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(p)

Abstract. Consider the p-multiple range Ry’ which counts the number of points visited exactly
p > 1 times by a one-dimensional simple symmetric random walk starting at [aN], for a € (0,1),

up to the time of exit from Dy = {0,1,...,N}. We show that R%)/log(N) converges weakly to
the law of an exponential random variable with mean 1/2. Moreover, we show, by the method of

moments, that the collection of scaled multiple ranges {RS\I,))/ log(N) : p > 1} in the limit is totally
correlated.

1. Introduction and results

Classically, up to time n > 0, the range R,, and the multiple range R%p ) are the number of sites

visited, and number of sites visited exactly p > 1 times by a simple symmetric random walk on Z¢

starting at the origin. The statistics of R,, and Rng ) have been continually studied, going back at

least to the paper Dvoretzky and Erdos (1951). For instance, recent developments include Asselah

and Schapira (2021), Asselah et al. (2019), and references therein. Less is known however of the

statistics of the range and multiple range when the random walk is subject to constraints.
Recently, some works have considered the statistics of the range Ry = R,, and multiple range

RE\I;) = R(TI;V) of simple symmetric random walk up to the (random) time of exit 7y from scaled
domains Dy C Z¢. Such a setting is natural in the applied context of ‘trapping phenomena’; see
Den Hollander and Weiss (1994). More theoretically, Ry and Rg\l;) inform on the fine structure of
the ‘extremal’ sojourn of the random walk, when it reaches a ‘boundary’.

The purpose of this note is to determine the scaled limits of the joint statistics of {RE\I;) :p>1}
for simple symmetric random walk in d = 1; see Theorems 1.1 and 1.2. That the trajectory, with
respect to R%’), must exit the interval Dy at time 7y suggests that there may be a number of
exactly ‘few’ visited sites perhaps near the exit point. Indeed, we show that log(V) is the order

of the count R%) and that Rgf;)/ log(N) converges weakly to an exponential random variable with
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mean 1/2. Moreover, we show that the joint distributions of {Rg\z;)/log(N) :p > 1} are totally

correlated in the limit. We comment that the ‘log(N)’ scaling of R ), the exponential limit, and

the total correlation of the scaled joint distribution of multiple range counts are novel and were not
()

anticipated. In particular, since Ry’ and R%) for p # q counts sites in disjoint multiple range sets,
their total correlation when scaled in the limit is not obvious.

In comparison, in the classical one-dimensional R%p ) random walk multiple range, as the random
walk returns continually to the origin, one might feel that there is only a few, random in number,

exactly p-visited points at large times n. Indeed, see Lemma 5.1 where we calculate sup,, Eg [RT(})] <

00, and see also Hof (2006) which considers unscaled limits of the multiple range Rg? constrained

to return to the origin at time 2n.

Previously, Athreya et al. (2011) studied the range Ry of simple symmetric random walk in
d = 1 starting from [aN] € Dy = [0,1,...,N] for « € (0,1), showing convergence to an explicit
distribution Ry /N = F, depending on a.

In d > 2, Dochrman et al. (2021) studied the range Ry and multiple range Rg\’;) of simple
symmetric random walk starting at [a«N] € Dy = ND up to the time of exit 7y from Dy for

bounded sets D C R% In d = 2, Ry/(N?/log(N)) and R%)/(N2/log(N)) converge to 7T, p
and 2727, p. Whereas in d > 3, Ry/N? and R§\11,7)/N2 converge to (d/2)(1 — poq) and (d/2)(1 —
pO,d)ng;llTa,D- Here, 74 p is the exit time of Brownian motion from the domain D starting at
aecD.

One can understand the scalings a(N) = N2/log(N) in d = 2 and a(N) = N? in d > 3 with

respect to Ry and R%) given that (1) 7v/N? converges weakly to dr, p, and (2) the a.s. limits of

the classical range and multiple ranges R,,/a(y/n) to nontrivial constants; see Dvoretzky and Erdos
(1951), Flatto (1976), Pitt (1974), Spitzer (1976). Similarly, the scaling a(N) = N in d = 1 for
the range Ry is consistent as the classical R, /a(y/n) converges weakly to the span of a Brownian
motion up to time 1; see Jain and Pruitt (1972).

In terms of the literature, the limits of {R%)/log(N) :p>1}ind =1 in Theorems 1.1 and 1.2
complete a discussion of the general problem.

We now introduce basic notation and state our results formally. Let {X, : n € N} be a one-
dimensional simple symmetric random walk on Z, that is,

1
=3
Let T, = T = inf{n > 0: X,, = =} be the first time the point x is visited, and TP = inf{n >
ngp_l) : X, = x} be the time that the point z is visited exactly p > 1 times. Let 7 = min{Tp, Tn }
be the time of exit from Dy = [0,1,..., N]. We will set the starting point of the random walk as
Xo = [@N] where 0 < a@ < 1 and N € N is a scaling factor.

By translation-invariance, the model is the same as when the random walk starts at the origin
and 7y is the exit time from the interval [—[aN], N — [aN]]. In this way, all the random variables

P[Xpp1 =2+ 11X, = 2]

{Rg\l;) :p>1,N > 1} may be viewed to be all on the same probability space.

Let Z be an exponential random variable with mean 1/2. Note that the moment E [Z7] = j1/27
for j > 1.
Theorem 1.1. Let 1 < p; < ... < pp forn > 1. We have the weak convergence of the joint
distribution,

(p1) (p2) (pn)
lim Ry , Ry RL =(Z,2,...,7).
N—oo \ log(N) log(N) log(N)

From consideration of moments (cf. for instance Section 2.3.e in Durrett, 2005), Theorem 1.1
follows directly from the following result.
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Theorem 1.2. Forn>1,let 0 <ji,...,jn, 1 <p1 < -+ <pp, and J, = > ;" ji. Define also the
joint scaled moment,

1 - A\ Ji
N — (p:)
Fji,...sin (p1,-- - Pn) = WE[QN] H (RN > ] .
i=1
Then,
. N Jp! T
]\}L)oo :u’jl,.‘.,jn(ply . ,pn) = 2771 =F [Z ] .

1.1. Remarks. We make a few comments about the main theorems and their proofs.

1. As a consequence of Theorem 1.2, the scaled multiple ranges are indistinguishable in the limit
and completely correlated: For € > 0,

(p:) (Px)
Ry Ry _
g N = E) =0

lim Py (

Noo 1N Z 1 log N
1<i,k<n

Moreover, unlike for the range Ry in d = 1 as mentioned above, the scaled limit in Theorem 1.1

does not depend on « € (0, 1), that is the distance to the boundaries, as long as the distance is at

least of order V.

2. Unlike for the range Ry, there is no ‘monotonicity’ property to exploit for the multiple range

RE\I,’) in that a point x € Dy may be visited exactly p times up to time 7 but visited more times
(p) (p)

up to time 7y41 and so may not be present in the count Ry’ ;. One may view Ry’ in terms of

local times of the random walk. However, since p < oo, the order and limits of R%) reflect finer

structure than would be seen in scaling of the local times where p grows with N. Here, the method
of proof, taking advantage of the geometry of the d = 1 setting, relies on moment calculations via
gambler’s ruin estimates and the Markov property.

3. As a complement, we mention that Athreya et al. (2011) and Doehrman et al. (2021) consider
the problem for simple asymmetric random walks with right/left jump probabilities ¢ < r. Given
™~ /N — (1 — «)/(1 — po) a.s., the convergences in probability Ry/N — 1 — «a and R%)/N —
(1 —po)pgfl(l — «a) follow from that of R,,/n — 1 —« and R%p)/n — (1 —p0)2p€71(1 —a) (cf. Pitt,
1974), where pg = 2(1 — r) < 1 is the probability a random walk starting at the origin returns.

1.2. Outline of the proofs of Theorem 1.2. We first prove the theorem when n = 1 and p; = 1 in
Section 2 via an induction argument. Then, in Section 3, we prove the theorem when n = 1 and
p1 > 1, using some of the calculations in Section 2 and the p; = 1 result as the base case in another
induction. In Section 4, we complete the proof of the full result, using schemes in Section 3.

2. Moments of Rﬁ\l,): Proof of Theorem 1.2 for n=1, py =p

Let A, = Ag) ={T, < TN,TQEZ) > 7n} be the event that the point z is visited exactly once
before exit from Dpy. Since Rg\lf) counts the number of points visited exactly once, we can write
Rﬁ\lf) = >, 1a,. Therefore, for j > 1,

i
(Rg)) :']' Z ]‘Azl ]‘Azg 1AI] + Z 1AI1 1A] = Bl +BQ’

T <z2<-<Tj T1,T25---,T 5
not distinct

where the summations are over all possible z1,...,2; € Dy. Note also that B is a finite linear
combinations of (RS\I,))]“ for1<k<j—1.
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Our goal in this section is to show Theorem 1.2 when n = 1 and p; = 1: Namely,

Elan [(R%))j] = ) Pan (h Au) + Ejan [Bo] (2.1)
i=1

1 <--<Zj
1l . .
= ;—] log? (N) + o(log’ (N)).

We will also assume that [aN] &€ {z1,...,2;} in the sum in (2.1), as the j terms when [aN] €
{z1,...,2;} can be put into the o(log’ (NN)) term.

2.1. Visitation schedule and four cases. Given an ordering of the points z1 < --- < xj, let V =
v = {yz}gié C {[aN],0,21,...,2;, N} be an ordered list where yo = [aN], y;j+1 € {0, N} and
each x1,...,x; appears once. By the one-dimensional geometry, there are only four possible ‘visiting

schedules’ V such that a random walk visits in order the points in V up to the time of exit from
Dy and

PV = P[OcN} (Tyl < Ty2 < e <& Ty]- < mln{TN,l’ln<1§1Ty(12)}> > 0.

Namely (see Figure 1),
Case 1 Vi = ([aN],zj,zj-1,...,21,0) with z; < [aN] < N
Case 2 Vo = ([aN],zj,zj—1,...,21,0) with z;_1 < [aN] <z; < N
Case 3 V3 = ([aN],z1,22,...,2j, N) with 0 < 21 < [aN] < x9
Case 4 V4 = ([aN],z1,22,...,25, N) with 0 < [aN] < z;.

Then, for 0 <z < --- < xj < N, we have

Py (M1 As, ) = 24: Py
k=1

move left move left move left
RN RN
} /_\ } } v N N } } }
0 Ty To - Ty [aN] N

FI1GURE 2.1. Case 1 visitation schedule when p =1

2.2. Sequential path decomposition. Recall the gambler’s ruin identities for a < b < ¢:

Y and Py(T, < T) = —~

c—a c—a

Pb(Ta < TC) =

We now describe the sequential decomposition of the probability of paths following V;. Such
a random walk starts at [NV], then visits x; before visiting /N, with chance given by the exit
probability P, n ({7, < Tn}). From z;, the random walk must move left to the point x; — 1, with
‘fair’ chance Py, ({T;—1 = Ty, +1}) = 1/2, and then visits next x;_1 before visiting x; with chance
Py, —1({Tx,_, < Ty, }). This sequential process continues until the random walk exits at y;1 = 0.
Thus, by the Markov property and gambler’s ruin probabilities,

1 J
PVl = gP[aN]({TIj < TN})mel({TO < Txl}) H]P)xifl({T-Tifl < sz})
=2
1N - [aN] 1 1 11

27 N—x; xj—xj1 Tj_1—Tj—2 To — X1 T
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Let us write

4 .
_ I e o@ L o® |, @
EaniBil =1 Y PAu=3{sV+57 + 59+ 50} (2.2)
i=1 21 <<z
where
s _ 3 N—faN] 1 1 Lot (2.3)
J N — xj $j — xj_l a:j_l — xj_g X9 —T1 X1

r1<z2< - <z;<[aN]

:Bj — l‘j_l l‘j — xj_l acj_l — wj_g o Xro —T1 X1

r1<z2< - <[aN]<z;

S(g) _ Z x9 — [aN] ‘ 1 ' 1 1 1

Ty —x1 X2 —x1 X3 —T2  x;— i1 N —xj

z1<[aN]<zo< --<x;

5(4) _ Z [aN] ‘ 1 ‘ 1 1 ‘ 1

N—-z; z;—xi1 Xi1—Ti_a  To—2x1 T
[aN]<z1 <za<--<x; e e 2 r

We observe that there are relations between Cases 1 and 4 and also between Cases 3 and 4 via
the mapping x — N — z. In particular, the order estimates for Cases 1 and 2 equal those of Cases
3 and 4, multiplied by «/(1 — «), that is the prefactor « is changed to 1 — «.

2.2.1. A reduction by partial fractions. To help reduce the sums, we will invoke the partial fraction

decomposition

1 1 1 1 1

- = + . (2.4)
N—-z; zj—x; 1 N-—zi1 [N—x; o —2i

When z;—1 < [aN], we have for each j > 1 directly that Z[xog]x;];lfl Nixi = O(1). Here and
below, the index j > 1 will refer to the jth iterated sum in later expansions. By the Euler-Maclaurin

formula to estimate sums in terms of integrals, we have for x;_; < x; that

N-1 1 1 .
- - +0(1). 25
:c-[%]:\[}.ﬂ (l‘z B $i*1)2 <[O‘N] —Xj-1+ 1 N — Tj_1— 1> ( ) ( )

Similarly, by the Euler-Macluarin formula we have

[aN]—j—1+i
1
g e log([aN] —zi—1 —j—i—1) —log(A) + O(1) <log N + O(1). (2.6)
i~ Ti-1
=i 1+A

2.3. Bounding Cases 2 and 3. These cases involve a ‘backtrack’ in that from [aN] the walk goes to
the end of the sequence, and then must return over the same ground covered, and so their probability
will be smaller than in Cases 1 and 4.

Indeed, consider the inner sum in SJ(Z)
[aN] — 1, we get

= [OéN] — Tj-1 1 1

xj:[OCZN]-H () — xj_132 = (e = 25-) ([OéN] —wjatl N—wj- 1> Fow

. Using the Euler-Maclaurin formula (2.5) and zj_1 <

~ (oM =) (= D= )+ O = oW
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() 4s

Then, we can write Sj

[@N]—j+1 [aN]—j+2 [aN]-1

1 1 11
oy Y > > : T

— X JZ‘ 9 — XTi—
r1=1 xro=x1+1 Tj_1=Tj— 2+1 -1 J=2 J=2 J=3

Using (2.6) repeatedly, we can see that the above summation is bounded and
2 i
S =0 (log 1(N)).. (2.7)
3)

Furthermore, from symmetric notions we can conclude that Sj
O(log’ }(N) = o(log? (N)) as in Case 2.

in Case 3 has the same order

2.4. Estimating Cases 1 and 2. We claim that the summation in Case 1 satisfies
S; =5 = (1 - a)log! (N) + o(log? (N)). (2.8)

By symmetry relations, we would then have S](-4) = alog/ (N)4o(log? (N)). We proceed by induction

and iterative estimation to prove (2.8).

2.4.1. Base Case. Let us first show the result for S;. We use the partial fraction decomposition
(2.4) on (2.3) to get

[aN]—j
B N —[aN] 1
=2 Noa o m
T1=
[aN]—j aN]—
1 1 1 1
- (N - [aN]) :1:1Z=:1 N ’ N — 33'1 aN Z: N ;1 - oan +O-(271)

From inspection (cf. remark after (2.4)), it follows that o(; 1) = O(1).
On the other hand, using (2.6) we get 031y = (1 - u) [log([aN]—j)+O0(1)] = (1—a)log(N)+
O(1), and therefore the base induction step holds: S1 = (1 — «a)log(N) + O(1).

2.4.2. Induction. Let j > 2. We have, by partial fractions (2.4) applied to the inner sum of S, that
Sj = o(;1) t 0(j2) where

[‘g]:_ 7 [C“N]z_:j“ [“%]:_ ' ON —[aN] 1 1 1 1
sl wgmmi+l o=z 141 N 33] N .’B]_l acj_l $]_2 i) r1 X1
and
. N
N DU SIS SN S TR S Lol
Sl st aemapt BT T N o T T =@ 2 —mom

Applying the remark after (2.4), it follows that o(;;) = O(S;j-1) = o(log’(N)) via our induction
hypothesis.
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Let us now consider o(; ). Using (2.6), we see that
[aN]—j [aN]—j+1
r1=1 xro=x1+1
[aN]-2

N — [aN] 1 1 1
: . -—1 N]—z;-1—1)4+O(Sj-1).
Z N—zj1 zj_1—xj—2  To—2x1 21 og(laN] =251 —1) (Sj-1)

$j71:$j72+1
To evaluate S; further we ‘sandwich’ it via upper and lower estimates.

2.4.3. Upper estimate of S;. As log([aN] — x;—1 — 1) < log(N), we have o(;9) < log(N) - Sj_1.
Then, with the bound o(; 1y = O(S;j-1) and induction, we have

Sj = 0j1 + 012 < (0g(N) + O(1)) Sj—1 < (1 - a) log(N) + o(log(N)).  (2.10)

2.4.4. Lower estimate of S;. In the sum S;, we now limit the summands {z;} away from each other
and the starting position [a«N] to get a lower bound. For € > 0 and i > 2, consider

z; 1 +log(N) < x; < [aN] - (j —i+1)[N'~.
Denote by S¥ < S; the truncated sum

a 4 1—e a (i 1—e a _ 1—e
o _[ N]—jIN*7¢] [aN]=(—1)[N"7] [N LN [aN] 1 1 1
i~ Z Z Z N-—z; zj—xzj1 x2—x1 1
z1=log(N) zo=x1+log(N) xzj=xj_1+log(N)

As in Section 2.4.1, the base case ST = (1 — a)log(N) + o(log(N)).
For j > 2, analogous to the decomposition of Sj = ;1) + 0(;2) via partial fractions in Section
242, write 57 = o{; 1) + 0(; ) Where o{; ) < 0(j1) = o(log’ (N)) and

[aN]—jIN'=¢] [aN]—=(—1)|N'~] [aN]—2| N1 <]
Gy= 2 2 >
z1=log(N) zo=x1+log(N) xzj_1=xj_o+log(N)
N — [aN] 1 11

N—.Ij_l l’j_l —:Ej_g ”..732—.1,‘1 ' I
[log([aN] — [N'¢ — ;1) — log(log(N)) + O(S;1)]
Observe that log([aN] — [ N17¢| — z,_;) is minimized at the largest value of z;_1, which is [aN] —
2| N1=¢|. Thus,
log([aN] — [N'] — z;_1) > log(IN'=) > (1 — &) log(N — 1)
and therefore Sj > ST > (1 — €) log(N)S7_; + O(log(log(NV)) + S7_) + o(log/ (N)). By iteration of
this process and from the base case analysis for S}, we have

S; > 55> (1—a)(1— e tlog(N)(1+ o(1)). (2.11)

2.5. Conclusion of the proof of Theorem 1.2 when n =1 and p; = 1. Given that € > 0 is arbitrary,
we may combine the upper estimate in (2.10) and lower estimate in (2.11) to complete the induction
step (2.8) to determine that S](-l) = (1—a)log/(N)+o(log/ (N)) and S](-z) = alog? (N) +o(log? (N)).
Hence, adding to SJ(?), S](-‘g) = o(log/(N)) (cf. (2.7)), and multiplying by j!/27 as in (2.2), we recover
(2.1) and complete the proof of Theorem 1.2 when n =1, p; = 1.
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3. Moments of R%): Proof of Theorem 1.2 whenn=1and p; =p>1

Fix p > 1 and let A&p) = {ngp) < TN, ngpﬂ) > 7n} be the event that the point x is visited exactly
p times before the time of exit 7)y. Then, analogous to the computation when p =1,

i .
(RE{,”) - 2 Laplag) - lap =7 B + By,
J

T1,L2;--+3L 5

(p)

(p) _ . ..
where B} = Z$1<w2<m<x3_ 1A(zpl)1A§DpQ) "‘1A§};.> and Bs; "’ is the sum over non-distinct summands,

equal to a linear combination of Ry\;) for 1 <k <p—1. Our goal will be to show Theorem 1.2 when

n =1 and p; = p > 1: Namely,

i |
]' . .
Efan) [355)} = > Pun (ﬂ Agf?) + Ejan [Bép)} = o log/ (V) +o(log’ (V). (3.1)

T1<---<Zj i=1

Again, we may take in the sum that [aN] & {z1,...,x;} as the finite possibilities [aN] € {z1, ..., z;}
can be put in the o(log’ (N)) term.

We now extend our notation for visitation schedules from Section 2.1. With respect to points
1 < --- < xj, a valid visitation schedule Y@) = {yi}gigl is a list of jp + 2 members specifying the
order in which the collection of points {xz}{zl are visited exactly p times before exit. Let 2o = [aV]
and ;41 € {0, N}.

Define £ : {0,...,jp + 1} — {0,1,...,5,j + 1} as the map, which characterizes V), where
Yi = Ty(;)- Being valid implies yo = xo, y1 = xy(1) is one of possibly two nearest adjacent values to
o in {%’}Lp Y2 = Ty(2) is one of ), Tp1)—1 O Ty(1)41, and so on to yj, = Ty3) which must be
the nearest adjacent point to either 0 or NV, equal to the last value y;p1.

As a simple example, we remark when j = 1 that there are only two visitation schedules

V®) = ([aN],z1,21,...,21,0 or N)

where x; is repeated p times. On the other hand, when j > 1, the visitation schedules are less
restricted than when p = 1. Trajectories no longer need to visit the {z;} points monotonically from
either the left or the right, nor is the starting position [aN] restricted.

By a crude bound, as each y; takes at most j + 2 values, the number of visitation schedules
V®) is at most (j + 2)7P*2. Notice also in any visitation schedule V) that one can extract an
increasing subsequence {y;, } where either y;, = 1, yi, = @2, ..., yi; = 5, ¥i,,, = N or y;;, = x5,
o Yy =T, Y = 0.

For z; < -+ <z, using the Markov property, write P,y (ﬂfﬂ Ag)) = > v Py where

jp+1

PV(P> = Z H ]P)$l(i) (Txé(iJrl) < min{TN7Txl(i+l)71’Txl(i+1)+1}) : (3‘2>
y(p) i=0
Note that zy;41) may equal zy;), Tg;)+1 or 0 or N, depending on the schedule, and there may be
}} Therefore,

some redundancy in the event {T Zy < min{7y, T, T

i+1) (i4+1)—17 T Le(i+1)+1

Ejon) [355)} =iy > Puw +Epy [Bép)} : (3.3)

yp) z1<...<xj

where E,n [Bép)} is a finite linear combination of Ej, ) [Rg\lf)] forl<k<p-1.
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3.1. Visitation schedules with backtracking. For a random walk to traverse between two points x;
and x;41 more than once, that is to ‘backtrack’; is costly due to an extra gambler’s ruin factor
in (3.2). This can happen if the initial point [@N] is in between the {z;} or if a pair (z;, z;+1) is
traversed more than once, as we saw in the analysis of Case 2 in Section 2.3 when n = 1 and p; = 1;
see Figure 2.

In particular, suppose z; < xg = [aN] < x;41 a journey [aN] to either x; or x;y; yields a
gambler’s ruin factor with x;41 — 2; in the denominator, either Pion)(Te; < Tiyyy) = % or

Plan)(Te; > Tiyyy) = fji\?:iz Then, as the random walk will need to make a backtrack between
the two points x; and x;41 to visit all of the points p > 2 times, we get an additional gambler’s
ruin factor given by (z;41 — 2;) . There may also be more backtracks between x; and ;41 in the
schedule; these result in gambler’s ruin factors which we bound by 1.

When summed over z;, by applying Euler-Macluarin (2.5) and noting x;41 > [aN], we have
[aN]—1

Tiy1 — [aN] o la 1 B 1
xi—;ﬁ—l (wip1 — )2 (ri1 = laN) i~ ON] T 1 @ — a4 1) o 34)
— (2141 — [aN]) [oN] = i +0(1) = 0(1).

(Tit1 — [aN] + 1)(zit1 — -1 + 1)
The other case with factor ([aN] — x;)/(zi+1 — ;)? is similar when summing over w;1, resulting
in an O(1) sum.

Another way a ‘backtrack’ occurs is when the random walk goes between x; and x;41 more than
once. In this situation, the gambler’s ruin factors are bounded by (z;11 — x;)~2. When summed
over either x; or x;41 the effect is O(1) (cf. (2.5); see Figure 2).

For visiting schedules V®) in such situations, suppose that the increasing subsequence {y;, } starts
at x; and exits at 0, as in Case 1 when n =1 and p; =1 (cf. Section 2.1). In the situation when
the starting position yo = [@N] is between an z;_; and z; and say y1 = x; (the other case y1 = ;11
is similar), we conclude

j—2
PV(P> < P[ocN] (Tmi < Txi—l)ij (sz—1 <Tn) Hpmj—l(szflfl < ijfz) Pz, (To < Tm)'
I=1

The sum over x1 < x2 < --- < x; of the last display is similar to the expression S](.Q) in Section 2.3,
with the difference being that the O(1) sum may be in the middle, rather than at the beginning.
Indeed, noting (3.4) and by virtually the same calculations as in Section 2.3, the sum is of order
O(log/ 1 (N)).

Similarly, in the situation where V) has a backtrack where a pair x; and z;,; is traversed more
than once, or when V®) has a backtrack and the increasing subsequence starts at z; and ends at

N, we obtain Zx1<-~<xj Py = O(log' "1(N)).

1
Th+1— Lk

Tip1—T;
TN /\
0o -Tyz‘\_/wi—&—l"'xkfl\/(a]\ﬂ Tpt1 0 N
1
Tig1—ai Tep1—[oN]
Tk+1—Tk

FIGURE 3.2. Two types of backtracking: when the random walk travels between two
points x; and x;+1 at least twice, or when [aN] is in between the points
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3.2. Visiting schedules without ‘backtracking’. When there is no backtracking, we have only two
scenarios; see Figure 3.

Case 1 zj < [aN] < N and V) = (l[aN],zj,...,xj—1,...,21,...,21,0)
Case 2 0 < [aN] < z; and V) = ([aN],z1,...,21,..., 2, ..., 25, N)
where each value x; is repeated p times.

revisit revisit revisit
p — 1 times p — 1 times p — 1 times
| o N } N } TN } RN } }
0 Ty I [aN] N

FIGURE 3.3. Case 1 visitation schedule when p > 1

For a schedule V®) without backtracking, say in Case 1 going from [aN] to z; repeated p times,
and so forth, exiting at 0, we have
1 N — [aN] 1 1

1 19
P. —— . . ”Pv[,p—l
Vi T i TN — Tj  Tj—Tj—1 Tj-1 —Tj—2 T2 —T1T1 i—l( vili))

where I, = {T} < min{ry, min{T}, : k # i}}} is the event of return to x; before visiting other
points or exit. Here, T = inf{n > 0: X,, = 2} is the return time, in contrast to the visit time 7}.
A similar expression holds in Case 2.
Here, for 2 <i<j—1,
1 1 1

1 1
P (Ls) = 5Pt (To < o) + glm (T < o) =1 - 2 |:CC7, “wa Tit1 — T

and Py, (I,) =1— % [?11 + xzim} and Py, (I;;) =1 — % [mj_ll,j_l + Nixj] Of course, P, (I, ) <1
and when the points {x;} are separated from each other and the boundaries 0, N by log(NN), we
have P, (I) > 1+ O(log }(N)).

The corresponding sum » | P,y is analogous to that for S](-l) when p = 1, except for the

1< <ZTj

factors P, (I ). Indeed, an upper bound is Sj(-l). On the other hand, the sum restricted to {z;}

separated from each other by log(NN), as in the definition of S7 In Section 2.4.4, is a lower bound.
We have

* — 1
Sj1+0@og ' (N) < S Py < 5.
1< <1
Hence, following the steps and conclusion in Section 2.5,

S Py = T3 log (N) + oflogf (N)) (35

2
1 <--<Zj

The sum with respect to Case 2 will evaluate analogously as (c/27)log? (N) + o(log? (N)).

3.3. Conclusion and proof of Theorem 1.2 when n =1 and p1 = p > 1. Consider induction on p.
The base case p = 1 has already been shown in Section 2.5. In the equation (3.3) for the moment,
the term E [Bép )} = O(log/7!(N)) as it is a finite linear combination of lower order moments.

For the other term in (3.3), as there are only a finite number of schedules, we need only consider
schedules without backtracking by the o(log’ (N)) estimates for those which backtrack in Section
3.1.
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On the other hand, for the two schedules without backtracking, we have the estimate (3.5) in
Case 1 and the complementary one in Case 2, which when added together, and multiplied by j!,
yield the desired dominant contribution (j!/27)log’(N), verifying (3.1), completing the proof of
Theorem 1.2 when n =1 and p; =p > 1.

4. Mixed moments and proof of Theorem 1.2
Recall the event A = {T < TN < Ty (p+1) } that the point x is visited exactly p times. For

1<pi <--<ppand 0 < ji,...,Jjn, recall J, = > | j; and consider the (unscaled) joint moment,

mﬁ,,]n (pb s apn) = IOgijn (N)Mj\lf,’]n (pb s apn)a

J1yeees jn(pl, R ,pn) = E[GN} [(Rﬁ}))jl o (R%n))jn}

= Efan [Z 1A<p1> A(m) 1Apn>---1A<gln)},

5 =7 “in
where the sum is over z1, . .. ,arjl»l, cen T XY
We may apply virtually the same analysis as for the moments of RS\Z;) in Section 3. Listing the
indices to be visited in order as 21, ..., 27,, the dominant terms arise when they are distinct in Dy

and not equal to [@N]. With the same calculations as in Section 3, only visiting schedules without
backtracking among the {z;} contribute to the dominant order of the moment, of which there are
only two. Analogous to Case 1 and 2 in Section 3.2, the only difference is that when the random
walk first visits the point 27, it must return r — 1 times before moving on, rather than exactly p — 1
times. However, when the elements {2 : » = 1,...,n} are separated by log(/N), then the return
probabilities equal 1 4+ O(log™' (V) as in Section 3.2.

Hence, the dominant order of the moment mﬁ i (p1,--.,pn) is the same as for the J,th moment
of Rg\p. In particular, the scaled joint moment ,uﬁjn (P1,y.--sDn) = 2,n L(1 4 0(1)), from which
Theorem 1.2 follows.

5. Expected order of Rg)
1)

To be brief, we concentrate on R,,’, although a similar, more involved argument should show
that Eg[RY] = O(1).

Lemma 5.1. We have sup,,>; Eg [Rg)] < 00.

Proof: Write R, - =>, 1{T <n<T®} and IE[R ] > . Po (T <n< T( )). By translation in-

variance, recall P, (T, > 2¢) = Po(To > 2¢) = Py(Xos = 0) (cf. equation (3.4), p. 197 in Durrett,
2005) and so, by local central limit theorem (cf. Theorem 5.2, p. 130 in Durrett, 2005), that
sup,, sup; /7 + 1P, (T, > r) < oco. Then,

E[RV] = ZZPO P, (T, > n — k)

z k=1
<Zx:kzopo (Ty =k)Po (Ty > n — k) <szz

By the reflection principle, Po(T, < ¢) = 2Py(Xy > |z|) for = # 0. Hence, for k& > 1, as the
increment X1 — X takes values 1 with equal probability, and by local central limit theorem
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again,

D Po(Te =k) =Y (Po(Te < k+1) = Po(Ty, < k)

x#0 z#0
=2 (Po(Xpp1 > |a]) = Po(Xg > [a])) =Y (Po(Xx = |z]) — Po(X), = 2] + 1))
z7#0 x#0
=Po(Xp=—-1)+Po(Xp=1) < \/kCﬁ

Note the boundary cases: ) Po(T: = k) = Po(To = 0) = 1 when k = 0, and Po(T; = k) = 13—}

when z = 0. Then, we have suan[ S)] < OZZ:O \/ﬁﬁ < C’fol \/ﬁdu < 00 as

desired. 0
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