(t)T − M̂N,A(t)

)
.1+

(
M̂N,S(t)T − M̂N,S(t)

)
.1

− M̂N,A
0 (t)− M̂N,S

0 (t)

)
+ R̂N,E(t) +

(
R̂N,A(t)T − R̂N,A(t)

)
.1

+
(
R̂N,S(t)T − R̂N,S(t)

)
.1− R̂N,A

0 (t)− R̂N,S
0 (t). (8.1)
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Note that, by the given hypothesis, the routing substochastic zero-diagonal matrices ψN (.) and
ϕN (.) satisfy the following relations∑

j∈L
ψ
N
ij (.) + ψ

N
i0(.) = 1,

∑
j∈L

ψ̂N
ij (.) + ψ̂N

i0 (.) = 0,
∑
j∈L

ϕ
N
ij (.) + ϕ

N
i0(.) = 1,

∑
j∈L

ϕ̂Nij (.) + ϕ̂Ni0(.) = 0.

In order to analyze the Lebesgue-Stieltjes integral processes R̂N,A (R̂N,A
0 ) and R̂N,S

0 (R̂N,S
0 ) in

(8.1), by view of definitions (7.2) and (7.3), we define

R̂N,A
1 (t) = −N1−δ−β/2

∫ t

0

(
I −

(
ψ

N
(
Q

N
(s−)

))T)
diag

(
Q(s)−K(s)

)+
dẐN

γN (s),

R̂N,A
2 (t) =

∫ t

0

(
ψ̂N

(
Q

N
(s−)

))T
diag

(
Q(s)−K(s)

)+
γN,π(s) ds,

R̂N,A
3 (t) = −

∫ t

0

(
I −

(
ψ
(
Q(s−)

))T)diag
(
Q(s)−K(s)

)+
γ̂N,π(s) ds, (8.2)

and

R̂N,S
1 (t) = −N1−δ−β/2

∫ t

0

(
I −

(
ϕ
N
(
Q

N
(s−)

))T)
diag

(
Q(s) ∧K(s)

)
dẐN

µN (s),

R̂N,S
2 (t) =

∫ t

0

(
ϕ̂N

(
Q

N
(s−)

))T
diag

(
Q(s) ∧K(s)

)
µN,π(s) ds,

R̂N,S
3 (t) = −

∫ t

0

(
I −

(
ϕ
(
Q(s−)

))T)diag
(
Q(s) ∧K(s)

)
µ̂N,π(s) ds. (8.3)

such that(
R̂N,A(t)T − R̂N,A(t)

)
.1− R̂N,A

0 (t)

=
3∑

j=1

R̂N,A
j (t) +N1−δ

∫ t

0

(
ψ
(
Q

N
(s−)

)
−ψ

(
Q(s−)

))T
diag

(
Q(s)−K(s)

)+
γN,π(s) ds,

−
∫ t

0

(
I −ψN

(
Q

N
(s−)

)T)
diag

(
h1

(
Q̂N (s)

))
dZN

γN (s)(
R̂N,S(t)T − R̂N,S(t)

)
.1− R̂N,S

0 (t)

=

3∑
j=1

R̂N,S
j (t) +N1−δ

∫ t

0

(
ϕ
(
Q

N
(s−)

)
− ϕ

(
Q(s−)

))T
diag

(
Q(s) ∧K(s)

)
µN,π(s) ds,

−
∫ t

0

(
I − ϕN

(
Q

N
(s−)

)T)
diag

(
h2

(
Q̂N (s)

))
dZN

µN (s),

Similarly, the decomposition of R̂N,E into R̂N,E
1 and R̂N,E

2 yields,

R̂N,E
1 (t) = N1−δ−β/2ẐN

λN (t), R̂
N,E
2 (t) =

∫ t

0
λ̂N,π(s) ds. (8.4)

By given hypotheses, ψ(.), ψ0(.) and ϕ(.), ϕ0(.) are differentiable and by Taylor’s approximations,
we obtain for χ(.) = ψ(.),ψ0(.),ϕ(.),ϕ0(.),

N1−δ
(
χ
(
Q

N
(t)
)
− χ

(
Q(t)

))
= ⟨∇χ

(
Q(t)

)
, Q̂N (t)⟩+ o

(
N1−δ||QN

(t)−Q(t)||
)
, (8.5)

where for the remainder term,
o
(
N1−δ||QN

(t)−Q(t)||
)

N1−δ||QN
(t)−Q(t)||

P
=⇒ 0 uniformly on compact sets as N → ∞.

Here, ⟨∇P (x),y⟩ :=
∑L

i=1
∂
∂xi
P (x) · yi, x,y ∈ RL and P (.) ∈ ML×L.
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In view of the decompositions (8.2), (8.3), (8.4) and (8.5), the representation (8.1) reduces into

Q̂N (t) =Q̂N (0) +N1/2−δ

(
M̂N,E(t) +

(
M̂N,A(t)T − M̂N,A(t)

)
.1+

(
M̂N,S(t)T − M̂N,S(t)

)
.1

− M̂N,A
0 (t)− M̂N,S

0 (t)

)
+

2∑
j=1

R̂N,E
j (t) +

3∑
j=1

R̂N,A
j (t) +

3∑
j=1

R̂N,S
j (t)

+

∫ t

0
⟨∇ψ

(
Q(s−)

)
, Q̂N (s)⟩Tdiag

(
Q(s)−K(s)

)+
γN,π(s) ds,

+

∫ t

0
⟨∇ϕ

(
Q(s−)

)
, Q̂N (s)⟩Tdiag

(
Q(s) ∧K(s)

)
µN,π(s) ds,

−
∫ t

0

(
I −ψN

(
Q

N
(s−)

)T)
diag

(
h1

(
Q̂N (s)

))
dZN

γN (s)

−
∫ t

0

(
I − ϕN

(
Q

N
(s−)

)T)
diag

(
h2

(
Q̂N (s)

))
dZN

µN (s), (8.6)

where h1

(
Q̂N (t)

)
=
(
Q̂N (t)− K̂N (t)

)
1(Q(t)) > K(t)) +

(
Q̂N (t)− K̂N (t)

)+
1(Q(t)) = K(t)),

and h2

(
Q̂N (t)

)
= Q̂N (t)1(Q(t) <K(t))+Q̂N (t)∧K̂N (t)1(Q(t) =K(t))+K̂N (t)1(Q(t) >K(t)).

Before proceeding to the complete proof of Theorem 3.4, we divide the complete proof into two
parts. Firstly, we derive the Gaussian approximation of the martingales of (8.6) in Lemma 8.1, and
secondly the diffusion approximation of the integral processes (R̂N,E

i , R̂N,I
j , i = 1, 2, j = 1, 2, 3, 4, I =

A,S) is obtained in Proposition 8.2, and the latter is presented in Appendix A.

Lemma 8.1. Suppose the fluid approximation of Theorem 3.2 is satisfied. Then, under Assump-
tion 3.2–Assumption 3.4, the joint process

(
M̂N,E ,M̂N,A

0 ,M̂N,S
0 ,M̂N,A,M̂N,S

)
converges in dis-

tribution to
({
BE(t), t ≥ 0

}
,
{
BA

0 (t), t ≥ 0
}
,
{
BS

0 (t), t ≥ 0
}
,
{
BA(t), t ≥ 0

}
,
{
BS(t), t ≥ 0

})
in

D
(
[0,∞),RL

)3×D
(
[0,∞),ML×L

)2 as N → ∞, where BE(t) = ((BE
i ◦RE

i )(t))
L
i=1, B

A
0 (t) = ((BA

i0◦
R

A
i0)(t))

L
i=1, B

S
0 (t) = ((BS

i0 ◦R
E
i0)(t))

L
i=1, B

A(t) = ((BA
ij ◦R

A
ij)(t))

L
i,j=1, B

S(t) = ((BS
ij ◦R

E
ij)(t))

L
i,j=1,

with (BE
i )

L
i=1, (B

A
i0)

L
i=1, (B

S
i0)

L
i=1, (B

A
ij)

L
i,j=1, (B

S
ij)

L
i,j=1 being mutually independent RL and ML×L-

valued standard Brownian motions.
Our next aim is to show the joint convergence of

(
R̂N,E

1 , R̂N,E
2 , R̂N,I

1 , R̂N,I
2 , R̂N,I

3 , I = A,S
)

as
N → ∞. By definitions, (8.2), (8.3) and (8.4), the convergences of R̂N,E

1 , R̂N,A
1 and R̂N,S

1 , are
entirely relied on the convergence of the semimartingales ẐN

λN , Ẑ
N
γN , Ẑ

N
µN derived in Theorem 5.6.

In the next step, to apply Theorem 5.8, we adapt the semimartingale decomposition

ẐN
fN = V N

fN +GN
fN (t), f

N = λN (.),γN (.),µN (.), (8.7)

where V N
λN , V N

γN , V N
µN in D

(
[0,∞),RL

)
are FN -local square-integrable martingales, and Theorem

5.6 yields the convergences
(
V N
λN ,V

N
γN ,V

N
µN

)
,〈

V N
λN

〉
(t)

P
=⇒ Cλλ(t),

〈
V N
γN

〉
(t)

P
=⇒ Cγγ(t),

〈
V N
λN

〉
(t)

P
=⇒ Cµµ(t),〈

V N
λN ,V

N
γN

〉
(t)

P
=⇒ Cλγ(t),

〈
V N
λN ,V

N
µN

〉
(t)

P
=⇒ Cλµ(t),

〈
V N
γN ,V

N
µN

〉
(t)

P
=⇒ Cγµ(t),

and GN
fN is the finite-variation process. The representation of GN

fN can be understood by the
additional term in (A.3). By definition, the decomposition (A.3) leads to

sup
0≤t≤T

||ẐN
fN (t)− V N

fN (t)||
P
=⇒ 0, as N → ∞. (8.8)
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Next, we define

R̂E
1 (t) =1(β ≤ 1)Wλ(t),

R̂A
1 (t) =− 1(β ≤ 1)

∫ t

0

(
I −

(
ψ
(
Q(s)

))T)diag
(
Q(s)−K(s)

)+
dWγ(s),

R̂A
2 (t) =

∫ t

0

(
ψ̂
(
Q(s−)

))T
diag

(
Q(s)−K(s)

)+
γπ(s) ds,

R̂A
3 (t) =−

∫ t

0

(
I −

(
ψ
(
Q(s−)

))T)diag
(
Q(s)−K(s)

)+
γ̂π(s) ds,

R̂S
1 (t) =− 1(β ≤ 1)

∫ t

0

(
I −

(
ϕ
(
Q(s)

))T)diag
(
Q(s) ∧K(s)

)
dWµ(s),

R̂S
2 (t) =

∫ t

0

(
ϕ̂
(
Q(s)

))T
diag

(
Q(s) ∧K(s)

)
µπ(s) ds,

R̂S
3 (t) =−

∫ t

0

(
I −

(
ϕ
(
Q(s)

))T)diag
(
Q(s) ∧K(s)

)
µ̂π(s) ds,

Proposition 8.2. Under Assumptions 3.3–3.6, the process
(
R̂N,E

1 , R̂N,E
2 , R̂N,A

1 , R̂N,A
2 , R̂N,A

3 , R̂N,S
1 ,

R̂N,S
2 , R̂N,S

3

)
jointly converges in distribution to

(
R̂E

1 ,
∫ .
0 λ̂

π(s) ds, R̂A
1 , R̂

A
2 , R̂

A
3 , R̂

S
1 , R̂

S
2 , R̂

S
3

)
with

trajectories in D
(
[0,∞),RL

)8, where with Wλ,Wγ ,Wµ being the RL-valued correlated Gaussian
process with covariance Cfg(t), with fi(t) = λi(t),γi(t),µi(t), gj(t) = λj(t),γj(t),µj(t), i, j ∈ L .

Proof of Theorem 3.4: We begin the proof by establishing the joint convergence of(
Q̂N (0),M̂N,E ,M̂N,A

0 ,M̂N,S
0 ,M̂N,A,M̂N,S , R̂N,E

1 , R̂N,E
2 , R̂N,A

1 , R̂N,A
2 , R̂N,A

3 , R̂N,S
1 , R̂N,S

2 , R̂N,S
3

)
in RL × D

(
[0,∞),RL

)3 × D
(
[0,∞),ML×L

)2 × D
(
[0,∞),RL

)8.
Knowing this 1/2− δ = min{(β − 1)/2, 0}, the joint convergence of the martingales

N1/2−δ
(
M̂N,E ,M̂N,A

0 ,M̂N,S
0 ,M̂N,A,M̂N,S

)
to the Gaussian process 1(β ≥ 1)

(
BE ,BA

0 ,B
S
0 ,B

A,BS
)

follows from Lemma 8.1. On the other
hand, Proposition 8.2 shows that convergence of

(
R̂N,E

1 , R̂N,E
2 , R̂N,A

1 , R̂N,A
2 , R̂N,A

3 R̂N,S
1 , R̂N,S

2 , R̂N,S
3

)
with trajectories in D

(
[0,∞),RL

)8.
Without loss of generality, in the rest of the proof, we assume M̂N,I(t) for ML×L-valued matrices

M̂N,I(t) on D
(
[0,∞),RL

)
, I = A,S. In order to prove the joint convergence of(

N1/2−δ
(
M̂N,E ,M̂N,A

0 ,M̂N,S
0 ,M̂N,A,M̂N,S

)
, R̂N,E

1 , R̂N,A
1 , R̂N,S

1

)
in D

(
[0,∞),RL

)8, we consider the process(
N1/2−δ

(
M̂N,E ,M̂N,A

0 ,M̂N,S
0 ,M̂N,A,M̂N,S

)
,

N1−δ−β/2

(
V N
λN ,

∫ .

0

(
I −

(
ψ

N(
Q

N
(s)
)T ))diag

(
Q(s)−K(s)

)+
dV N

γN (s),∫ .

0

(
I −

(
ϕ
N(
Q

N
(s)
))T )diag

(
Q(s) ∧K(s)

)
dV N

µN (s)

))
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which is an FN -local square-integrable martingale with trajectories in D
(
[0,∞),RL

)8. Note that
the semimartingale decomposition in view of (8.7) results[

N1/2−δM̂N,I , N1−δ−β/2V N
fN

]
(t) = N3/2−2δ−β/2

([
M̂N,I , ẐN

fN

]
(t) +

[
M̂N,I ,GN

fN

]
(t)

)
,

where I = E,A, S, and fN = λN (.),γN (.),µN .
Since ẐN

fN is a continuous-time finite-variation process, it yields
[
M̂N,I , ẐN

fN

]
(t) = 0 for any t ≥

0. Therefore, we remain with N3/2−2δ−β/2
[
M̂N,I ,GN

fN

]
(t) which converges to zero in probability,

as N → ∞, for all t ≥ 0. Consequently,〈
N1/2−δM̂N,I , N1−δ−β/2V N

fN

〉
(t)

P
=⇒ 1(β <,=, > 1)0,

as N → ∞. Moreover the jumps of N1/2−δM̂N,I and N1−δ−β/2V N
fN are not greater than N−δ and

N1−δ−β , respectively, which vanishes to zero asN grows large, as δ, 1− δ − β = min{−β/2, 1/2− β}
< 0. Therefore, as a consequence of the martingale central limit theorem followed by (8.8), the
above joint martingale converges in distribution to

(
1(β ≥ 1)

(
BE ,BA

0 ,B
S
0 ,B

A,BS
)
,1(β ≤ 1)(

Wλ,
∫ .
0

(
I−
(
ψ
(
Q(s)

))T )diag
(
Q(s)−K(s)

)+
dWγ(s),

∫ .
0

(
I−
(
ϕ
(
Q(s)

))T )diag
(
Q(s) ∧K(s)

)
dWµ(s)

)
. Finally, including the deterministic convergence of the remaining process

(
Q̂N (0), R̂N,E

2 ,

R̂N,A
2 , R̂N,A

3 , R̂N,S
2 , R̂N,S

3

)
resulting from the given hypotheses, the convergence relation (8.8) implies

the complete joint converges.
In the end, we apply the same analogy used earlier in the proof of Theorem 3.2 in the represen-

tation (8.6) to show the continuity of the integral map Φ by virtue of (6.1). Using the Lipschitz
continuity of h1 and h2, the direct consequence of the continuity mapping theorem via Theorem
6.1 yields the weak convergence of Q̂N and completes the proof. □

Appendix A. Convergence of the integral processes with respect to external process

Proof of Theorem 5.6: Firstly, consider the individual process ZN
fN
i

, fN (.) = (λN
i (.))Li=1, (γ

N
i (.))Li=1,

(µN
i (.))Li=1, and define BN

i (t, z,h) =
(
fN
i (t)

)T
(h−π), i ∈ L. Consider the corresponding RL-valued

function BN (t, z,h) =
(
BN

i (t, z,h)
)L
i=1

. Therefore by definition (5.19),

dZ
N
fN (t) = BN

(
t,Z

N
fN (t),HN (t)

)
dt, Z

N
fN (0) = 0.

Take fi(.) = λi(.),γi(.),µi(.) and define Bi(t, z,h) =
(
fi(t)

)T
(h− π), and the RL-valued function

B(t, z,h) =
(
Bi(t, z,h)

)L
i=1

. By Assumption 3.3, it follows that ||BN (t, z,h) − B(t, z,h)|| → 0

as N → ∞ uniformly on compact sets. Now, consider this particular form of BN (t, z,h) and
AN (t, z,h) = 0 in (5.1). It is easy to verify that for each N ∈ N, the functions AN (t, z,h) and
BN (t, z,h) satisfy the regularity Assumptions 5.1–5.8. Therefore, Theorem 5.1 implies that ZN

fN

converges in probability to {B0(t), t ≥ 0} uniformly on compact sets, where

dB0(t) = B
π
(t,B0(t)) dt, B0(0) = 0.

By definition, Bπ
(t, z) =

∑
hB(t, z,h)π(h), which turns out to be trivial vector 0, and hence con-

cludes the convergence of ZN
fN in C

(
[0,∞),RL

)
to the zero process, for each fN (.). Consequently,

the joint deterministic trivial convergence of
(
Z

N
λN ,Z

N
γN ,Z

N
µN

)
is established.

Next, to derive the diffusion convergence, we first establish the diffusion convergence of each
process ẐN

fN , for every fN (.), in C
(
[0,∞),RL

)
. Likewise the earlier case, define AN

i (t, z,h) =
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fN
i (t)

)T
(h−π), i ∈ L, and the RL-valued function AN (t, z,h) =

(
AN

i (t, z,h)
)L
i=1

. Thus, in view
of (5.20), we obtain

dẐN
fN (t) = Nβ/2AN

(
t, ẐN

fN (t),H
N (t)

)
dt, ẐN

fN (0) = 0.

Again, takeAi(t, z,h) =
(
fi(t)

)T
(h−π) with fi(.), and consider the RL-valued functionA(t, z,h) =(

Ai(t, z,h)
)L
i=1

. Therefore, Assumption 3.3 yields the convergence ||AN (t, z,h) −A(t, z,h)|| → 0

uniformly on compact sets as N → ∞. Substitute the given AN (t, z,h) and BN (t, z,h) = 0 in
(5.1). Under regularity Assumptions 5.1–5.8, Theorem 5.1 ensures that ẐN

fN converges in distribu-
tion to the diffusion process {Wf (t), t ≥ 0}, which is the solution of SDE

dWf (t) = A
1,π

(t,Wf (t)) dW (t) +A
2,π

(t,Wf (t)) dt, Wf (0) = 0.

Calculating the coefficients A1,π
(t, z) and A1,π

(t, z) using the formula (5.5), the diffusion approxi-
mation of ẐN

fN can be concluded. Analogous to the previous proof, the requisite joint convergence

of
(
ẐN

λN , Ẑ
N
γN , Ẑ

N
µN

)
can be established by extending into higher-dimension with trajectories in

C
(
[0,∞),R3L

)
. □

Now, we discuss the sufficient predictable uniformly tight (P-UT) condition in order to ensure
the weak convergence of the integral processes with respect to semimartingale ẐN

λN , ẐN
γN , ẐN

µN as
we mentioned in Section 5

Definition A.1. For each N ∈ N, given an adapted RL-valued stochastic process {YN (t), t ≥ 0}
with respect to some history {Y N (t), t ≥ 0}, the family {YN , N ∈ N} is said to be P-UT if the
family of random variables{∣∣ L∑

i=1

AN
i · YN

i (t)
∣∣ : {(AN

i (t))1≤i≤L, t ≥ 0
}

is Y N -predictable with |AN
i | ≤ 1, N ∈ N

}
(A.1)

is tight in R for every t ≥ 0.

P-UT property of ZN
fN : Knowing Definition (A.1), first we demonstrate that the family {ZN

fN , N ∈
N} does not satisfy P-UT condition when ZN

fN = ẐN
fN , which suffices to show that each sequence

{ẐN
fN
i
, N ∈ N} is not P-UT for i = 1, 2, · · ·L. According to the proof of Theorem 5.1, by (5.16) the

semimartingale decomposition yields that

ẐN
fN
i
(t) =MN

gNi
(t)−N−β/2

(
θNgi

(
t, ẐN

fN (t),H
N (t)

)
− θNgi (0,0,h)

)
−N−β

(
ϕNgi

(
t, ẐN

fN (t),H
N (t)

)
− ϕNgi (0,0,h)

)
+

∫ t

0

(
Qxϕ

N
gi

(
u, ẐN

fN (u),H
N (u)

)
+ αN

gi

(
u, ẐN

fN (u),H
N (u)

)
+ ℸN

gi (u,X
N (u),HN (u))

)
du, (A.2)

In the above expression (A.2), for given g, the martingale {MN
gNi
, N ∈ N} is P-UT in virtue of

Proposition VI.6.13 in Jacod and Shiryaev (2003) as the predictable entity

⟨MN
gNi

⟩(t) =
∫ t

0
ΓN
gNi

(u, ẐN
fN (u),H

N (u)) du

is C-tight for every t ≥ 0, i = 1, 2, · · ·L. Due to the acceleration of the rate matrix NβQ of the
jump process HN , the entity

∫ t
0 A

N (s)N−β/2 dθNgi (s, Ẑ
N
fN (s),H

N (s)) turns out to be O(Nβ/2) by
definition (5.7), which does not converge as N grows large for any GN -predictable process AN

with |AN | ≤ 1. In the same analogy, the entity
∫ t
0 A

N (s)N−β dϕNgi (s, Ẑ
N
fN (s),H

N (s)) is C-tight in
R for any t ≥ 0. The last integral process in the representation (A.2) is also P-UT as a result of



Stochastic networks in random environments 363

boundedness of the entities Qxϕ
N
gi (t, z,h), α

N
gi (t, z,h),ℸ

N
gi (t, z,h). Therefore, due to the presence of

N−β/2θNgi (t, z,h) term in the expression (A.2), the family {ẐN
fN , N ∈ N} is not P-UT. Whereas using

the similar analogy, the family {ZN
fN , N ∈ N} satisfy the P-UT criterion since the semimartingale

decomposition of ZN
fN in view of (A.2) does not admit the term N−β/2θNgi (t, z,h).

Proof of Theorem 5.8: In the earlier paragraph, we already discussed that the family {ẐN
fN , N ∈ N}

does not satisfy the necessary P-UT criterion for given fN (.) = (λN
i (.))Li=1, (γ

N
i (.))Li=1, (µ

N
i (.))Li=1

in order to conclude the assertion of the above theorem. However, if we can approximate the semi-
martingale

(
ẐN

λN , Ẑ
N
γN , Ẑ

N
µN

)
by another semimartingale

{(
YN

λN (t),YN
γN (t),YN

µN (t)
)
, t ≥ 0

}
with

trajectories in D
(
[0,∞),R3L

)
satisfying the P-UT criterion in such a way that sup0≤t≤T ||ẐN

fN (t)−

YN
fN (t)||

P
=⇒ 0 asN → ∞ and converging in distribution to the same limiting process

(
Wλ,Wγ ,Wµ

)
as
(
ẐN

λN , Ẑ
N
γN , Ẑ

N
µN

)
does, the requisite convergence will be ensured by Theorem VI.6.22 of Jacod

and Shiryaev (2003).
Analogous to the previous proof, given fN (.), we take AN (t, z,h) =

(
fN
i (t)T (h − π)

)L
i=1

, and
BN (t, z,h) = 0 in (5.1). Considering g(z) = zi, i = 1, 2, · · · , L, in the definitions (5.7), (5.8), and
(5.9), we deduce the RL-valued functions

θNz (t, z,h) =

(∑
v

D(h,v)
(
fN
i (t)

)T
(v − π)

)L

i=1

, αN
z (t, z,h) = ϕN

z (t, z,h) = 0.

Therefore, the semimartingale representation of ẐN
fN in view of (5.16) yields

ẐN
fN (t) =M

N
z (t)−N−β/2

(
θz(t, Ẑ

N
f (t),HN (t))− θz(0,0,h)

)
+N−β/2

∫ t

0

∂

∂s
θz(s, Ẑ

N
f (s),HN (s)) ds, (A.3)

with ẐN
f (0) = 0, where MN

z is an RL-valued GN -square-integrable martingale corresponding to the
vector valued function gN (t, z,h) = z + N−β/2θNz (t, z,h), analogous to the constructions defined
in the proof of Theorem 5.1. Here, every (i, j)th component of ML×L-valued predictable quadratic
variation process associated to the martingale MN

z is given by〈
MN

zi ,M
N
zj

〉
(t) =

∫ t

0
ΓN
gNi ,gNj

(u, ẐN
fN (u),H

N (u)) du,

where

ΓN
gNi ,gNj

(t, z,h) = LN
t (gNi · gNj )(t, z,h)− gNi (t, z,h)LN

t g
N
j (t, z,h)− gNj (t, z,h)LN

t g
N
i (t, z,h),

with LN
t = NβQ+Nβ/2AN (t, z,h) · ∇z. Using the relations (5.13) and (5.14), it is easy to verify

that, for each i, j = 1, 2, · · · , L,

LN
t g

N
i (t, z,h) = 0,

LN
t (gNi · gNj )(t, z,h)

= Q
(
θNzi (t, z,h) · θ

N
zj (t, z,h)

)
+AN (t, z,h) · ∇z

(
ziθ

N
zj (t, z,h) + zjθ

N
zi (t, z,h)

)
. (A.4)

Note that, the entity θNzi(t, z,h) is ith component of the vector θNz (t, z,h), and independent of z
variable, and hence applying Theorem 9.6.1 in Liptser and Shiryayev (1989) followed by (A.4) and
Assumption 3.3 we obtain

lim
N→∞

∣∣∣∣∫ t

0
LN
u (gNi · gNj )

(
u, ẐN

f (u),HN (u)
)
du−

∫ t

0
A

π
i,j

(
u, ẐN

f (u)
)
du

∣∣∣∣ = 0, Pπ − a.s.,
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for every t ≥ 0. Here, the first term on the right hand side of (A.4) asymptotically vanishes to zero
after taking average with respect to the invariant distribution π. As a result, the second term of
(A.4) eventually contributes to the limit Aπ

i,j(t, z) =
∑

v π(v)
∑

y D(v,y)
(
Ai(t, z,v)Aj(t, z,y) +

Aj(t, z,v)Ai(t, z,y)
)
, and consequently, A(t, z,h) =

(
(fi(t))

T (h − π)
)L
i=1

results A
π
i,j(t, z) =∑d

k=1

∑d
l=1 πkDkl

∫ t
0 (fik(s)fjl(s) + fil(s)fjk(s)) ds, which is the (i, j)th element of the covariance

matrix Cf (t) of the limiting process Wf according to Theorem 5.6, given f(.) = λ(.),γ(.),µi(.).
In the next step, choose YN

fN (t) = MN
z (t), t ≥ 0. Clearly, by definition sup0≤t≤T ||ẐN

fN (t) −

YN
fN (t)||

P
=⇒ 0 as N → ∞. Also, the family {YN

fN , N ∈ N} is P-UT by reason of Theorem

VI.6.13 in Jacod and Shiryaev (2003). In order to prove the assertion it suffices to show that YN
fN

converges in distribution to the Gaussian process Wf , as N → ∞, and as an extensive consequence(
YN

λN ,YN
γN ,YN

µN

)
converges in distribution to

(
Wλ,Wγ ,Wµ

)
in D

(
[0,∞),R3L

)
. It is already

shown that the predictable entity
〈
YN
fN
i
,YN

fN
j

〉
(t) converges in probability to

∫ t
0 A

π
i,j(s) ds for each

t ≥ 0 as N → ∞. Additionally, the jumps of YN
fN is not greater than N−β/2, and the latter quantity

vanishes to zero eventually. Therefore, by the classical martingale central limit theorem we obtain
YN

fN ⇒Wf as N → ∞. The proof is complete. □

Proof of Proposition 8.2: First we begin with the deterministic convergence of the joint process(
R̂N,E

2 , R̂N,A
2 , R̂N,A

3 , R̂N,S
2 , R̂N,S

3

)
to
( ∫ .

0 λ̂
π(s) ds, R̂A

2 , R̂
A
3 , R̂

S
2 , R̂

S
3

)
, which are direct consequence

of Assumptions 3.3–3.6. It remains to prove the Skorokhod convergence of
(
R̂N,E

1 , R̂N,A
1 , R̂N,S

1

)
. To

prove this joint convergence in the Skorokhod product space, we define the matrices

KE
1 (t) = diag(1), KN,A

1 (t) = −
(
I −

(
ψ

N(
Q

N
(t)
))T )diag

(
Q(t)−K(t)

)+
,

KN,S
1 (t) = −

(
I −

(
ϕ
N(
Q

N
(t)
))T )diag

(
Q(t) ∧K(t)

)
.

Each ML×L-valued random process KE
1 ,K

N,A
1 ,KN,S

1 is FN -predictable locally bounded process, and
by the given hypotheses and Theorem 3.2, it, respectively, converges in probability to KE

1 ,−
(
I −(

ψ
(
Q(.)

) )T )diag
(
Q(.)−K(.)

)+
,−
(
I −

(
ϕ
(
Q(.)

) )T )diag
(
Q(.) ∧K(.)

)
uniformly on compact

sets, as N → ∞.
It follows from Theorem 5.6 and the relation in (8.8) that the square-integrable martingale(
V N
λN ,V

N
γN ,V

N
µN

)
converges in distribution to

(
Wλ,Wγ ,Wµ

)
in D

(
[0,∞),R3L

)
as N → ∞. More-

over, it satisfy the P-UT condition. Knowing that 1 − δ − β/2 = min{0, (1 − β)/2}, taking
KN (t) as KE

1 (t) ⊕ KN,A
1 (t) ⊕ KN,S

1 (t) in D
(
[0,∞),M3L×3L

)
, it follows from Theorem 5.8 that

KN
− ·
(
V N
λN ,V

N
γN ,V

N
µN

)
jointly converges in distribution to 1(β ≤ 1)

(
R̂E

1 , R̂
A
1 , R̂

S
1

)
in D

(
[0,∞),R3L

)
.

The convergence (8.8) together with the previous deterministic joint convergence complete the
proof. □
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