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Abstract. This paper studies a generalized Jackson network (GJN) with time-varying arrival, ser-
vice, and abandonment mechanisms, which are governed by an independently evolving external
random environment. The GJN is also equipped with time-dependent staffing and state dependent
routing mechanism. The additional involvement of the external process to the main queue dynamics
leads to a new many-server heavy-traffic regime under time-varying framework. By introducing a
scaling parameter § (> 0), the transition speed of the external process is accelerated by N? factor
inside the heavy-traffic regime (fast switching regime). We establish the fluid (or deterministic)
approximation and diffusion approximation inside the new time-varying many-server heavy-traffic
asymptotic regime under suitable assumptions. Due to the fluctuation of fluid approximation with
respect to time-varying staffing, the system enters into three possible states, which are referred to
as subcritical, critical, or supercritical. In each of the regimes, the diffusion limiting process is char-
acterized as a multi-dimensional Ornstein-Uhlenbeck process with time-varying drift and diffusion
parameters. Based on the value of 8 (i.e., whether g < 1, 8 = 1, 8 > 1), the diffusion approx-
imation of the system length process leads to a trichotomy. Since the GJN dynamics is entirely
influenced by the evolution of the external process, we derive further the Gaussian approximations
of the external process individually within a general asymptotic framework (central limit theorem
regime) adapting a suitable averaging principle.

1. Introduction

1.1. Background and Motivation: General stochastic networks, such as the Jackson queueing net-
work, serve as foundational models for complex and large scale service systems comprising multiple
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interconnected service stations, which are widely applicable to cloud computing and telecommu-
nication infrastructures, transportation and logistics systems, etc. However, the exact analysis of
general queueing networks is often intractable, especially in high volume or high utilization regimes.
This necessitates asymptotic methods that approximate system behaviours when the network oper-
ates under heavy traffic-that is, when demand closely matches service capacity. Nevertheless, from
both practical and theoretical perspectives, many of the above stochastic network systems often deal
with time-varying service, staffing or routing situations, interaction amongst service stations, allow-
ing an additional random effect inside the arrival, service, and routing mechanisms. A convenient
and effective approach to address such challenging scenarios is to embed an external process within
the primary stochastic system, allowing it to evolve on a potentially different time scale than the
time-dependent dynamics governing arrival, service, staffing, and routing mechanisms. Motivated
by this framework, in this paper, we study a stochastic network (the primary process) whose arrival,
service, and abandonment mechanisms are modulated by an external Markov process (the under-
lying process). These two interacting processes evolve on two different time scales, enabling the
model to effectively capture both stochastic fluctuations (for instance environmental uncertainty)
and deterministic patterns (for instance time-of-day effects).

We consider a stochastic network with L service stations (nodes) with L = {1,2,..., L}, which is
governed by a continuous-time Markov process {K(t),t > 0} with state space ' = {1,2,...,d} and
invariant distribution 7 = {my,m2,...,m4}. In the present study, the external Markov process K is

considered to be a random environment, whose evolution strongly influence the time-varying arrival,
service and abandonment mechanisms of the network, i.e., the rate functions of these mechanisms
are defined as f(t,K(t)), for some Borel-measurable function f : Ry xS’ — R. The dynamics of the
routing probabilities (¢i;(.), ¢i;(.),4,j € L) of the network is also governed by K. Each node in the
network is operated by a certain number of time-varying parallel servers K (t), independent of K
activities. In the time-varying framework, staffing K (t) defines the number of active time-varying
servers in each node, which may decrease or increase with time while all servers are busy. The time-
varying queueing network modulated by a random environment is often referred to as generalized
Jackson network (GJN) (see Mandelbaum et al., 1998; Budhiraja and Liu, 2011). Within the
framework of time-varying and randomly modulated environments, it is both natural and essential
to study the long-run behaviour of such complex stochastic network systems, particularly when each
node operates with a large number of servers. Our aim is to derive a tractable and computationally

feasible approximation of the system length process {Q(t) = (Q,-(t))z-L:1 ,t> O} for the network, by
employing heavy-traffic theory under an appropriate asymptotic regime.

1.2. Main Results and Contributions: The present study addresses several fundamental theoretical
and methodological challenges in analyzing queueing networks subject to both time-varying param-
eters and external random modulation. The incorporation of an external stochastic process into
a time-dependent framework introduces both predictable and random sources of variability, ren-
dering classical many-server heavy-traffic regimes inapplicable. Notably, the presence of external
modulation breaks the stationarity of the system and invalidates key independence assumptions
typically imposed on arrival, service, and abandonment processes. Furthermore, within a time-
varying framework, the system may transition between subcritical (underloaded), critically loaded,
and supercritical (overloaded) phases within a single sample path, causing the offered load to vary in
a non-trivial and non-stationary manner—thus complicating modelling and performance approxima-
tions. These difficulties are further worsened when the external environment evolves on a different
time scale than queueing dynamics, where standard techniques fail to yield uniform approximations
or accurate heavy-traffic limits. In this study, we address the aforementioned challenges by devel-
oping and applying advanced methodological tools tailored to two-time scale many-server systems
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operating in time-varying environments. These techniques not only advance the theoretical under-
standing but also offer broad applicability to a wide range of two-time scale stochastic dynamic

systems. The main contributions of the paper are outlined below.
(1) We propose a novel two-time-scale time-varying many-server heavy-traffic regime to study

heavy-traffic theory, offering comprehensive insights into the limiting diffusion structure of
stochastic systems evolving on multiple time scales.

(2) A key innovation is the introduction of a transition scaling parameter 5 > 0 in the proposed
time-varying many-server heavy-traffic regime resulting in two-time scale separation, which
governs the speed of the random environment relative to the primary queueing system,
enabling a unified treatment of multiple time-scale interactions.

(3) The proposed regime not only encompasses the classical Halfin-Whitt heavy-traffic regime
(critically loaded) under a constant framework, but accommodates both subcritical and
supercritical phases within the same framework, depending on the time-varying offered load.

(4) We propose an advanced and refined methodology based on the non-homogeneous stochastic
averaging principle, applicable to a broad class of interacting and coupled non-homogeneous
stochastic dynamical systems.

(5) The multi-scale diffusion approximations (Theorems 3.2 and 3.4) presented in this article
offer significant insights and a tractable representation of the asymptotic behavior of the
system length process in generalized Jackson networks (GJN) across all possible dynamic
loading regimes. These results substantially extend the classical diffusion theory for time-
homogeneous stochastic dynamical systems to a more general setting involving two-time-
scale interactions.

(6) The unified diffusion framework for multi-scale modulated systems exhibits a trichotomous
structure in the limiting diffusion process, depending on whether 8 < 1, 8 =1or 8 > 1. This
general characterization yields a comprehensive approximation applicable to a wide range of
real-world systems influenced by both stochastic fluctuations and deterministic variability.

Time-varying many-server heavy-traffic regime at two-time scale framework: In the
present work, to derive diffusion approximations for the generalized Jackson network (GJN), we
consider a sequence of such systems indexed by a scaling parameter N € N. Under the proposed two-
time-scale, time-varying, many-server heavy-traffic regime, the external Markov process {ICV (¢),t >
0} transitions among states at a rate proportional to O(N?) for some # > 0. In the primary
system, while the arrival rates and staffing levels at each node are increased at order O(N), the
service and abandonment rates remain of order O(1). This results in a two-time-scale structure
within the queueing dynamics. Specifically, the range of the transition parameter 8 with § =1, or
B > 1, or f < 1 determines whether the primary GJN system evolves at the same speed as KV,
significantly slower, or faster, respectively. We propose that if the arrival and staffing functions
are defined by fN(t,KN(t)) =~ Nf(t,KN(t)) + NOf(t,KN(t)) with § = max{1 — 3/2,1/2}, for
some locally integrable function f(.,.), f(, .), then the system may experience subcritical, critical,
and supercritical loading phases along its sample paths—depending on the fluid characteristics of
the arrival and staffing functions (see Section 3). To ensure stability across all loading phases,
it is essential that the centered and scaled traffic load, N'=°(pN(t) — po(t)), determined by the
system traffic load p¥(t) (i.e., the ratio of arrival rate to total service capacity) and its fluid-scale
counterpart po(t) converges to a finite limit as N — oo.

Averaged Halfin-Whitt regime: By the proposed heavy-traffic scaling framework, it is notewor-
thy to mention that this novel, advanced and largely generalized many-server heavy-traffic regime,
which is significantly different from the conventional heavy-traffic regimes, complements the well
existing regimes including the Halfin-Whitt (QED) regime (Halfin and Whitt, 1981; Pang et al.,
2007), and regimes involving time-varying dynamics (Mandelbaum et al., 1998; Liu and Whitt, 2012;
Pang and Yao, 2013; Puhalskii, 2013; Whitt, 2018). Within this framework, the system maintains
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the stability of the entire GJN system at every state of the random environment. Furthermore, it is
capable of maintaining a perfect balance between high utilization and quality of service no matter
what loading phase the system is experiencing. In addition, within a constant framework, when
the traffic load (or staffing) of the system does not change over time, i.e., the system consistently
operates at a particular loading regime (subcritical, critical or supercritical), our proposed regime
has a significant advantage to operate the system into a phase where it is not required to be criti-
cally loaded at each stage of the external environment, instead, at each stage, the system has the
relaxation behaving from subcritical to the supercritical regimes. As a result, we derive a further
generalized heavy-traffic regime, referred to as averaged Halfin- Whitt regime, with respect to the
invariant measure 7 where the system traffic load p¥(¢) converges to its critical value 1 as N — oo
but leaves a residual fluctuation of order O(N'7%) (see Remark 3.1). This framework extends the
classical Halfin—Whitt regime by accommodating a broader range of the diffusion parameter, with
d = max{l — 3/2,1/2} as opposed to the fixed value 6 = 1/2. Consequently, it enables the sys-
tem to simultaneously achieve high efficiency and good service quality across a wider spectrum of
operational conditions.

Non-homogeneous stochastic averaging principle: To develop the diffusion theory of sto-
chastic dynamical system operating under two different time scale framework, it is essential to
characterize the asymptotic behaviour of the external random process within interactive environ-
ment. In this work, we present a generalized framework—extending beyond the scope of the current
model, to study such dynamical system by employing the non-homogeneous averaging principle(see
Papanicolaou et al., 1977; Skorokhod, 1989; Kurtz, 1992). This approach leads to Gaussian approx-
imations that yield significant insights into the asymptotic behaviour of the coupled system.

Refined martingale methodology for dependent dynamics: Classical martingale approach
(see Pang et al., 2007 and Puhalskii, 2013) in establishing the stochastic approximations, generally
applicable for stationary queues or system without any effect of external random dynamics, break
down in our present heavy-traffic analysis. It leads to the necessity of developing a new advanced
methodology that can be applicable to generalized stochastic dynamical systems within a two-time
scale framework. This methodology includes a two-part analysis: firstly, we characterize the random
rate processes {fV(t,KCN(t)),t > 0} interacted with the external random environment as coupled
process and develop the Gaussian approximations applying two-time scale analogy (Section 5).
Secondly, we construct an extended martingale representation for the system length process and

)

tackle the dependency among the arrival, service, and abandonment processes (Sections 7, 8).

Trichotomy nature in diffusion limiting processes: This article demonstrates that, despite
the analytical complexity introduced by large staffing levels and the two-time-scale dynamics of
the GJN, the proposed stochastic approximations yield a tractable, analytically manageable, and
computationally efficient representation. In fact, the fluid scaled system length process in virtue of
Theorem 3.2 converges deterministically to a unique solution of an ordinary differential equation,
which is built on the averaged parameters with respect to 7r, independent of the effect of transition
rate parameter S. Furthermore, depending on the fluctuation of the fluid characterization resulting
in any loading phases (subcritical, critical, or supercritical), it is proved in Theorem 3.4 that the
centered and normalized system length process converges in distribution to a trichotomized multi-
dimensional It6 diffusion process depending on whether 8 < 1, 8 =1, or 8 > 1. More precisely,
the diffusion limit process can be characterized as a multi-dimensional Ornstein-Uhlenbeck process
with time-varying drift and diffusion coefficients, which satisfies the Markov property.

1.3. Related research: Various kinds of asymptotic approximations of the stochastic networks (GJN
and Jackson network) have been studied earlier at a large scale, beginning with the notable work
by Reiman (1984) establishing the diffusion approximations inside a suitable heavy-traffic regime.
Introducing time-dependency within arrival and service (abandonment) mechanisms, the diffusion
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approximations are well established by Mandelbaum et al. (1998), Puhalskii (2013) and Sun and
Whitt (2018) under Halfin-Whitt regime. Later, Pang and Yao (2013) derived the heavy-traffic
approximations of a multi-server queueing network when the system experiences critically loaded
and overloaded. A recent survey by Whitt (2018) extensively discusses the recent developments
of time-dependent stochastic systems in a nice manner. In this regard, we can say that the time-
varying setup within our novel many-server heavy-traffic regime broadly generalizes the diffusion
theory of the aforementioned works. On the other hand, a noteworthy diffusion theory work related
to GJN operating in a random environment has been studied by Budhiraja and Liu (2011), where the
asymptotic scaling regime is substantially different from our present work. Recently, Arapostathis
et al. (2019) and Arapostathis et al. (2021) studied the diffusion control problem for Markov-
modulated many-sever system within the constant framework, which can be partially recovered
from our diffusion limit theorems. Not only limited to these results, the diffusion approximations
presented in this article yield the diffusion theory for infinite-server queueing system operating under
a Markovian environment presented in Anderson et al. (2016), Jansen et al. (2019) and Sen and
Selvaraju (2023).

The rest of the paper is organized as follows: Section 2 describes the GJN model together with
the definition of the external random environment. The main Theorems 3.2 and 3.4 are presented in
Section 3 with remarks. The required martingale representation of the vector system length process
is derived in Section 4. Section 5 demonstrates the averaging principle to prove the diffusion
convergence of the external Markov process. The main proofs including fluid approximation and
diffusion approximation are established in Sections 7 and 8, respectively. In the end, we derive the
necessary convergence results subsequently in Appendix A.

2. Model description and GJN system dynamics

We consider a sequence of generalized Jackson networks (GJN) with L service stations, which are
denoted by L = {1,2,---, L} indexed by N. For each N € N, each station i has K}¥(t) number of
time-varying parallel non-idle servers at time ¢ providing service on FCFS basis. Every stations has
an infinite capacity buffer and has its own queue. A job may join a particular station 7 from outside
or inside routing of the network, and after joining it may wait until to get service or abandon the ith
station to join another station j, j € L; = L\ {¢}. At the end of the service at station 4, the job may
either join the other station j or may leave the entire system. In this article, we study the GJN where
the arrival, service and abandonment mechanisms are governed by time ¢ as well as an independently
evolving random process KV = {KN(t),t > 0}. The random process KV can be interpreted
as an external random environment, which is a continuous-time Markov process with state space
(S', Bs), where S’ = {1,2,--- ,d}. For every N € N, the Markov process K" is characterized by the
transition probability matrix PV (t) = (PN (t),k,l € S') and initial distribution m = {m, k € S'}.
Let QN = (Qu, k,1 € §') be the infinitesimal generator matrix associated with PV (¢) with non-
diagonal entries Q{C\; > 0 and diagonal entries Q}CV =—> 2k QZ < 0. Assume that XV has a unique
stationary distribution 7r. In addition, the recurrent potential kernel DV = (D,Ic\l[ k1 € §') exists
for the Markov process KV with D,]C\l] = fooo (P,é\lf (t) — 7rl) dt. The dynamics of the scaled process
KNV has been described in detail in later part of this section.

In the Nth queueing network, an exogenous job arrives at the ¢ station with time-varying arrival
rate AN (t) when the external random environment K™ (¢) stays at the state k at a particular time
t, k € S'. Upon arriving at station i, each job joins the queue in front of the station and may
abandon the queue after an exponentially distributed time with time-varying parameter vé\; (t) when
KN (t) stays at the state k at time ¢, or it may wait for at the service ith station and requires an
exponentially service time with the parameter ul:(t) whenever KN (¢) stays at k. Within time-
varying staffing framework, the staffing count KZN (.), independent of XV dynamics, may decrease
while the servers are busy, hence it is necessary to handle the assignment of the job being served
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(the most recent customer joining for the service). Since, we prefer this job to be served by the rate
function pg;(.) for some k € S’ at same node i, we push the job into the head of queue and assign
a complete new service once it reaches to server again (see Puhalskii; 2013). As the service time is
assumed to be exponentially distributed, the remaining service time will have the same distribution
as the new service time. As per the server to be allowed to take off, we assume that the server who
completed its service most recently is allowed to be released. Let {EN(t),t > 0} be the exogenous
cumulative arrival process, where EN (t) denotes the number of arrivals by time ¢ at station i joining
from outside. For every N € N, let {QY(¢),¢ > 0} be the system length process at the station 4,
where QZN (t) represents the number of jobs at this station at time ¢ in the Nth network, considering
all the jobs in queue and service after routing from another service station j(€ L;). Inside the
network, the routing mechanism is determined by the system state. More accurately, in the Nth
network, a particular job may join the station j in order to avoid significant waiting issue with
probability wf}f (QN(t—)) after abandoning the station i or it may exit the system with 13 (QN (t—))
probability at time ¢. Similarly, after completion of service at station ¢, a job may join the station
j, (4 € L;), with probability gbg(va(t—)) or may leave the system with ¢f (Q;(t—)) probability
at time t. Therefore, we are given the L x L substochastic matrices V(.) = ( g() i,j € L)
and ¢V (.) = (qbg(.),z’,j € L) with diagonal entries @bg() = Qﬂ() = 0,7 € L. By definition,
Zle wg() + 9N () =1 and Zle gbg() + @R (-) = 1, for each i € L. In addition, for any | € N,
we define the following cumulative processes associated with the nodes i, j € LL as follows:

. Yzé\f ’A’l(t) represents the cumulative number of jobs who abandon the queue at station 7 and

join the station j by time t.

° Yié.v’s’l(t) represents the cumulative number of jobs routed to j upon the service completion
at station ¢ by time t.

° YiéV’A’l(t) represents the cumulative number of jobs who depart the entire system by time ¢
at the end of abandonment from the station .

o YV, ’S’l(t) represents the cumulative number of jobs exiting the entire system by time ¢ after
service at station ¢ is completed.

Yié.v’s’l, ieL,jeLU{0} and the external jump

process KV have no common jumps P-a.s, i.e., for every N € N,

We assume that all counting processes ElN , YZ-;V’A’I,

AENOAEN(t) =0, i1,ia2(# 1) € L, AEN () AYYV iy € Ljo e LU0}, T = A, S,

12,2
AYNA R AYNS () = 0, (i1, 51), (i2, j2) € L x LU {0},
AYNIOAY NI 1) = 0, (i1, ), (2 o) (# (i1,51)) € L x LU{0}, T = A, S,

N N _ N,I,l N _ . . _
AENAKN(8) = 0, AV AKN () =0, i€ L,j e LU{0}, I = A, 8.

Therefore, the system dynamics at station i of the network can be represented as follows:

L; oo .
QN (1) =QN(0) + EN(t) + > Z/O 1(QN(s—) = KN (s—) + 1) ¥ (QN (s—)) ¥y ™ (s)
Jj=1l=1
L; oo .
+ ZZ/O 1(QN(s—) AKN (s—) > 1) 5 (QY (s—)) AV} (s)

j=11=1

Li oo
_ZZ/O 1(QN(s—) = KN (s=) +1) ¥l (QN (s—)) dv;3" ™ (s)
j=11=1
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IS [ 1@ e o) 2 ) (@06 s

jlll

-3 [ 1@ = K 1) v @)
—Z / 1(QN (s—) A KN (5-) > 1) o8 (@ (5-)) dYyo4(s), (2.1)

where, for each i € L,j € L U {0}, the counting processes {EN(t),t > 0}, {Yiév’A’l(t),t > 0},
{Y;;V’S’l(t), t > 0} have trajectories in D ([0, 00),R), I € N. We introduce the L-dimensional random

vectors EN(t), YON’A’l(t) and YON’S’l(t) and Q™ (t) and the corresponding counting processes in
D ([O, 00), RL), where each component & = (x;)L; denotes the L-dimensional vector. Similarly, we
represent the L x L-dimensional random matrices Y V4! (¢) and YN-%!(t) and the corresponding
random processes in D ([O, oo),MLXL), for each | € N, where y = (yij)szl denotes the L x L-
dimensional matrix.

In order to better understand the aforementioned counting processes, for every N € N, we

define the d-dimensional indicator process { H (t) = (Hliv(t))zzl ,t >0} in D ([0, 00), RY), where
HYN(t) = 1if KN(t) = k, and zero otherwise. The definition of H” yields that H" is a jump
Markov process with measurable state space (S, %s), where S = {ej, e, - ,e4}. The associated
transition probability is defined by PN (¢, ey, €;) = P(HY(t) = e;|H™(0) = ey), which is same as
P,i\l[(t), er,e; € S. The operator OV generating the Markov process H” is given by QVg(h) =
> aes QV(h, 2) (9(2) — g(h)), h,z €S, where g is an Bs-measurable bounded function. It directly
follows from the definition of KV that the new random process H” is stationary, and thus, for every
t > 0, HY(t) has the same distribution as H™V(0), which is distributed as = = {w(h),h € S}. It
follows that wP™N(t) = , for any ¢t > 0, and hence 7 to be the invariant distribution of H¥, for
all N € N.

With respect to the newly defined random environment H”Y, for i € LL,j € L. U {0}, we define
the counting processes mentioned in the system evolution (2.1) as follows:

N N,Al i (= [
Sy (Z JRNEEAE ds> YA ) = p (kg | e ds>,
Yz‘j'v’Sl PSZ (Z/ pii(s) HE () ds ) ; (2.2)

where PF P;;1 l, Pgl, i€lL,jeLU{0} are mutually independent unit-rate Poisson processes with
non-negative, non-decreasing trajectories in D ([0, o), R) associated with arrival, abandonment and

service processes respectively.

3. Heavy-traffic approximations and main results

In this section, we develop the heavy-traffic theory of the GJN system which primarily builds on
the functional law of large numbers (FLLN) (Theorem 3.2) and functional central limit theorem
(FCLT) (Theorem 3.4). To build the heavy-traffic theory, we introduce a novel asymptotic regime at
two-time scale analogy, referred to as two-time-scale time-varying many-server heavy-traffic regime,
defined by the scaling presented in Assumptions 3.1, 3.3-3.6.
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Assumption 3.1. The infinitesimal generator matriz of HN is accelerated by NP factor, for some
8>0, e, OV = O(Nﬁ), which is equivalent to say that the increment of jump rates are propor-
tional to NP.

Before proceeding to the main results, we assume that the R%valued deterministic rate functions
AN = ROk € S, AN = 0,k € S), uN() = (uhi(),k € §'), i € L satisfy the
following assumptions in the heavy-traffic regime, where (.) stands for the time dependency of the
rate functions.

Assumption 3.2. Assume that every rate functions belong to C} ([0,00),R?) for each i € L.

Assumption 3.3. For every i € L, there exists R%-valued functions X;(.), 7i(.)), wi(.) such that
for any T >0,

1A = MOl = 0. [N =%l =0, |[1¥0) = mO)|l, =0, asN — oc.

Assumption 3.4. For every i € L, given the deterministic fluid approximations in Assumption
3.5, we define

~ s/ 1

AN = N (AN () = A0).
(
(

Then there exists R:-valued functions XZ(), Yi(.), mi(.), such that for any T > 0, and 6 =
max{1 — 5/2,1/2},

30 = X0 =0 1F¥O =30l =0, AN - @), — 0. as N o,

Given R-valued functions f(.) = (fi(.)){_,, we define f" (.) := Zgzl fr()mg, associated with
the invariant distribution 7. By this definition, for every station i € L, given the R%valued rate
. . . ~N,m _N, _N,
functions AN (.), ¥V (.), ¥ (.), we introduce the averaged rzit: functions \; " (.),7; " (.) and z; " ().
Assumption 3.3 results the averaged fluid rate functions A; (.),77(.) and @7 (.). Similarly, for the
RY-valued diffusion rate functions AN (.), 3N (.), &N (.), we define AN (.), 7™ (.) and 7™ (.) and
Assumption 3.4 results the averaged diffusion rate functionsAT(.), 37(.) and gF(.). Denote the
corresponding R -valued rate functions as XN’”(.), AN, BwBYT), AT, ™), mE(), AN (),
AN, BT AT, AT(), BT(). .

Additionally, assume that the deterministic time-dependent servers KV (.) = (K} ()i

the state dependent routing probability substochastic matrices ™ (.) = ( g (.))Z.Lj:1 and ¢™V(.) =
(qﬁg())szl and vectors ) (.) = (@b%(.))f:l, V()= (gb%())le are R-valued, M**L-valued and
R%-valued Lebesgue measurable functions respectively, which are scaled accordingly in the following

way inside the heavy-traffic regime.

and

Assumption 3.5. Define KN() = # There exists RV -valued, non-negative Lebesque inte-
grable function K (.) such that HEN() — K()||; = 0, as N — oo. For the routing matrices
'l,bN(.),d)NL), deﬁnz@N(.) = PN (N.), EN() = @™ (N.). There exist M**L-valued Lipschitz
functions 1(.) and ¢(.) with spectral radius strictly less than 1 such that

o™ () =%O)||l;=0, |l¢ ()=é()||; =0, asN — .

Similarly, for the RE-valued functions ¥{'(.) and ¢} (), there exists 1y(.) and ¢(.) such that
[#0 () = BoOll= 0, |60 () = Bo()]l =0, as N — oo.
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In addition, let ¥(.), ¥y(.), @(.), ¥y(.) be differentiable, with derivatives that are bounded on
every compact interval.

NOTE: The condition that the spectral radii of the routing matrices 1 (.) and ¢(.) are strictly less
than 1 is necessary to ensure the stability of the stochastic network. This assumption guarantees the
invertibility of (I —1p(.)7) and (I —¢(.)T), which is crucial for well-defined network dynamics. Such
a condition is standard in the literature on Jackson queueing networks and ensures the existence
and uniqueness of the associated diffusion approximations.

Assumption 3.6. Fiz § = max{l — 3/2,1/2}. For the diffusion deterministic approzimation,
define KV (.) := Nl_‘S(FN
RE-valued Lebesgue measurable function K (.) so that for all T > 0,

|EN() -

() —K(.)). Given fluid servers K (.) in Assumption 3.5, there exists an

(.)HT—>0, as N — oo.

Define IZJ\N() = N1_5( —(.)) and ¢N = N9 (EN( ) —(.)). Given the deterministic
fluid approzimations (.) and &(. ) with spectml mdzus less that 1 in Assumption 5.5, there exist
ME*L _yalued Lipschitz functions ¢( ) and q’)( ) such that for any T > 0,

H‘ﬁN(-) - ¢()HT — 0, HT,DN() - (ﬁ()HT —0, as N — oco.

In similar manner, given ,(.), ¢o(.) € RE from Assumption 3.5, there erists 1@0(.) and qgo(.) such
that

190 () = o)l = 0, [ () = @) = 0, as N — .

Remark 3.1 (Averaged Halfin-Whitt regime). Assumptions 3.4, 3.6 generate the Halfin-Whitt as-
ymptotic regime for each station ¢ € L. of the GJN system inside the time-varying framework. In
addition, if the RY-valued deterministic functions AV (.), 4N (.), u™¥(.) and K™V (.) are assumed to be
constants, and the routing probabilities ¥ (.) and ¢(.) are state-independent, the averaged Halfin-
Whitt regime arises in the system whenever AV = (I —aT)diag(K NMym™ for large N, with respect
to the invariant distribution 7 of H”. Using Assumptions 3.3, 3.5, we obtain that

X' = (I-¢") diag(K) 5™, (3.1)

which is the required condition for the system to be critically loaded. The condition (3.1) yields
that that the total input at each station 7 € IL coincides with the total service capacity, i.e.,

T+ Z ¢J%KN ZQ%KN + ¢inKNTT,  for large N.

If @V = N*‘;(X - (I - a )diag(K™N)™), it follows from Assumptions 3.4 and 3.6 that

N,m

limy 00 @™ = ™, where a™ = AT — (I — (,b Ydiag(K)u™ under averaged Halfin-Whitt regime.

For each N € N, given a process {XN(t),t > 0} with trajectories in D ([0, 00), &), we define

_ ~N
the fluid scaled processes as {X N(t) = X;(t),t > 0} and diffusion scaled process as { X" (t) :=

N1-° (?N(t) — X(t)),t > 0}. In the remaining of the article, we strict to the notations defined
above to denote fluid and diffusion scaled process accordingly. The next two results Theorem
3.2 and 3.4 are the main contributions of the article, which shows that the fluid scaled system

length process {GN(t) = (@f\[(t))Z st = 0} converges to a deterministic system averaged by the

invariant distribution 7, and the diffusion scaled system length process {QV (t) = (va (t ))l 1 >0}
converges in distribution to a certain diffusion process as N — oo for every value of diffusion
parameter 8 < 1, or 1, or > 1.
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Theorem 3.2 (Fluid approximation). Suppose that the initial fluid scaled system length process
QN(O) converges to Q(0) in RY, as N — oco. Under Assumption 3.2-3.5, and Assumption 5.5,
{@N(t),t > 0} converges to {Q(t) = (@z(t))Z Lt 0} in probability uniformly on compact sets as
N — oo, where Q(t) uniquely satisfies the following deterministic integral equation

Q) =Q)+ [ X ds— [ (1-% @()") diag (@(s) ~ K(2) 77(5)ds
- / (I-(@()") diag (Q(s) A K(s)) 5™ (s) ds, (3.2)

0

where I is an L X L-dimensional identity matrix.

Remark 3.3. Theorem 3.2 shows that the fluid approximation @ has deterministic trajectories in
D ([O, 00), RL) for given deterministic approximations resulting from Assumptions 3.3, 3.5, which is
averaged by the invariant distribution 7 of the external environment. In particular,

If sup [|Q(t) — K(t)|| <0, the system is said to be subcritical.
If 0<11;1£THQ( ) — K (t)|| > 0, the system is said to be supercritical.

If sup ||Q(t) — K(t)|| = 0, the system is said to be critical.
0<t<T

In particular, the system becomes critically loaded if

/ A" (s)ds — / (I-3(Q(s))")diag(K(s)) ™ (s) ds
0 0

sup
0<t<T

=0, (3.3)

which represents the Halfin-Whitt condition of the system.
In particular, if X" (.), m"(.), K(.) and ¢(.) are constants, then (3.3) yields

N — (I-¢")diag(K)p™ =0,
which actually coincides with the averaged Halfin-Whitt regime condition (3.1), see Remark 3.1.

Theorem 3.4 (Diffusion approximation). Suppose that @N (0) converges in distribution to @(OJ in
RY, as N — oo, and Assumption 3.2-5.6 are satisfied. In addition, the fluid approzimation Q of

Theorem 5.2 is subcritical, critical, or supercritical. Then {@N (t),t > 0} converges in distribution

to {Q(t) = (@\i(t))i:pt >0} in D ([0,00),RY) as N — oo, where the limit @(t) uniquely satisfies

the stochastic integral equation as follows.

Q) =@+ 105 < 1) (Walt) — [ (1% (@(s)") diag (@) -

K(s))" AWy (s)

(1-3@0)") diag @) A K () aWulo)) + [ 37(
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" (s)ds, (3.4)

with h(Q(1)) = (Q(t) — K(1))1(Q(1)) > K(t) + (Q(t) — K(£)*1(Q(t) = K (1)), ha(Q(t )) —
QLQ() < K(1) + Q) A K11Q() = K(1) + K()1(Q(t) > K(1), where {Wx(t),

0}, {W4(t),t > 0}, {W,(t),t > 0} are correlated Brownian motions in D ([0,00),RE), and the as-
sociated covariance function is given by Cyrg(t) = (Cg,(t),1 <i,5 < L), fi(t) = Xi(t),¥i(t), pi(t),

g;j(t) = X;(t),v;(t), us(t )
Ct.g,(t) Z Zmﬂ?kl/ (fie(s)gji(s) + fiu(s)gin(s)) ds, 1 <i,j <L, (3.5)

k=11=1
and {B(t),t > 0} is an independent drift-less Brownian motion in D ([0, 00), RF) with

;tE (B(t)B(t)") =diag <>\"(t) + (149 Q1) ") diag(@() - K1) 5™ () + (1 + 6 (@)

x diag(Q(t)A K@))u"@)) ~ 9 (Q(1)" diag (Q(t) - K (1)) " diag (7™ (1))

— diag(7"(t)) diag (Q(t) — K(1)) " % (Q(1) — ¢ (Q(1))" diag (Q(t) A K (1))
x diag (f™ (1)) — diag (™ ()) diag (Q(t) A K (1)) $ (Q(1)).

Remark 3.5. Under Assumptions 3.5-3.6, Theorem 3.4 shows that the d1ffus1on scaled system length
process QN converges in distribution to a RY-valued It6 diffusion process Q regardless of whether
the system is subcritical, critical or supercritical. In the diffusion component, the time-varying
diffusion coefficients are determined by the deterministic approximations of the rate functions as
well as the state-dependent routing probabilities and system length process. In contrast, the time-
varying drift coefficients are additionally dependent on the functional @ As a consequence, the
limiting process @ can be characterized as the multi-dimensional Ornstein—Uhlenbeck process with
time-varying drift and diffusion coefficients. Therefore, using a similar analogy to evaluate the
performance measures (i.e., mean, covariance, etc.) of the Ornstein—Uhlenbeck process, one can
derive the performance measures of interest.

Remark 3.6. The diffusion scaled parameter 6 = max{1 — 3/2,1/2} plays a crucial role in deriving
the particular form of the limiting process @ in (3.4). For example, if § < 1, which is equivalent
to saying that the transition speed of the external Markovian environment is slow compared to the
arrival speed of the exogenous arrivals at each station ¢ € L, the dynamics of the resulting system
Q are determined by the RP-valued rate functions ()\m( ))le, ('Ykz( ))lea (Nkz( ))le when the
external process stays at a particular state kK € S'. On the contrary, when § > 1, the arrivals join
from outside in each station ¢ at a much lower speed than the transition speed of of the external
process, and hence @ leads to a averaged system with averaged RZ-valued rate functions Xﬂ(.),
F™(.), g™ (.) with respect to the invariant distribution 7, which eventually behaves as the general
GJN system without acting under random environment. But, in particular, if 3 = 1, the speed of
transitions of the external process and the exogenous arrivals turn out to be of O(V), and as a result,
the system successfully captures the stochastic as well as the predictable behaviour simultaneously.
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Remark 3.7. If the parameters AN (.), u™V (), ¥V (.), KN (.), ¥"(.) and ¢ (.) are independent of
time evolution and the system is operating under critically loaded Halfin-Whitt regime, i.e. the
condition (3.3) holds (see Remark 3.1), then the diffusion limit Q(¢) has the following form

Qt) =Q(0) +1(B < 1) (W)\(t) - (I—$T>diangu(t)> +a™t + ¢TdiagK 5™t + 1(3 > 1)B(t)
— /Ot (I - ET> diag (@(s) - f(\>+7" ds — /Ot <I - $T> diag <Q(s) A E) ™ ds,

where a™ = AT — (I — ¢")diagK u™, and

i

E (B( )B(t)T) = diag </\7T+ (I —l—aT) diagK u”) (,‘b diagK diagn™ —diag (z™) diagK ¢.
4. Martingale representation

The dynamical representation (2.1) of the system length process at station i of the Nth sys-
tem admits a martingale representation incorporating the martingales associated with the counting
processes BN, Y NAL y NSl YON’A’l, Y[)N’S’l. The foundations of heavy-traffic approximations (The-
orems 3.2, 3.4) of the system length process Q' are built on the martingales associated with the
above counting processes, and their convergence in the respective Skorokhod space.

For every N € N, we introduce the sigma algebra 7V (t) = o(H™(s),s < t), and the right-
continuous filtration sV = {,%” N(t),t > 0} associated with the external Markov process HY. We

define the complete sigma algebra
FN(t) = o (QN(0), BN (5), YV (s), Y V5 (5), ¥y V4 (s), ¥V ¥ (s), L €Ny s < t) v o,

where .4 represents the family of Z-null sets. By definition, J#V (t) C .FN(¢t), for all t > 0. For
i €L,j € LU{0}, we introduce

d .t
No(t) = N(s)HN (s)ds
@M—EAMM&(M,
d
%ngﬁﬂ@w@a

d et
2350 = [ o) (s) ds. (4.1)

and the corresponding RF-valued processes are denoted by { ZNo(t),t > 0} {ZN ), t > O}
{ZZ:[N ), t > 0} It follows from the definition that, for every N € N, each process Z)\N, Z,]YVN, ZﬁfN

is AN (t)-measurable, and thus .#"-adapted predictable processes. Also these Lebesgue-Stieltjes
integral processes have non-decreasing trajectories in C ([0, ), RE ) According to the construction,

EN(t) = PPoZ0% (1), Y = Plto Z0%. Yoy = gjvlozlfjj_v(t), i € L,j € LU{0}. Tt is casy
to verify that EN ZiVN, Yév Al ZNN, Ylév S ZLV are .#N-local martingales with compensators

Zﬁ\VN, ZN , and ZZ:[N respectively. For example, if 7V (n) :=inf{t > 0: ZiVZN (t) > n}, then 7V(n) is

an ﬁN—stopplng time for every n € N, and 7¥(n) 1 co as n — oo P-a.s. By conditional expectation
property, we can show that {EN(t A 7V(n)) — ZiVN (t A7N(n))} is an FN-martingale, for each
i € L. Consequently, Theorem 1.6.3 of Liptser and Shiryayev (1989) yields that ZiVN, ZN and ZN

NAla dYNSl

are .ZN-predictable compensators of the counting processes EN , Y, respectlvely, for

eachl e N,;ielL,jeLu{0}.
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We define the processes
{MYE() = (MFP0)7 0= 0) (M) = (Mg(0)
{575 () = (M ()
with trajectories in D ([0, 00), RL), and

(M) = (M) et 2 0h (MY = (MF5(0),20t > 0

i=1’

with trajectories in D ([0, 00), MLXL) with respect to the compensated processes

EN - Z}\N, yNAL _ N NS Z

ij GV Y v, foriel,jeLuU{0},leN,

as follows:
MYP () =EN(t) - ZNN (t),

)

MY Z / 1(Q) () = KN () + ) vl (@1 () a (v () — 23 (9))

Z [ 1@ AN 6o 2 1) 6 @6 d (V)6 - 23) . (42)

foriel,j e LU {0} In the next lemma, we show that the processes defined in (4.2) are square-
integrable local martingales with certain predictable variation processes. The convergence results
(Lemma 7.1 and 8.1) related to the martingales (4.2) are presented in later sections. These results are
straightforward consequences of the standard martingale theory associated with counting processes,
so we discard the proofs.

Lemma 4.1. The REF-valued processes MM, MéV’A and Mév’s are FN-local square-integrable
martingales with respective ME*L -valued predictable variation processes {diag((MN’Eﬂt)),t > O},
{diag((M >(t)) t > 0}, {diag(( MNS>(t)),t > 0}, and ML valued processes M™4 and
MNS are FN -local square-integrable martingales with ME*L -valued predictable variation processes
{(MNA>( t > 0} and {(MNS)(t),t > 0}, where (MNE)(t) = (MY )X, (M) () =

i =1’
(M (0),2y, (Mo )(0) = ((Mig ") 1)),y and (MNA(0) = (MFHO) 1y, (MU)00) =
(M) (¢ ) wzth
<MZNE> Zyw (1), i €L,
< N’A> / (@ () = (3))+¢f}/ (va(s—))deZN(s), iel, jeLu{0}

(M%) (1) = / (@Y () AEN(9) 0 (QV(s7) dZp(s), i €L, jELU{0}.  (43)
0 1
In addition, the martingales MNP, MéV’A, MéV’S, MNA and MNS are pairwise orthogonal to
each other.
In addition, we define the integral processes
AL
(RVE(t) = (RVP() 1t >0}, {RY(t) = (RY (1))t >0},
: N,S
{RO t :(Rio (t))i:pt = 0}

inD ([O, oo),RL), and

{RYA() = (R ().t > 0}, {RNS(t) = (RYS(1))),_,.t >0}
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in D ([O, o), ML XL), where each component is defined by

)

RYVF(t) =2z (1), i € L,

RA() = /0 (@Y () = KN ()" 0} (QN(s-)) dZ0w(s), i € L, j € LU0},

RYS0) = [ (@Y AKY(9) ) (@) AZ (s i jeLu(h  (4a)

By definition (4.4), these Lebesgue-Stieltjes integral processes with respect to the finite-variation
process ZiVN, Z,]YVN, ZﬁfN are .#N-adapted semimartingales in D ([0, 00), ]RL).
To the end of this section, we represent the martingale representation of the evolution of the

stochastic GJN system defined in (2.1) as follows:
QY(t) =QN(0) + MME(t) + (MTAM)T — MUA®R)) 1+ (MTI)T — MM(1)) 1
— M () — My"P (1) + RVE(1) + (RN — RV (1)) 1
+ RV )T - RNS()) .1 - R (1) — RS (1). (4.5)

5. Gaussian approximations for the external random process

The main two proofs of the present article Theorems 3.2 and 3.4 are essentially determined by
stochastic approximations of the external process H”, which are presented in Theorems 5.6 and
5.8 in this section. In particular, we treat the rate mechanisms of the primary network interacted
with the external process as an coupled random process {(X™(t), H(t)),t > 0} representing the
trajectories (5.1). This dynamics motivate us to adapt the non-homogeneous stochastic averaging
principle under two-time scale analogy, which is highly influenced by Papanicolaou et al. (1977) and
Skorokhod (1989).

5.1. Averaging principle for external process under central limit theorem regime. For each N € N,
we consider a joint Markov process {(X™(t), HN(t)),t > 0} with measurable state space (RY x
S, Bpr @ Bs), where S = {e1, e, , ey} is a finite subset of R? embedded with discrete topology.
The first component {X ™ (¢),¢ > 0} has continuous trajectories in C ([0, c0), RY) P-a.s..The other
component HY is assumed to be a jump Markov process with trajectories in ID ([O, 00), Rd). The
increment of intensity of the jumps of the discrete component H? is taken proportional to N?, for
some 3 > 0, which is equivalent to scaling the time factor ¢ by N, i.e., HV(t) = H(N®t). For
each N € N, the stochastic evolution of the joint process (X, HV) is defined by the following
differential equation

dXN(t) = NP2AN (¢, XN (1), HY (t)) dt + BN (¢, XN (), H" (1)) dt, (5.1)

with initial condition X~ (0) = =, H"(0) = h. Here, the dynamics are determined through the
coefficients AN : [0,00) x RF x S — R, BN : [0,00) x RF x S — RL. Given the coefficients
AN(t,x,h), BN (t,x,h), the continuous component X'V follows the trajectories of the vector field
NPZAN(t,x,h) + BN (t,, h) in between each transitions of the jump process HY. Our aim is to
show that this particular stochastic system will reach to equilibrium by speeding up the transition
rates of the jump process under suitable conditions. In particular, Theorem 5.1 proves that, based on
the longer run behaviour of the jump process HY under certain asymptotic regime, the asymptotic
distribution of XV can be essentially determined.

Consider the joint Markov process {(X(t), H(t)),t > 0} with trajectories in C ([0, 00), R") x
D ([0, oo),]Rd). For each x € RY, let ¢ : RF xS — [0,00) be the intensity rate function, and
R : RY xS xS — [0,1] be the transition probability kernel satisfying > ses R(xz,h,z) = 1 and
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R(x,h,h) = 0. Let {7,,n € NU{0}} be the sequence of the jump times of H. Besides, the R-
valued diffusion component { X (¢),t > 0} has continuous trajectories P-a.s., and thus the transition
probability kernel can be expressed as

R(x,h,A) =P(H(T}) € AIX(Ti—) =2, H(Ti—)=h), cc R, hc S, Ac %s.

We will occasionally prefer gz (.), Re(h,.) in stead of g(x,.), R(x, h,.) in the remaining part of
this section. For every & € R”, let Q, be the generating operator acting on every bounded %s-
measurable real-valued function by Qzg(h) = qz(h) Y cs 9(2)Ra(h, 2) — qz(h)g(h). The operator
Q. represents the infinitesimal generator of S-valued jump process H, for fixed x € RY. Let
Px(t, h, A) be the transition probability function of H for each & € RY. Assume that there exists
a unique invariant distribution 7w, = {74 (h), h € S} for the process H, i.e., a probability measure
depending on & € RE such that 7. (A) = Y 7(h)Px(t,h, A), A € %s, t > 0. In other words,
> Te(h) Qe f(h) = 0,z € R, for every %s-measurable bounded function f. Consequently, the
recurrent potential kernel D,, is defined as

Da(h, A) = /0 (Pt by A) — o (A)) dt, A€ B, (5.2)

which is well defined for each & € RY. It follows from (5.2) that Py(t, h, A) tends to mz(A)
sufficiently rapidly as ¢ 1 oo for all h € S, and A € %s.
In order to establish the diffusion approximation of the joint process (X HV) in C ([0, 00), RL) X

D ([O,oo),Rd), we require the following assumptions on the characteristic functions of the jump
process H™ as well as on the coefficients AN (t,x, h), BN (t,x,h) of (5.1).

Assumption 5.1. For every = € RY, the non-negative transition rate function qz(.) is bounded.

Assumption 5.2. The transition rate function qz(.), non-trivial probability measure Ry(.,.), the
transition function Pg(t,.,.), the generating operator Qg, the recurrent potential kernel Dy(.,.), and
the invariant probability measure wy are assumed to be smoothly depending upon .

Assumption 5.3. The coefficients of (5.1), i.e., Rl -valued functions AN (t,x,h), and BN (t,x, h)
are jointly measurable on every (t,x, h) € [0,00) x RF x S,

Assumption 5.4. For every t € [0,00), h € S, and z,x’ € RY, there exists a constant Krip,
independent of t, h, such that

|AN (¢, h) — AN (t, 2/, h)|| + || BN (t, 2, h) — BN (t,2', h)|| < Kpipllz — 2|
Assumption 5.5. For every (t,x,h) € [0,00) x RV xS, there exists K growtn such that
AN (¢, @, h)|| + [| B (t, 2, h)|| < K grown(1 + [|2])).

Assumption 5.6. For every i,j,k =1,2,--- | L, there exist some constants K1, Ka,
aAN(tach) <K iAN(tmh) <K iBN(tgch) <K
7 k Uy Ly ~ 1, 3:5]3% k \Uy Ly ~ 1, 8ZU’L k y Uy ~ 1,

0
‘mA{cv(t’w7 h)‘ < Ko,

d
atB,fY(t,m,h)‘ < Ks.

Assumption 5.7. There exist RV -valued Lipschitz continuous functions A(t,z,h) and B(t,z,h)
defined on [0,00] x RE x S such that

|AN(t, 2, h) — A(t, @, h)|| = 0, || BY(t,@,h) — B(t,z,h)|| =0, as N = o,

uniformly on (t,x, h) in compact subset of [0,00) x RY x S.
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Assumption 5.8. In addition, we assume the centering condition on the function AN(t, x, h) with
respect to the invariant measure Ty, i.e.,

> AN(t,@,h)ry(h) =0, t >0, € R,
h

Let 9N (t) = o (XN(s),HY(s),s <t) be the sigma algebra generated by the joint process
(XN, HN) and 9N = {&N(t),t > 0} be the associated filtration. The proof of Theorem 5.1 is
heavily relied on the martingale approach. In particular, we construct an ¢~ -martingale associated
with the joint process (XV, HY) through its generator using the Markov property. For each N € N,
the non-homogeneous bounded operator £V generating the joint Markov process (X N HN ) is of
the following form

LN = NPQ, + NP2AN(t, @, h) - Vg + BN (t,x,h) - Vg, t >0, (5.3)

where, for each € R?, among the following forms, V, denotes the gradient, i.e.,

L
BN(t,x,h)- Vo => Bl (t,x,h) 0

L
0
N o N
A (t,m,h)'vw—ZAi (t7m’h’) 8901

i=1 Owi’ i=1
Under the given hypotheses, there is a unique probability measure P p, with the initial point (x, h),
such that
(1) Ppn(XN(0) =2, HY(0) = h) =1,
(2) f(t, XNt), HN(t))— f(0,x, h) —f(f (% + L) f (s, XN(s), HN(s)) ds is an ¥"-local square-
integrable martingale with respect to Py p, for every bounded measurable function f(¢, x, h).
Introduce the averaged operator erz depending on ¢ and x, averaged by the invariant distribution
7 of HY process

L
e o |0
Z Z AT @) o 8% + Z a7 8% Y By (54)

1= 1] 1 =1 =1

where the coefficient functions A, ’ﬂw( t,x), A2 7 (t :B) B (t,x) determined by the limiting func-
tions A(t,x,h) and B(t,x, h) from Assumptlons 5.7 are defined as follows:

A" (1 Zwm ZD (h, 2) (Ai(t, 2, h)A;(t, . 2) + Ai(t, @, z)A;(t, . h)),

271'1: Zﬂ'w ZA tmha:E (Z:'D hZ tﬁcz)>,

T :ZBZ- t,x,h)re(h), i,7 € L. (5.5)

To achieve the unique limiting process generated by the averaged operator erm, we require the
Lipschitz property of the averaged coefficients A (t,x, h),ZZM (t,z, h), B™(t,x, h), which sim-

ply follows from Assumption 5.4, 5.7.

Theorem 5.1. Suppose the joint Markov process (XN, HN) is a solution of (5.1) with initial con-
ditions XN (0) = x, HY(0) = h. Let Assumptions 5.1-5.8 hold. Then XN converges in distribution
to {X(t),t >0} in C ([0,00),R”) generated by the averaged operator L7 given by (5.]) as N — co.
Moreover, the diffusion Markov process X uniquely satisfies the stochastic differential equation

dX () = Zi’ﬂm (t,X(t)dW(t)+ A X (1)) dt + B (t, X (t)) dt, (5.6)
with initial condition X (0) = x, where AT “(x) = Zi’”(m)zl’”‘” ()T, and {W(t),t > 0} is an

*
independent L-dimensional standard Brownian motion.

27rz(
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Remark 5.2. Due to scaling up the transition rate of the jump process HY by N? factor, HY is
often referred to as rapidly varying component of the joint process (X~, HV). On the contrary,
after imposing the centering Assumption (5.8) on AN (t,x, h), the rate of change of X process
roughly becomes O(1), and therefore X ¥ is often referred to as the slowly varying component in
the literature (see Budhiraja et al., 2018; Papanicolaou, 1975; Skorokhod, 1989). In (5.1) with HY
being rapidly-varying component, Theorem 5.1 actually proves that the diffusion approximation of
X" is determined by the evolution of HY.

Remark 5.3. In particular, when AN (t,z,h) = 0, the differential equation (5.1) simply becomes
the It6 equation, and the corresponding limiting process with AT (t,x) = AT (t,x) =0 is only
determined by the averaged function B~ (t,x), which is eventually a consequence of Theorem I1.8
of Skorokhod (1989). In such scenario, X~ converges to a diffusion process {X(t),t > 0} as
N — oo, which has deterministic trajectory on C ([O, oo),RL) as unique solution of the ordinary

differential equation dX°(t) = B" (¢, X°(t)) dt, X°(0) = .

Remark 5.4. Under certain assumptions, Theorem 5.1 states that the limiting process { X (t),t >
0} is a Ito diffusion process satisfying SDE (5.6) uniquely with averaged coefficients Zi’% (t,x),
ArTe (t,x), B""(t,x), even though the original stochastic dynamics (5.1) is governed by HY.
The averaged coefficients incorporate the asymptotic influence of the jump process on the limiting
process X and effectively capture both predictable and stochastic fluctuations.

Proof of Theorem 5.1: The complete proof of weak convergence of the diffusion component X~
relies on establishing finite dimensional convergence and C-tightness of the scaled process XV
in C ([O7 oo),}RL). The primary step of proving the finite dimensional convergence is based upon
the martingale problem, as the solution of a martingale problem represents its finite dimensional
distributions, and the uniqueness of solution of martingale problem leads us to the required limiting
process.

Let g € C (R, R) be a test function. Given the recurrent potential kernel Dg(.,.) associated
to the jump process HY, we define

GN t,z,h) ZD (h,2)AN (t, 2, 2) - Vag(ax). (5.7)

For given AN(t,z, h), BN (t,x, h), we additionally define
Ytz h) =AN(t, @, h) - Valy(t, @, h) + B (t,z,h) - Vag(x), (5.8)
(bNt:ch ZD (h,z)a ta:z) (5.9)

We define the averaged generator with respect to invariant measure 7

LYy Zwm Ntz h). (5.10)

in such way that ||Ziv e g—L;"g|| = 0as N — oo by Assumption 5.7. It follows from Assumptions
5.2-5.6 that for each N € N the entities Qév(t, x,h), ozév(t, x,h), gbév(t, x, h) are bounded.
Given g, choose the sequence of functions {g"V, N € N} defined by

gV (t,m, h) = g(x) + NP20N (t, 2, h) + NP6 (t, 2, h),

such that ¢V converges to g unlformly on compact sets. In order to show the existence of solutions of
the martingale problem for Et we need to identify the weak limit of solutions of the approximating
martingale problems for £¥ buch that g’V converges to g and L ¢g"V converges to ftrm g uniformly
on compact sets as N — oo in view of Lemma 5.1 in Ethier and Kurtz (1986). In addition, the
uniqueness of solution of the martingale problem for ZZT * follows from Theorem 4.4.1 of Ethier and
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Kurtz (1986) as the averaged diffusion operator £; ~ defined on C° (R*,R) satisfies the necessary
conditions of the same theorem as a consequence of Hille-Yoshida theorem (see Theorem 4.2.2 of
Ethier and Kurtz, 1986).

Applying the generator defined in (5.3) on ¢V (¢, z, h), we obtain

<§t + L7 ) 9" (t.x.h) =N"Qag(x) + N7/ (Quly (t, . k) + AN(t, 2. h) - Vag(@)) + - g(x)

+ Qo)) (t,x, h) + AN (t, @, h) - V0 (t, . h)
+ BY(t,@, h) - Vag(x) + 1) (t, 2, h), (5.11)
where

W (¢, @, h) =N/ (AN(t,ac, h) - Vad (t, @, h) + BN (t,@, h) - V02 (t, 2, h)

+ ie;V(t,w, R)) + N (BN(t@,h) - Voo (1@, h) + gtgbév(t,w, R)).  (512)

0
For every N € N, the generator Q, acting on Oév(t, x,h) and qbf]\f(t, x, h) results
Qo (t,x, h) + AV (t, 2, h) - Vag(z) = 0, (5.13)

Qw0 (t, @, h) + AN (t, 2, h) - Vo0 (t, 2, h) + BN (t, @, h) - Vag(z) — L ™g(x) =0.  (5.14)

By the definition, the last equality (5.14) can be rewritten as

Qw0 (t,m,h) + X (t,@,h) — L, " g(x) = 0.

Besides, Assumption 5.6 yields that -lév (t,x, h) associated with the derivatives of coefficients
AN(t,xz,h), BY(t,x,h) is bounded.
Define

M () = g™ (6, XN (1), HY () — g~ (0,2, h) /0 <§8 + ﬁgV) g~ (s, XN (s), H (s)) ds. (5.15)

It is clear that M g]\[\, is an ¥V -square-integrable, bounded, zero-mean martingale, and the predictable
quadratic variation process is given by

<Mg]\[v> (t) = /OtF;VN (u,XN(u),HN(u)) du

where FéVN (t,z,h) = LN (gN(t,z,h))? — 2g™ (t, 2, h) (LN gV (t,x, h)). After substituting the value
of gN(t,x,h) in (5.15), we obtain
M () =g(XN (1)) — g(x) + NP2 () (¢, XN (1), HY (t)) — 6, (0,2, h))

+ NP (¢§V (t, XN (t), HN (1)) — ¢} (0, , h))
_ /0 (chqbév (5, XN(s), HY(s)) + o) (s, XN(s), H"(s))

+ 70 (s, XN (s), HY(s)) ) ds. (5.16)

Next, to show that X% is tight in C ([0,00),RL) in view of Theorem 1.3.2 of Stroock and
Varadhan (2006), it suffices to show that for any 7' > 0, and € > 0,

limlimsup[F’( sup HXN(t)—XN(s)H>6> = 0.
=0 Nooo 0<s<t<T,
[t—s|<d
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Take g(x)=x;,i=1,..., L, and introduce the vector valued functions 8% (¢, x, h) = (Hi,\f (t, x, h’))iL:p
a(t,z, h) = (a;{,(t,m,h))i:l, oN(t,z,h) = () (t, 2, b)), |, and TN (t,2,h) = (TN (t.2, ).,

accordingly. Also, consider the RY-valued martingale { M7 (t) = (M2 (¢ ))z »t > 0}, standing for
the martingale M ;17\, corresponding to the vector valued function g™(t,z,h) = (g2 (t, =, h))Z,.

Each component of the associated M“*L-valued predictable variation process <Mi\7 > is given by

gxl ga:

(MY M) (1) = /OI‘N v (u, XN (u), HY (u)) du, 1< 4,5 < L,

where ng}fv gN(t x, h)= ,Civ(gi\i-g%)(t,a:,h)—gxi(t,m,h)ﬁiv(g%(t,w,h))—g%(t,a:,h)E{V(gg(t,w,h)).

x50

Despite the unbounded choice of g, the corresponding functions Hév (t,z,h), aé\](t, x,h), qﬁév(t, x,h),
and _Iév (t,z,h) remain bounded, as they depend on the derivatives of g. Therefore, using the
expression (5.16) we get

IP’( sup HXN(t) - XN(S)H > 46)
0<s<t<T,
[t—s|<d

< P( sup HMiV(t) — Miv(s)H > e>
0<s<t<T,
[t—s|<d

+P<0<51<1p THN_B/Q(Os]cV (t,XN(t),HN(t)) —Og]cv (S,XN( ), H (s ))H > 6>
s

+P<O<SEF<T IN=2 (@ (£, XN (), HY (1)) — o (s, XV (s), H (5))) || > 6)

[i—s|<d

+ P((};gl&ﬂ | / (chbﬁ (u, XN (), HY () + Y (u, XN (), HY ()
t—s|<é

+ 1Y (u,XN(u),HN(u)))duH >e>. (5.17)

For the first probability term of (5.17) associated with the martingale M2, the Lenglart-Rebolledo
inequality (see Theorem 1.9.3 in Liptser and Shiryayev, 1989) yields

L
€
IP’( sup HMg]cV(t)—Mch(s)H>e> < g P( sup !Mg(t)—Mg(s)‘ >L>
0<s<t<T, — 0<s<t<T,
[t—s|<d - [t—s|<&

2 L
<1+ S p((a) 2 +6) - (M) (1) > )
=1

nL? L T+96

< —i—ZIF’(/ P2 (u, XN (u), HY (w)) du > n>- (5.18)
¢ -1 YT T

By Theorem 9.6.1 of Liptser and Shiryayev (1989), it can be shown that the latter term appearing in
the right hand side of (5.18) goes to zero as 6 — 0. Also, the convergence of the remaining entities in
(5.17) directly follows from the boundedness of 8 (t, z, h), ol (t, z, h), X (t,x, h), Quol (t, z, h),
-liv(t, x,h), and therefore concludes the tightness criterion of X, and hence concludes the weak
convergence.
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To identify the limit as a solution of the martingale problem for ftr“’, we consider

g (XN(B) - g (XV(s)) - / L7 g(X™ (u)) du
= M (t) — MN(s) = N~ (05 (1, XN (1), HN (1)) — 62 (s, X" (), H"(5)))

—-NF <¢;V (t, XN (), HN (1)) — o} (s, XN (s), HY(s)) ) +/ <Qx¢év (u, XN (u), HN (u))
+ ozév (u,XN(u), HN(u)) + _iév (u,XN(u), HN(u)) — .C;rmg(XN(u))) du.
Our aim is to show that

¢
limsup E(, p) (g (XN(t)) —g (XN(S)) — / E’urwg(XN(u)) du|€¢N(s)> =0,
N—oo s
which essentially follows from the boundedness of %V(t, x,h), aév(t, x,h), qﬁév(t, x,h), quﬁév(t, x,h),
—lév(t, x, h), and definition (5.10), and the condition (5.14), and martingale property of Mé\fv with
respect to 4V. As a consequence of the continuous mapping . theorem and tightness, any limiting
process of X is a solution of the martingale problem for Ef“’ in C ([0, oo),RL) for every g €
C (]RL,]R). Thus, the uniqueness of solution of the martingale problem concludes the finite-
dimensional convergence. Moreover, such uniqueness of solution yields the Markov property of the
limiting process {X (¢),¢ > 0}, the unique solution of the martingale problem for E: . O

Remark 5.5. One can adapt an alternative approach via Theorem 2.1 of Kurtz (1992) to deduce the
Gaussian approximation of X or Z}VN (in which we are particularly interested). This approach

is primarily relied on the martingale problem for £ defined in (5.3) showing that Jp > 1 such
that for any 7' > 0, E(fOT (& + £N)gN (s, XN (s), HN(5))|Pds) < oo and the expected value of
the corrector term consisting with Hév(t, x,h) and ¢;V(t, x,h) in the martingale formulation (5.16)
vanishes to zero, and the tightness of the associated occupation measures. The latter tightness
condition can be established in a straightforward manner under the present formulation defined in
(5.19) and (5.20), together with Assumptions 3.3, 3.4. Nonetheless, to verify the former conditions,
it is necessary to analyze the generator £ and the martingale M, gN in (5.15) derived in the above
proof, which play the key roles in our adapted martingale approach to establish the tightness and
the identification of the limit process.

5.2. Asymptotic approximations for stochastic integral processes derived by external process. This
particular section deals with certain integral processes determined by the external jump process HV
and their convergences, which arise in the main proofs of Theorems 3.2 and 3.4. We discuss the
sufficient conditions to establish the Gaussian approximations of the stochastic integral processes
with respect to semimartingales (5.19), (5.20) by adding the classical concept of P-UT criterion (see
(Definition A.1) in Appendix A). In the end, Theorem 5.8 provides the necessary requirements to
derive the Gaussian approximations of such integral processes. The detailed proofs of this section
are presented in Appendix A.

For every i € L, the Lebesgue-Stieltjes integral processes defined in (4.1) are centered with respect
to the invariant measure 7 in the following manner:

Zine = [ 5 (V)" (1Y) = m)as Zyp o) = [ ()" (1) —m) s,

Ziz_v(t) :/0 (p,ﬁv(s))T (HN(s) —m)ds, i=1,2,---,L, (5.19)
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and the associated R -valued centered integral processes are {7%AN (t),t > 0}, {Z,ZYVN (t),t >0},
N 1 &N
{Z~(t),t > 0} with Zpn(0) = 0, FY () = (FAY (Dizy, (0 ()2, (B (O)fzy-

Introducing the parameter 3, we define the diffusion scaled processes as

ngy(t) = NB/Z/O % (Afv(s))T (HN(s) — ) ds,Zq_N(t) = NWQ/ ('yiN(s))T (HN(s) — ) ds

N 0

ZgN(t) = NB/2 /Ot (uf\](s))T (HN(s)—m)ds, 8>0,i=1,2,---,L, (5.20)

and the corresponding RY-valued diffusion scaled processes are {Z ¥ \w(t),t = 0}, {Z ,JYVN (t),t >0},
N
{ZIJLVN (t),t > 0} with Z}VN(O) =0, fN(.) = (%)\fv())le, (’yfv(.))iLzl, (pfv())f 1- For convenience,
and with a slight abuse of notation, we denote Zg v and Z v A\~ DY Zfzv and ZV,
N

AN
In the following theorem, we explicitly derive the stochastic convergence of the centered and

diffusion scaled processes Zyn, 2Ny, £(.) = AN () (V¥ (D, (1Y (D),

respectively.

Theorem 5.6. Suppose that, for each i € 1L, the deterministic rate functions AN (), YN (.), u(.)
satisfy Assumption 3.2-5.5. Then the centered joint process (ZgN,Z,]YVN,ZgN) converges tn proba-

—

bility to the trivial process (B, 8, E) uniformly on compact sets as N — 0o, and the diffusion scaled

Joint process (Z;\VN ,

Z,JYVN, 251\’) converges in distribution to
({Wa(t),t > 0}, {W,(t),t > 0}, {W,(t),t > 0}) in D ([0,00), R3),

where Wx, Wy, W, are correlated drift-less L-dimensional Brownian motions with covariances

Crolt) = (Crg, (1), defined in (5.5), £i(t) = Xa(t), %(®), pa(t), g5(1) = As(8), 75 (8), 15 (8).

Remark 5.7. The diffusion approximation of the coupled process (Z AN Z Z ) to the Gaussian

martingale (W)‘, W, Wu) is characterized by the covariance function
(Wa)(#) = Cax(t), (Wy)(t) = Cyy(t),  (Wiu)(t) = Cpn(t),
<W)\>W’V>( CM <W>\, u>(t) = Capu(t), <W'77Wu> () = Cypu(t),
given by (3.5).

Next, we are interested in establishing the Skorokhod convergences of an stochastic integral
process of the form

KN 2, /ch No(s), 23 () = Zw(0), Z) (1),

with V() = AN)E, AN, (N (). Here {ICV(t),t > 0} is an ¥N-predictable locally
bounded process, which has trajectories in Skorokhod space D ([0, co0), MM*E) "and {Z}VN (t),t >0}
is an 4N-adapted semimartingale in I ([0, 00), RL), such that the integral process {Ky-Z]}[N (t),t >
0} is well-defined. It is noted that the convergence of the semimartingale Z]JYN to the process
{Z4(t),t > 0}(say) as N — oo by virtue of Theorem 5.6 is not enough to ensure the Skorokhod
convergence of the integral process K% - Z toK_-Zpas N —ooinD ([0 ), RM ) We need to
straighten the condition on the semlmartlngale zZN FN which we refer to as predictable uniformly tight

(P-UT) condition (see Appendix A). Despite having non-PUT feature of the sequence {Z }VN, N €
N}, the next theorem establishes the multi-dimensional joint _convergence of the Lebesgue-Stieltjes

integral process with respect to semimartingale (Z ANV Z ZN VA ﬁfN)
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Theorem 5.8. For each N € N, let IC{V, ICéV and Kév be %N—adapted predictable processes with each

ICN having trajectories in D ([O,OO),MMXL), 1=1,2,3, and (Z)\N7 ZN "’z:/N) be the 9N -adapted

semimartingale in C ([0, 00), ]R3L) satisfying the assumptions in Theorem 5.0, If (KJ{V, K:év, IC3 , Zf\VN,

~

2%,2}%) converges in distribution to (ICl,ICQ,ICg,W)\,W,y,WM) in the Skorokhod topology on

D ([07 oo),MgMX3L) x C ([O, oo),]R3L) then (ICN ZiVN,]CN_ 'E_JYVN, Kév_ . 25]\,) converges in distri-

bution to (Kll, Wi, Koo - W, K3 WH) in the Skorokhod topology on D ([0, oo),R3L) as N — oo.

Note that, the centered family Z?N given fN() = AN ()L, (AN ()£, (wl()E, satisfy the
required P-UT criterion to derive the Skorokhod convergence of IV ZNN, and hence the next
corollary of Theorem 5.8 proves the convergence of the Lebesgue-Stieltjes stochastlc integral family
Ky ZfN with respect to ZfN .

Corollary 5.9. Under the assumptions of Theorem 5.8, if (K{V,KéV7KéV,Z§YN,7,{YVN,ZﬁN) con-
verges in probability to (IC1, ICa, K3, B, B, E) uniformly on compact sets with trajectories in D([0, 00),
MBM>3LY C([O,oo),R3L), then (ICN -ZQN,KN_ ‘7NN,’CN 'ZZN) converges in probability
0 (KZl_ B Kl - B K - E) (i.e., the trivial process (2,2, 2)) uniformly on compact sets in

D ([0, 00),R3M) as N — co.

6. Continuity of multi-dimensional integral representation

In this section, we state the continuity of multi-dimensional integral representation (6.1) modu-
lated by the external random environment KV within the two-time-scale framework, which is highly
influenced by Pang et al. (2007). In the following sections, this continuity plays a crucial role in
order to apply the continuous mapping theorem to conclude the assertions of Theorems 3.2 and 3.4.

Given C € Ri, and the process Y € D ([O,w),RL) and the functions hq, hy : RF — RE, we
consider an integral representation governed by the external Markov process H defined by

t
iﬂﬁ=C+Yﬁ)lA(IPMX@WﬂdmgMMX@DNZ%@
t
—A(I—ecwefymgwﬂxemdawx (6.1)

where Py, P, : RY — [0,1]9%F are two substochastic matrices satisfying Lipschitz condition, i.e.,
there exists K}Jip, K%ip such that ||Py(x1) — Pi(x2)|] < KiipHa:l — x|, ||Pa(x1) — Pa(x2)|] <
szHxl xs||, for any @1, x5 € R, The integral processes in (6.1) are Lebesgue-Stieltjes processes
with respect to semimartingales {Z,(¢),t > 0} and {Z,(t),t > 0} in C ([0, oo),RL) defined by
t

2,0) = [ o(s. H()ds. Z,(0) = [ gu(s. () as,

where g~,g, : Ry x S — R are two Borel measurable functions. In particular, for each N € N,
. L .

if g,]yVN (t,h) = ( Nt )Th,)Z 1> and giLVN (t,h) = (uZN(t)Th)i:l, t > 0, then it follows from Theorem
5.6 that the RE-valued scaled integral processes Z N, and Z NN converge in probability to the deter-
ministic processes fo'* s)ds and fo s)ds, respectlvely, uniformly on compact set as N — oo.

If gy(t,h) = ( it )Th) _1 9u(t h) = ( z( )Th)z':l’ then

_ : N _
Jim [lg3x — g4 lls =0, lim |lgjy =0,

by Assumption 3.3, where ||g||s 1 = sup nes, ||g(t,h)]|.
0<t<T
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Theorem 6.1. Assume that the functions hy, hs are Lipschitz continuous with respect to the con-
stants C, and CF,, i.e. [[hi(@1) —hi(@2)|| < Cpyll@r—m2|], ||ho(®1) —ha(x2)|| < CF, |la1 2],
for any x1,x2 € R, In addition ||hi(x)|| < ||lz||, ||h2(x)|]| < ||z||, for any x € RL, and
h1(0) = hy(0) = 0. Then the integral representation characterized by

& : RE x D ([0,00), RE) x (ML) x D ([0, 00), RF)? = D ([0, 00), R)

mapping (C,Y,Pl,Pg,ZA,, Z“) mto X = ‘I>(C,Y,P1,P2,Z7,Z“) has a unique solution. More-
over, the map ® is continuous in D ([0, oo),]RL) endowed with the topology of uniform convergence
on compact sets or the Skorokhod J1 topology.

7. Proof of fluid approximation

.. . . —N .
In the beginning of the section, we represent the fluid scaled system length processes Q° in the
following manner:

—N N —N,A
Q

) =Q" (0) + M (1) + (M N5

)7 — MN’A(t)) 1+ (MN’S(t)T M

(t)> 1

- My () - My )+ BV + (R T - R 0)
+ (BT R ) 1 -’y - Ry, (7.1)
_ NE;y NIy
where the fluid scaled martingales are defined by M fVE(t) = %T(t)7 M g’A(t) = M”N ® , M gs(t) =

N,S
M~ ()

——,i€L,j € LU{0} and the fluid scaled Lebesgue-Stieltjes integral processes are defined by

R0 = [ yaziisn it B0 = [ (@6 - K@) 0 (@ 60) azui)

—N,S —N N (=N

Ry = [ (@0 n K@) 3] (@) aziu(s), i € L jeLu o), (7.2

In addition, we introduce the processes

R (t) = / Xl (s)ds, i € L, Ri(t) = / (@i(s) = Ki(9)) " i, (Qi(s—)) 77 (s) ds,
0 0

S

t
Ri;(t) :/0 (Qi(s) NKi(s)) ¢ (Qi(s—)) AT (s)ds, i € L, j € LU{0}, (7.3)
so that we can express the Rl-valued fluid limiting process Q of Theorem 3.2 in the following

manner

Q(t) = Q(0) + /0 X (s)ds+ (EA(t)T - TzA(t)) 1+ (ﬁs T - R’ (t)) 1-R)t)-R. ). (7.4)

As a consequence of Theorem 5.6 and Assumption 3.3, the deterministic approximations of the
integral processes of {ZiVN (t),t >0}, {Z,]YVN (t),t >0} and {ZIZLVN (t),t >0} are given by

{/OtA"(s)ds,t > 0}, {/O

respectively. Before proceeding to prove the main Theorem 3.2, we establish the trivial convergences

of the fluid scaled martingales MﬁV’E, Mﬁ}f’A, MZ’S, i€lL,j € LU{0} in the next lemma.

t

7 (s)ds, t > 0}, {/Otu"(s) ds,t > 0},
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Lemma 7.1. Under Assumption 3.2-3.5, Assumption 5.5, for all T > 0 and ¢ > 0 the following
convergences hold in D ([0, 0o, R).

limsupP( sup HMNE(IS)H > e) =0, limsupIP’< sup HMNI(IS)H > e) =0,1=A,85.
N—oo  NO<t<T N—oo  NO<t<T

Proof of Theorem 3.2: For every i € L and j € L U {0}, consider the differences
Ry (6) - Ry(t) = /0 t ((QﬁV (5)-K'(5) "~ (@s) - Ki<s>)*) Uy (@1 (s-)) aZ2i(s)
# [ @6 - Ko (7 (@ 6m) 8 (@) ) a2

t
+ [ @) A R9) By @G- (a2 () =7 as). (7.6)
By (7.1), (7.4), and the decomposition representations (7.5), (7.6), we finally get
Q' M-QW=Q" 0 -QO +Y" ()

K" () - (@Q(t) ANK(t)), and
N, E

YY) =p™F ) + (M
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-/ t <¢N (@) @ (QN(S—))T> diag (Q(s) A K(s)) dZ})s (s)
— /Ot (I - (Q(s—))T) diag (Q(s) N K(s)) (dZﬁ[N(s) — " (s) ds) )

It follows from Lemma 7.1, Theorem 5.6 along with Assumptions 3.3, 3.5 that for any 7" > 0 and
e >0, imsupy_,o (SUPogth ||?N(t)]| > e) = 0. Using the argument of Theorem 6.1, and applying
the Lipschitz continuity of the probability matrices 1(.) and ¢(.) and Gronwall’s inequality, it follows
from (7.7) that limsupy_,, (SUPogth H@N(t) -Q)| > e) = 0 for any 7" > 0 and € > 0, which

essentially concludes the requisite convergence. O

8. Proof of diffusion approximation

In this section, we present the detailed proof of the multi-scale diffusion approximation Theo-
rem 3.4 of the system length process within two-time-scale time-varying many-server heavy-traffic
regime. Based on the fluid trajectories of Q from Theorem 3.2, the system experiences subcritical,
critical or supercritical loading phases (Remark 3.3), and according wise the diffusion scaled length
process C/jN converges D ([O, 00), ]RL).

Summary of proof of Theorem 5./ Firstly, we divide the main proof into several parts as the
final representation (8.6) of the diffusion scaled system length process @N consists of certain mar-
tingales as well as semimartingales. The representation (8.6) of @N necessitates the derivation of
the joint convergences of the martingales and semimartingales separately. This joint convergence
follows from the multi-dimensional Gaussian convergence of the martingales in Lemma 8.1 and the
Skorokhod convergence of the semimartingales in Proposition 8.2 presented in Appendix A. Finally,
after deriving all the convergence results, we proceed to main proof and conclude the joint con-
vergence among martingales and semimartingales. In particular, we adapt the martingale central
limit theorem by virtue of Ethier and Kurtz (1986) to prove the requisite joint convergence. In the
end, the application of the continuous mapping theorem in view of Theorem 6.1 together with the
Lipschitz property of 4(.), ¢(.) completes the proof.

—~ N.E — N,A —
;2\;6; ()ieﬁne the diffusion scaled martingales by MZ.N’E(t) = MiTN(t), MZ-Z;I’A(t) = M’\J/N(t) , Mi]]\-f’s(t) =

M”Wtz € LL,j € LU{0} with trajectories in D ([0, 00),R). Additionally, define the diffusion scaled

integral processes

RYP) =N (BP0 - R (1), i e Ly

)
[

ﬁgvs(t) :N1—5

(
RNA(t) =N1-0 (E]f (t) — Ef“.(t)) ieL,jeLu{ol,
( (t)—R--(t)),ie]L,jELU{O}.

Consequently, the representations (7.1) and (7.4) result the diffusion scaled representation of
QN (t) as follows:

@N(t) :QN(O) + N1/2—6 (MN,E(t) + (MN,A(t)T _ ﬁN’A(t)).l + (MN,S(t)T _ ]/\ZN’S(t».]_
~ M (t) — ﬁg“%) +RVE() + (RNA)" — RNA(1)) 1

+ (BRYS0)T - RYS(1) 1 - Ry (1) - Ry (). (8.1)
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Note that, by the given hypothesis, the routing substochastic zero-diagonal matrices " (.) and
™ (.) satisfy the following relations

Z@Z + wz() - 1 Z 1/}2] + wzo - 0 Z ¢2] + ¢7,0 - 1 Z ¢Z_] + ¢10 = 0.

JEL JEL jeL jEL

In order to analyze the Lebesgue- Stleltjes integral processes RNA (ﬁéV’A) and ﬁév’s (ﬁév’s) in
(8.1), by view of definitions (7.2) and (7.3), we define

RYA(t) = —N' 72 /0 (I - (" (QN(S—)>)T> diag (Q(s) - K(s)) " dZ]iv (s),
Ry (1) = /0 t (47 (@"(s)) diag (@) ~ K()) " 5 (s) s,

B0 = [ (1- @ (@) ding (@) - K(5))" 57 (5)ds 5.2
and

ﬁ]lv,s<t) _ _N1-6-8/2 /Ot (I B <$N (QN(S—)>>T> diag (Q(s) A K (s)) dzéVN(S),

B0 = [ (8" (@) ding (Qs) A K () 57 (5) s
K(s)) V™ (s) ds. (8:3)
such that

(ﬁN,A(t)T _ ﬁNvA(t)).l — ﬁéV’A(t)

_ i RYNA(t) + N1 /Ot (E (QN(S—)) —% (Q(s—)))Tdiag (@(s) — K(s)) 7V (s) ds,

-/ t (1 " (QN<s—>)T) diag (h1 (QV(s))) 22 (s)

(RMS@)" = RYS(1).1 - Ry™S (1)

K(s) 7™ (s) ds,

t T
—N (=N . AN N
_ /0 (I -4 (") > diag (hz (QV(5)) ) dZpx (s),
Similarly, the decomposition of RNE into }AEN’E and }AléVE yields,
RYP(t) = NP2 ZN (1), RYP (1) / AN (s (8.4)

By given hypotheses, (.), ¥,(.) and ¢(.), ¢, (.) are differentiable and by Taylor’s approximations,
0%

- ) %0
we obtain for X(.) = ¥(.), ¥y (.), @(.), Py (.),
N7 (x (@) ~x @) = (VX (@(1) . @V (1) +o (NUIRY (1) ~QlI) . (85)

o(N'0IIRY 1)-QWII) p
NIQY (1)-Q(1)]
Here, (VP(x),y) := Y1 52-P(x) - yi, ¢,y € RL and P(.) € MIXE,

= 0 uniformly on compact sets as N — oo.

where for the remainder term,
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In view of the decompositions (8.2), (8.3), (8.4) and (8.5), the representation (8.1) reduces into

—

QN (t) =QN(0) + N/270 (MNE@) + (MNADT — MNA@) 1+ (MYS )T — MYS(1).1
SRR - B ) + R+ Y R0+ YR

+ /0 (V3 (Q(s—)) . O () diag (Q(s) — K (s)) "7V (s) ds,

+ /0 (VE (Q(s—)) . QN (5)) diag (Q(s) A K(s)) 5V (s) ds,

Az (s), (8.6)

where by (@V(1)) = (@¥() - K¥ 1) 1@() > K1) + (¥ () - KN (1) 1@Q(0) = K1),
and hz (QV(1)) = Q¥ (01@Q(1) < K(1)+QYAKY (1Q() = K0)+K ()1(Q(1) > K(1)).

Before proceeding to the complete proof of Theorem 3.4, we divide the complete proof into two
parts. Firstly, we derive the Gaussian approximation of the martingales of (8.6) in Lemma 8.1, and

secondly the diffusion approximation of the integral processes (RN E, R;V’I, 1=1,2,7=1,2,3,4,1 =

A, S) is obtained in Proposition 8.2, and the latter is presented in Appendix A.
Lemma 8.1. Suppose the fluid approzimation of Theorem 5.2 is satisfied. Then, under Assump-
tion 3.2-Assumption 3./, the joint process (MN’E,MéV’A,MéV’S,MN’A,MN’S) converges in dis-
tribution to ({B¥(t),t > 0}, {Bg'(t),t > 0}, {Bf(t),t > 0},{BA(t),t > 0},{B5(t),t > 0}) in
D ([O,oo),]RL)3 x D ([O,OO),MLXL)Q as N — oo, where BE(t) = ((BEOEE)( t)E,, B\t ) ((Bfo
—A =E —A
Rio)(1)Ey, BS (1) = (B o Rig) (1), BA(t) = (B oRy)(t)F,_y, BS(t) = (BS o Ry))(1)F,—y,
with (BE)E | (BA)E,, (BI)E,, (BA) et (BS)” 1 being mutually independent ]RL and MEPXL-
valued standard Brownian motions.
Our next aim is to show the joint convergence of (RNE RéVE Ri\” Ré\” Ré\” I1=A S)

N — oo. By definitions, (8.2), (8.3) and (8.4), the convergences of R1 , RJIVA and Rf[s, are
AN Z,.]),VNa Zﬁ[N derived in Theorem 5.6.
In the next step, to apply Theorem 5.8, we adapt the semimartingale decomposition

_fN - VN +G ( )7 fN:AN(')77N(')a“N(')7 (87>
where fo\,, V,Y]Y\,, VHJ\{V in D ([0 oo),]RL) are .ZN-local square-integrable martingales, and Theorem
5.6 yields the convergences (V)\N, V,Y]YV, VHJ\]I\,),

(V) ()5 O, (V) Copln), (Vi) () S Cunlt),

<V)\N, v > (1) 2 Cay(8), <V>‘N, vy > (t) 2 Canlt), <V;,VV, vleV> ) L Cyut),

and GYy is the finite-variation process. The representation of G&y can be understood by the

entirely relied on the convergence of the semimartingales A

additional term in (A.3). By definition, the decomposition (A.3) leads to

sup [|ZNe(t) — V()] 2 0, as N — oc. (8.8)
0<t<T
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Next, we define

RP(t) =1(8 < 1)Wi(t),

RiW) =-18<1) | (I- @ (Q())") diag (Q(s) - K(s)) " aWs(s),

0

o~

R = [ (9 @s)

~—
(o
s
oY)
0}
—
)
~—
|
i
P
V2)
=
J’_
2
3
Py
N
Q.
»

R0 =—1(6<1) [ (1= (6(@Q0)") ding (@) 1 K(s)) aWu(s),

B0 = [ ($(@Q())’ ding (@s) A K(5) () ds

0

R0 =~ [ (1~ @(@)") ding (Qs) n K () (),

Proposition 8.2. Under Assumptions 3.5-5.0, the process (ﬁiVE, ﬁéVE, ﬁiV’A, ﬁéV’A, ﬁéV’A, I-Aliv’s,
ﬁév’s,ﬁév’s) jointly converges in distribution to (Rf,fo X”(s) ds,ﬁA,ﬁ’;,ﬁA,ﬁf,ﬁS,ﬁg) with
trajectories in D ([O, oo),RL)S, where with Wy, W,, W, being the RY-valued correlated Gaussian
process with covariance Crg(t), with fi(t) = Xi(t),vi(t), mi(t), g;(t) = X;(t),~v;(t), m;(t), 4,5 € L .
Proof of Theorem 3./: We begin the proof by establishing the joint convergence of
(QN(O)VZ/\EN,E’ﬁéV,A7ﬁé\ﬂs,ﬁN,A’ﬁN,S’EiV,E’ﬁéV,E’ﬁiV,A’ﬁéV,A’ﬁéV,A’j%i\/,s’ﬁé\f,s’ﬁé\ﬂS)
in RL % D ([0, 00), RE)® x D ([0, 00), MEXL)? x D ([0, 00), RE)®.
Knowing this 1/2 — 6 = min{(8 — 1)/2,0}, the joint convergence of the martingales
1/2—8 (agN,E 3xgsN,A 73 +N,S 7 rN,A 3rN,S
N (M S M MY, M M )
to the Gaussian process 1(5 > 1)(BE,B()4,B5,BA,BS) follows from Lemma 8.1. On the other
hand, Proposition 8.2 shows that convergence of (ﬁjl\[E, ﬁéVE, ﬁiV’A, ﬁéV’A, ﬁéV’AﬁiV’S, ﬁév ’S, ﬁévs)
with trajectories in D ([0, 00), RL)B.

Without loss of generality, in the rest of the proof, we assume MNA (t) for M E_valued matrices
M™MN1(t) on D ([0,00),RF), I = A, S. In order to prove the joint convergence of

—§(%F =N, A T FN,S X F 5 SN,E $N,A BN,S
(N1/2 5(MN’E,MO 7M0 ,MN7A,MN7S),R1 aRl aRl )
in D ([O, 00), RL)S, we consider the process

1/2—=6 (A fN,E agsN,A 7 FN,S 3 FN,A 3 rN,S
(N/ (MNE M, M MNA MNS),

N1-6-8/2 <V);]\][V7 / (- (@N (@N(S))T))diag(é(s) - f(s))+ dV_YJYv (s),

0

/. (I- @N (QN(S)))T)diag (Q(s) NK(s)) qu]\J’V(s)>)

0
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which is an .#N-local square-integrable martingale with trajectories in I ([0, 00), ]RL)S. Note that
the semimartingale decomposition in view of (8.7) results

[N1/2—5M\N,I’N1—5—5/2ij\zfv] (t) = N3/2—25—6/2< [M\N,I7 Z}VN] (t) + [M\N,]’G'];IN} (t)),
where I = E, A, S, and fN = AV(), 4N (), uV.
Since E;VN is a continuous-time finite-variation process, it yields [ﬁN’I, E}VN} (t) =0 for any t >
0. Therefore, we remain with N3/2-20-6/2 [M\N’I, G?N] (t) which converges to zero in probability,
as N — oo, for all t > 0. Consequently,

<N1/2—6MN,I’N1—5—,3/2vf]\[v>(t) L 18 <,=,> 1)0,

as N — oo. Moreover the jumps of NV2=0 pfNT and Nl_‘s_ﬁ/QVf]\fv are not greater than N9 and
N'=9=8 respectively, which vanishes to zero as N grows large, as 6,1 — § — 3 = min{—£/2,1/2 — 3}
< 0. Therefore, as a consequence of the martingale central limit theorem followed by (8.8), the
above joint martingale converges in distribution to (1(8 > 1)(BE,B()4,B(*)9,BA,BS), 1B < 1)
: — = W\ i (A =t : — N e (A -
(Wa fy (T~ (5 (@) )ding (@(s) ~ K(5)) " W5 (s). fy (I ( (@) )diag (@) A K ()
qu(s)). Finally, including the deterministic convergence of the remaining process (QN (0), RéV’E,
ﬁév ’A, ﬁé\[’A, ﬁév’s, ﬁévs) resulting from the given hypotheses, the convergence relation (8.8) implies
the complete joint converges.

In the end, we apply the same analogy used earlier in the proof of Theorem 3.2 in the represen-
tation (8.6) to show the continuity of the integral map ® by virtue of (6.1). Using the Lipschitz
continuity of ki and hg, the direct consequence of the continuity mapping theorem via Theorem
6.1 yields the weak convergence of Q" and completes the proof. O

Appendix A. Convergence of the integral processes with respect to external process

Proof of Theorem 5.0: Firstly, consider the individual process Z?N, VO = AN O)E L (DN (O)E,,
(N ()L, and define BN (t,z,h) = (fiN(t))T(h—ﬂ), i € L. Consider the corresponding R¥-valued

function BN (t,z,h) = (BZ»N(t, z, h))iL:y Therefore by definition (5.19),
—N —N —N
dZyn(t) = BN (t, Zpn (1), HY (1)) dt, Zpn(0) = 0.

Take fi(.) = Xi(.),vi(.), ni(.) and define B;(t, z,h) = (fi(t))T(h — ), and the R¥-valued function
B(t,z,h) = (Bi(t,z,h))le. By Assumption 3.3, it follows that ||BY(t,z,h) — B(t,z,h)|| — 0
as N — oo uniformly on compact sets. Now, consider this particular form of BY(t, z, h) and
AN(t,z,h) = 0in (5.1). It is easy to verify that for each N € N, the functions A™ (¢, 2, h) and

BN (t, z, h) satisfy the regularity Assumptions 5.1-5.8. Therefore, Theorem 5.1 implies that Z?N
converges in probability to {Bg(t),t > 0} uniformly on compact sets, where

dBy(t) = B" (t, By(t))dt, By(0) = 0.
By definition, B” (t,2) = 3_,, B(t, z, h)w(h), which turns out to be trivial vector 0, and hence con-
cludes the convergence of Z?N in C ([O, 00), RL) to the zero process, for each fV(.). Consequently,

the joint deterministic trivial convergence of (ZfN,Z,]},VN,?ZN) is established.
Next, to derive the diffusion convergence, we first establish the diffusion convergence of each
process Z;CVN, for every fN(.), in C ([O, oo),RL). Likewise the earlier case, define AN (t,z,h) =
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(fiN(t))T(h — ), i € L, and the Rl-valued function AN (¢, 2z, h) = (AN (¢, 2, h))iL:y Thus, in view
of (5.20), we obtain

dZ R (t) = NPPPAN (1, Z N (), HY (1)) dt, Z2(0) = 0.
Again, take A;(t, z,h) = (fi(t))T(h—ﬂ) with f;(.), and consider the R*-valued function A(t, z, h) =
(At 2, h))le. Therefore, Assumption 3.3 yields the convergence ||AN(t,z,h) — A(t,z,h)|| = 0
uniformly on compact sets as N — oo. Substitute the given AN(t,z,h;) and BY(t,z,h) = 0 in

(5.1). Under regularity Assumptions 5.1-5.8, Theorem 5.1 ensures that Z }VN converges in distribu-
tion to the diffusion process {Wy(t),t > 0}, which is the solution of SDE

AW () = A" (¢, W (1)) AW (£) + A7 (¢, W (t)) dt, We(0) =

Calculating the coefficients arr (t,z) and Zl’ﬂ(t, z) using the formula (5.5), the diffusion approxi-
mation of Z }VN can be concluded. Analogous to the previous proof, the requisite joint convergence

of (ZiVN7 ZfYVN, 251\,) can be established by extending into higher-dimension with trajectories in
C([O,oo),R3L). O

Now, we discuss the sufficient predictable uniformly tight (P-UT) condition in order to ensure

the weak convergence of the integral processes with respect to semimartingale A AN Z iVN, Z 5N as

we mentioned in Section 5

Definition A.1. For each N € N, given an adapted RZ-valued stochastic process {Y(t),t > 0}
with respect to some history {#N(¢),t > 0}, the family {Y¥, N € N} is said to be P-UT if the
family of random variables

L

{| Z.Afv . yj\’(t)\ : {(AZN(t))lSiSL,t >0} is N _predictable with [AN]| <1, N ¢ N} (A1)
i=1
is tight in R for every t > 0.
P-UT property of ZN : Knowing Definition (A.1), first we demonstrate that the family { Z%’

N} does not satisfy P- UT condition when ZfN = ZfN,

{ZfN, N € N} is not P-UT for i = 1,2,--- L. According to the proof of Theorem 5.1, by (5.16) the
semimartingale decomposition yields that

(1) =M (1) — NP2 (eN, (t ZNe (), HN(t)) —6M(0,0, h)) _ NP (¢;{ (t, ZNe(), HN(t)>

fNaNe

which suffices to show that each sequence

—cpg(o,o,h)) +/ <ngb (u ZN(u ),HN(u)) +a (u E;VN(u),HN(u))
+ Y (u, XN (), HN(u))> du, (A.2)

In the above expression (A.2), for given g, the martingale {M ,N € N} is P-UT in virtue of
Proposition VI.6.13 in Jacod and Shiryaev (2003) as the predlctable entity

00 = [ % (0 2 ), B )

is C-tight for every t > 0, i = 1,2,--- L. Due to the acceleration of the rate matrix N®?Q of the
jump process HY the entity fo AN YN—B/2 dHN(S ZN (5), HN (s)) turns out to be O(N?/?) by
definition (5.7), which does not converge as N grows large for any ¢N-predictable process AN
with |AY| < 1. In the same analogy, the entity f AN (s)N—F dol (s, E}VN (s), HV(s)) is C-tight in
R for any ¢t > 0. The last integral process in the representation (A.2) is also P-UT as a result of
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boundedness of the entities ngb . (t,z,h), (t z,h), _IN (t, z,h). Therefore, due to the presence of

N~ B/QQN(t z,h) term in the expression (A. 2) the famlly {ZfN , N € N} is not P-UT. Whereas using

the similar analogy, the family {Z N, N € N} satisfy the P-UT criterion since the semimartingale
decomposition of Z?N in view of (A.2) does not admit the term N*B/Q%\[(t, z,h).

Proof of Theorem 5.85: In the earlier paragraph, we already discussed that the family {2 }VN, N e N}

does not satisfy the necessary P-UT criterion for given fV(.) = (AN()E,, (vN ()L, (uN()E,
in order to conclude the assertion of the above theorem. However, if we can approximate the semi-

martingale (Z)\m Z Z ) by another semimartingale {(ny (t),nyVN (t),yij (t)),t > O} with

trajectories in D ([0, 00), R3L) satisfying the P-UT criterion in such a way that supg<;<r HE}VN (t)—
‘y%( )] L. 0as N — oo and converging in distribution to the same limiting process (W, W, W,,)

(Z AN ZN 2 ) does, the requisite convergence will be ensured by Theorem VI1.6.22 of Jacod

and ‘31111}(1(\ ( O)).
Analogous to the previous proof, given fV(.), we take AN (t,z,h) = (fN ()" (h - w))le, and
BY(t,z,h) = 0in (5.1). Considering g(z) = z;, i = 1,2,--- , L, in the definitions (5.7), (5.8), and

(5.9), we deduce the R¥-valued functions
L

0Y(t,z,h) = (Zth ) (£ )" (v—7r)> ,a(t,z,h) = ¢ (t,z,h) = 0.

1=1
Therefore, the semimartingale representation of zZN i in view of (5.16) yields

Zu(t) = M () — N2 (0.0, ZY (0. 1 (1) — 0.(0.0.))
N B/Q/ 9 0.5, Z)(s), HV (5)) s, (A.3)

with Z }V (0) = 0, where MY is an RF-valued 4" -square-integrable martingale corresponding to the
vector valued function gV (¢, z,h) = z + N=%/20) (¢, z, h), analogous to the constructions defined
in the proof of Theorem 5.1. Here, every (i, j)th component of M**%-valued predictable quadratic
variation process associated to the martingale MY is given by
(0232 ) 0 = [T o 2 0, Y ()
o %%

where

ng 7g] (t,Z,h) :‘Civ(giN'ng)(tvzah) (t z h‘)‘Ct g] (tazah) _gj ( z h)Et 9; (t7zah’)a

with LN = NPQ + NP/2AN(t, z,h) - V. Using the relations (5.13) and (5.14), it is easy to verify
that, for each 4,7 =1,2,--- | L,
LNgN(t,z,h) =0,
£ (g " 9; N(t, z,h)
=Q (9g(t,z,h)-eg(t,z,h)) + AN(t,2,h) - Vo (26) (2, h) + 26) (1, 2,h)). (Ad)
Note that, the entity Gg(t, z,h) is ith component of the vector 8 (¢, z, h), and independent of z

variable, and hence applying Theorem 9.6.1 in Liptser and Shiryayev (1989) followed by (A.4) and
Assumption 3.3 we obtain

/ LN (g <u Zf( ),HN(u)> du—/OtA:j (u, Z}V(u)> du

lim
N—oo

=0, Pr —a.s.,
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for every t > 0. Here, the first term on the right hand side of (A.4) asymptotically vanishes to zero
after taking average with respect to the invariant distribution 7. As a result, the second term of
(A1) eventually contributes to the limit sz(t,z) =2 ,7(v) >, D(v,y) (Ai(t, z,v)Aj(t, z,y) +
Aj(t,z,v)Ai(t, z y)), and consequently, A(t,z,h) = ((f;(t))"(h — 7'&'))ZAL:1 results A, St z) =
S S D fo fir(s)fju(s) + fu(s)fir(s))ds, which is the (4, j)th element of the covariance
matrix Cf( ) of the limiting process Wy according to Theorem 5.6, given f(.) = X(.),v(.), pi(.).
In the next step, choose y}VN (t) = MY (t), t > 0. Clearly, by definition supy<;<r HZ}VN (t) —

y]}[N(t)H L 0as N — oo. Also, the family {ny,N € N} is P-UT by reason of Theorem

VI.6.13 in Jacod and Shiryaev (2003). In order to prove the assertion it suffices to show that yf}’N
converges in distribution to the Gaussian process W, as N — oo, and as an extensive consequence
(ny,yN yN ) converges in distribution to (WA,WA,,W“) inD ([O,OO),R3L> . It is already
shown that the predictable entity (V% Y gN>(t) converges in probability to fot f;)(s) ds for each

t > 0as N — oo. Additionally, the jumps of y’fV v is not greater than N~/2, and the latter quantity
vanishes to zero eventually. Therefore, by the classical martingale central limit theorem we obtain
nyN = Wj; as N — co. The proof is complete. O

Proof of Proposition 8.2: First we begm with the deterministic convergence of the joint process
(Rév E Rév A RéVA Rév s Rév S) to ( fo /\"' )ds Rg‘,RA,RS ,RS) which are direct consequence
of Assumptions 3.3-3.6. It remains to prove the Skorokhod convergence of (Riv E, Riv A, Riv S). To
prove this joint convergence in the Skorokhod product space, we define the matrices

1P (1) = diag(1), K\ A1) = —(T— (%" (Q"(1))")diag(Q(t) - K (1))

o) =~ - (8" @N(w))T)diag(@(t) NE()).

Each MX*L-valued random process ICiE , ICiV’A, ’lev Sis 7 N_predictable locally bounded process, and
by the given hypotheses and Theorem 3.2, it, respectively, converges in probability to KZl , (I —
(% (Q()))")diag (Q() - K ()", —(I - (¢ (Q()))")diag (Q(.) A K(.)) uniformly on compact
sets, as N — oc.

It follows from Theorem 5.6 and the relation in (8.8) that the square-integrable martingale
(V)\]\[v, VN VN) converges in distribution to (WA, W, Wu) inD ([O,OO),R3L) as N — oco. More-
over, it satlsfy the P-UT condition. Knowing that 1 — § — /2 = min{0, (1 — 3)/2}, taking
ICN( t) as K¥(t) @ ICN’A(t) ® K{V’S(t) in D ([0, c0), M3E*3E) it follows from Theorem 5.8 that
KN (V)ﬁf\,, VN VN) jointly converges in distribution to 1(5 < 1) (1?5]15, 1/%‘14, fif) inD ([0, 00), R3L).
The convergence (8 8) together with the previous deterministic joint convergence complete the
proof. O
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