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Abstract. We consider any fixed d € Zso number of second class particles in the asymmetric
simple exclusion process (ASEP), constructed via a basic coupling of two ASEPs. We give the joint
distribution of the positions of the second class particles and also the probability of there being a
second class particle at a given site, under the natural blocking measure for ASEP. In order to find
these distributions we use results about the number of particles in half-infinite and finite site ranges
of ASEP. Our investigations also lead to probabilistic proofs of well-known combinatorial identities;
the Durfee rectangles identity, Euler’s identity, and the ¢g-Binomial Theorem.

1. Introduction

The Asymmetric Simple Exclusion Process (ASEP) is a classic nearest-neighbour interacting
particle system on Z, introduced in 1970 by Spitzer (1970). Liggett (1976) showed that ASEP has
reversible stationary measures known as blocking measures. Blocking measures concentrate on a
countable set of states where informally speaking an ASEP state can be split into blocks, an infinite
block of empty sites to the left, an infinite block of full sites to the right and some block in the middle
of empty and full sites. The infinite block of full sites to the right means that any given particle
can only drift so far to the right, i.e. it’s motion is blocked, hence the name blocking measure. The
simplest form of blocking measures are of product structure, however these are not ergodic as they
possess a conserved quantity. Conditioning on this quantity gives rise to ergodic blocking measures.

These measures were further investigated for a family of interacting particle systems by Balazs
and Bowen (2018); here we return to ASEP only and extend the work of Balazs and Bowen (2018)
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by considering the distribution of second class particles. Whilst second class particles have been
well studied under non-reversible scenarios, the blocking case has been investigated much less.

Second class particles are natural coupling objects that arise from attractive interacting particle
systems, like ASEP. The coupled particle systems are referred to as a multi-species particle system.
Stationary measures of such systems have drawn lots of interest, for examples in the translation
invariant case see Angel (2006), Ferrari and Martin (2007) and also, in terms of last passage per-
colation, Fan and Seppildinen (2020). Belitsky and Schiitz (2018) constructed stationary measures
for the n-species priority ASEP on a finite integer lattice, they also studied the hydrodynamic limit
for this process.

Informally, a two-species ASEP can be described in the following way. Both species of particles
attempt to evolve as the single species ASEP would, i.e. obeying the exclusion rule within their own
species. The two species can interact as follows, a first class particle may jump into the space of a
second and hence swap position with the second class particle. However if a second class particle
attempts to jump into the space of a first class particle the jump is blocked.

In this paper we give explicit formulas for the distribution of a fixed number of second class
particles under both the product and ergodic blocking measures for ASEP. Along the way we
identify the distribution for the number of first class particles in finite and semi-infinite intervals in
both the product and ergodic blocking scenarios. The well known particle-hole symmetry of ASEP
takes an interesting form in this context which we also formulate.

Bufetov and Chen (2024), about the same time as our manuscript, achieved distributional results
on second and higher class particles via arguments involving the Mallows measure. Instead, our
second class particle arguments rely on an interpretation of the two species ASEP as a single
species ASEP with a second ASEP on the particle labels using the first as a dynamic background.
It turns out that both these ASEPs are in their stationary blocking distributions, which allows us
to perform calculations. Both for the distribution of the number of particles and positions of second
class particles, we use probabilistic arguments that lead to various recursions. Finding the solutions
of these gives rise to our proofs.

Blocking measures have a special algebraic structure which allowed Baldzs and Bowen (2018)
to derive a probabilistic proof of the Jacobi triple product identity. In that paper the authors
considered ASEP and its equivalent description in terms of the Asymmetric Zero-Range Process.
Comparing the blocking measures for each process led to their result. This method was generalised
by Balazs et al. (2022), where new identities of combinatorial significance were proved by considering
blocking measures of more general particle systems. Other combinatorial identities were found by
Jay and Lees (2024), by considering a family of inhomogeneous Ising chains and equivalent family
of nearest neighbour particle systems.

As a byproduct of our methods we give purely probabilistic proofs to further well-known and
non-trivial combinatorial identities. The ones we cover are the Durfee rectangles identity, Euler’s
identity, the ¢-Binomial Theorem and an identity relating to Dyson’s crank, each fundamental to
the theory of integer partitions. Probabilistic methods are certainly not the common way of proving
such identities, which gives a unique perspective to this paper.

1.1. Notation.
Throughout the paper we will use the g-Pochhammer symbol as well as the g-Binomial coefficient.

n—1 )
For some a € R and n € Zs, the g-Pochhammer symbol is given by (a;¢), := [] (1 —aq"). Also
i=0
S .
we set, (a;q)o :=1 and (a;¢)o0 : = [] (1 — aq’). The ¢-Binomial coefficient is then,
i=0
o RN N LB
ml, (@GOG Dn-m g (L—g)
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Sometimes we will use the shorthand notation (z)* to mean max{x,0}.
1.2. Results.

1.2.1. Distributional results for single species ASEP.

There is a one-parameter (¢ € R) family of stationary reversible measures for ASEP, called
blocking measures. These measures are product measures where the occupation at each site is
distributed as an independent Bernoulli with parameter dependent on the asymmetry parameter

qcfi

g € (0,1) and the site i. In particular, the probability a site i is occupied is given by Trg= We

denote these blocking measures by u® for any ¢ € R. We also let N Ti L1 (z) denote the number

of particles at and to the left of site m in the state z. We will derive the distribution under the
blocking measures of a given number of particles on a half infinite volume, i.e. on the sites (—oo, m]
for some m € Z.

Theorem 1.1. For any m € Z, k € Z>¢ and c € R,

k(c—m)+ =L

c P 2) — __ 4
BN & =) = e

It is well known that the following quantity is conserved by ASEP dynamics and is finite p‘-a.s.,

N(z) = 2(1 — ) — 42 Z.

This gives an ergodic decomposition of the state space (into states of a given conserved quantity
value), and we denote the unique ergodic stationary measure on the set of states with conserved
quantity n by v"(-) = p(-|[{N = n}). We will also derive the distribution of the number of particles
on a half-infinite volume under the ergodic measures v for any n € Z.

Theorem 1.2.
For any n,m,k € Z, such that k > (m —n)¥,

k(nferk)(

) q 4 q)oo
VNT_(2) = kY) = .
mt (4 Dr(@ Dn—mtk
We also consider the distribution under the measures pu© and v™ of a given number of particles in
a finite volume, i.e. in the site range [m; + 1, mg — 1] for any m; + 1 < mg € Z.

Lemma 1.3. For anymi +1<mg € Z,c € R and k € {0,1,...,ma} where my :=mg —my — 1,

_ k(k=1) _
qk(c+1 ma)+—5— o

WNE, @ - N @ =i =T e

Lemma 1.4. For anyn € Z, any m1 +1 < mg € Z,c € R and k € {0,1,...,1h9} where my :=
mo — My — 1,

P P _
V' ({Npyo141(2) = N 1 (2) = k})
> qj(n+1—m2+k+j)+m2j

— gFnrlrk—ma) (g oy [”}?] . Z

9 j=(ma—1-n—k)*

(4 Q)i (@5 Ot 1—mothtj
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1.2.2. Distributional results for two species ASEP.

We define an ASEP with some d > 0 second class particles by considering a basic coupling of
two ASEPs, {n,£}. At any time, 7 and £ differ in exactly d places (at these sites & > n;), these
differences define the d second class particles. In this way we think of the process ¢ as an ASEP
with d second class particles. Using this coupling we can give an alternative proof of Theorem 1.1
(see Section 3.3). This proof follows by studying the stationary distribution of the label process
for the d second class particles (given in Theorem 3.4). The label of a particle is defined to be
the number of particles to its left, which by the blocking nature of the process will be finite. In
order to compute the stationary distribution of the label process we use probabilistic and dynamic
arguments. First we show that the label process can be viewed as the positions of particles in an
ASEP on Z>( with exactly d particles (meaning closed left boundary). The dynamics of this ASEP
depends on the state of £, jumps are suppressed if the particles with the corresponding labels in &
are not nearest neighbours. We then use the fact that if a Markov chain has a reversible stationary
measure, the cut Markov chain (where some edges in its transition diagram are removed) is also
reversible stationary with respect to that distribution.

Using the basic coupling, we find the probability that a second class particle is at a given site, m.

Theorem 1.5. Assume that the coupled system is stationary and § ~ u°. For a given m € Z, we
find a second class particle at site m with probability,

(1—gHgm
(1 + qc—m)(l + qc+d—m)'

We also give this distribution under the ergodic measure v".

P(fm > nm) =

Proposition 1.6. Assume that the coupled system is stationary and § ~ v". For a given m € Z,
we find a second class particle at site m with probability,

o0 (

q

Pyn(&m > 1m) = (q;Q)oo{ > : ) -
k=(m—n—1)+ (Q7 Q)k(q, Q)n—m-i-k-i—l k=(m—n—d—1)+

kA1) (n—m+k-+1) 00

>

(; Or(G Dntd—mikr1

k+1)(n+d—m+k-+1) }

We consider the case when there is a single second class particle (d = 1). By conditioning on the
number of particles to the left of the second class particle (i.e. it’s label) we find another formula
for the distribution of the second class particles position under the ergodic measure v™.

Proposition 1.7. Consider the coupling (n,§) when d = 1 (i.e. a single second class particle in
ASEP). Assume the coupled system is stationary with § ~ v"™. Then for any m € Z the probability
that the second particle is at site m 1is,

qk(nfm+k+1)+k+(nfm+k+1)

Pun(X =m) =(1-¢)(¢;9)

We also consider the stationary distribution of the d second class particle positions process, for
any d > 0. When the ASEP with d second class particles is stationary under the blocking measure
41 we find the following.

Theorem 1.8. Assuming that the coupled system is stationary and § ~ u, the stationary distribu-
tion of X, the position of d > 0 second class particles, is given by,

, dC—Zd: m;
(1-4¢)-q =
P(X =m) = y =1 . forallmy <mg < ..<mg€ Z.
Hl(l +qc+dfj—mj)(1 +qc+d+1fj—mj)
J:

a
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Of course, when d = 1 Theorems 1.5 and 1.8 are the same. In this case, the position of a single
second class particle under u¢ is distributed according to —Y where Y is a discrete logistic with
parameters ¢ and —c (introduced by Chakraborty and Chakravarty, 2016).

In order to prove Theorem 1.8, we first condition on the label process for the second class particles.
Then we split states up into the sites to the left of site my and for j € {1,...,d—1} the sites between
m; and mjy1. From here we use the distributional results for particles in half infinite and finite
volumes to complete the proof.

By following similar reasoning we also find the joint distribution of the position of any d > 0 given
second class particles in ASEP under the ergodic measures v™ (for any n € Z); that is conditioned
on the of the conserved quantity N () = n.

Proposition 1.9. Assume that the coupled system is stationary and § ~ v". For any m =
(mq,- -+ ,mgq) such that my < mg < ---mgq € Z, the probability that the positions of the second
class particles, X, is m is given by,

-, li[ s o (dmm )+ P (g 1) (1)
Pr(X=m)=q =1 (q:q) (1-4")
B cas i (@3 Dn—mytka+1(T Dy
v]651727+7d}7
kj>mj—n—1
a k;(k;+1) N
] H qkj(d-l-l—j—mj)—&—% ] [ZLJ] :
=2 Iq
where M :=mj —mj_1 — 1 and ];'j i=kj —kj_1 —1 for each j € {2,---,d}.

1.2.3. Combinatorial Identities.

By considering very natural distributional questions for single species ASEP (including those from
Section 1.2.1), under its natural blocking measures, we give probabilistic proofs to classical combi-
natorial identities (Section 2.3). For completeness, we also discuss these identities’ combinatorial
meanings in Section 4.

In Section 2.1, we look at the symmetry between particles and holes in ASEP under its blocking
measure. Using this symmetry we prove a well-known combinatorial identity, the Durfee rectangles
identity.

Theorem 1.10. Durfee Rectangles Identity (for example see equation (4) in Gessel, 19841)
For g € (0,1) and any fived n € Z,

1 i )
(G0 | L (@ Dnrr(G D

Combinatorially this identity identity says that for a fixed integer n, any integer partition has a
maximal rectangle of side lengths n + k and k (for some k& > max{—n,0}) in its Ferrers diagram
known as its Durfee rectangle. When n = 0, this identity is the well-known Durfee square identity
(for example see Andrews and Eriksson, 2004).

In Section 2.2 we give the distribution of a single site under the ergodic measure v™ for any n.
Using this distribution we prove the following combinatorial identity that looks similar to the Durfee
rectangle identity.
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Proposition 1.11.
For anyn € Z, q € (0,1) we have that,

e gk (ntk) o0 ¢F k) 1

2. D

k=max{—n,0} k=max{1—n,0}

(¢ Dr(@ Dtk - @GOG Dnroh (G Doo

In combinatorics this identity is an equivalence of generating functions for integer partitions by
splitting them depending on the value of a certain associated quantity called the crank (this is
discussed more in Section 4).

We also prove the following results.

Theorem 1.12. Euler’s Identity (for example see equation E1 in Andrews,; 1965)
For g € (0,1) and z € Rso,

k(k—1)

[ee) q 3 Zk
S L2 (g

=0 (@ 9)k

In combinatorics, this identity gives equivalent ways of writing the generating function for integer
partitions into distinct parts. In a general term of the expansion, the power of z gives the number
of parts in the partition.

Theorem 1.13. ¢-Binomial Theorem (Heine, 1847, also Andrews, 1986)
For g € (0,1), z € Ryo and any m € Zxo,

qu(kgl)zk {Tg] = (=2;q)m-
k=0

q

This identity gives equivalent forms of the generating function for integer partitions into distinct
parts of size at most m. Again here in a general term in the expansion, the power of z is the number
of parts in the partition. Euler’s identity can be thought of as the limiting identity when we take
m — oo in the ¢-Binomial theorem.

The proofs we give here are purely probabilistic using the blocking measures for ASEP and give
natural probabilistic interpretations to these combinatorial identities. It is the probabilistic nature
that gives the restriction on the values of p and z in the above identities; we note that these can be
extended by analytic continuation.

2. The asymmetric simple exclusion process (ASEP)

The Asymmetric Simple Exclusion Process (ASEP) is a well known nearest neighbour particles
system, introduced by Spitzer (1970). In this paper we will consider ASEP on some state space
Q c {0,1}2.

To define Q) we consider the following functions N£+1’N:z+l : {0,1}2 — Z>o U {co} for any

2
m € 7 defined by, ’

1=—00 1=m-+1

that is the number of ‘particles’ to the left and ‘holes’ to right of m + % respectively. When m =0
- —
we simplify notation to N? and N". Then  is given by,

Q= {ne{0,1}%: N7 (5) < o0 and N" () < oc}.
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The process evolves by particles attempting to make nearest neighbour jumps. Below we give the
Markov generator for this process. First we define Q(W) denote the state reached from n € € by a
particle jumping from site i to site j (when this is possible), that is,

Mk itk #14,j
(2) =<Sm—1 ifk=i

n;+1 ifk=j.
Then the generator is of the form,
(Lgp)(ﬁ) = Z {771‘(1 — niJrl)((p(ﬂ(i,i—i-l)) _ @(ﬁ)) + qnig1(1 — m)(w(ﬁ(m@) _ 90(77))}

for some cylinder function ¢ : 2 — R and some asymmetry parameter ¢ € (0,1).

ASEP has a one parameter family of reversible stationary measures, known as blocking measures,
which were first found by Liggett (1976) (Theorem 1.4). The natural product blocking measure for
any ¢ € R is given by,

—(i—c)m; 0 —(i—em X2 (i—c)(1—n;)
c _ g _ q q
I (ﬁ) - H 1+ q—(z’—c) H 1+ q—(i—c) Pl 1+ q(l‘_c) .

1=—00 1=—00

The state space is not irreducible but decomposes into irreducible components according to a
conserved quantity. For any m € Z the quantity,

. - S m
Ny () s= Nya () = NP a(n) = 3 (L=m) = >
i=m+1 I=—00

is finite by definition and conserved by the dynamics of the process. As before when m = 0 we
simplify notation to N. Then,

Q=[JQ" where Q":={neQ:N(n =n}
nez

We note that the left shift operator, 7 such that (71); = 1,41, defines a bijection Q" 5! (leif
n € Q" then, N(tn) =n —1).
We can then find the unique stationary distribution on ",

peC)I- € 9"
V() = pf(IN() =n) = =
- pe({N =n})
The results of Liggett (1976) (Theorem 1.4) and Balazs and Bowen (2018) (Corollary 6.2 and
Equation 6.2) give us that,

n(n+1)
#_nc

q

‘({N = = 2.1
N =) = 2.)
{=—0c0
and so,
= A e
n Ei—ooq ’ 0 qf(ifc)m i q(ifc)(lfm)
v (ﬂ) - qn(n2+1) _ne l:];[oo 1 + q*(ifc) i1 1 T qi—c N(ﬂ) = n}

Note that this is in fact independent of the parameter c.

It is natural to ask about the distribution of the number of particles or holes in a certain region of
sites under both ¢ and v™. In Section 2.2 we will answer this for any half-infinite or finite range of
sites. Before this we will prove a particle-hole symmetry for ASEP which will allow us to compare
the number of particles to the left of a site with the number of holes to the right (Corollary 2.3).
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2.1. Symmetry of ASEP.
The following lemma gives a precise symmetry between the particles and holes in ASEP.

Lemma 2.1. Let n be an ASEP with right drift and blocking measure (for any c € R),
O q_(i_c)ni

=11 T1q o

1=—00

0

Q:={ze{0,1}7:) 2z, ¥ (1-2) <o}

1=—00

Consider the process given by 1) : = 1 —n. This process is an ASEP with left drift on the state space

i=1

and has stationary measure (for any c € R),
(i—c)hs
NN q
c = 3 .
#e(n) 1+ qic

1=—00

oo
. zi. Then for any m € Z, k € Z>o, and ¢ € R,

(2) :=
= k}).

5
Let Np+l
me i=m-+1

BN (@) = B) =i UNE, )

Proof: By definition of #), particles in #) move like holes in 7. That is, particles jump to the left
at rate 1 and to the right at rate ¢, unless the jump is blocked. Thus, the probability there is a

particle at site 7, is exactly the probability that there isn’t in 1 and similarly for when there isn’t a

particle in 7). So we have that i° = @) i§ given by,

1EZ
1 qi—c
f15(1) = p5(0) 1+ ¢ (-0 1+ g
—(i—c) 1
N q
c(0) = u(1) = I :
) = () = 1 =
is reversible stationary for this ASEP with left drift. Hence if we define, N'? L1 (2) := > =z, it
mry i=m+1
immediately follows that for any m € Z, k € Z>¢, and c € R,
PNy 1 (2) = k) = f°({N] 1 (2) = k}).
2 2
O

We will now see that considering particles to the right of say m + % in 7 is similar to considering

particles to the left of m + % in 7.

Lemma 2.2. For any m € Z, k € Z>o, and c € R,
BEUNY 1 (2) = k}) = ﬁQmH*C({N,ﬁ%(&) =k}).

Proof: We have that,

Z H i (zi) = Z Hﬂ?n+1+z‘(zm+1+i)

N
~C p _ —
BN, (2) = kD)

2e: t=m+1 ze€h: =0
oo o0
zi=k zi=k
i=m+1 i=m+1

and
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H2m+1fC({N2+%(é) — k:}) — Z H ,u2m+1 C(Z ) — Z H'uQm-&-l c Zm—z')-

2€Q:  i=—oo 2€Q: =0

We see that for i > 0 the marginals p27" '~ and A ., ; agree, for z € {0,1}
2mt1-c(,) _ g~ (m—i—(2m+1-c)z _ g(mH1+i—o)z o "
i 1 4 g~ (m=i=(2m+1=c)) 1 4 gmtlti—c Hm414i(%)-

Thus for any m € Z, k € Z>( and c € R,
BN (2) = k) = g (N (2) = k).
By combining Lemmas 2.1 and 2.2 we have the following result.

Corollary 2.3. For anym € Z, k € Z>¢, and c € R,

BN, 4 (2) = B)) = 2™ (NE ) (2) = ).

2.2. Distributional Results.

The blocking measures for ASEP are a one parameter family with parameter ¢ € R. We will now
see that this parameter is closely linked to shifting states. Firstly if we shift the entire system this
corresponds to an integer shift in the parameter c.

Lemma 2.4. For any c € R and n €

Hc(Tﬁ) — HC+1(Q)'
Proof: Writing the blocking measure compactly we have,
C(T ) = 1 q( ﬁ q(c R = H m — = M — c+1( )
£l . 14 g ‘ 14 g~ @ A 1+ q*C*(J'*l) A 1+ q8+1—j Jad n)-
i=—00 j=—00 =00

Using this fact we see that shifting the site at which we are interested the distribution of the

quantities N.p , N, n any N, also corresponds to a shift in the parameter c.

Corollary 2.5. For any c € R and m,k € 7Z,
0w @) = K = a2 = )

D) wUNE, (@) = kD) = P ANE, L () = kD)
&) 1Ny 1(2) = k) = g (N, 41 (2) = B))

Proof: Firstly we note that for any r € Z,

R r r+1
NE ()= Y = Y mi= +1+ 1 (n)
2 1=—00 1=—00
— oo 0 —
NTZ%(TQ) = Z (1 =mi+1) = Z (1 —m) = Nr}frué(ﬁ)
i=r+1 i=r+2

— — Z
Nyl = N ) <P ) = N,
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So we have that,

HUNE () = k) = u ({2 N2, (772) = k)

Similar arguments hold for HC({N£+%(§) = k}) and Hc({Ner%(g) =k}). O
We can also give results where we only change the parameter ¢ and not the quantity we wish to

understand the probability of.

Lemma 2.6. For any c € R, m,k € Z we have that,
k

(@) 7 UNE, L (2) = b)) = i iUV 1 (2) = BY)

(1) B AN, L (2) = 1Y) = e ) g (N () = )
(¢) 1 (N, 1 (2) = k) = ¢F 10 (N1 (2) = kD).

m+3
Proof:
(a) We have that,
1 — 1 m q(C_I_J)Z]
R D P I e
@)= Z NP (@)=k"T
N (T+gtmm) 22 1+4¢°7
z NP\ (2)=k 7
m+§
g

(b) We have that,

TUNEL@ =R = Y )

z: th+%(z)=k
Z H q(c 1- ])Z]
- 14 ¢ 11 gc—1—j
= NE @)=kt
2

(1 zj)(j—c+1)

- Z H q(_] c+1 14 ¢ 1— y)

s N =k T
S (1-z) il (1-2;) (<)
— j=m+1 . m+l—c c—m—1 q
Z @ q (1+q ) , H qU=9(1 + q=J)
z: Nh (2)=k j=ml

—

= ¢ ) (N1 (2) = R
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(c) We notice that,

TN @ =k = Y T N () = B NE L () = kN NE L (2) = a))

k1,k2€Z

= > w TN (@) = kNN 1 (2) = ka})
2 2
ki ko€
ko—ky =k

= 3 WUNT, L () = k) AN (2) = )
k1,ko€Z:
ko—ki1=k

Using (a) and (b) we have that,

—

S ETHNT (@) = ki) T AN (2) = Ra)
2 2
k1,ka:
ko—k1=k
—k1 i .
q ¢ mol—c c—m— c
= 2 Argm) & (N1 (2) = ka}) - g4 g T (N (2) = o))
kf—l}c]?;k
= qk+m+1fc Z Hc({NrIr)LJrl(*) = kl}) w ({NTZ+%(§) = kQ})
ki, ko: 2
ko—k1=k

— qk+m+1—c HC({Nm+%(§) _ /{3})
(|

Remark 2.7. We note that the proofs given in this section can be easily extended to give similar
results for all processes in the blocking family as defined by Balazs and Bowen (2018).

—

-
Using the above results we will now find explicit formulae for the distribution of NJ, N} any
N, under the natural product blocking measure p°.
Equation (2.1) gave the distribution under u° of the conserved quantity about the site 0, that is,
pS({N = n}). By considering shifts of ASEP states we can find the distribution of the conserved
quantity about any site m € Z.

Lemma 2.8. For any n,m € Z and c € R,
7(n+m)(;+m+l> —(n+m)c

o) £(6+1)
q(T_gc

{=—00
Proof: As we saw in the proof of Corollary 2.5, N, 1(z) = N,, 14l 1(7z). Thus we have that,
2
N, 1(z) = N(7™z). And as we have seen before, a left shift decreases the conserved quantity by
2
1 and so, N(7™z) = N(z) —m. Then, by (2.1) we have that,

(n+m)(n+m-+1)
q 2

N,y =n)) = g (N =n+m)) = Lo
q

l=—00

—(n+m)c

Z(Z;l) _te

0

We now consider the probability under the blocking measure that there is some k € Zx>( particles
to left of a site m € Z (inclusive).
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Theorem 1.1. For any m € Z, k € Z>¢ and c € R,

“ qk(c—m)+ @

Hc({Nn];_%(é) =k}) =

(¢ Dr(=¢“™ @)oo

Proof: Conditioning on site m we have that (for £ > 1),

HUNE 4 (2) = k) = 1EUND L (@) = klam = 0 (0) + 1Ny (2) = klzm = LaE, (1)

boy 1 — qcfm
_ ,,C p _ c p — L _
=K ({Nm_l-t,-%(é) - k}) 1+ ge—m +H ({Nm—l-&-%(é) k 1}) 1+ qc—m'
We want to look at N£+l(g) not N£_1+l(g) so we use the result of Corollary 2.5:
2 2
WUNT (@) = ) = AN () = k).
2 2
Hence,
— — 1 — qC—m
c p _ _ ,ct+l p _ ct+1 p — L _
BN, () = ) = i NE ) ) = B o + PN () = -

By Lemma 2.6,

BN () = k) = F (U AN (2) = B,

And so we have,
pEUND 1 (2) = k) = pS({N] 1 (2) = kD" + (N 1 (2) = k — 1})g" L
2 2 2

Giving the recurrence relation,

. ; _ _ qkflJrcfm . <Z_) g
PN, (@) = k) = (N, (o) = k= 1))

which we solve by,

— i—1+c—m —
pANY 1 (2) =k}) = H1 d T pANY 1 (2) =0})
i
k gi-lHe—m o 1
A= s
qk(c—m—1)+@

(@ Dr(=¢“™; @)oo

qk(cfm)Jr@

(6 De(—°"™ @)oo

O

Remark 2.9. An alternative proof of this result by considering two coupled ASEPs can be given.
We will see this in Section 3.3.

It is also natural to ask what is the distribution of this quantity given we consider a fixed conserved
quantity n € Z, i.e. under v" the unique distribution on the irreducible component Q". First we
give the distribution of a single site under the conditional measure ™.
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Lemma 2.10. For any n,m € Z we have that,

({ 1 = (¢;9) i gk (n—m+k+1)
v"({zm =1}) = (¢ @)oo
k=(m—n—1)+ (Q§ Q)k(q; Q)n—m+k+1
( Y = (¢:q) > Fn—mtktD)
k=(m—n)*t (q7 q)k(Qa Q)nferk

Proof: By the product structure of u¢ Corollary 2.3 and Theorem 1.1 we have that,

v ({zm = 1}) = p(zm = 1IN(z) = n)

(e = JNN() = n})
1w (N(z) = n))

~ H e = N, 1 (2) = —m})
N pe({N(z) = n})

s (e = AN, (&) = FEUN) () = n—m +k+1})
w((N() =n})

—

(e ANE (@) = BEUN) () = n—m k1)
2N = n})

o0 M%(l)gc({Ng’_H%(z) = k})gzm“’c({l\f%(g) =n—m+k+1})
pe({N(z) =n})

k=(m—n—1)*
Z(Z;l)—fc
- ZeZq o i qk(c+1—m)+@
- n(n+1) ’ c—m : . _ c+1—m.
g e (L) e (6 0k(—a 1 0)o
q(nfm+k+1)(m+1fc)+(nim+k+;)(n7m+k)

(QQ Q)nferkJrl (_qm—i-l—c; Q)oo

me—mmED e (k+1)(n—m+k+1)

= (=0 ™ Qoo (=q" % oo (G D1 (G Dk

Lemma A.1 gives us that,

mc—m(m+1)
q > 1

(=™ @)oo (—0™ 1 @)oo (—0" % @)oo(—0% @)oo
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The Jacobi Triple Product identity states that, for ¢, z € R such that |¢| < 1 and z # 0,

£(0+1) _
Y g 2 2 =(g0)00(—02 Qoo(—2 5 Qoo

l=—00

Then by setting z : = ¢~¢ we have that,

ey .
g = (g0)00(—0" Do (—0° @)oo (2.2)

l=—oc0

Putting this together we find that,

o0 (k+1)(n—m-+k+1)
q
v'({zm =1}) = (¢:¢ :
em = 1h = )Ook(m;_w (@ D Dn-rm+r41
By similar reasoning we have that,
iy S RO Q) = KU, () = k)

vV'{zy =0}) =
: o (N z) = n})

s O UND_ (&) = RN (2) = 0=t k)

>

k=(m—n)+ #e({N(z) = n})
()

ZEZq 2 1 o qk(c-l—l—m)-&-ik(k;l) q(n—m+k)(m+1—c)+(7hm+k)(§77n+k71>

M e (L) 2 (€ @r(—a“T1 " q)oo (@ Dn—m+k(—" 7% )0
q k=(m—n)t

_ Z q[(el;rl)_gc . qmc—w | i P n=mth+1) ‘

= (0™ oo (=" Qoo S (G DG D

By Lemma A.1 and the Jacobi triple product identity, equation (2.2), we find that,
i~ k(n—m+k+1)
q
V(e =0} = (@0 Y

k=(m—n)+ (6 De(G Dn—mrr

Now we find the distribution of ASEP particles in a half infinite range under v™.

Theorem 1.2.
For any n,m,k € Z, such that k > (m —n)*,

k(n—m—i—k)(

nNT (e -y 05 q)oo
v ({Nm-&-% (2) = k}) (& k(T Dn—mtk .

Proof: By definition (for any ¢ € R),
PN,

o - #{N, 1 (2) = B} N {N(2) = n})
V(N 1 (2) =k} = p* (N, 1 (2) = R}H{N(2) = n}) = :

“({N(z) =n})

I [l
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We notice that,
(NP (&) = K} N {N(@) =} = (N] 1 (2) =k} 1 (N, (2) =0 —m}

= {NE;%(;) :k}ﬁ{NT]er%(g) =n—m-+k}.

Since both the number of particles to the left and holes to the right of (m + %) must be positive we
see that g”({N:L_Fl(g) = k}) is only well defined for k£ > max{m —n,0}.
2

Since p° is a product measure we have that,

—

UNE () = kY e UN] 4 (2) = n—m+ k)

Z"({NL%@) =k}) =
By Corollary 2.3 that is,

p

L (2) = k) 2 ({NE L (2) =n—mt k)
N () = kD) = : : .

pe({N(z) =n})

Theorem 1.1 and equation (2.1) give,

Z q@fﬂc . qk(nferk)fvamc

n 1 o o LeZ
v ({NL%(E) =k = (@ De(=0°™™ Qoo (@ Dn—m+k(—0™ 17 @)oo

Now we can use Lemma A.l and find that,

@ —Llc . qk(nferk)

q
V'{NP [ (2) =k}) = tez .
N3 (2) =R (4 D)k(G Dn—m+k (=0 % Doo(—0% @)oo
Finally the Jacobi triple product identity, equation (2.2) gives us that,
R (g3 ) oo

INT () — =
v ({Nm+%(7) k}) (q; Q)k’(q; Q)n—m—&—k.

0

We also consider the probability under the blocking measure that there is some k particles in
between two sites.

Lemma 1.3. For anymi +1<mg € Z,c € R and k € {0,1,...,ma} where mg :=mg —my — 1,

— “— qk(c+1_m2)+@

HC({N£2—1+%(§) B N£1+%(£) =k = (=g q) [”}?] .
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Proof: Firstly, let us consider the cases where k = 0 or k = 3. These cases are directly computable

since there is only 1 state in each case for which NnﬁrHl(g) - £1+;(§> = k. If k = 0 then the
2 2
state is such that all the sites in [m; + 1, my — 1] are empty and so,
& < 1 1 1
c 2 P _ _ _ _
W 143 () = Ny (&) =01 = Sy N T e g,
[+ 0+ g
i=mi+1 i=1
(2.3)
If k& = 7o then the state is such that all the sites in [m; + 1,mg — 1] are full and so,
— — ma—1 qcfi qﬁlg(c—i-l—mg)—l—%
c P _ NP — _ _
w4 @ =N @ =) = ] Tre) (e, = @Y
i=mi1+1
Now, let us consider k € {1, ...,y — 1}, we see that
c(INP 12 _
WANE L (-NE ()= k)
ANy () = N2 L (2) = Blam 1 = 01) -, (0
AN, 11 (@) = N (2) = Rlzme—1 = 1}) - i, 1 (1)
— — 1
—,C p _ p — .
— < qC—m2+1
c p p —
T U ({Nm2_2+%(§)_le+%(§) —k_l})'m‘ (2.5)

k(k—1)

— “— k(ct1l—mo)+—"%5 ﬁ’LQ . o - .
We now show that HC({NnﬁTH%(g)— £1+%(§) =k}) = q(qu*mzﬂ;q)mQ [ 3 L satisfies (2.5). This

formula is inspired by a combinatorial argument using integer partitions. As additional material
this argument is given in Appendix B but those parts are not needed for any of the proofs in this
article, since these are self-contained and purely probabilistic.

Start with the RHS of (2.5),

1 . o o B
[pnpr=Tr==} (BUNVD, @ = N2 (@) = kD)

—

T (ND L () N (@) = 1}))

k(k—1) (k—1)(k—2)
_ 1 gHlet2—ma)+=5= Ty — 1 (k—1)(c+2—mg)4 —H"—= T — 1
1 + qc—m2+1 (_qc—mg—i—Q; q) k (_qc—m2+2; q)ﬁ’LQ—l k—1 q

:| 4 qcfngrl q
q

mo—1

_qk(c+1—m2)+£<k;1) g — 1 N frg — 1
T e g, \U LR T e, )

Using the ¢g-binomial analogue of Pascal’s identity (Lemma A.2) we have that,

w e — 1 g —1] [
e - LR,
q q q

(et1-ma)+ KD [m2]
q

Thus (2.5) holds with H”({N;;TH%(@) - N£1+%(;) =k}) = q(iqc,mﬁl;q)ﬁ@ 3

To complete the proof we first notice that the boundary conditions given by (2.3) and (2.4) conform
with the solution above and show that with the recursion (2.5) the distribution is completely fixed.
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To find the value of p ({Np 1+1( z) — NP +1(z) = k}) at a point (12, k) the recursion (2.5)

requires values at the points (mg - 1,k) and (mg — 1,k — 1). Using the recursion iteratively we

arrive to the boundary points (z,z) and (z,0) for any « € {1,...,k}. The former case is handled
by (2.4) and the latter by (2.3). O
Remark 2.11. Notice that Theorem 1.1 can be seen by taking m := mgy — 1 and the limit as

mq — —oo in Lemma 1.3. This gives it yet another alternative proof.
Again it is natural to ask what is the distribution of this quantity under v™?

Lemma 1.4. For anyn € Z, any m; +1 < mg € Z,c € R and k € {0,1,...,7h9} where my :=
mo — M1 — 1,

VAND (@)= NE () = k)

~ o0
_  k(n+14+k—ma)/, . . ma )
=q (g5 9)o0 [k]q >

J=(ma—1-n—k)*

qj (n+1—mo+k+j)+rhaj

(45 90)5 (@ Dnt1—mothts

Proof: By definition (for any ¢ € R),

VAN @)= NE @) = k) = g {NE ()= NE (@) = RN = n))

«—

WUNE (@)= NP L (2) = kYN {N(2) = n})
w({N(z) = n}) |

We notice that any state z that satisfies the event,

«—

{Nn]iQ,H%(é) - Nriﬁ%(i) =k} N{N(z) = n},

is such that for some 7,

{N] 1+1—n+1—|—k+]—m2}ﬂ{N H%(g)—Nn’iﬁ%(g):k}ﬂ{N:; %(g):j}.

Since the number of particles to the left of my —|— and the number of holes to the right of my —1+ 2 3
must both be positive we see that if Np a1 (2) — N£1+l(f) =kthen j > (mo—n—1—k)*.
2

Since p is a product measure we have that

V' (N, 141(@) =Ny (2) = R))
1 > 2

_ . » .
- wNE =n)) j=(m2;11!c)+lu (N =Ly k+j —ma})

—

BUND (@) =N () = k) AN L () = ).

By Corollary 2.3 that is,

gn({Ni_H%(g) - Nzﬁ%(g) i
B “C({N(i) =n}) 2 HQmQ_l_C({NEQ 141 =0 Ltk 4 g —ma})

j=(ma—n—1-k)*+

“— “—

HEUNE (@) =N () = k) UNE () =),
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Theorem 1.1, Lemma 1.3 and equation (2.1) give,

— —
VN, 141 (@) = N L (2) = KY)
Let1) .
Z q 2 [e'e) (n+1+k+j—m2)(m2—c)+ (n+14+k+j—mo)(ntk+j—mg)
q@—nc j=(ma—n—1—k)*+ (¢ Q)n+1+k+jfm2 (=@M @)

qj(c—m1)+]'—(j;” gFlet1=ma )+EESD

1Mo
(0 (—¢“™5q)00  (—q ™21 q) 5, [’CL

m (m 1) 2(e+1
gF I k=ma) - (ma = 1)e= ma(mz=1) Yy Q) _pe

_ ic7 ‘ [m2:| ' i qj(n—m1+k+j)
(_qc—mz-i-l; Q)m2 (_qc—ml ; Q)oo(_qmz—CQ Q)oo k 4 (o) (q; Q)j(q; Q)n+1—m2+k+j

We notice that,

c—mo+1 c—mq c—mao—+1

(—q F @i (=0 @)oo = (4 $ @)oo
So by Lemma A.1 with m : = mo — 1 we find that,

— —

En({Nﬁz—H%(&)_Np +2( 2) = k})

k(n+14+k—m2)
q 2.4 . .
i, . [mQ] ‘ i g/ (Pmatkg)
q

£(6+1)
5 —Lc

(= @)oo (— 0% Qoo Flo g oy (G0 (@ Onir-mavies
k(n+14+k—m2) 4D e

B q B;Zq 2 [m2] i I l=ma et g) i
(—4™ @)oo (— 0% @)oo k], (459 (@ Dnt1-mathrs

j=(ma—1—n—Fk)*
Finally the Jacobi triple product identity, equation (2.2), gives,
T gttt

LT

176 @)oo (4% @) o

4 = (¢ ¢)oo-

Thus,

«— “—

CUNE @)= NE ()= kD)
© qj(n+1—m2+k+j)+m2j

= " HTETm2) (g0 g) o - [ﬂ,ﬂ : >

9 j=(me—1-n—k)*+

(:9);(¢ Ont1—motktj

Remark 2.12. 1t seems that this can not be simplified further. The sum,
i qj(n+1—MQ+k+j)+ﬁ12j

j=(ma—1—n—k)* (40 (@ Dnt1-mo+k+j

looks very similar to the sum in the Durfee rectangles identity, in fact if the ¢/ factor was not
there it could be simplified using the Durfee rectangles identity (see Theorem 1.10).
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2.3. Combinatorial Identities coming from ASEP.

Certain probabilistic questions for blocking family interacting particle systems, such as stationar-
ity and equivalences between systems, lead to proofs of identities of combinatorial significance. For
example, Baldzs and Bowen (2018) gave a probabilistic proof of the Jacobi triple product identity
using the Exclusion - Zero-range correspondence. Also, Balazs et al. (2022) found new 3-variable
combinatorial identities as well as known identities by considering the family of 0-1-2 blocking par-
ticle systems and also the k-Exclusion process. Here we see that other well-known combinatorial
identities with interpretations in terms of integer partitions (explained in Section 4) can be explained
probabilistically by considering certain quantities for ASEP.

By considering the symmetry between particles and holes for the asymmetric simple exclusion
process we can give a probabilistic interpretation to a well-known identity from the theory of integer
partitions, the Durfee rectangles identity.

Theorem 1.10. Durfee Rectangles Identity (for example see equation (4) in Gessel, 1984)
For g € (0,1) and any fized n € Z,

1 i qk('thk)
(@@ 2= oy (@ D@ D
Proof: It is clear by definition of N(-) that,
pANE) =nh) = Y pUN"(2) =ntk})-p (NP (2) = k}).
k=max{—n,0}

By (2.1) as well as Theorem 1.1 and Corollary 2.3 (for m = 0) we have that,

q@fnc i qf(nJrk)ch% qk(c71)+@
00 p(e+1) - _l—c. . . .
S ghte i ey T D@ Dk (=4 3 @)oo (G Ok
f=—00
o0 M—i—k(n—i—k)—nc

= > S

ko (T4 Voo Dtk (=05 Do @ O

By using the Jacobi triple product identity, equation 2.2, we find that,
1 i )

(q; q)oo k=max{—n,0}

(4 Dntk(g: Q1
O
Remark 2.13. Notice that if we instead consider ,uc({NnH_;(g) = n}) for any m € Z we prove the
- 2

same identity. This is since m is just a shift for the the state and the factors involving m cancel
out. Also since the particle-hole symmetry was used to find v"({N fl L1 (z) = k}) in Theorem 1.2, if
2

we sum this distribution over k we again recover the Durfee rectangles identity.
By considering the distribution of a single site under v (Lemma 2.10) we find a combinatorial
identity that seems to be related to the Durfee rectangle identity.

Proposition 1.11.
For anyn € Z, q € (0,1) we have that,
0 q(k-l—l)(n-‘rk:) s qk(n—i-k) 1

D R TR

k=max{—n,0} (q; Q)k(q; Q)n—i—k k=max{1—n,0}

@GOG Dnroh (G Do
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Proof: Clearly for any n € Z,

v ({z = 1)+ 2" ({2 = 0)) = 1.
By Lemma 2.10 and rearranging we find that,

Yo — =

bemgonoy BOG D (G DG D14 (6300

O

We now demonstrate that two other well-known combinatorial identities (Euler’s identity and
the ¢-Binomial Theorem) arise as consequences of Theorem 1.1 and Lemma 1.3.

Theorem 1.12. Euler’s Identity (for example see equation E1 in Andrews, 1965)
For g € (0,1) and z € Ry,

0o qk(k 1) ki

Z (_Z; Q)oo

k=0 &

oo —
Proof: For any m € Z and ¢ € R it is clear that, > u°({N/} (z) = k}) = 1. By Theorem 1.1, that
k=0
is
k(k—1)
q 2

kzzo (@ k(=0 0o

0 qk(cfm)

=1.

If we let z := ¢“™ and rearrange we find Euler’s identity,

0o k(k—1) ki

Zq - (_Z;Q)oo
k=0

’

We also see the ¢-Binomial Theorem:

Theorem 1.13. ¢-Binomial Theorem (Heine, 1847, also Andrews, 1986)
For g € (0,1), z € Ryo and any m € Z>o,

Sqr [TZ] = (=2 @)m.
k=0

q

Proof: For any m; < mo € Z and ¢ € R it is clear that,

mo—mi1—1 P

kgo Hc({NirHé(g) — aniﬁ%(g) = k}) = 1. By Lemma 1.3, that is
S k(k—1)
mQij ! grleti=m2)g = [mQ —my — 1} =1
E—0 (_qc+1_m2; Q)mQ—ml—l k q

Now if we let z := ¢“t1=™2 m := my — m; — 1 and rearrange we have the ¢-binomial theorem,

S g [TIZ] = (=2 @)m
k=0

q
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All of these proofs are purely probabilistic. In Appendix B we give alternative, combinatorial
proofs to Theorem 1.1 and Lemma 1.3 which shed light on why we should expect combinatorial
identities from these probabilistic questions.

3. The asymmetric simple exclusion process with second class particles

Now we consider the asymmetric simple exclusion process with 2 species of particles, first and
second class particles. Both species of particles evolve according to ASEP dynamics obeying the
exclusion rule within their own class, with first class particles viewing second class as ‘holes’. That
is if,

e a second class particle tries to jump into a space occupied by a first class particle the jump
is blocked and nothing changes

e a first class particle tries to jump into a space occupied by a second class particle it takes
that space and the two particles swap positions.

To construct an ASEP with first class particles and some fixed d > 0 second class particles we use

the basic coupling method. This idea of defining second class particles via a basic coupling is similar

to the work of Ferrari et al. (1991) and later work of Tracy and Widom (2009) as well as Balazs and

Seppéliainen (2009) (also work of Liggett, 1976 considered coupling for simple exclusion processes).
We will study the behaviour of these second class particles under the blocking measure.

3.1. Constructing a Basic Coupling of Two ASEPs.

To construct a basic coupling we start with an ASEP on Z, {£(¢)}, and also a process on the
particle labels. For some given d > 0, this label process is defined by an ASEP on the half infinite
line Z>( with exactly d particles moving with a left drift, {y(¢)}. The dynamics of {7(¢)} is restricted
by the state of {£(¢)}, such that a particle jump over the edge (i,7 + 1) in (¢) can only occur if
the particles ¢ and ¢ 4+ 1 in £(t) are nearest neighbours. Lastly we construct a second ASEP on Z,
{n(t)}, by at each time removing the particles corresponding to the label process from £(t). We see
that this defines a basic coupling of two ASEPs with the second class particles being defined as the
particles corresponding to the label process. We make this procedure precise below.

3.1.1. ASEP on Z. .

We consider an asymmetric simple exclusion process on , Q := {z € {0,1}* : N ;(77), N"(n) <
oo}, under the blocking measure p¢ (as in Section 2) At time t € R>¢ we will denote the state of
the process by &(t) € Q. B

At any time ¢ € R>( we attach to the state £(¢) a labelling of the particles. That is, we enumerate
the particles in () from left to right starting from 0 for the left most particle and increasing as we
go to the right. So a particle’s label is simply the number of particles to its left. When we consider
second class particles we will be interested in the label of only d > 0 certain particles.

3.1.2. ASEP on Z>o with exactly d particles (Label process).
Alongside the asymmetric simple exclusion process {§(f) };er., We also consider an ASEP on the
half infinite integer line, with exactly d > 0 particles moving with a left drift. That is, an interacting
~ o0
particle system on the state space Q := {z € {0,1}?>0 : " z; = d}, which evolves according to

=0
nearest neighbour particle jumps with jump rates, (for i > 0)

P(zi; zip1) = al{zi # 0} l{zipn # 1} and (i, zip1) = iz # 0}1{z # 1}

Note that by the definition of the state space Q any state has exactly d particles and so there is a
closed boundary to the left of site 0. At time ¢ € R>¢ we will denote the state of this process by

y(t).
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Let y(t) = (y1(t), ..., ya(t)), with 0 < y1(t) < ya(t) < ... < wa(t), be the vector of sites where the
particles are in y(t), i.e. Vj € {1,..,d},

i
yj(t) =1 if 9, =1 and Z’Yk = 7.
k=0

In fact, we will consider a restriction of the process {7(t)};cr., by conditioning on the process
{€(t)}1er-,. We say that a particle jump which is possible over the edge (i,i+ 1) in the half-infinite
ASEP can only happen if the particles with labels ¢ and i 4+ 1 are nearest neighbours at that time
in the ASEP on . So, we adjust the jump rates p and § to,

P (i), vi+1(2) = ql{i(t) # O {vi41(t) # U’(ZH{ Z k(t) = i}ﬂ{fj(t) = {11 (1) = 1})

JEZL k=—o00

and, (0,1 (0) = o) # 010 2 (1 3 600 = 1160 = gm0 = 1),

JEL  k=—o0

For this restricted process, let the vector of sites where particles are in y(¢) be z(t). Once we define
a coupling and thus define d second class particles, {z(t) }+cr., Will be process that gives the labels
for the second class particles. -

So we have an ASEP {{(t)}icr., with some label process sitting on top where the d particles
of interest can swap only when they are neighbouring another particle. For example see Figure
3.1 below (the red particles in £(t) are those which correspond to the process {z(t)}+er.,). In this
example the particle jump at sites 2 and 3 is allowed but not the jump at sites 6 and 7 in ~(t).

q

Y A

e ° °® & and so z(t) = (0,1,3,5,6)
01 2 3 4 5 6 7 8 9 10
q
N
lg lo 20 3@ i@ 5@ 6@ 7® 8@ 9@ Hbé.(t)

—10-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9 10

FIGURE 3.1. An example of the pair ({(t),z(t)) when d = 5. The red arrows
correspond to a possible second class particle label jump.

We will be interested in where the second class particles are at time ¢. As discussed the red
particles in the above figure for example will eventually be the second class particles. We denote the
positions of the particles in £(t) corresponding to the label process z(t) by, X (t) = (X1 (t), ..., Xa4(t)),
i.e. Xj(t) is the position of the particle with label z;(t) in £(¢). So for each j € {1, ...,d},

i—1
X;(t) =i if &(t) =1 and > &(t) = z4(t).
k=0

It is clear to see by construction that at any time ¢ > 0 we have that X;(t) < Xa(t) < ... < X4(t).
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3.1.3. Basic Coupling of Two ASEPs.
We now construct another process {n(t)}ier.,, by taking the state of the ASEP at time ¢, {(?),
and removing the particles which correspond to the label process z(t). That is, at any time ¢ > 0,

i = § Z 5X
For example see Figure 3.2 below.

Suppose (t) and z(t) are as follows,

e °  °  °& oW and so z(t) = (0,1,3,5,6)
0 1 2 3 45 6 7 8 9 10

leg leo 20 3@ i@ 5@ 6@ ® 8@ Y@ 1() 5()
—10-9-8-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9 10

then 7(t) is,

e, ., 0
109 -8-7 65432101 2 3 45 67 8 910

FIGURE 3.2. An example of constructing () from the pair (§(t), z(t)) (when d = 5).

Lemma 3.1. The process {n(t)}ters, is an ASEP and the pair {n(t), {(t) }iers, is a basic coupling
of two asymmetric simple exclusion processes which only differ at d many sites at any time (i.e. the
processes evolve together with the same Poison clocks describing the particle jumps).

Proof: First we confirm that {n(t)}icr., is an asymmetric simple exclusion process. Since &(t)

takes values in the state space Q = {z € {0,1}* : ( ), Nh( 1) < oo} and by definition n(t) =

£(t) — ZJ 19x,(1), it is clear that the process {n(t)}icr., also has state space (2. Now we will show
that the process {7(t)}+er., evolves according to ASEP dynamics; that is each particle jumps left
with rate ¢ and right with rate 1 unless the jump is blocked. Let us consider the following possible
cases for particle jumps in {{(t) }rers,:

e A particle associated to the label process (red particles in Figure 3.2) makes a particle jump.
When this happens the particles in £(¢) that are not associated with the label process z(t)
are not affected and so there is no change to n(t).

e A particle not associated to the label process makes a particle jump. When this jump
happens in £(t) it will happen in 7(t) with the same jump rate (¢ to the left and 1 to the
right).

e Lastly, the label process may evolve resulting in the swapping of neighbouring particles in
&(t) (one associated with the label process and one that is not).
~ — Suppose a particle at site i > 0 in (¢) jumps right (meaning particle i and i + 1 are

neighbours in {(t) say at sites j and j + 1). Then in {(¢) this results in particle ¢ no
longer being associated with the label process and particle ¢ + 1 becomes associated
with the label process. That is in n(¢) the particle at site j + 1 jumps to the left with
rate equal to a right jump in {y(¢) }ser., so with rate q.
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— Similarly suppose that the particle at site ¢ > 0 in y(¢) jumps left (meaning particle
i — 1 and ¢ are neighbours in {(t) say at sites j and j+1). Then in £(t) this results in
particle ¢ no longer being associated with the label process and particle ¢ — 1 becomes
associated with the label process. That is in 7(¢) the particle at site j jumps to the
right with rate equal to a left jump in {l(t)}teﬁilho so with rate 1.

Thus {7(t)}ier., evolves according to particle jumps at rates,

p(ni(t), niv1(t)) = {&(t) # 0} {&iya (t) # 1}
+{y (t) # 0 {y . (t) # 1 {&(t) = 1}{&4(t) = 1}
> &) > &(t)-1

j=—oo j=—oc

and,
a(ni (1), mi1 (8)) = a (T (1) # OI{& (1) # 1)
FHy o OFOMY (0 # TG = D () = 1))

j=—o0 j=—o0

or equivalently written only in terms of 7(t),

p(ni(t), i1 (1)) = Hni(t) # 0} {mit1(t) # 1} and  q(ni(t), mi+1(t)) = ql{mi+1(t) # O} {ni(t) # 1}.

By construction it is clear that the two processes {n(t)}icr., and {£(t)}ier., evolve together
according to ASEP dynamics and thus the pair gives a basic coupling. ([l

This coupling defines the asymmetric exclusion process with d second class particles. Here, z(t)
is the label process for the second class particles and X (¢) gives the positions of the second class
particles at time t.

3.2. Distributional results for the basic coupling.
Let us now look at some distributional results for the process with second class particles given
we know the distribution of the ASEP with only first class particles.

Lemma 3.2. With the relation n = £ — > QX],, when we reach stationarity for the coupling, we
T=57 &

have that,

Ngn — nNZn—i-d'

[

Proof: This is clear by definition of ¥™ and since,

e 0
NO=> (1-&- > &
=1 1=—00
0o d
=D (A—{n+ dx}) - Z{n+z5x}z
=1 j=1 i=—00

Since v" is the unique stationary distribution for the marginal process conditioned on having con-
served quantity n it holds that £ ~ V" <= 5 ~ "t O
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U

Lemma 3.3. With the relation n = & — QX],, when we reach stationarity for the coupling we have
n 0

<
Il

that,

ér\.’uc—d <> QNHC.

C

Proof: First let us show that § ~ Hc_d = n ~ pc. Assume § ~ p ~@ and consider,

P(p=z) =P(n=2N(n) = N(z) =" () -P(N(n) = N(2)).

Let 7 denote the left shift (7y); = yi41, by Lemma 2.1 we have that p°(r7y) = p“*(y), and so
P(N(n) = N(z)) = P(N(§) = N(z) - d)

— Z Hcfd (y)
— Z Hc—d (ng)

w:N(u)=N(z)

= >

:N(u)=N(2)
‘UN() = N(@2)}).

Hence, P(n = z) = V@ () -pf({N(n) = N(2)}) = p°(2). By a similar argument we can show that
Uil S eV -

1S

Il
=

3.3. Stationary Distribution for the Label Process.

Let us now look at stationarity for the label process for the second class particles, z(t). By
construction, z(t) gives the positions of the particles in a half infinite ASEP with exactly d particles,
v(t), at time ¢. The evolution of this half infinite ASEP depends on the state of the ASEP on Z,
&(t), as previously described.

The stationary distribution for the label process {z(t)}+cr.,, is as given below, where we use the

notation, fo i={rcZ:0< 2 <x9 < ... < 4g}
Theorem 3.4. The process x(t) has reversible stationary distribution m where,

d Lo dd-1)

m(z) = H(1 —q') - gt S for any x € Z¢.
i=1

Proof: (We adapt the proofs of Balazs and Seppéldinen (2009), Lemma 4.1 and also Balazs and
Seppéldinen (2010), Proposition 3.1).

First we show that, »  x(z)=1.
geZi

=1 r1=02x2=x1+1 rg=rq_1+1
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o)

d 00 00
. d(d—1) Z T;+2xq_1+n
= H(l —qz)q 2 . Z Z Zqz:l
=1 x1=0 Tg_1=Tq—2+1n=1
o daeny X >
_ H(l _qz)q— — . Z qul Z (d—)ng—1 _ . Z qnl
=1 x1=0 ng—1=1 ni=1
d d(d—1)
= 1—q¢)g™
[[0-a)a > 1—W111—q
=1
d—1
d(d—1) 20
g q 2 . qz:l —

Let’s consider the label process without the restrictions on the evolution given by the underlying
asymmetric exclusion process on Z, {£(t) }+er.,. That is the process y(t), which gives the positions
of the particles in an ASEP on Z>q with exactly d particles and closed left boundary, {v(#) hers,-
The jump rates for this process are (for i > 0), B -

P(zi; zip1) = al{zi # 0} {zipn # 1} and (25, zi01) = Hzi1 # 0} {2 # 1}-
For j € {1,..,d}, let ¢; be the d long vector such that (e;)r = I{k = j}. When the 4™ particle
jumps left then its p081t10n is decreased by 1, y(t) = y(t) — ¢;. Similarly, if the 4 particle jumps
right then its position increases by 1, y(t) — y(t) +¢;-
We now show that,

n(y) = H(l —q')q¢=" for any y € Zjlr,
i=1

is stationary for {y(?) }ter,,- To do this we check that detailed balance holds; that is for any y € zd
and j € {1,...,d}, we check that,

n(y)gl{z # 0M{zi1 # 1} = m(y + e I{=1 # 04I{={"" £ 13,

where z €  is the current state of {7(t) }ers, with the 4™ particle at site 4 > 0. This trivially
holds when a jump is not possible over the edge (7,7 + 1). Now consider the case when z; = 1 and
zit1 =0,

d

d > yv7d(d71)
. _ i
m(ya=[J(1-¢")-¢= “q
=1
d d d(d—1)
~ > oyit1-2
=[[1—d")-¢= ’
=1

(1—¢")-q=1" =n(y+e;).

Il
A:&

s
Il
—

Now we re-introduce the restriction coming from the process {{(¢)}+cr.,. Consider an approxi-
mating process z""(t) for some m € Z>( which has the same initial value, 2™ (0) = 2(0). The process
{2™(t) }+er~, evolves so that the underlying process {{(t)}ier., only restricts its motion between
states in the range {z € Z¢ : 4 < m}. We couple the processes together so that z(t) = 2™ (¢) until
the first time that one of them exits the range {z € Zjl_ txg < m}.
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Suppose we fix m for now. Let 0 =ty < t; <tz < ... be a partition of time such that t; oo and
the state of the process {(t) on the sites (—o0, jm(t;)] (Where jy,(¢;) is the site of the m'" particle
at time ¢;) is constant on each time interval ¢t € [t;,t;+1). Then on each time interval [¢;,¢;11)
the process 2" (t) is a continuous time Markov chain with jump rates, (for k& € {1,...,d}) when

+
T+ e € Zd ,

1000 = D =0} S T a0 =g = (g = 1)) o <m

JEL f=—0c0
a{vz,. (t) = 1} {vg,+1 = 0} if 2, > m,

with this rate being 0 if z + ¢, ¢ Z; and when z —¢;, € Z],

plz,z+e,) =

plz, z - ey)
_ =100 =0 ( S T a0 =k-1}H60 = DHgu =1) it <mt
{7z, (t) = 1} {7z, —1 = 0} ifxp >m—+1,

with this rate being 0 when z — ¢, ¢ Zc'l".

Since in the time intervals [¢;,t;+1) the background giving the restriction of {y(t)}icr., to
{2™(t) }ser-, is fixed we are in the setting of Proposition 5.10 of [II., Liggett, 1985] and so on
each interval t € [t;,¢;11) the measure 7 is also reversible stationary for z™(¢). Thus 7 is reversible
stationary for {z"(t) }ter-,-

The coupling between {z™(t)}ter-, and {z(t)}ier., gives us that 2™(t) —— z(t) a.s. , thus

m—0oQ
the measure 7 is also reversible stationary for the process {x(t)}ier.,- O

Remark 8.5. From the proof of the above theorem we see that the distribution of the labels of the
second class particles is independent of the distribution of the process {£(¢)}+er.,-

Using the coupling we give an alternative proof of Theorem 1.1 (the distribution of the number
of particles in a half infinite volume).

Alternative proof of Theorem 1.1: We prove this by considering the coupling for the case of a single
second class particle, n = £ — dx. Under the coupling we see that if there are k particles to the left
of site m + 1 in 7 this is the same as one of two possible events in &:

e There are k particles to the left of the site m + 1 and the second class particle is to the right
of site m. In this case the label of the second class particle is at least k.

e There are k+ 1 particles to the left of site m+ 1 and the second class particle is one of them.
In this case the label of the second class particle is at most k.

Using Lemma 3.3 we then have that,
HUNE () = kY = 5 ANE L (O = KB > k) + 1 (D, (O = k+ 1P < ). (3.1

where = denotes the label of the second class particle.
We want the measures above to all have the same parameter so we look to change ¢ — 1 to ¢; by
Lemma 2.6 we have that,

— —k —
BN (2) = R = Tt AN, (2) = B,
Hence (3.1) becomes,
- —k «
BN (2) = D) = 1t (AN () = ) P 2 B)
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qf(k+1) —
+ Wﬁc(({f\’£+%(é) =k+1}) Pz < k).
By Theorem 3.4 for d =1,
o0 k
Px>k)=> (1-q)¢'=¢" and Pl@<k)=) (1-g)¢=1-¢"""
i=k i=0

thus we have that,

. BN L@ = k) g

BUNT (0 = 1) = e e Ny () = ke 1)

Rearranging gives the following recurrence,

c—1—-m

q CINP _
SN L2 = ).

KN, (@) =k+1}) =
We now solve this recurrence,
c—1—-m

pEND ()= k) = St (V] Ly (2) = k- 1))

q2(c—1—m) -

T (gD - 1)Hc({N£+%(é) =k—2})

k(c—1—m)

- kflq HC({NEJF%(E) =0})
(== —1)
=0
k‘(c—l—m) _1\k -
- k:q—l =l pENY 1 (2) = 0}).
(1- q—(k‘—j)) 2
=0

We can calculate NC({N£+1 (z) = 0}) explicitly to be [] ﬁ and so we have that,
N 2 j<m

- k(c—1—m)(_1\k
erfars 4 (=1) 1
HUNY () = k) = ||

[1(1— g (i) ism
§=0

qk:(cflfm)(_1>k 0 1
(@ Qe gl+gtem
qk(cflfm)(_l)k

(@5 ODr(=¢"™ @)oo

Finally we use the Pochhammer relation of Lemma A.3 giving,

k(cfmfl)Jrk(kTm

CIN? ()= k1) — @ _q
W, (@) =R (@ D= Qoo (GO~ @)oo
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3.4. Second Class Particles Positions Distribution under uc.
Now we look to describe the distribution of the positions of the second class particles within the
system. We will consider two questions:

(1) For a given site what is the probability (under the blocking measure u¢) that there is a
second class particle there? B

(2) For a given d distinct sites what is the probability (under the blocking measure 1) that the
d second class particles lie on these exact sites? B

The first question can be easily computed by looking at expectations under the blocking measures
for n and &.

Theorem 1.5. Assume that the coupled system is stationary and § ~ u®. For a given m € Z, we
find a second class particle at site m with probability,

(Lg%
P m m) — .
(5 > ) (1 + qcfm)(l + qc+dfm)
d
Proof: By the coupling we have that, 7, = &{m — > (0x,)m- We see that the event {{, > np} is
i=1

exactly the event that {Z(&X )m > 0} or equivalently that {Z(éX )m = 1} since we are in the

simple exclusion setting. Now if we take expectations over the couphng equation we have that,

d d
Bl = Blén] — E| 3 )n] = Plim=1) = Flen =)~ P( L (0x)m = 1)
i=1 i=1
Recall Lemma 3.3 and so by the assumption that § ~ u® it must be that n ~ Hchd. Hence,
c—m c+d—m d\ ,c—m
q q (I—q%q
(5 n ) (6 ) (77 ) 1+gem 14 qc-l-d—m (1 + qc—m)(l + qc+d—m)

O

Remark 3.6. We see that this is equal to P(Y = —m) for some Y which is distributed according to the
discrete logistic distribution with parameters (q, —c) (as defined by Chakraborty and Chakravarty,
2016).

To answer the second question we will make use of the label process for the second class particles.
We then use the product structure of the blocking measure to split the state space up into the
piece to the left of where we want the first second class particle and the pieces between the sites
for the other second class particles. The following Theorem gives the stationary distribution for the
positions of all the d second class particles.

Theorem 1.8. Assuming that the coupled system is stationary and § ~ u°, the stationary distribu-
tion of X, the position of d > 0 second class particles, is given by,

dc—Zd:mj
(1-¢)-q =

e

1

P(X =m) = :

P ,  forallmy <mg <...<mg €Z.
H (1 + qc+d*j*m]‘)(1 + qc+d+1fj—m]~)

Remark 3.7. Of course when d = 1 the two questions we considered are the same and so Theorems
.5 and 1.8 are equal:

(1 _ q)qcfm
(T +gm)(1 4 goHmm)

P(X =m)=
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When d > 1 we see that this distribution is product in the m;’s other than the exclusion phenomenon
represented by the strict ordering of the m;’s.

In order to prove Theorem 1.8 we first condition on the labels of the second class particles. By
the independence of the label process and § we have that,

m;—1
P(X = (my,..,mq)) = Z n(k) ‘#c<{§ 2m, =1, Z & = k; for i € {1, ,d}})

kez4 j=—o00
Let us focus on the probability under p¢ in the above.

Lemma 3.8. Formi; <mo < ...<mgq €Z and k1 < ko < ... < kq € Z>0,

}) q(k1+1)(c7m1)+w ﬁ (k +1)(c—m;)+ (D),
— ) my

lsJ(k +1)

(@D (=)o (@ 0)1, (6 Dy, i,

m;—1
HC ({5 : é.m’l, =1, Z gj =k; forie€ {1,..,d}

j=—0o0
where kj == k; — kj_1 — 1 and 1hj == m; —m;_1 — 1 for j € {2, ..., d}.

Proof: Take some m; < mg < ... < mgq € Z and ki < ko < ... < kg € Z>o and define for
jed2,..,d} kj:=kj—kj_1 —1, then

m;—1
:“C({f Em; = 1, Z & =k; for i € {1, ..,d}}>

j=—o00

:MC<{Z;zmi=1, Z ZiZkl, Z ZZ'ZIACJ' fOI‘jE{?,..,d}}).

1=—00 izm]',1+1
So the event we are interested in (once we have fixed a value k for the label process) consists of:

e Particles in & at sites myq, ..., mq.
e kq particles to the left of site m;.
e For each j € {2,..d}, k; particles on the sites in the range [m;_1 +1,mj11 — 1].

Moreover, by the product structure of ¢ these are independent and so the above is equal to,

<

- d
Humz N @ =R T @ =N L@ =k 62

By Theorem 1.1 and Lemma 1.3 we have,

r— grlemmn+ B d q';f(c‘mj”gj@g = (@ Dn
Equation (: = : j ] '
Zl;[l T+ ¢ ™ (@ @ (—q= ™ q) oo ]1;[2 (=™ Qg (6 D, (6 D g7,

Let us consider,

(1+qcfm1)( c+m1+1 ooH 1 +qc m] c m]+1,q)mj

[e%e] d mj—l
— (1 + qC—ml) H(l +q c— m1+1+2 H{ c m] H (1 _|_qc—mj+1+i)}
i=0 j=2 i=0

mn;j

ﬁl—l—qc ma+i .li[{l_[(1+qcmj”>}: ﬁ (qu).ﬁ{ 11 (qu)}

j=2 ~i=0 i=—mgq j=2 % i=—m;
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[e.o] oo

= JI @+ =T+ ™) = (=¢"™; ¢)w
i=—mgq =0
Hence,
mi=1 (b 1) (emma) 4 B4 d (1) (cmmy)+ LD 0y
peE  Em, =1, & =k;forice 1,..,d} = — 2
= <{ " j;m T {4} (@ @)r (—0° ™ q) oo 1;[ (@ 0)i, (695, i,

]

Using Lemma 3.8, Euler’s Identity and the g-Binomial Theorem we prove Theorem 1.8, and find
the stationary distribution of the positions of the second-class particles.

Proof of Theorem 1.5:

P(X:m) = Z E(E) 'MC<{§:£mi =1, i fj =k; for i € {17"7d}}>

kezd Jj=—00

oo ki+l+mg ki-1t1l+ma d (O m;—1
_Z Z Z Hl_q 2 ,uc<{§I§m¢:17 Z fj:kiforz'e{l,..,d}D

k1=0 ko=k1+1 kg=kq—1+1 =1 j=—00
i i Z H i dh1+ 3" (d+1-)hs gk H1)(e—m R d () (e mj)+ 1 (4 O,
= 1-q¢")q = i
oD, i (q7 Dy (=5 oo 5 (D, (6 D gy i,
d
d — > m;
H(l—q) = s 1 a n(etdom )+ ki(k1+1) g k (c+d41—j— m)+kj(k 541
_ i1 DI P AN O Y
—_—gC—m . N . N
(—q°™; @)oo iz o (@ Dk i (@ )7, (@ Dy,
Euler’s identity gives us that,
. qkl(ﬁd_ml”W ct+dt+1—m
: =(—q Y q)oo
k1 =0 (qa Q)kl
For each j € {2,...,d} the ¢-Binomial Theorem gives,
. B k](k +1)
&, grilerdti=i=m;)+ (¢; @)rm, erd—em
Z ) ) =(—q 75 @)
— (@0, (@ Dy,
=
Thus,
d
d ) de— 37 m; gl d deo
[TA-q¢)-q 7= (=g g)0 [T (=g 27705 q) 5,
P(X =m) = — =2

(—q“ ™4 q) 00
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By iteratively applying Lemma A .4 we have,

d . dc—zd: mj gl d dio i
[T(A=¢")-q =1 (=g ™ q)0 [T (=g 277795 q)
=1 j=2
P(X =m) ="
& =m) (—q“ ™45 q) oo
d . dc—zd: mj dtl d—1 dio i
Hl(l —q¢')-q 7 (¢TI ) 1_[2(—61‘3+ TR )y
o 1= 1=
- (14 gemma)(1 + geHtmma)(—geH1=ma-t; g)o
d . dc—zd: m; drl d—2 do—i
[[A-q¢)-q =" (=¢"™q)x HZ(—qC+ PRI Q)
i=1 j=

(1 + qc—md)(l + qc—i—l—md)(l + qc+1—md_1)(1 + qc+2—md_1)(_qc+2—md_2; Q)oo

d
d ) de— > m;

Hl(l—ql)-q =L (gt )
1=

(1 + qc+d—j—mj)(1 + qC+d+1—j—7TLj)(qc+d—1—m1; q>oo

o,
Lo

Lastly we see that,
(_qc+d+1_m1§Q)oo B 1

(chrdflfml : Q)oo (1 + qc+d717m1)(1 + qc+d7m1)
and thus,

A dC—EdI m;
(1-¢)-q¢ =

SH

P(X =m) = =1 .
(1 +qc+dfjfmj)(1 _|_qc+d+17jfmj)

—a

1

J
U

Thus, we have found the distribution under the blocking measure for the positions of any given
d second class particles in ASEP.

3.5. Second Class Particles Positions Distribution under v™.
We will now consider the same questions under the ergodic measure. To recall the questions we
consider are as follows.

(1) For a given site what is the probability (under the ergodic measure v™) that there is a second
class particle there?
(2) For a given d distinct sites what is the probability (under the ergodic measure v™) that the
d second class particles lie on these exact sites?
Just as in Section 3.4, the first question can be easily computed by looking at expectations under
the ergodic measures for n and &.

Proposition 1.6. Assume that the coupled system is stationary and § ~ v". For a given m € Z,
we find a second class particle at site m with probability,

00 (k+1)(n—m+k+1) 00 (k+1)(n+d—m—+k+1)
q q
Pz”(gm > nm) = (q;Q)oo{ § }

ey (G ORE Dt L (m; -

(6 1@ Dntd—mkr1
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d
Proof: By the coupling we have that, 1, = &m — > (dx,)m- We see that the event {&;, > ny,} is
i=1

d d
exactly the event that {)_(dx,)m > 0} or equivalently that {} (dx,)m = 1} since we are in the

i=1 i=1
simple exclusion setting. Recall Lemma 3.2 and so by the assumption that § ~ v", it must be that

n~ v"*te. Now if we take expectations over the coupling equation we have that,

d

Bl = Blén] B[ 3 0x)n| < wamm:1r:Rm@n=n—Pw<§;@mm=1)

i=1
Hence by Lemma 2.10 we have that,
Pyn(€m > nm) = Pyn(§m = 1) — Pznﬂi (= 1)
o0 kD (n—m+k+1) o0 g(F+1) (ntd—m-k-+1)
(¢:9) -
k=(

_ mz;LN (@5 k(@ Dn—metrt1 k:(m;dm (¢ Dr(@ Dntd—mtrt1

O

As before the second question we ask is what is the joint distribution of the positions of all d
second class particles. We will first study the case when d = 1, of course this is equivalent to taking
d =1 in Proposition 1.6. However by conditioning on the label of the second class particle we find
an alternative form for this distribution.

Proposition 1.7. Consider the coupling (n,§) when d = 1 (i.e. a single second class particle in
ASEP). Assume the coupled system is stationary with £ ~ v". Then for any m € Z the probability
that the second particle is at site m 1is,

o0 kE(n—m+k+1)+k+(n—m+k+1)
Pr(X=m)=01-0)@des Y, -

k=(m—n—1)*

(6 k(@ Dn—mtk+1

Proof: We begin by conditioning on the label of the second class particle. By the independence of
the label process and § we have that,

[e'e) m—1
Py (X = m) = kzw(k:) -v"({f m=1, ) &= k})

=0 i=—00

e E o)

- (). e
k:(mzo;1)+ pe{N =n})

o0 ({N? 1@ =k {gn =1 n{N" (2) =n—m+k+1})
- k(m§—1)+ = pe{N =n})
) EUN () = K (1) N () =0t ke 1)
- k:(m§—1)+7r( ) p{N =n})

00 (1-— Q)qk E;z qW?H)_éc . K(c1—m)4 KD k(k 1) o
. (ngl) g e (G OR(—¢T e (14
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q(n—m+k+1)(m+1—c)+ (n7m+k+;)(nim+k>

(6 Dn—mtkt1 (=™ 1% @)

Then by Lemma A.1 and the Jacobi triple product identity, (2.2), we have that,

o qk(n—m+k+1)+k+(n—m+k+l)
Pn(X =m)=(1-q)(¢)os )

k=(m—n—1)*

(6 Dr(G Dn—mtkt1
O

Under the ergodic measure v" (for any n € Z) there is a unique ground state, n™ € Q" given by,

L1 itisn
"TY0 ifi<n

If the ASEP with a single second class particle is distributed according to the ergodic measure
(i.e. & ~ ™) then in the ground state n™ the second class particle is at site n + 1. It is therefore
natural to consider the displacement of the second class particle from its (most probable) position
in the ground state. We will call this displacement D and we notice that, D = X — (n 4 1). Using

Proposition 1.7 we give the distribution of the displacement of a single second class particle in
ASEP.

Corollary 3.9. Consider the coupling (n,§) when d = 1 (i.e. a single second class particle in
ASEP). Assume the coupled system is stationary with § ~ v"™. Then for any £ € Z the probability
that the displacement of the second class particle is £ is,

o ekt (k—0)
(

Pun(D =10) = (1 - q)(¢:0) (G (@ -

k=(£)
Proof: By definition, D = X — (n+ 1) and so,

P k= O+k+(k—0)

Pyo(D=10)=Pyu(X =L+n+1)=(1—-q)(qg;9)oo GO @ Dre

k=()+
]

Remark 3.10. Gnedin and Olshanski (2012) defined the two-sided infinite Mallows model for random
permutations of the integers. We will denote the set of all permutations of Z (i.e. bijections
o :7Z — 7Z) by &. Here we will see how the above result links to these random permutations. First
we give a short introduction to Mallows measures (for full details see Gnedin and Olshanski (2012)).

The two sided infinite Mallows measure is a probability distribution on permutations of the
integers that concentrates on,

Ghal = {0 €& :|{i € Zcg: (i) € Zxo}| < 00 and, |{j € Zsg : 0(j) € Z<o}| < 00}.

That is, far to the left (i < 0) in the permutation we only see negative numbers and far to right
(2 > 0) we only see positive numbers. Note that this is similar to the blocking states in ASEP,
where far to the left there are only holes and far to the right only particles.

As described in [Gnedin and Olshanski (2012), Equation (3)], such a permutation, o, of Z can be
given by permutations, ¢ and o7, of Zso and Z<( respectively, and an interlacing pattern, given
by an integer partition A, which encodes how to fit the two permutations together. For a given
o € &P3 consider the associated permutation word,

w= (- w_qwouwrwy---) = (+--o(=1)a(0)o(1)o(2)---).
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From this we derive a binary word,
e=(--e_1606162---) € {—1,+1}%,

where,

)+ ifo(i) € Zso
-1 ife(d) € Zeo.
The binary word € can be encoded into an integer partition A by splitting Z into the disjoint union
of the set of positions where £; = —1 and the set of positions where e = 1. That is,
Z=0"YZ<«0)Uo  (Zso)={ <ja<j1<jo}Ufis<ig<iz<--}

Then A is given by,
N=FC—1, VL>0.

Or equivalently the conjugate partition, ), is given by,

Ny =j g +L—1 V>0

With this we can define the permutations o and o~ of Z~( and Z<( respectively. We define this
via the associated permutation words,

wt = (0+(1)0'+<2)0'+(3) T ) = (wilwizwiB T )7
and,
w” = (0 (=2)o7 (=)o (0)) = (- wj_,wj_, wjy)-
This gives the triple (w™,w™, ), or equivalently (w',w™,\); w can be recovered from the this by
replacing each +1 entry of e from left-to-right by the entries of w™ and similarly the —1 entries of
¢ from right-to-left with the entries of w™.

Then, as given in [Gnedin and Olshanski (2012), Equation (4)], the two sided infinite Mallows
measure of parameter ¢ € (0,1), Q, is defined as a product measure,

Q:=0"®RQ9 ®P,

where Q7 is the Mallows measure on permutations of Z~g, similarly Q~ is the Mallows measure on
permutations of Z<g and P is the natural probability distribution on integer partitions given by,
g _
P(A) = for any integer partition \.
(¢ @)oo

For a detailed construction of the Mallows measure on Zsg see Gnedin and Olshanski (2010) (in
particular Q% is defined in Definition 4.4). First consider the Mallows measure on permutations of
{1,--+ ,n} for any n € Z~,

@) (g q)n
W)=

Then as n — oo, Q,, weakly converge to QT [Gnedin and Olshanski (2010), Proposition A.1.]. The
Mallows measure, Q~, on Z<g can be similarly defined.

Consider a permutation, o € &. For any integer, j, its displacement is defined to be D; = o(j)—j.
We see that Corollary 3.9 gives exactly the distribution of displacement for any integer under the
two-sided infinite Mallows measure with parameter ¢ as given in [Gnedin and Olshanski (2012),

Theorem 5.1],
rS$+r+s
q
Po(D =1) = (1 —q)(q;:0) g — WEL
s (@ a)r(g:)s

r—s={
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This is clear since the connection between ASEP under blocking measures and permutations of
the integers distributed according to the Mallows measure has been well studied, for example by
Bufetov and Nejjar (2022). Indeed, if we let any i € Z~,41 be equivalent to a first class particle,
any j € Z<py1 be equivalent to a hole and n + 1 represent a single second class particle then,
any Mallows distributed permutation of Z gives an ASEP state with a single second class particle
distributed according to the ergodic measure v".

Now we consider the joint distribution of any given d > 0 second class particles in ASEP under
the ergodic measure v" for any n € Z.

Proposition 1.9. Assume that the coupled system is stationary and § ~ v". For any m =
(my,- -+ ,mgq) such that m; < mg < ---mg € Z, the probability that the positions of the second
class particles, X, is m is given by,

Po(X=m)=q £ ") ﬁ(l DY o ke () + P (1) (1)
(A =m)=q =" (¢;q) —4q ; .
i=1 EGZiZ (q7 q)nfmd+kd+1(q, Q)kl
VJ€{1a277d}7
kj>mj—n—1
d A
H (dr1—j—m, +kj(k 0 i
kj| ~
j=2 q
where mj :=mj —mj_1 — 1 and l;:j :=kj —kj—1 —1 for each j € {2,--- ,d}.

Remark 8.11. The proof follows the same reasoning as used in the proofs of Theorem 1.8 and
Proposition 1.7.

Proof: We first condition on the labels of the d second class particles. Since the label process and
the distribution of £ are independent we have that,

m;—1
PZ"(X:m) = Z E(E) Vn({ggmz =1, Z 5]' =k; Vi {17"' 7d}}>

kezd j=—00

mi1—1 mj;—1
:Zﬂ'(k‘)-ljn<{£:fmi:1\7i€{l, d} Z&—klaz&—k VJE{Q }}),

EGZi i=—00 i=m;_1+1

(3.3)

where l%j :=k; — kj—1 — 1. We note that for some values of k € ijr the probability of the quantity
under " above will be 0 (we will make this more precise below).
Let’s concentrate on the quantity under v™. For any ¢ € R we have that,

mi—1 m;—1
Vn({f:fmi—IViE{l,H-,d}, Z fi:klv Z fi_]%jVjE{Q,-”,d}}> (3.4)

1=—00 i:mj_1+1

mi—1 mj—1
:M({g:gmi:lWe{l,---,d},Z@-:kl, > §i:l%jVj€{2,--~,d}}‘N(f)zn)

1=—00 i=mj_1+1

MC({érfmFlWG{l, s &—kl,mf fz—l%jwe{z.--,d}}m{N(g):n}>

1=—00 i=mj_1+1

#e({N(z) = n})
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As we have already seen, for any n,m € Z,
{N(z) =n} <= {N,,1(2) = n—m}.
We also note that,

mi1—1 7nj*1

{g:gmi =1Vie{l,---,d}, > &=k, > &G=kVjie{2 - ,d}} = {Nrgﬁ%(g) = kg +1}.
1=—00 i=mj_1+1
By definition,
Nygr3(2) = Ny 1 (&) = NP L (2),

and so for any n,m € Z and k € Z>y,
IN? (2) =K} N {N,i1(2) = n—m} <= {N? () = K} N {N" 4 (2) = n—m+ k).
m+§ m 2 m+§ m+2

Putting this together we see that,

mi1—1 mj;—1
{f:fmizlwe{l,---,d}, YooGi=k, Y, @zkjwe{z,---,d}}ﬂ{N(z)z
1=—00 i:mj,1+1

mi1—1 mj_]-
— {f:fmi_lwe{l,---,d},Z{i—kl, > gi_i%jvg'e{Q,---,d}}

1=—00 i=m]',1+1
n
ﬂ{de+%(g) =n—mg+kq+1}.
Using the product structure of p¢ and Corollary 2.3 we find that,

—

d
Equation(3.4) = ({N my H,uml HH {Np'_ﬁ_ (2) — Np] (41 (2) =k it)

«—

BEANT (@) = kD) AN L (2) = 0= g R+ 1))
d —

1 d )
pEEm I COR | CLCRE R AR
BOUND (@) = k) g (N (2) == ma o b 1)),

By Lemma 3.8 that is, for permissible configurations,

1 L, 2mg+l—c ;
(NG =y £ N

(k1+1)(c—my)+ 2L ED

Equation (3.4) = (2) =n—mg+kqg+1})

md—&-i

M
q(k +1)(c—mj)+ (q; Q)ﬁ%j

s (69 (@a)s, g,

q
(€5 Dty (4745 @) oo

—

J
& e<e2+1> —le

q M matka 1) (ma 1) OO Gt

{=—o00

qw—nc (QQ Q)nfmd+kd+1(_qmd+1_c‘ Q)oo

(kj+1)(c—my)+ kﬂ(k )

(k1 41)(c—my )+ 221D (¢ @),

(@ D5, (G Dy, i,

q q

(G Dk (045 @)oo

<.
|| Q
[\]
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—ma(matD) | kGt 4 (1) (n 1)

=y el
(q; Q)n—md—&-kd-l—l(_qderlic; Q)oo

f=—00
R R Bl Attt S (" )i,
(@ Ok (—0° ™5 @) 1;[ (@D, (@G Dy iy,
where 1 :=mj; —m;_; — 1 for each j € {2,3,--- ,d}.

By Lemma A.1 and the Jacobi triple product identity, equation (2.2), we have that,

mi—1 mj;—1
Vn<{€£mlzlv26{1,,d},zgz:k‘l, Z &Z@V]E{Z,,d}})

1=—00 i:mj,1+1

EaCratD) (g 41) (n1) = (kg 1)+ 22 ELED

q > (qqﬁ

(q C])n md+kd+1(Qa CI)

(4D, (4 @)y, i

Now let’s return to the sum over possible label conﬁguratlons of the second class particles as in
(3.3). Apriori we have that k € Z¢ that is,
0<ki<ko<-<ky = k>20,k>1 - kg>d-1. (3.5)

In order for the calculations above for the quantity under ™ to hold we have to consider extra
conditions on k. In particular, any state, {, must be such that N(§) = n, and so for each j €

{1,2,---,d} Nmﬁ;(g) = n —m;. The states we are considering are such that Ni 1 &) =kj+1
2 = it —
for each j € {1,2,---,d}. Thus by the definition of Nm]-+l these states are also such that,
2
Nn’;]+2(§):n—mj+kj+1 vie{l,2,--,d}.

Since the number of holes to the right of a site must be non-negative this gives that & must satisfy,

ki>m;—n—1 Vied{l,2,---,d}. (3.6)
Putting (3.5) and (3.6) together we find that any possible k is such that,
0<ki<ky<---<kg and kj >m; —n—1 vje{1,2,---,d},
or equivalently,
kj > max{mj —n—1,j -1} = (mj —n—j)" +(j - 1) vjie{1,2,---,d}.
Thus we have that,
Py (X = m)
mifl
=Y (k) 'V"<{§:€mi =1, Y G=kVie{l, - ,d}})
keZ$ j=—00
Sk den d g T A (Rt D) (kD) (k)4 L ()
= ) [Ta-4¢) ) @a
kezd: i=1 45 9)n—ma+kq+1\q; 4) Ky
vie{1,2,,d},
ijmjfnfl
ﬁ —mj (k; +1)+!w<k i+ (q;q)mj

i @@y, g,
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d ~
dki+ 3 (d+1=5)k; PO A (hat 1) (nh 1) —mo by + SLEED
j=2

o a
—q¢ = (G [[0-d) D«
i=1

(6 Dn—mathat+1(TG iy

EEZi:

Vie{1,2, d},

kj>mj—n—1
ﬁ quJIAcJ‘Jr"J(’“jJrl) (@),
i (G0 (69,

. mi( ) ﬁ(l . Z quﬁ(dfmlHMdeH)(nH)
=q¢ 7 (69 —q . '
=t kez?: (¢ Dn—matra+1(g Dy
Vie{1,2, d},
kj>mj—n—1

k.,

d A R
, quj(d+1—j—mj)+M , [ZLJ} .
j:2 ] q

0

Remark 8.12. 1t seems we cannot simplify the sum in Proposition 1.9 further. For example let’s
consider the case where mg —n — 1 < 0, and therefore m; —n —1 <0 for any j € {1,2,--- ,d}. In
this case the condition that k; > m; —n — 1 for all j is automatically satisfied and the summation
is simply over any k € Zi. So as we did in the proof of Theorem 1.8 we can rewrite the summation

over k as the summation,
k1=0fo=0  ky=0
In the proof of Theorem 1.8 we could proceed to simplify the sum by using identities such as Euler
and the ¢-Binomial theorem.
However for the distribution given in Proposition 1.9 we cannot use such identities. This is due
to the factor of,

kg(kg+1)
2

q
in the summand. If we write kg4 as,

d
kd:k1+2kj+d—1,
j=2

we see that M

gives cross terms such as l%zl%] and k:ll%j. So these identities cannot help us here.

In Corollary 3.9 we gave the distribution of the displacement of the second class particle from
its ground state position in the case of ASEP with a single second class particle. Now we can give
the joint distribution of displacements of d second class particles from their positions in the ground
state. If the ASEP with d second class particles is distributed according to the ergodic measure (i.e.
& ~ V") then in the ground state, n™ € Q", the second class particles are at sites n+1,n+2,--- , n+d.
We will denote the displacement of the j-th second particle from it’s position in the ground state
by D = (D1,---,Dg), and note that D; = X; — (n+ j) for each j € {1,---,d}. We note that
the second class particles stay ordered which implies that the displacements are non-decreasing,
Dy <Dy <--- < Dy.
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Corollary 3.13. Assume that the coupled system is stationary and § ~ v™. For any £ € 72, such
that 01 < £y < --- < {g, the probability that the displacements of the d second class particles, D, is
L s,

d k1 (k1+1) 4 ka(kg+1)
S fi_d(dgl) g R (A1) 4 PR g 1
Pn(D =) =q = (@9 ][ -¢
- H kezz:d (@ Dky—ty—d+1(¢ Oy
vje{1,2, ,d},
kazzj+j—1

U

H 12—y G [l — 4
k; ’
q

where kj :=kj — kj_1 — 1 for each j € {2,--- ,d}.
Proof: In the ground state v™ the position of the j-th second class particle is n + j, for each
j€{1,--+,d}. Thus we have that,
Pyn(D =€) = Py (X = m),
where mj :={; + n+ j for each j € {1,--- ,d}. The result then follows form Proposition 1.9. [

Remark 3.14. From our previous discussion (Remark 3.10) we see that Corollary 3.13 should be
linked to [Gnedin and Olshanski (2012), Theorem 6.1] the probability of the joint displacement of
d integers under the two-sided infinite Mallows measure on permutations of Z (in the case where
Dy <--- < Dy). That is for any d > 0 and integers 1 < o < -+ < {g,

Po(D = {)

d
_d(d+1)
=(1-9% 2 (@0 [[(@D)e,—¢, . >

j=2 0<ay, ad,b1 < ,bg<oo:
VJE{l d},

J
Z br— Z a;={;
k=1 k=j

> (bit1)(a;+1)
gr<isi<d

(@ Dby (6D (6 Day (6 Dy

As before we can equate a Mallows distributed permutation of Z with an ASEP state with d
second class particles distributed as ™. This is done by setting the integers ¢+ < n to be holes, the
integers i > n+ d+ 1 to be first class particles and the integers i € {n+1,--- ,n+d} to be second
class particles.

As we have defined the ASEP with d second class particles, the second class particles remain
ordered (i.e. X7 < X9 < -+ < Xg) and so the displacements of them from their position in the
ground state are also ordered (D < Dy < --- < Dy). However, with Mallows permutations of Z it
is not true that the displacements of consecutive integers have to be ordered in this way. Thus, we
see that Corollary 3.13 and [Gnedin and Olshanski (2012), Theorem 6.1]| will not match exactly. In
fact under the Mallows measure we need to consider all possible permutations (e.g. if £; = ¢;11 then

the permutation that only swaps i and i+ 1 need not be considered) of the displacements ¢1, - - - , £4.
That is, for any ¢ < --- < {g4,
Pyn(D=1) =Po(D=10)+ > Po(D = o(L),
o {1, d} 25 {1, )
o(O)#L

where the formula of [Guedin and Olshanski (2012), Theorem 6.1] gives Po(D = ¢). However
as remarked in Gnedin and Olshanski (2012) the general case can be handled by introducing an
additional factor of ¢™V(di+1.datd) thyg all terms in the above sum can be found.
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4. Combinatorial identities and their meaning

In Section 2.3 we gave probabilistic proofs to three classical combinatorial identities. Here we
discuss their combinatorial meaning.

First, by considering the particle-hole symmetry of ASEP (Corollary 2.3) we proved the Durfee
Rectangles Identity.

Theorem 1.10. Durfee Rectangles Identity (for example see equation (4) in Gessel, 1984)
For g € (0,1) and any fived n € Z,
1 o0 k(ntk)

- > o

k=max{—n,0} m ‘

(45900

Let us first consider the case when n = 0, then the identity is,
1 o0 qu
(@ 4) kzzo (@ )i
This is a well known identity, namely the identity for Durfee squares of integer partitions (for exam-
ple see Chapter 8 in Andrews and Eriksson, 2004). For a given integer partition the Durfee square
is the largest square (anchored in the upper left-hand corner) in its Ferrers diagram. Equivalently,
a given partition with ¢ parts, (\y > A2 > ... > )\y), has a Durfee square of side length k& < ¢ if
A > k and A\py1 < k. With this definition, any integer partition decomposes into 3 pieces: its
unique Durfee square of side length k, a partition into up k parts to its right, and a partition with
parts at most size k underneath (for example see Figure 4.3 below). We denote this decomposition
in the following way,
A= (AL A2, 0 Ae) = {2, A0 A@)

where A\ = (M — k, ..., \r — k) is the partition to the right of the Durfee square and A =
(Ak+1, ---, A¢) the partition underneath the Durfee square.

From this decomposition we see where the RHS of the identity comes from. Consider one term in
k'2
the sum, say (;W’ for some k. This is the generating function for integer partitions whose Durfee
P
square is of side length k:

. qu corresponds to the Durfee square.

(q'}z)k is the generating function for partitions into up to k parts (see Section 6.2 in Andrews

and Eriksson, 2004) and so corresponds to the partition to the right of the Durfee square.
e By conjugation ﬁ is also the generating function for partitions into parts of size at most k

(see Section 6.2 in Andrews and Eriksson, 2004) so this corresponds to partition underneath
the Durfee square.

The sum over all k considers Durfee squares of any size and so we recover all integer partitions, for

which the generating function is @, hence the identity holds.

= A={3%(5,5,4),(3,2,1,1)}

A—(8,8,7,3,2,1,1)

FIGURE 4.3. An example of the Durfee square for an integer partition, A, of 30.
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Now let us consider what the identity means combinatorially for any fixed n € Z. The identity
now states that, for n fixed, every integer partition has a unique Durfee rectangle, a generalisation
of the notion of Durfee square (see for example equation (4) in Gessel (1984)). For some fixed n we
say that a given partition with £ parts, (A1 > A2 > ... > A¢) has a Durfee rectangle of side lengths
n+kand k if Ay > n+k and A\y31 < n+ k. From this definition we see that for fixed n each
integer partition has a unique Durfee rectangle (just as it had a unique Durfee square i.e. the case
when n = 0). Now with this definition, for each fixed n, any integer partition decomposes into 3
pieces: its unique Durfee rectangle of side lengths k and n + k, a partition into up to k parts to its
right, and a partition with parts at most size n + k underneath. We denote this decomposition in
the following way,

A= (AL A2, o Ao) = {k * (n+ k), AW A0y

where A\(»") = (A\; — (n + k), ..., \x — (n + k) is the partition to the right of the Durfee rectangle
and A4 = (Ak+1,---» A¢) the partition underneath the Durfee rectangle. See Figure 4.4 below for
an example of the Durfee rectangle inside a given integer partition for different values of n.

Now we can see where the RHS of the identity comes from. Consider one term in the sum, say

m, for some k. This is the generating function for integer partitions with Durfee rectangle

of side lengths k£ and n + k:
o ¢F("tk) corresponds to the Durfee rectangle.
° m is the generating function for partitions into up to k parts and so corresponds to the
partition to the right of the Durfee rectangle.
e By conjugation ! is the generating function for partitions with parts of size at most

(6D n+k
n + k and so corresponds to the partition underneath the Durfee rectangle.

Summing these generating functions for all k from max{—n,0} to co (with n € Z fixed) we get
all integer partitions, and thus the identity holds.

If n = 2, then here k = 3 If n = —3, then here k =5
A=(8,8,7,3,2,1,1) A=(8,8,7,3,2,1,1)
={3%5,(3,3,2),(3,2,1,1)} ={5%2,(6,6,5,1),(1,1)}

FIGURE 4.4. An example of the Durfee rectangle for an integer partition, A, of 30
when n =2 and n = —3.

By considering the distribution of a site under " (Lemma 2.10) we proved the following identity.

Proposition 1.11.
For anyn € Z, q € (0,1) we have that,

o gDtk o0 F k) 1

>

k=max{—n,0}

_|_ = .
(@ k(% Dk k:maxz{;n o (G OR@ D14k (@0
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Combinatorially this identity arises by considering all integer partitions depending on whether
their crank is greater than or less than n. Crank (or Dyson’s crank) is a quantity of any integer
partition that was first discussed by Dyson (1944) and then was formally defined by Andrews and
Garvan (1988). Given an integer partition A let I(\) denote the largest part of A, w(\) denote the
number of parts of size 1 in A, and u(A) denote the number of parts of A that are larger than w(\).
The the crank, c¢(\) is defined to be

o [ if w(\)
) {,u()\)—w()\) if w(A) >

0,
0

Example 4.1.
(a) Consider the partition A\; = (7,5,5,2).

We have that,
(M) =T, w(A) =0, and, w(A) = 4.
Thus the crank of \; is ¢(A\1) = 7.
(b) Consider the partition Ao = (6,4,4,2,1,1).

We have that,
l(A2) =6, w(A2) = 2, and, w(Ag) = 3.
Thus the crank of Ay is ¢(A2) = 1.
(c) Consider the partition A3 = (5,3,2,1,1,1).

We have that,
I(A3) =5,  w(A3)=3, and,  p(A3)=1
Thus the crank of A3z is ¢(A3) = —2.

Andrews and Garvan (1988) gave the generating function for integer partitions with a given
crank value say m € Z. Hopkins et al. (2022) (Theorem 2.1) gave the generating function for
integer partitions with crank> n > 0, by considering Durfee rectangles. This generating function is

given by,
>
(

=5 (@ Dk(e Dt

(k4+1)(n+k)

Also it is well-known that integer partitions with crank< —n are in one to one correspondence with
integer partitions of crank > n (for any positive n) and so they have the same generating functions.
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Consider the identity in Proposition 1.11 for n = 1, that is,
00 (k+1)(k+1) 00 (k+1)k 1

kz_:(q : +Z .q : =

(G De(@GDer = (G DG De (69D

We know that the right hand side is the generating function for all integer partitions. The left hand
side is splitting integer partitions depending on whether they have positive or negative crank. In
particular the first sum is the generating function for partitions with crank> 1 or equivalently < —1
and the second sum is the generating function for partitions with crank> 0.

The general statement for any n € Z similarly splits integer partitions in terms of whether the
crank is greater than or less than or equal to n.

By considering the distribution of the number number of particles to the left of some given site
in ASEP (Theorem 1.1) we proved Euler’s identity.

Theorem 1.12. Euler’s Identity (for example see equation E1 in Andrews,; 1965)
For g € (0,1) and z € Ry,

0o Ic(k 1) Jk

4 .
Z (_Zv Q)OO
— (q:q
Combinatorially this identity gives two ways of writing the 2-variable generating function for

integer partitions into distinct parts. A general term is of the form dnvkq”zk where d,, ; gives the
number of partitions of n into exactly k distinct parts. The product on the LHS of the identity

clearly counts partitions into distinct parts (with a z in front of ¢ to count the number of non-zero
k(k+1)
a2

(6:9)k
is the generating function for partitions into exactly k& distinct parts (see for example Section 2

of Cimpoeas (2022)). In Appendix B we give an alternate proof of Theorem 1.1 by considering
particles states with k particles to the left of some site m as partitions of some s (left jumps away
from a ground state) into up to k parts. Instead we can think of a state that has k particles to the
left of m as a partition of some n where each particle denotes a part of size how far this particle
is from the boundary site m. Since there can only be one particle per site these distances must
be distinct and thus we have a partition into exactly k& distinct parts. This explains why Euler’s
identity arises a consequence of Theorem 1.1.

parts). For the sum on the RHS, k gives the number of parts and it is well known that

Similarly, by considering the distribution of the number of particles in between two given sites in
ASEP (Lemma 1.3) we proved the g-Binomial Theorem.

Theorem 1.13. ¢-Binomial Theorem (Heine, 1847, also Andrews, 1986)
For g € (0,1), z € Ryo and any m € Z>,

m k(k—1) m

22k

Zq 2z |:k’:| :(_Z;Q)m

k=0 q

Combinatorially this identity gives two ways of writing the 2-variable generating function for

integer partitions into distinct parts of size at most m. It is known that the one-variable generating
> .

function for partitions into distinct parts is given by [] (1 + ¢*), clearly if we truncate this product
i=1

at i = m we have distinct parts of size a most m (see for example Equation 5.4 of Andrews and

m .
Eriksson, 2004). If we then write [] (1 4 z¢") this is the two-variable generating function for these

i=1
partitions with the power of z counting the exact number of parts used. Now for the sum on the
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RHS, as before k gives the number of parts. It is known that [ZL] is the generating function

q
for partitions into up to k part of size up to m — k (for example see Section 7.2 of Andrews and

Eriksson, 2004). If we add a triangle of side length k to the Young diagram of such a partition

we now have a partition with distinct parts of size up to m, as desired. Note that adding this
. . . . . . k(k+1) .
triangle is the same as multiplying the generating function by a factor of ¢- 2. We note that if

we take m to infinity in the ¢g-Binomial Theorem we get Euler’s Identity. In Appendix B we give an
alternative proof of Lemma 1.3 by considering particle states with 0 < k < mo — m71 — 1 particles
inside (m1,m2) as partitions of some s (left jumps away from a ground state) into up k parts of size
up to mo —mq — 1 — k. Instead we can think of the states as partitions into exactly k parts with
size up to m : = mo —mq — 1 by letting each particle represent a part of size its distance away from
the right boundary site ms. Again we see that these distances must be distinct due to the exclusion
rule and so the parts in the corresponding partition are distinct. This explains why the ¢-Binomial
Theorem arises as a consequence of Lemma 1.3.

5. Future directions and open questions

As we saw in Section 2.3, natural questions for the particle system can lead to probabilistic proofs
of well-known combinatorial identities. The authors are exploring further directions.

In the paper of Balazs et al. (2022), it is shown that states of blocking particle systems with
0-1-...-k (for k > 2) particles per site correspond to generalised Frobenius partitions (these are a
generalisation of the notion of integer partitions). With this in mind, perhaps by considering the
number of particles to the left of some site or within a finite range or symmetry between holes
and particles for these more general blocking systems we would see GFP versions of the Euler,
g-Binomial and Durfee rectangles identities.

Recently Amir et al. (2025), characterised the blocking measures for asymmetric simple exclusion
on multiple lanes. There they comment that it would be interesting to see what combinatorial
identities can be found by studying equivalences between the multilane exclusion and other particle
systems like in the work of Baldzs and Bowen (2018), and that of Balazs et al. (2022). It is
natural to ask what is the distribution of particles in half infinite and finite ranges in the multilane
exclusion under the natural blocking measure. These distributions should also lead to interesting
combinatorial identities as we have shown here for the single lane ASEP (Section 2.3).

Both directions are subjects of upcoming papers.
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Appendix A. Simple ¢-Pochhammer manipulations

Lemma A.1. For any m € Z and c € R,

m(m+1) _ _
2 (=g ) oo (4™ @) o

(—0'% @)oo (=4 @)oo

g 1.
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Proof: Clearly this holds for m = 0, so let’s consider the cases when m > 0 and m < 0 separately.
Firstly when m > 0 we have that,

m(m+1)

-1
_ [T (144"
¢ 2 (0T Do (0T O D e i=—m
_ql—c. __C. - m ]
(=" @)oo(—4% @)oo 110+
i=1
m . .
[T (1447
m(m+1) oo =1
= q 2 . poes = 1
[T(1+g¢)
i=1
Similarly when m < 0. We suppose m = —I[ for some [ € Z~( and so,
M (1+d)
T 14+4¢¢
a2 (=" o (0T Qoo S e ==l
_ql—c. __C. -1
(=04 @) oo(—4% @)oo 101+ g+
i=0

=1 )
H q—z—c(l + qz+c)
= G =0 =1
-4 -1 } -
[1(1+qg"+e)

1=0

]
Lemma A.2. ¢-Binomial analogue of Pascal’s identity (e.g. (7.1) in Andrews and Eriksson,
2004)

For any m € Z~qg and k € {0,...,m},

m|  plm-1 m—1
i, e Bl
q q q
Proof: Let us consider,

gm—1 m—1] _ (@ @m (@ @m—1
! [ k L " [’f - 1L T GG Dmo k| (G Dr1 (G Dk

R GDm1(1=¢" ") (g @)m-1(1—q")
(@ (@ QDm—r (¢ Dr(@ Dm—r
(@ Om—1(1 — ™)

(@G Dm [m]
(@ k(@ ODm—k (@ D@ ODm—k k
q
Lemma A.3. For any k € Z>,
() = (Y = — LD

k(k+1) °
2

(=1*q
Proof: We have that,
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k ko g

- i _ _ - -Xi : (¢ 9)k
(¢ =0 -a)=0-aH0 =) (=g =g = [J(¢" - 1) = —
i=1 7=1 (_1) q 2
O
Lemma A.4. For anyd € Z~q, anymy < mg < ... < mg € Z, any ¢ € R, and for each j € {2,..,d},
(=gt ), 1

(=gt Immiq)oe (14 qoFd=I7ma) (1 4 geFdHImdmmi) (—getd=G-D=mim1; g)

where mj :=mj —mj_1 — 1

Proof:
m; , .
( qc+d+2 ] mj. q) 4H1(1+q0+d+1_‘7_mj+2)
) mg _ 1=
_gctd—i— S . )
(—¢° I7M5 5 q) 0o l‘[o(]__‘_qc—l-d—]—mj—i—z)
1=

m; . .
[1(1+gertr1mmms)
i=1

1+ qc+d—j—mj)(1 + qc+d+1—j—mj) (1+ qc+d+1—j—mj+i)

=8

=1

1

(14 qord=a-ms)(1 4 qobdti=smms)  [] (14 getati=g-my+i)
i=rn;+1
1

(1 + qc+d_j_mj)(1 + qc+d+1—j—mj) 10_0[ (1 + qc-l—d—i-l—j—mj,l—f—i)
=0

1
(1 + qc+d—j—mj)(1 + qc+d+1_j_mj)(_qc+d_(j_1)_mj_l;q)oo

Appendix B. Combinatorial Arguments

This section is included for completeness. Notice that no other parts of the paper rely on these
arguments.
Alternative proof of Theorem 1.1:

We notice that, any state z such that N£+ (z) = k is some s number of left jumps away from

1
2
the state @, which is defined on the sites (—oo, m| as,

i {1 ifie{m—k-+1,..,m}

W; =
‘ 0 o/w.
We see that a left particle jump changes the probability of a state, under u¢, by a factor of g,

Z C)Z(J J—1)

(=1 a _ g, ~=1=0) () — c
q "-q HE) =g plz).
Z|€Z| 1+q 1(2) 14(2)

Thus we have that,

«—

HC({N,Z%(Z) = k}) = 1 oo (@) > a°G(k, s



414 Daniel Adams, Marton Balazs and Jessica Jay

where §(k,s) counts the number of states on (—oo,m] that are s left jumps away from @w. A

state that is s left jumps away from @ can be viewed as a partition of s where the parts are the

number of left jumps each particle is away from its position in @. So the partitions that these states
o0

correspond to are partitions of s with up to k parts. Then ) ¢°g(k, s) is the generating function

s=0
o0
for such partitions, by conjugation of partitions we know that »_ ¢°g(k,s) = (q'%z)k (for example see
s=0 ’
Section 6.2 of Andrews and Eriksson, 2004). Now we find,
Il
qc" k k(k—1) _ k(k—1)
. it ] q k(c— m)+ qk(c m)+=5
H’( oom] H :uz wz ~ Tm T T x = (_qc—m.q) )
i=—00 H (1 + qC_Z) ]__[ (1 + qc_m“) el
i=—00 =0
Putting this together we have that,
- qk(c—m)—i—@

HN, @ =R = (@ k(=" @)oo

Alternative proof of Lemma 1.5:
For some k € {0, ...,7m2} define a state w on [m + 1, mg — 1] such that,

)1 forie{mg—k,..,mo—1}
"o forie{my+1,..,me—k—1}.

We see that for any state z defined on [m; + 1, mg — 1] there is some minimal number of right
particle jumps needed to get to w; that is z is some s left jumps away from w. Thus, since a left
jump changes the measure by a factor of g,

- - k(ma—k)
HC({N£2,1+%(§) - NT]:LIJF%(&) = k}) = HC’[mlJrl,mz*l} (g) Z_:O qsg(k7 8)

where g(k, s) counts the number of states on [m; + 1, mg — 1] that are s jumps away from w. The
probability under HC|[m1+1,mzfl] of the state w is,

ma—1 i k=1
ma—1 . H k:q qk(c+1—m2)+i;11 qk(c+17m2)+@
1=ma— -
14 ‘[ml—&-lmg 1] H :U’z wl T ma—1 = Mo - (_qc—mg—ﬁ—l.q)A :
i=mi+1 H (1 + qcfi) H(l + ¢ mQ—H) » /M2
i=mi+1 =1

A state that is s left jumps away from w can be viewed as a partition of s where the parts are the

number of left jumps each particle is away from its position in w. So the partitions which these states
k(1ha—k)
correspond to are partitions of s with up to k parts of size up to mg — k. Hence > ¢°¢g(k,s)
s=0
is the generating function for these such partitions which can be written in the following way (for
example see Section 7.2 of Andrews and Eriksson, 2004),

A~

Z gk, s) = [”}ﬂq _ (q;q(q; q')mz,

)k(Q7 q)ﬁmfk
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Putting all this together we find that,

— — qk(c+1_m2)+@

KNy, (&) = NP () = k) = (4 @iy

(=g ™2 @)y (45 Or (@ O ria—r
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