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Abstract. In Chen and Mourrat (2025), it was shown that if the limit of the free energy in a
non-convex vector spin glass model exists, it must be a critical value of a certain functional. In this
work, we extend this result to multi-species spin glass models with non-convex interactions, where
spins from different species may lie in distinct vector spaces. Since the species proportions may
be irrational and the existence of the limit of the free energy is not generally known, non-convex
multi-species models cannot be approximated by vector spin models in a straightforward manner,
necessitating more careful treatment.

1. Introduction

In mean-field vector spin glass models with general non-convex interactions, the main result
in Chen and Mourrat (2025) shows that the limit of free energy, if exists, must be a critical value of
some functional. Moreover, up to a small perturbation, the limit distribution of the spin overlap is
determined by the critical point. In this work, we extend these results to the setting of multi-species
spin glasses, where spins are grouped into different species and interactions are between species. We
consider the general setting where spins from different species can take values in different vector
spaces. Hence, the model considered here can be described as a multi-species vector spin glass model
with possibly non-convex interactions. Main results corresponding to those in Chen and Mourrat
(2025) are stated as Theorems in Section 1.2 and some less important results from Chen and Mourrat
(2025) are adapted and collected in Section 5.3.

We clarify the necessity for this separate work. If species proportions are rational, then the
multi-species model can be reduced to a vector spin glass model, to which results in Chen and
Mourrat (2025) are directly applicable. If not all proportions are rational, it is tempting to simply
take a sequence of models with rational proportions to approximate the non-rational one. This is
indeed the argument used by Panchenko (2015) to treat the multi-species Sherrington-Kirkpatrick
model (see the second paragraph in Panchenko, 2015, Section 5). However, this argument relies
on that the limit of free energy exists for each approximation model, which is not known if the
interaction is non-convex. Therefore, results for non-convex multi-species models are not direct
corollaries from those Chen and Mourrat (2025) for vector spin glasses. This justifies our pursuits
here.

Received by the editors March Tth, 2025; accepted February 26th, 2026; published under license CC BY 4.0.
1991 Mathematics Subject Classification. 82B44, 82D30.
Key words and phrases. Spin glass, free energy, multi-species, critical points.

429


http://alea.impa.br/english/index_v23.htm
https://doi.org/10.30757/ALEA.v23-17
https://creativecommons.org/licenses/by/4.0/

430 Hong-Bin Chen

Moreover, a direct motivation is from Chen and Mourrat (2024) which studies the simultaneous
replica symmetry breaking (RSB) in vector and multi-species spin glasses. The relation satisfied
by critical points is the key structure for the simultaneous RSB. This work supplies the relation in
the multi-species setting and thus together with Chen and Mourrat (2025) forms the groundwork
for Chen and Mourrat (2024).

Aside from results in the general non-convex setting, we include results in the convex case in
Section 6. In particular, we prove the Parisi formula (Proposition 6.1) for convex multi-species vector
spin glass models; and we adapt the main results for non-convex models to the convex setting and
summarize them in Corollary 6.6.

1.1. Setting. Before describing the multi-species model, we start with some basic notation used
throughout this work.

1.1.1. Matrices, inner products, and paths. Throughout, we write Ry = [0, +00).

For m,n € N, we denote by R™*™ the space of all m x n real matrices. For any a =
(@ij)i<i<cm,1<j<n € R™*", we denote its j-th column vector as ae; = (aij)i<i<m and its i-th
row vector as ;e — (aij)lgjgn. If not specified, a vector is understood to be a column vector. For
a matrix or vector a, we denote by a7 its transpose. For a,b € R™*™, we write a-b = zij a;;bij,

la| = y/a - a, and similarly for vectors. More generally, for any finite set I and a,b € R!, we write

a-b:Zaibi; la| = Va - a. (1.1)
el

For each D € N, let SP be the linear space of D x D real symmetric matrices. For a,b € SP,
viewing them as elements in RP*P | we write a - b = >ij aijbij and |a| = \/a -a. Let SP (resp. SP.)
be the subset consisting of positive semi-definite (resp. definite) matrices. For a,b € SP, we write
a > bprovideda—be S f , which gives a natural partial order on Sf . In particular, when D =1,
we have Sf =R;.

Let Q(D) be the collection of right-continuous increasing paths ¢ : [0,1) — Sf . Here, ¢ is said
to be increasing provided that ¢(r") > ¢(r) in Sf for every 0 < r <1’ < 1. For p € [1,00), we
write Q,(D) = Q(D) N LP([0,1); SP). For ¢ € Quo(D), we set g(1) = lim, ~; ¢(s) which exists by
monotonicity.

1.1.2. Species and proportions. Fix a finite set ., the elements of which are interpreted as symbols
for different species. For each N, let Iy s, for s € .7, be a partition of {1,..., N}. We interpret each
I s as the set of indices for the s-species.

For each N, we set

)\N,s = ’IN7S‘/N, Vs € 5/; AN = (/\N»S)se,y . (1.2)

We interpret Ay s as the proportion of the s-species at size IN. Introducing the notation for the
discrete simplex

v = {)ser | A €[0,1N(Z/N), Vs € 75 3 A =1} (1.3)
seS
we have Ay € An. We often assume that (Ay)yen converges to some A belonging to the continuous

simplex

Ao — {(As)sey | A €[0,1], Vs € .7 ;)\ - 1}. (1.4)
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1.1.3. Spins, overlaps, and interaction. We fix some ks € N for each s € . we write k = (Ks)sc.o-
We assume that spins in the s-species are vectors in R”s. Denote by

5 = Upesr[~1,+1)% (15)

the state space for a single spin (here L stands for the disjoint union). For s € ., let us be
a finite nonnegative measure supported on [—1,+1]"s. We extend pu, trivially to X. For each
N € N, a spin configuration consisting of N spins is denoted by ¢ = (01, ..,0en) € XV where
each 0ep, = (Okn)i<k<r, is a (column) vector in R" if n € Iy, We sample a configuration
0 = (Oel,...0en) by independently drawing each o, according to us if n € In . In other words,
denoting Py, as the distribution of o, we have

dPN:)\N (U) = Qser ®nEIN1S dMS(O'.n). (16)

For two spin configurations o, ¢’ of size N and s € ., we consider the R*s*%s_valued overlap of
the s-species:

1
R ay,s(0,0) = Soury (00ry )T € [=1,+1]%7 (1.7)

where

Oeln,s = (Ukn)lgkéns,nehv,s (18)

is a ks X | Iy s|-matrix and similarly for oy; . Putting them together, we consider the [ ], o, R"s*"s-
valued overlap:

RN,)\N (Uv OJ) = (RN:)\Nﬁ (07 UI))SGKV :

Notice that the overlap depends on the partition (I s)se.r. Here, we choose to only display the
dependence on Ay because the distribution of the overlap under Gibbs measures to be introduced
only depends on the proportion.

Let & : [[,co R%>*" — R be a smooth function and assume the existence of a centered Gaussian
process (Hy (o)) ey with covariance

E[Hn(o)Hn(0')] = NE(Rypy(0,07)) (1.9)

The form of £ and the construction of Hy (o) are similar to those in the vector spin case. We refer
to Chen and Mourrat (2025, Section 1.5) for the detail.

Ezample (Multi-species Sherrington—Kirkpatrick model, Sherrington and Kirkpatrick, 1975). The
model considered in Panchenko (2015) corresponds to the case where ks = 1, s = 0_1 + 641 for
every s € ., and & is given by {(a) = >, e o A2 jasay where A? = (A?)); vco is a matrix in

ss’
171
s,

1.1.4. Cascade. To describe the external fields in the model, we need first to recall the Ruelle
probability cascade (RPC). Let R denote the RPC with overlap uniformly distributed over [0, 1]
(see Panchenko, 2013b, Theorem 2.17). Precisely, R is a random probability measure on the unit
sphere of a separable Hilbert space, with the inner product denoted by a A o’. Let a and o’ be
independent samples from 9. Then, the law of o A o under ESR®? is the uniform distribution over
[0, 1], where E integrates the randomness of . This overlap distribution uniquely determines R
(see Panchenko, 2013b, Theorem 2.13). Almost surely, the support of 2R is ultrametric in the induced
topology. For rigorous definitions and basic properties, we refer to Panchenko (2013b,; Chapter 2)
(also see Dominguez and Mourrat, 2024¢, Chapter 5). We also refer to Chen and Mourrat (2025,
Section 4) for the construction and properties of R useful in this work. Throughout, we denote by
()ox = RN the tensorized version of R.
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1.1.5. External fields. Recall the space Q(D) of right-continuous increasing paths from Section 1.1.1.
We use the following shorthand notation:

0 (k) = [ Qa(ss) (1.10)
ses

where [ is a placeholder for subscripts. We explicitly construct the external field parametrized by
any ¢ = (¢s)se.r € QZ (k). For almost every realization of R, every s € .7, and every n € Iy, let
(Wi () aesuppm be the R=-valued centered Gaussian process with covariance

E [wl (0)wl (a)T] = gs(a A d). (1.11)

The existence of such a process and its properties are given in Chen and Mourrat (2025, Section 4).
Conditioned on R, we assume that all these processes, indexed by s and n, are independent. For

each s, we write wi? = (wy’), ¢, .- Recall the notation in (1.8). For each N € N and g € Q7 (k),
we define
Wi(o,) =Y wf, (@) oy, (1.12)
s€S

which, conditioned on ‘R, is a centered Gaussian process with covariance

E[WE (o, )Wo' a)] L No(a A ) - Ry, (0,07) (1.13)

where the dot product follows the rule as in (1.1).

1.1.6. Hamiltonian and free energy. Now, for N € N, Ay € Ay, t € Ry, and ¢ € QZ(k), we consider
the Hamiltonian

Hi(0,0) = V2tHy(0) — tNE (Ryay (0,0)) + V2Wi(a,a) — Nq(1) - Ry ay (0, 0) (1.14)

where ¢(1) = (¢s(1))ser € [lses ST and we understand ¢(1) - Ryay(0,0) = > o0 qs(1) -
RN y,s(0,0) still in the sense of entry-wise product. Here, Ry x, (o,0) is the overlap between
the same sample and is thus often called the self-overlap. The two terms in (1.14) involving the
self-overlap are respectively the variances of vtHy (o) and Wi (o, ). These two terms are often
called the self-overlap correction, which resembles the drift term in an exponential martingale.

We define the associated free energy and Gibbs measure

Froy(tq) = —%Elog // exp (Hf\}q(o, a)) dPy s (0)d%R(a), (1.15)
<'>N,>\N o exp (Hjt\’,q(a, a)) APy (0)dR(a). (1.16)

Here, E first averages over all the Gaussian randomness in Hy (o) and W} (o, «) and then the
randomness in YR. This particular order of integration is needed to ensure that there is no measurability
issues (see Chen and Mourrat, 2025, Lemma 4.5). Notice the additional minus sign on the right-hand
side of (1.15). We have omitted the dependence on ¢ and g from the notation of (-)y  , which
should be clear from the context. The dependence of Fy ), (t,q) on the partition (Iys)se. is only
through Ay, which is the reason for us to include it in the notation. We omit the dependence on Ay
in the notation of H]t\’,q, Hpy, and W;{,, which we prefer to keep implicit.

We can view Fy , as a function of (t,q) € Ry x QZ (k). By continuity in Proposition 4.1, we
can extend Fy ., to the domain Ry x Q7 (k).
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1.1.7. Initial condition, functional, and critical points. For each \ € Rf , there is a function
¥y 0 Q7 (k) — R (Lemma 4.10) such that Fy ., (0,-) = ¥, (see Lemma 4.11). For any Aoo € Ao,
(t,q) € Ry x Q5 (k), we consider the functional

oot @ds0) = oo (d) +(p,q q>L2+t/§ (1.17)

defined for ¢ € Q3 (k), p € L*([0,1],][,ce S®). Here, (-,);» is the inner product in

L*([0,1], [T, S™) and the last integral is fol &(p(s))ds. We call (1.17) the Hamilton—Jacobi
functional due to its close connection to the Hamilton-Jacobi equation (1.27). For instance, in
Theorem 1.6 to be stated, the variational formula representation for the limit of free energy is exactly
the Hopf-Lax formula. We refer to Chen and Mourrat (2025, Section 1) for more detail on the
Hamilton—Jacobi equation approach to spin glass.

We say that a pair (¢/,p) € Q3 (k) x L2([0,1], [[,cs S™) is a critical point of the functional
j/\oo,t,q if

q=q —tVE&(p) and  p= 0. (q). (1.18)

Here, the derivative 0,1 is understood in the sense of Fréchet, which is rigorously defined in (4.1).
The differentiability of 1) is ensured by Lemma 4.10.

Heuristically, at any critical point (¢/,p), the derivatives of J)_ 14 in ¢’ and p are both zero.
Critical points and the value of the functional at these points are important to our main results to
be stated.

1.1.8. Regular paths. We introduce subsets of @ (k) consisting of regular paths that play important
roles in the differentiability of limits of free energy on QQy(K). For any D € N and any matrix
a € Sf, we define

T
HlaXueRD \u| puau

Ellipt(a) = (1.19)

min,, cgo. Ju|= LuTau

In other words, Ellipt(a) is the ratio of the largest eigenvalue over the smallest eigenvalue of a. We
have a € SD+ if and only if Ellipt(a) < +00. For D € N and ¢ > 0, we define

Q1e(D)={q€ QD) | q(0) =0 and Vr <1’ €[0,1), q(r') — q(r) = c(r' = r)Idp
and Ellipt(q(r’) — q(r)) < c_l};
O+(D) = Ue>091.¢(D); Qe t(D) = Qoo (D) N Q1(D). (1.21)
Here, Idp is the D x D identity matrix. Let Q4 (), Q+(k), and Qo 4+(k) be given as in (1.10).

;C

(1.20)

1.2. Main results. In the results to be stated below, we say that (FN,AN) converges to some f

NeN
if (Fnay(t,q))nen converges to f(t,q) at every (¢,q) € Ry x Q7 (k). Namely, the convergence is
pointwise.

The result below adapts Chen and Mourrat (2025, Theorem 1.1) partially. The missing part to
recover the full version (Theorem 1.6) is formulated 1nto Claim 1.5. We discuss this issue after the
statements of four main theorems.

Theorem 1.1. If { is a conver function on [[,c ST and (AN)Nen converges to some Moo, then
for every (t,q) € Ry x Qf (x), we have

lim Fyoy(tq) = sup  Taoug (@ +tVED),p). (1.22)
N0 peQ ()
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This theorem is in fact simply the Parisi formula, which can be rewritten in a more familiar form
in Proposition 6.1.

The next two results adapt Chen and Mourrat (2025, Theorems 1.2 and 1.3) respectively to the
setting here. In the following, the Gateaux differentiability is defined in Section 4.1.

Theorem 1.2 (Critical point representation). Assume that (AN)nen converges to some Aoo and
that (F .y )Nen converges to some f. Then, for every (t,q) € Ry x Q3 (), there exists (¢',p) €
Q5 (k) x Q3 (k) that is a critical point of Ty, 14 and is such that

P _ /
]\}gnoo FN,)\N(taq) - jAoo,t,q(q 7p) (123)

Theorem 1.3 (Critical point identification). Assume that (An)nen converges to some Ao and that
(F'Ny)Nen converges to some f. For every (t,q) € Ry x Qi T(;—;), if f(t,-) is Gateauz differentiable
at g, then letting p = 9,f(t,q) and ¢’ = q + tVE(p), we have that (¢',p) € Q5 (k) x QF (k) is a
critical point of I 14 and is such that (1.23) holds.

Theorem 1.2 states that, if the free energy converges, then the limit must be a critical value of
Hamilton—Jacobi functional. For ¢ > 0 sufficiently small and ¢ = 0, namely, in the replica symmetry
regime, Theorem 1.2 was shown in Dey and Wu (2021) for the multi-species Sherrington—Kirkpatrick
model. Theorem 1.3 shows that, at every differentiable point in Q‘;];T(Ii) of the limit, the critical

point is uniquely determined. By Proposition 4.8, such differentiability points are dense in Q; (k).

Next, we state an adapted version of Chen and Mourrat (2025, Theorem 1.4). By adding a small
perturbation of quadratic interaction, we can show that the overlap Ry \y(0,0") under E () .
converges in law to p from the critical point (¢/,p). Here, ¢’ is an independent copy of o sampled
from (-) 5, introduced in (1.16). The perturbation is given by an additional Gaussian Hamiltonian

(Hy (0))gexv characterized by the covariance
~ A~ 2
E [HN(U)HN(J’)] = N |[Ryay(0,0))|. (1.24)

Letting (gsnn/ kk) be a family of ii.d. standard Gaussian variables independent of all other
randomness, we can explicitly construct

Ks
H U = Z Z E 9snn k,k'OknOk'n!

seynn €ln,s kk'=1

For every t > 0, to H ’q(a a) in (1.14), we add the quantity
V2L Hy (o) —IN |Ry .y (0,0))?

and let F NN (t,,q) be the corresponding free energy, which is precisely expressed in (5.53). The
corresponding functional (see (1.17)) becomes

Tt 70 @50) =12 (d) + (p,q q>L2+t/£ +t/ Ip|%. (1.25)

Theorem 1.4 (Identlﬁcatlon of overlap distribution). Assume that (An)nen converges to some
Ao and that (FN Ay ) NEN converges to some f along some subsequence. Suppose also that, for
some (t,q) € Ry x QF (k) and t > 0, we have that f(t t,-) is Gateauz differentiable at q, and that
f(t, .q) is differentiable at t. Then letting p = , f(t t,q) and ¢ = q+ tVE(p) + 2tp, we have that

(¢',p) € QF (k) x Q3 (k) is a critical point of j)\

tia . Moreover, as N tends to infinity along the
said subsequence, the overlap Ry (0, 0") under E( > v converges in law to p(U), where U is the

uniform random variable over [0, 1].
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In the above theorem, we do not require that the free energy converges as N tends to infinity. Any
subsequential convergence is enough. We can always extract such a convergent subsequence through
a precompactness result such as Proposition 4.2. If ﬁN, Ay does converge along the full sequence,
then an application of Theorem 1.2 yields a representation of the free energy itself as

lim FN)\N(t,t7Q) jAw,t,tA,q(q/’p)’

N—oo

for the same critical point (¢’,p) of ~7>\ . Here and in the above theorem, that (¢’,p) is a critical
point of j oo £.5,q I€ANS that

qg=q —tVE&(p)—2tp and p=9_(q).

As in Theorem 1.3, for each t > 0, almost every (¢, q) € Ry x Q ( ) is a point that satisfies the
assumptions of Theorem 1.4. In particular, the set of such points is dense in Ry x Q‘; (k).
Adapted versions of Chen and Mourrat (2025, Propositions 1.5 and 1.6) in the introduction of
Chen and Mourrat (2025) are adapted into Proposmons 17 and 5.18.
Lastly, we come back to the issue with adapting Chen and Mourrat (2025, Theorem 1.1). The
missing piece is summarized as follows.

Claim 1.5 (Free energy upper bound). Assume that (Ax)nen converges to some \oy. For every
(t,q) € Ry x Q5 (k), we have

liminf Fy (8, q) = f(t,q) (1.26)
N—o0
where f: Ry x QF (k) — R is the solution to the equation

O f — fO 0qf) =0, on Ry X Q{’(R)’
{f( 0,) = Prses on QF (k). (1.27)

Moreover, if £ is a convex function on [[ ., SY*, then f admits the Hopf-Lax representation at
every (t,q) € Ry x Q5 (k):

f(t,q) = sup inf  Jotq(dp)- (1.28)
7'€q+QZ (r) PEQZ () ! ( )

Parts (1.26) and (1.28) of this claim respectively adapt Mourrat (2023, Theorem 3.4) and Chen
and Xia (2025a, Corollary 4.14) (for vector spins) to the multi-species setting. The modification
to the proofs should be straightforward but tedious. Hence, we only formulate this claim here
without proving it. Given this claim, we can recover the full version of Chen and Mourrat (2025,
Theorem 1.1).

Theorem 1.6. Assume that Claim 1.5 is valid. If € is a convex function on [[,c o, S and (An)Nen
converges to some A\, then for every (t,q) € Ry X QQy(K,), we have

lim Fya,(t,q) =  sup inf  Dhoiq(dp) = f(t.q) (1.29)
N—o0 N q Eq-i—Qy(H) pEQ‘y( ) q ( )

where f is the solution to (1.27).

Convexity is needed here to identify the limit of free energy to be the solution of (1.27). Without
convexity and assuming the convergence of free energy, we can only show that the limit satisfies (1.27)
at every differentiability point (see (5.48) in Proposition 5.12). This is not enough to identify the
limit because we do not have the uniqueness of solutions in the sense of satisfying the equation on a
dense set.
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1.3. Related works. This work concerns the limit of free energy. In physics, the replica method has
been developed and proven to be powerful (Mézard et al., 1987; Parisi, 1979, 1980a,b, 1983). As
a special case of the multi-species setting, the bipartite spin glass model has been considered in
Fyodorov et al. (1987a,b); Hartnett et al. (2018); Korenblit and Shender (1985), where formulas for
the limit free energy in terms of functionals similar to Jx_ ¢4 in (1.17) has been obtained using the
replica method.

Another perspective is based on Hamilton—Jacobi equations, which is explored in Mourrat (2021b,
2023); see also Dominguez and Mourrat (2024¢). The functional Jy_ ¢4 is closely related to the
characteristic lines of the Hamilton—Jacobi equation (1.27). Our main result can be restated as that
the limit of free energy, if exists, attains its value along a certain characteristic line. The conjecture
of Mourrat (2021b, 2023) (see also Dominguez and Mourrat, 2024¢, Question 6.11) is that, in the
general non-convex case, the free energy Fy , converges to the unique solution of (1.27)

In the convex case, much is known. The limit of free energy in the Sherrington—Kirkpatrick
models has been mathematically identified as the Parisi formula in Guerra (2003); Talagrand (2006b)
(also see Talagrand, 2011a,b), which is then extended to more general scalar models (Panchenko,
2013a,b, 2014) using an argument based on the ultrametricity of the asymptotic Gibbs measure
(see also Aizenman and Contucci, 1998; Ghirlanda and Guerra, 1998; Guerra, 1996). Then, this is
extended further to multi-species and vector spin glasses in Barra et al. (2015); Panchenko (2015,
2018b,a) under the assumption that £ is convex on the whole space. The setting closest to the
multi-species vector model considered here is the multi-species Potts model studied in Jagannath
et al. (2018). Here, Theorem 1.1 (see also Proposition 6.1) encompasses these results with a weaker
assumption that £ is convex on positive semi-definite matrices. For spherical spins, the limit of
free energy has been identified for scalar models (Chen, 2013; Talagrand, 2006a) and multi-type
models (Bates and Sohn, 2022a,b; Ko, 2020; Panchenko and Talagrand, 2007).

In the context of spin glasses, the connection to the Hamilton—Jacobi equation was first explored
in Agliari et al. (2012); Barra et al. (2010) and further in various settings in Barra et al. (2013);
Agliari et al. (2012); Barra et al. (2011, 2014). The Parisi formula in the scalar case was rewritten
as the Hopf-Lax formula for the solution of an equation of the form in (1.27) in Mourrat (2022)
(later extended in Mourrat and Panchenko, 2020). Here, the equation is infinite-dimensional and
its well-posedness together with variational representations was proved in Chen and Xia (2025a).
For non-convex models, the best result so far is the lower bound as in (1.26) established in Mourrat
(2021b, 2023). In particular, when £ is not convex, the Hopf-Lax formula as in (1.29) is false
(see Mourrat, 2021b, Section 6). Also, since 1y does not seem to be convex in general, another
possibility, the Hopf formula

sup inf T4, q.p (1.30)
peQ (1) €€ (K) ! ( )

cannot be the limit of free energy.

For some non-convex models, other partial bounds for the limit free energy were obtained in
Alberici et al. (2020, 2021). Some works also focus on the high-temperature regime, including Barra
et al. (2011); Dey and Wu (2021); Genovese (2023). We also mention that additional symmetry in
the model can lead to simplification (Bates and Sohn, 2024; Chen, 2024; Issa, 2024).

Formulas of the form in (1.30) appear in some problems from high-dimensional statistical in-
ference (Barbier et al., 2016; Barbier and Macris, 2019; Barbier et al., 2017; Chen et al., 2022;
Chen, 2022; Chen and Xia, 2022, 2023; Kadmon and Ganguli, 2019; Lelarge and Miolane, 2019;
Lesieur et al., 2017; Luneau et al., 2020; Mayya and Reeves, 2019; Miolane, 2017; Mourrat, 2020,
2021a; Reeves, 2020; Reeves et al., 2019) (see also Dominguez and Mourrat, 2024c, Chapter 4 for a
Hamilton—Jacobi approach). In certain problems on sparse graphs (Dominguez and Mourrat, 2024a,b;
Kireeva and Mourrat, 2024), an issue similar to the non-convexity of 1  occurs and thus invalidates
the Hopf formula. More broadly, connections between mean-field models and Hamilton—Jacobi
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equations have been noticed in Brankov and Zagrebnov (1983); Newman (1986). We refer to a recent
survey (Bauerschmidt et al., 2024) for related topics.

In certain spherical models with multiple types and non-convex £, the limit of free energy, if
exists, was explicitly identified in Subag (2025, 2023a,b,c). Also see the related work Baik and Lee
(2020) on the bipartite spherical Sherrington—Kirkpatrick model. A more geometric analysis of the
energy landscape can be found in Ben Arous et al. (2022); Huang and Sellke (2026); Kivimae (2023);
McKenna (2024). For scalar models, also see Auffinger and Ben Arous (2013); Auffinger et al. (2013);
Fyodorov (2004); Subag (2017).

1.4. Outline of the paper. In Section 2, we recall the Gaussian interpolation technique and use it
to show two results: the continuity of FN, Ay in Ay and the estimate on the discrepancy between
FN,AN and FN+M,>\N+M'

In Section 3, we relate the multi-species spin glass model with rational species proportions to
some vector spin glass model. In particular, we show that, if (Ay s)nen converges to a rational
number for every s € ., then the free energy of the multi-species model is asymptotically equal
to that of a vector spin model. In this case, results from Chen and Mourrat (2025) for vector spin
glasses are directly applicable. It remains to consider the case where (Ay s)nven converges to an
irrational number for some s € .%, which we refer to as the irrational case.

In preparation for treating the irrational case, in Section 4, we collect analytic properties of
the free energy Fy ., its limit (if exists), and the initial condition Fy x,(0,-). These are results
adapted from those in Chen and Mourrat (2025, Sections 3 and 5).

To handle the general case including the irrational case, we need to redo some of the cavity
computation in Section 5. After importing cavity computation results for the rational case from Chen
and Mourrat (2025, Section 6), we need an additional approximation procedure to obtain the results
in the general case. This allows us to prove corresponding results from Chen and Mourrat (2025,
Section 7) adapted to the current setting. In particular, we prove Theorems 1.2, 1.3, and 1.4 in
Section 5.3.

In Section 6, we apply those results to the convex setting, namely, the one where £ is convex. We
recover corresponding results from Chen and Mourrat (2025, Section 8) and prove Theorems 1.1
and 1.6,

2. Gaussian interpolation and two estimates

In this section, we record two estimates on the continuity of the free energy in terms of Ay in
Lemma 2.3 and the discrepancy of free energy with different configuration sizes in Lemma 2.4.
To prove them, we first recall the Gaussian interpolation technique stated as in Lemma 2.1 and
Corollary 2.2, which will also be needed later.

Lemma 2.1 (Gaussian interpolation technique). Let P be a random probability measure on some
Polish space X. Suppose that, conditioned on B, there are two independent centered Gaussian process
(Gi(x))xesuppyp and two bounded deterministic function D; : X — R for i € {0,1}. Also, assume
that there are deterministic functions V; : X x X — R for i € {0,1} such that, conditioned on B,

Vi(x,x') = EG;(x)G;(x), Vx,x' € supp’PB.

Forr €]0,1], define G, = V1 —1rGo + /7G1, D, = (1 — r)Dg + rDy, and

o(r) = —Elog /X exp (V3G (x) + D (x)) dP(x)
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where B first averages over all Gaussian randomness (conditioned on ) and then that of B. Also,
take the Gibbs measure (), o< exp (V2Gy(x) + Dy (x)) dB. Then, we have

1
©(1) — p(0) = /0 E (Vi(x,x) = Vo(x,x') — V1(x,%) + Vo(x, %) — Di(x) + Do(x)), dr

where X' is an independent copy of x under (-),.
We have an immediate corollary.

Corollary 2.2 (Interpolation with self-overlap correction). Under the same setting of Lemma 2.1,
we further assume that D;(x) = —V;(x,x) for every x € X and i € {0,1}. Then, we have

1
o (1) = (0) = /0 E(V1(x,%) — Vo(x,x)), dr

Proof of Lemma 2.1: We can compute

%w(r) = ~E((2 - 2)712Gi (%) — (2r) "/2Go(x) + D1 (x) ~ Do(x) ) .

r

Apply the Gaussian integration by parts (e.g. see Panchenko, 2013b, Lemma 1.1), we get

d
@%0(7") =E(Vi(x,x') = Vo(x,x') = Vi(x,x) + Vo(x,x) — D1(x) + Do(x)),
which gives the desired result. O

Now, with the Gaussian interpolation technique, we can start to prove the first estimate.

Lemma 2.3. Let C¢ = maXye[) __[~1,4+1)5sxxs [VE(@)], Cp = \/Zsey llog 115 (R5)|?, and |K|ee =
maxXge o ks. 1Then, for every N € N, t € Ry, g € Qig(/i), and Ay, Ny € AN, we have

Py (:0) = Py (8,0)] < (18locCet + kloclalzs + C) [Aw = Ay (2.1)

Here and henceforth, the LP-norm of ¢ for p € [0, 00| is given as

1 1
o = ([ la@Pdr)”, el = esssuplar)
0 rel0,1]

where |¢(r)| is the norm in [] ., S as given in (1.1).
Proof: Throughout this proof, we fix ¢ and ¢ and thus omit them from the notation of different

versions of free energy. We write Ry = Ry ), and Py = Py ), for brevity.
Let In = (In,s)sen be the partition associated with Ax. Let J = (Js)sen be a collection of subsets

-J
L<n<N" We define Fy ;.

in the same way as (1.15) but with every instance of ¢ in exp(---) replaced by o”/. Notice that in

Js C Ins. For each configuration o € YN we write ¢/ = (O'.n]_neuseyjs)

this definition, we keep Py (o) in FJJV 1 intact, which is source of the dependence on Iy. Define F}{,

by further replacing dP,(¢) in Fﬁ I DYy

dPJ(\j} ((Uon)neusjs) = Qse.s Oneg, Apts(Ton)- (2.2)
It is straightforward to see that if J' = (J}) is a partition of a subset of {1,..., N} and |J.| = |J§|
for every s, we have

Fl =Ty, (2.3)
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1
Writing [In \ J| = (X e [Ins \ Js?) 2, we claim
= —=J _
P = Py | < (6Ce + lal ) I8looN 7 In \ 1, (2.4)
w=J —J _
‘FN,IN*FN‘ <CuNTHIn N\ JI. (2.5)

Before proving them, we first use them to deduce the desired estimate.

Let (Iy,)sen be a partition with proportions given by Ay. We can find a bijection ¢ from
{1,..., N} to itself such that, setting J; = Ins N L_I(I}VS) for each s, we have Jg = Iy or
1(Js) = Iy for every s € .. This property implies 7

[ Ins \ Js| + ‘[]/V,S \ L(JS)‘ = HIN”S] — |I§VSH =N ‘)‘N,S —Ays|, Vse.Z (2.6)

Write J = (Js)se.r and o(J) = (¢(Js))se.r. We can apply (2.4) and (2.5) to the pair J and Iy and
the pair ¢(J) and I},. These along with the triangle inequality give

< \F}]v _ Fj&”) +CONYIN\ J|+ CN7Y Iy \ o))

(2.3), (2.6)

‘FN,AN —Fnoay

0+ ClAN,s = Ay
for C = (tC¢ + |q|11) |K|oe + Cp as announced.

It remains to verify (2.4) and (2.5). We first show the latter. Recall that the reference measure
in F]{[JN is dPy(o) as in (1.6) and that in F}{I is dP§(--+) as in (2.2). Also notice that the term
exp(---) in Fé 1y does not depend on spins o, for n € Use #Js. Hence, we can compute

-—J -—J _
Fyry=Fy-N"! Z |5 \ Js|log ps(R")
s
which gives (2.5).

To show (2.4), we need an interpolation argument. Let us rewrite the terms inside exp(---)
in Fyay(t,q) (see (1.15)) as vV2Gi(0,a) + Di(0), where G(o,a) collects the Gaussian terms
(conditioned on 9R) and D(c) collects the deterministic terms. Set Go(o,a) = Gi(0”,a) and
Dy(c) = D1(c”). Notice that

EGi(0,0)G1(o", ') " Nig(Ry(0,0')) + Ng(a A o) - Ry(0,0)

and also the covariance of Gy is the same with o above replaced by o/. We can apply Corollary 2.2
in the setting (with p(1) = NFy . and ¢(0) = NF}{,JN). Thus, we get
1
- —=J
NPy = NPz, = [ E(HE(RN) = €(RR) + gla na) - (R = RE)), dr
0

where we used the shorthand Ry = Ry(c,0’) and RY, = Ry(c7,0'/). We denote their s-coordinate
as Ry, and R]‘{, s~ We recall an important property of invariance of cascade: for every r € [0, 1],

1
E <q(a A o/)>r =K <q(a A a')>m = /0 q(u)dr. (2.7)

This property is restated as in Lemma 5.3 later. By the definition of ¢/, almost surely, we have
|Rn,s — R]‘{,,s\ < ksN7YIns \ Js|. Hence, we have |[Ry — RY| < |kloo NIy \ J|. Using this
and (2.7), we get

= —J
[NFny = NFapy | < tCeliloolIn \ 1+ gl 6lool I \
which implies (2.4). O

Now, we turn to the second estimate. We again take |k|oo = maxge » Ks.
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Lemma 2.4. There are constants C¢ depending only on & (over [[ ., [—1,+1]">*") and C,
depending only on p such that the following holds. For every N, M € N with N > M, t € Ry,
qe QZ:(/‘C); AN € AN, and AN1p € ANy, we have

|NFN:)‘N (ta q) - (N + M)FN+M7)\N+IW (t,q){

<4 (|KlooCet + |Kloolglrr + Cu) (N + M) AN = Antu| + M) .

Proof: Fixing any t and ¢, we omit them from the notation of free energy. Let Iy = (Ins)se.r
and Iyyy = (IN+M75)S€y be partitions associated with Ay and Ayyps. Let us fix any partition

Ivi = Uy yarg)ses of {1,..., M} satistying
IN,S - I;V—l—M,S? Vs € .. (28)
Let Xy s be the associated proportions. Before proceeding, we derive some simple estimates.
By (2.8), we get

Iy aral = vl <M, Vs e, (2.9)

Using this, we also have

N ] 2 Msansl =l €

N+M78 N,S ~X N+M BN N_i_M.

We first compare FN, Ay With F My Denote by o € XNTM the configuration appearing in

(2.10)

FN+M=/\’N+M' For every such 0 = (Gen)1<n<N+M, Write & = (0en)1<n<n- By (2.8) and the fact that

Iy is a partition of {1,..., N}, we have & = (0en)neu,c 51y, and @ is the configuration appearing
in FN,)\N .

Let v/2G1(0, @) and Dq(c) (resp. v2Go(o, o) and Dg(c)) collect respectively Gaussian terms
and deterministic terms inside exp(---) in Fy . (resp. FNJFM’,\?HM). Notice that Gy and Dy
depends on o only through &. With this setup, we apply Corollary 2.2 (with ¢(1) = NFy , and
©(0) = (N + M)fNJrM,XIWM). We can use (1.9) and (1.13) to compute the covariances of Gy and

G1. Then, Corollary 2.2 implies
[Ny = (V + M) Py iy

= /1E<Ntf(R) — (N + M)té(R) + gl na’) - (NR— (N + M)R)), dr (2.11)
0

where we used the short hand R = Ry, (7,0) and R = RN+M7/\IN+JM(O-7 o'). Notice that R and R
depend on the partition Iy and I}, respectively (see (1.7)). By the definition of &, we have the

following a.s. entry-wise bound

— (2.9)
INR; — (N + M)Ry| < ks ((Inynrsl — Unsl) < ksM, Vse.Z.

Using this and |R| < |k|eo|-7|, We can get
INR— (N + M)R|  M|R| 2l M|

N+ M N+M ™ N
Using this and (2.7), we can bound the absolute value of the integrand in (2.11) by

E(Nt|¢(R) — &(R)| + Mt|E(R)| + [gla Ad)| (N |R— R|+ M |R|)),
<3 (tC¢ + |al11) |Kloe M|
where C¢ only depends on £ over [] . ,[—1, +1]"*". Inserting this back to (2.11), we get

|R—R| <

NPy = (N + M)y anny, | <3 (6Ce +lalis) 16l M1,



On free energy of non-convex multi-species spin glasses 441

On the other hand, Lemma 2.3 yields

Fninnyg, = Fnemta i | < (tCelkloo + lalp1lkloo + Cp) [Ny yar — Awear] -

Notice that

(2.10) M.
\Nyiar = Avpar| < P\N—/\N+M+N+A|4
Combining the above two displays, we get the desired result. O

3. Relation to vector spin glasses

In this section, we show that if Ay s is rational for every s € ./, we can equate FN, Ay to the free
energy of a vector spin glass. We start by introducing the setting of vector spin glass models in
Section 3.1 and then prove Lemma 3.1 and Corollary 3.2.

3.1. Vector spin glasses. Let D € N be the dimension for vector-valued spins and let P*° be a finite
nonnegative measure supported on a compact set in RP. We view Py¢¢ as the distribution for a
single spin. For each NV € N, a spin configuration with size N is denoted by o = (6°4n)1<d<D, 1<n<N-
Column vectors ., are individual spins in . We sample o by independently drawing each o ey,
according to P;. More precisely, denoting the distribution of o as Py, we have

dPY(0) = @1 AP (Tan). (3.1)

Given a smooth function € : RP*P — R, for each N € N, we assume the existence of a centered
Gaussian process (H}(o)) ~ with covariance

oeRDX
n
EH} (o) HiE(0") = N¢ ("]‘\’[ ) . (3.2)
We interpret %/T as the RP*P_yalued overlap between configurations o and o’. For q € Q.. (D)

(see Section 1.1.1), conditioned on R, let (W9())aecsuppnt be the RP-valued centered Gaussian
process with covariance

Ewd(a)wi(a’) = q(a A ). (3.3)
Conditioned on fR, for each i € {1,..., N}, let W? be independent copies of w2. Then, we set
Wi(a) = (wil(a),...,wi(a)), Va € suppR. (3.4)

We view W (a) as an RP*N _valued process with column vectors wil. For each N € N, t € Ry, and

q € Qo (D), we consider the Hamiltonian and free energy:

foec’t’q(a, o) = V2tH (o) — Né (06T /N) + \/§WJ(\1,(04) co—q(1) o0, (3.5)
—5vec 1 vec,t
Fy (t,q) = —NIElog//exp <HN ’ ’q(a,a)>dP]‘\’,eC(0')dD‘{(a), (3.6)

where the expectation is first taken over Gaussian randomness in HX® and W and then over the
randomness in ‘R.
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3.2. Reduction. For M € N, we call a collection (M;)sc » of subsets a weak partition of {1,..., M}
if Use Mg ={1,..., M} and My N My = () whenever s # s’. This differs from the standard notion
in that we allow Mg to be empty. We work with the multi-species spin glass with system size M N
for N € N and with species proportion satisfying

)\MN,s: ’MS‘/M, Vs € .S (3.7)

for some weak partition (Ms)se.» of {1,..., M}. Under this assumption, among M N spins of the
multi-species configuration o, there are exactly |Mg|N spins belonging to the s-species for each

se?.

We want to map this model to a vector spin model with spins in R® and size N, where
A=AMAyn) =D AunsMrs =) [My|x,. (3.8)
ses ses

Notice that A does not depend on N due to the form of Ayn s in (3.7). We reorder {1,2,...,A} by
fixing an arbitrary bijection:

{1,2,...,A}  +— Usgeg{(mk): me Mg, ke{l,...,ks}}. (3.9)

Under this re-ordering, we view a € RA*A and b € RN as a = (k) (! k) )y e,k and
b = (bm,kyn)m,kn- For a € RA%A we use the notation, for m € Mg and m’ € My

€ RN, (3.10)

a(mz.)(mlv.) = (a(mzk)(m/7k/))1<kgns7 1<k’</{s/
We can fix a bijection o +— & from MY (see (1.5)) to [—1, +1]**" with the property:
Vi € Ist, dm e My, dn € {1, R ,N} Y Oei "7 O(me)n — (U(m,k)n)lékéns' (311)

In words, every single spin in the s-species is mapped to a sub-column vector crossing xs rows with
indices (m, k), for k € {1,...,ks}, for some m € M. Under such a bijection, we have the following
correspondence of overlaps (recall the overlap (1.7) in the multi-species setting):

RMN,)\MN,S(O-7 U/) = (MN)_l Z (UU/T)(m’.)(m’.) , Vse./, (3.12)
meMs
where we have used the notation in (3.10) and each entry in (60'T),, )¢, .4) I8 given by
N
(UUIT)(m,k)(m,k’) = Za(mk)na"(m’k,)n, Vk, k' € {1,... Ks}. (3.13)
n=1

This is the usual matrix multiplication in view of the re-ordering (3.9).
We describe the corresponding single vector spin distribution. Let P* be the finite nonnegative
measure supported on [—1,1]* given by

dP*(0) = ®se.sr Qmem, dits (U(m,.)l) (3.14)
Suggested by (3.12), for £ in (1.9), we take
—1 AxA
£(a) = M§<<M ;ﬂ a(m,.)(m,.)>sey>, Va € R2*72, (3.15)

Lastly, we describe the corresponding parameter for the external field. To each ¢ € QZ (x) (see (1.10)),
we associate q € Qu(A) given by

A(m,e)(m’,e) = 0, Vm # m'; A(m,e)(m,e) = s, VM € Ms. (3.16)
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Lemma 3.1 (Relation between multi-species and vector spin glass). Let M € N and let (Ms)sc.»
be a weak partition of {1,...,M}. Correspondingly, let PY*¢ and € be given as in (3.14) and (3.15)
and let (F}I\?C)NGN be the associated free energy given in (3.6). In particular, the vector spin is A-
dimensional for A in (3.8). Then, for every N € N, A\yn satisfying (3.7), and (t,q) € Ry x QZ(k),
we have

—5vec

FMN7>\MN (t.q) = M_IFN (t,qa) (3.17)
with q given in (3.16).
Proof: We identify the two types of configurations o and o via a bijection described as in (3.11).

Under this identification, we can see that Pysy x,,, in (1.6) is the same as Py in (3.1) with Py*
in (3.14). Next, using (3.12) and (3.15), we have N&{(oo'T/N) = MNE(Ry Nz, (0,07)). From this

and the covariances (1.9) and (3.2), we can deduce that (Hyn(0))s 4 (HY°(0))o- It remains to
verify that the external fields have the same distribution. We can compute

1.13
EWE (0, o)Wy (@,0) "2 MN' ST g,(a A a’) - Rarnagsyis(o, ")
s€.s

1.7),(3.12 3.16
0L Z gs(a A a) - Z (UUIT)(d.)(d.) o qlana’) oo’
seS meMg

This implies that, under the identification (3.11) and conditioned on R, we have

(Wiy(en0), < (Wika) - o), (3.18)

where the latter appears in Fp (t,q) (see (3.6)). The equivalence of distributions of various Gaussian
terms also ensures that the self-overlap correction terms are the same in F sy x,,  (t,q) and Fy (¢, q).
Hence, under the identification between o and o as in (3.11), we have thus verified

t,q d vec,t,q
(it @) g = (Fo00)) (3.19)
where the two sides are given in (1.14) and (3.5). In particular, this yields (3.17). O

For any r € R, write [r] = min{n e N:n > r}.
Corollary 3.2 (Equivalence in the rational case). Assume that there are M € N and a weak partition
(Mg)ser of {1,..., M} such that
lim Ay = |M|/M, Vse.Z.
N—o00

—=vec

Let Fny be the free energy with PY*¢ and & specified in (3.14) and (3.15). For every t € Ry and
q € QZ(k), let q be given as in (3.16) and we have

Jim [P (t.0) = 3B )] =0

Proof: Fixing t and ¢, we omit them and q from the notation. For two sequences (rn)yen and
(ry)nen of real numbers, we write rx ~ 'y provided limy_,o |1y — | = 0. We need the following
estimates for every N € N,

0< [N/M]M — N < M, |Fnay| <C (3.20)
for some constant C' > 0. The latter estimate follows from Jensen’s inequality applied to the
expression of Fiy y, (see (1.15)). Set Ao = (|Ms|/M)sc.». Now, we can get

L.2.3 — (3.20), L.2.4

—5vec
~

_ L31 5,
Fyay ® Fyao 2 Frymmoae = M7'Fiynn
which gives the desired result. O
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4. Analytic properties of the free energy

We study analytic properties of the free energy, its limits (if it exists), and the initial condition
at t = 0. In Section 4.1, we show that the free energy is differentiable and monotone, and that
any subsequence of (fN, Ay )NeN is precompact in the local uniform topology. In Section 4.2, we
show that the free energy is locally semi-concave uniformly in N and then deduce properties of any
subsequential limit. In Section 4.3, we identify Fy x, (0,-) and establish its regularity properties.
Results in this section adapt those in Chen and Mourrat (2025, Sections 3 and 5).

4.1. Differentiability, monotonicity, and precompactness. Recall the notation of Qm(D) in Sec-
tion 1.1.1 and Qn(k) in (1.10) for spaces of paths.

Let G be either Q5 (k), Ry x Q5 (), or Q2(D) for some D € N. Let L? be the ambient Hilbert
space for G. A function g : G — R is said to be Fréchet differentiable at some ¢ € G if there is a
unique y € L? such that

! _ _ /_
lim  sup lg(d') — g9(q) — (y,d' — )]

/
=0 yea\{q} 14" — qlre
lg'—q|2<r

= 0. (4.1)

In this case, we call y the Fréchet derivative of g at q.
For every q € GG, we define

Ad]rn(G,q):{eeL2 ! Ir>0: V' e|0,r], q—l—r'eeG}

to be set of directions along which a small line segment starting from ¢ belongs to G. We say that
g : G — R is Gateaux differentiable at ¢ € G if

e ¢'(g,e) =lim,\ M exists for every e € Adm(G, q);

e there is a unique y € L2 such that ¢’(q,e) = (y,e) ;- for every e € Adm(G, q).
In this case, we call y the Gateaux derivative of g at q.
If g is differentiable at ¢ in either of the two senses, we denote its derivative at ¢ by d,9(¢), which
is an element in L2
For any D € N and u € R, we define

Qoo <u(D) ={q € Qx(D) : |g(r)| <w, ¥Yrel0,1)}.
Then, for any A = (\s)se.r € RY, we define
oo,g)\ H Qoo,g/\ /{s (42)
ses
Recall Fiyyy in (1.15) and () 5 in (1.16).

Proposition 4.1 (Differentiability of Fy ). Let N € N, Ay € An, and let Fy », be given as
n (1.15). We have for every t,t' € Ry and q,q' € QZ (k) that

|Fnoan(tq) = Fupy (. d)] < |lg— | +1t -1 s £ (a)].
al< \
In particular, the free energy in (1.15) can be extended by continuity to Ry X Q’fﬁ(/ﬂ). Moreover, the
restriction of the function Fn x, to R4 X Q;(n) is Fréchet (and Gateauz) differentiable everywhere,
jointly in its two variables. We denote its Fréchet (and Gateauz) derivative in q by GqFN,,\N (t,q) =
O0gF Ny (t,q,-) € L([0,1]; [l S7). For every t > 0, we have, for every q € 95 (k),

aqFN,)\N(ta Q> € Qi;g)\N(/f% }ath,/\N (t7Q)‘ < sup ’&(a)la (43)

la]<1
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and, for every q € Q% (k) and w € L*([0,1]; [[,c» S™),
<7l',8qFN7)\N(t, q)>L2 = E<7r (Oé/\Oé) RN)\N(J, )>N>\N

o (4.4)
HENAy(tg) =E <§ (RN’)\N (‘77‘7 ))>N,>\N :
Finally, for every r € [1,+o00], t >0 and q,q' € Q3 (k) with ¢ —q € L", we have
|aqFN,)\N(t7q/) - aqFN,)\N(ta Q) L < 16N| ! (45>

In particular, the mapping q — BQFN)\N (t,q) can be extended to Q‘ly(lﬁl) by continuity, and the
properties in (4.3) and (4.5) remain valid with q,q¢' € Q7 (k).

The proof follows the same lines as those for Chen and Mourrat (2025, Proposition 5.1), which are
based on the Gaussian interpolation arguments. We only need to explain the first inclusion in (4.3).
This follows from the first line in (4.4), the fact that |Ry x, s(0,0")] < An,s due to (1.7), and the
invariance of cascade in Lemma 5.3.

Proposition 4.2 (Precompactness of Fy x, ). For every r € (1,+0c] and any sequence (AN)nen

with ANy € Ay, any subsequence of (FN)\N) has a further subsequence which converges uniformly

V) NeN
on every bounded metric ball in Ry x Q7 (k).

This proposition can be proved in the same way as Chen and Mourrat (2025, Proposition 3.3)
using the following lemma.

Lemma 4.3 (Compact embedding of paths). Let r € (1,400] and let (¢n)nen be a sequence in
Q7 (k) such that

sup |gn |- < +o00.
NeN

Then, there exists a subsequence (qn,,),cy and some q € Q7 (k) such that, for every r' € [1,1), this

subsequence converges almost everywhere on [0,1] and in L toq.

This lemma is a straightforward adaption of Chen and Mourrat (2025, Lemma 3.4) (a special case
with [.7] = 1).

Next, we describe a monotonicity property of the free energy in the second variable. Given a
nonempty closed convex cone C in a Hilbert space L?, we define the dual cone of C* by

C*={pelL*|VqeC, (p,q)2>0}. (4.6)

For each s € .7, the dual cone of Qs(ks) has a simple characterization given by Chen and Mourrat
(2025, Lemma 3.5) (see also Chen and Xia, 2025a, Lemma 3.4(2)):

1
Qa(ks)* = {p e L? | vt € [0,1), / p(r)dr € Sis} )
t

Since any p € [[ . Qa(ks)* satisfies exactly (p,q);2 = D co (Ps,qs) 2 = 0 for every q € 95 (k),

we can identify
=TI @)
se€s

For a subset G of L%([0,1]; [[,c» S") and a function g : G — R, we say that g is (Q3(x))"-
increasing if for every q,¢ € G, we have
¢—d€(% (k) = gla)=9) (4.7)

Proposition 4.4 (Monotonicity of free energy). For every N € N, A\y € Ay, and t € Ry, the
function Fn x,(t,-) is (Qf(/{))*-mcreasmg.
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Proof: Fix any N, Ay, and t. We apply Lemma 3.1 with M, N therein substituted with N, 1
respectively. Hence, My in (3.7) corresponds to Iy s associated with Ay. Then, Lemma 3.1 gives
Fyoay(t,q) = N"VF(t,q) for every ¢ € QZ (k) and q € Qu(A) given in (3.16). We are allowed
by Proposition 4.1 to take ¢ € Q3 (k) instead of Q7 (k). Given any ¢/, we define ¢’ in the same was
as in (3.16).

Now, let us assume ¢ — ¢’ € (Q3 (x))” and we want to show q — g’ € Q2(A)* defined as in (4.6).
Let p be any element in Q2(A). Using the notation in (3.10) and the form of q and q given in (3.16),
we can compute

<p7 q-— qI>L2 = Z Z <p(m,o)(m,o)7 A(m,e)(m,e) — ql(m,o)(m,o)>L2 :

s€. meMg

Since p is an increasing path in S_% and each P(,, ¢)(m,e) i @ projection of p into a minor matrix, we
have that P, e)(m,e) 18 an increasing path in SY* for m € M. From the second part in (3.16), we
can see q(m,e)(me) q’(m”)(m’.) € Qa(ks)* (from ¢ — ¢’ € (Q;(/i))*) Therefore, by the definition of
dual cones in (4.6), the right-hand side of the above display is nonnegative. Since p is arbitrary, we
conclude that q — ' € Qa(A)*.

By the result in the setting of vector spin glasses in Chen and Mourrat (2025, Proposition 3.6),
we have that F ‘{ec( t,-) is Qa2(A)*-nondecreasing defined in the same way as in (4.7). Therefore,

—/vec

F1°(t,q) = F1(t,d') and thus Fy, (t,q) = Fn oy (t,¢'), which gives the desired result. O

4.2. Semi-concavity and consequences. Recall the definition of Q‘Tyc(/@) from (1.20) and (1.10). For
any increasing path ¢, we denote by ¢ its distributional derivative.

Proposition 4.5 (Semi-concavity of the free energy). There exists a constant C < +oo (depending
only on (us)ser, (ks)ser, and &) such that, for every N € N, Ay € An, ¢ > 0, t,t' > ¢,
q,q € Q{C(/{) with ¢ — ¢’ € L?, and r € [0,1],

(1 - T)FN,)\N (t? Q) + TFN,AN (tal q,) - FN,)\N ((1 - T’)(t, Q) + T(tlv q/))
<Cr(l —r)c? <(t — ")+ |G- q"ﬁﬁ) :

Proof: The argument is the same as that for Chen and Mourrat (2025, Propositions 3.7 and 3.8).
Here, we sketch similar parts and highlight the differences.

By a density argument and Proposition 4.1, it suffices to consider smooth ¢ and ¢’. We then
approximate them by piece-wise constant paths. For each K € N and k € {0,..., K}, we set

(4.8)

qkzq(Klil), vk €{0,..., K} Zlei EQy( )-

+1°

1
+

Recall EIIipt from (1.19). Due to q € ch(/i), we have
K T < s = G Ellipt(grs — qr_15) <c ', Vke€{0,...,K}, s€.7. (4.9)

Here, Id,, is the kg X ks identity matrix. Similarly, we construct (g}, and ¢, which satisfy
an analogous version of (4.9). Also set ¢_1 = ¢"; = 0. We claim that for a constant C' as announced
in the statement, we have

(1= Fnpy (6%) +1Fnpy @t ) = Fyay (L=7) (t,¢%) +7 (¢, dF))

K ) (4.10)
<Cr(L=n)e2((t =7+ (K + 13 |(ae = ae1) = (@ — g0 )
k=0
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Then, we can use approximation arguments by sending K — oo as in the proof of Chen and Mourrat
(2025, Proposition 3.8) (below (3.34)) to get (4.8).

In the remainder, we explain the proof of (4.10). For preparation, we need some properties on the
matrix square root. For every h € S£+ (see Section 1.1.1) and a € SP for any D € N, we define the
first and second order derivatives of matrix square root:

D p(a) = lim ™! (m - \/E) ., D¥p(a)=lime! (Dm(a) - D\/ﬁ(a)) :

e—0 e—0

Denoting by hpin the smallest eigenvalue of h. Then, Chen and Mourrat (2025, (3.23) and (3.24))
give

_1 _3
D@ <lalhgd/2 P2 <lafhyl /4 (4.11)

To prove (4.10), we need to bound the Hessian of Fy ), after a change of variables. As in the
proof of Chen and Mourrat (2025, Proposition 3.7), we focus on the semi-concavity in the second
variable for the brevity of presentation. Henceforth, we omit the first variable from the notation
by fixing some ¢ and writing Fy . (-) = Fnay (¢, ). For simplicity, we write S = [I,co S™ and
St = [l,er S5, We view SEF1 as a subset of the linear space ([T e R’"‘SX"S)KH
product given by the entry-wise dot product as in (1.1).

When considering FN,,\N over paths of the form ¢, we can think of FN, Ay as a function of

(gk)o<k<rx € SETL. For each x = (zp)ocker € ST, we write /7 = (‘/xk)0<k<K and /T =
(1 /x;ﬁs)sey with each z, = (2 5)se.r € S4. Then, we define a function Gy : SK+1 4 R through
the relation

with inner

Fray (0%) = Fay (@)ocker) = Gn (V= 1) ocperc ) - (4.12)

We consider the function SK+! 5 ¢y s Gy(y). For each k € {0,...,K} and s € .#, we define
Oy,..GN(y) € S" via the relation: for every a € ",

d _
a- ayk,sGN(y) = &GN(?JL e Yk—1, Yk T EQ, Ypet1, - - - ,yK)

where @ = (@y)yc.o satisfies @y = 0 when s’ # s, and @5 = a. The Hessian V2Gy(y) viewed as a
linear map from SE+1 to S&+! is defined through: for every a € SE+1,

2

d
. 2 _
a-V°Gy(y)a dEQGN(y—i—a) o

By the same computation for Chen and Mourrat (2025, (3.28) and (3.29)), we can find a constant C
as in the statement of the proposition such that

10y .GNW)| < Clyk,sl, a-V?Gn(y)a < Clal (4.13)

for every k and every a. The computation is basic and involves the Gaussian interpolation technique
as in Corollary 2.2 and Jensen’s inequality. N
Next, we introduce the change of variable: for every x € SE*!, we set Gy(z) = Gn(v/z). We

e=0

can make sense of the Hessian of Gy in the same way as above. As in the second step of the proof
of Chen and Mourrat (2025, Proposition 3.7), we can compute, for every a € SK+1

a-V:Gy(z)a=D-V2Gy(vz)-D+> D, -0, Gn(Vz)
k,s

where

_ K 2 2
D= (Dm(ak’S))ogKK, e 5 Diis = D (.s)-
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Then, we get

_ (4.13) K
a-V:Gy(z)a < CDP+CY  |Di| |zl
k=0

(4.11) C o C .
< g 2wl (@no)in) ™+ G D kel (@) )~ [/es]
k,s k,s

It is easy to see that

2 .
‘ VLk,s } < Ks E”'Pt(iﬁk,s) (xk,s)min'

Combining the above two displays, we have that for every x € SK+1 satisfying

Ki Id., <3, Ellipt(ag,) <c VEE{0,.. K}, s €7, (4.14)

we have
a-V2Gy(z)a < O(K + 1)¢ ?|al?

where we have absorbed ks into C'. Hence, for every z satisfying (4.14) and 2’ satisfying an analogous
version of (4.14), we have

(1 —7)Gn(z) +rGn(a") < Gn (1 = r)x + ') + COr(1 —r)e (K + 1) |z — 2/

In view of (1.12), we have Fiy , (¢%) = GN ((qk — @r—1)o<k<i)). Recall that in the relation (4.10)
to prove, both ¢ and ¢ satisfy (4.9). Therefore, we are allowed to use the above display to
deduce (4.10). O

As a consequence of the semi-concavity, we have the following result. Recall the definition of
QY (k) from (1.21) and (1.10).

Proposition 4.6 (Convergence of derivatives). Suppose that FN,AN converges pointwise to some
limit f along a subsequence (Np)neN-

(1) For every t € Ry, if f(t,-) is Gateauz differentiable at q € Q‘f(/ﬁ), then 0,F N, Ay, (t,4, ")
converges in L" to 0,f(t,q,-) for every r € [1,+00).

(2) For every q € Q7 (k), if f(-,q) is differentiable at t > 0, then O F N, Ay, (t,q) converges to
atf(ta Q)

The proof is the same as that for Chen and Mourrat (2025, Proposition 5.4) based on the
semi-concavity proved in Proposition 4.5.

Remark 4.7 (Convergence of derivatives for perturbed free energy). Let (INV,)nen be a strictly
increasing sequence in N. For each n € N, let M,, satisfy N,, € M,N, let A\n, € Aps, (see (1.3)),
let z,, be any perturbation parameter from (5.9) (the space of which depends on M,). Then, we

nytn

consider the perturbed free energy F%[n N N, i (5.11) or F’]]\\é "/\x;n in (5.13). For them, we can also
prove Propositions 4.5 and Proposition 4.6 (along any further subsequence of (N, )nen). The proofs
are the same.

Next, we state the result on the regularity of limits of the free energy. In the statement below, we
use the notion of “Gaussian null sets” which is a natural generalization of “Lebesgue null sets” to
infinite dimensions. We refer to Chen and Mourrat (2025, Definition 4.2) for the exact definition.
The only property important to us here is that the complement of a Gaussian null set is dense, which
allows us to say that any limit of free energy is differentiable on a dense set.
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Proposition 4.8 (Regularity of the limit). Suppose that (Fyxy)Nen converges pointwise to some f
along some subsequence. Then, for every r € (1,00, the function Fy », converges locally uniformly
on Ry x Q7 (k) along this subsequence. The limit f satisfies the same Lipschitz, monotone, and
local semi-concave properties of F'n xy in Propositions 4./, 4.1, and /.5. Moreover,
e for each t > 0, there is a Gaussian null set Ny of L*([0, 1}, [ 1. S%) such that f(t,-) :
Q5 (k) — R is Gateauz differentiable at every point in Q3 (k) \ N and Qiﬁ \ N; is dense
in QF (r); |
e there is a Gaussian null set N of R x L%([0, 1], [T, S%*) such that f : Ry x Q3 (k) — R s
Gateauz differentiable on (Ry x Q5 (k))\N and (R, x Q§7T(&)) \ W is dense in Ry x QF (k).

This corresponds to Chen and Mourrat (2025, Proposition 5.3) and can be deduced by the same
argument. Hence, we omit the proof here.

4.3. Initial condition. We want to describe the initial condition FN,)\N (0,-). For any finite positive
measure v on [—1,1]” for some D € N and for q € Q..(D), define

b¥e(q) = —Elog // exp (\/iwq(a) o —q(1)- a'o'T) dv(e)dR(a) (4.15)

where w? is the Gaussian process with covariance given in (3.3). This is related to the initial
condition in the vector spin glass. Indeed, comparing with the expression of the free energy in (3.6),
we have

F(0,q) = 655 (a).
This identity holds clearly for N = 1 and the general case follows from a standard property of the

cascade measure (see Chen and Mourrat, 2025, Proposition 3.2).
In the multi-species setting, given A = (\;)sc.r € RY, we define, for ¢ € O (k),

Ualg) = > AU(gs) (4.16)

ses

where (us)sc» are the fixed distributions of spins of different species (see Section 1.1.3).

We recall the result Chen and Mourrat (2025, Corollary 5.2) on the regularity of the initial
condition (4.15) in the vector spin model. For q € Q. (D) and a positive measure v on R” we
introduce the following Gibbs measure:

(Vg = exp(W(a) -0 — q(1) - 00T) dv(0)dR(a)

where w9(a) is given as in (3.3).

Lemma 4.9 (Regularity of vector-spin initial condition). For any D € N and any positive measure
v supported on [—1,4+1]P, the function ¥°¢ given in (4.15) can be extended to Q1(D) and satisfies

[¥v(a) — ¥y (d)| < la— a1, Va,d € Qi(D).

The restriction )¢ : Qo(D) — R is Fréchet (and Gateauzx) differentiable everywhere; we denote its

Fréchet (and Gateauz) derivative by Oqibi(q) = Oqye(q,-) € L*([0,1]; SP). We have, for every
q € Qz(D),

Iq¥,*“(a) € Quo,<1(D), (4.17)
and, for every q € Quoo(D) and 7 € L?([0,1]; SP),

(7, 0q0 (@) 2 = E(m (a A d) - 00Ty

Moreover, for every r € [1,4+00] and q,q" € Q2(D) with q —q' € L", we have
|0qy°(a) — gy (d)

- <16la—d'[,,. (4.18)
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In particular, the mapping q — Oq¥;°°(q) can be extended to Q1(D) by continuity, and the properties
in (4.17) and (4.18) remain valid with q,q’ € Q1(D).

Lemma 4.10 (Multi-species initial condition). For any A € R, ¥y given in (1.16) can be extended
to Q{ (k) and satisfies
[oa(q) = a(d)] <D Alas — dilrrs Vo, q' € Q7 (k).
s€s
The restriction 9y : Q5 (k) — R is Féchet (and Gateauz) differentiable everywhere. At every
q € Q3 (), its derivative is given by
0uir(@) = (Ml 035°(a5)) ., € Q% r(8).

Proof: The extendability and Lipschitzness follows from (4.16) and Lemma 4.9. The expression for
the derivative follows from (4.16) and the definition of derivatives. The range Q7 <x(k) is clear
from (4.17). O

Lemma 4.11 (Initial condition). For every N € N, ¢ € Q7 (x), and Ay € Ax, we have
FN,/\N (07 Q) = lZJ/\N (Q)

Proof: We only need to prove identity at ¢ € QZ (k) and the general case follows by extension. For
each s € ¥ and n € Iy, we define

Xsn(a) = log / exp (ﬁw?f(a) ~Oen — qs(1) - a.naIn) dps(oen)

where wi is introduced in (1.11). Comparing this with ¥y in (4.19), we have

vee(g,) = ~Elog / exp (X (a)) d%R(a). (4.19)

On the other hand, using the expression in (1.15), we can rewrite

—NFny(0,q) = Elog/exp < Z Z Xs,n(a)>d9%(a).

seS neln s

By a basic property of cascades stated for example in Dominguez and Mourrat (2024¢, Corollary 5.26),
the right-hand side in the above display is equal to

> Y Blog [ exp (Xan(e)) @) = - 3 I ve(a.)

seS nely s se.s

which together with the definition of Ay in (1.2) implies the announced result. O

5. Cavity computation and proofs in the general case

In Section 3, we have shown that, if the limit of species proportions (Ay s)se.» are all rational,
the multi-species model is equivalent to the vector spin glass model (see Corollary 3.2). Hence, we
can directly apply cavity computation results in Chen and Mourrat (2025, Sections 6 and 7) stated
for vector spin glasses. However, in the case where some entries in the limit of Ay are irrational,
such argument no longer works. To handle this, we need an additional approximation argument.

In Section 5.1, we give definitions of various objects appearing in the cavity computation and then
state the cavity computation results, Lemmas 5.5 and 5.7, assuming that the species proportions
are rational. These two lemmas are straightforward adaptions of results in Chen and Mourrat
(2025). In Section 5.2, we consider the (general) irrational case and use approximation to extend
the two results to Lemmas 5.9 and 5.10. In Section 5.3, we apply these two lemmas to prove the
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results corresponding to those in Chen and Mourrat (2025, Section 7). In particular, we prove
Theorems 1.2, 1.3, and 1.4 here.

5.1. Cavity computation. We start with introducing definitions necessary for the cavit computation.
5.1.1. Parisi functional. Recall the definition of ¢y from (4.16). For ¢ in (1.9), we define 6 :
[L,co R®*%s = R by

0(a) = a-VE(a) - &(a). (5.1)

Here, V& : [ e R*%s — [ o R X% is the gradient of § defined with respect to the entry-wise
inner product structure on the linear space ] ., R*"s.
Fort € Ry, g € QZ(k), and X € RY, we set

Prta(p) = (g +tVE(p)) —t /0 0(p(r))dr. (5.2)

Comparing this with (1.17), we have
Proota(P) = T tq(a + tVE(D), p). (5.3)

5.1.2. Hamiltonian from the cavity computation. Then, we describe the Gibbs measure appearing
in the cavity computation and the corresponding free energy. Fix any M € N interpreted as the
number of cavity spins. The Hamiltonian arising from the cavity computation is a centered Gaussian
process (Hy (J))U cyv With covariance

E [ﬁN(a)ﬁN(a’)] — (N + M)g( Ry (0, a’)) (5.4)

N
N+M
which should be compared with Hy (o) given in (1.9). Notice that we have kept M implicit from
the notation. We assume that Hy (o) is independent from other randomness. Let W3 (o, @) be an

independent copy of W}, (o, a) given in (1.12). Analogous to Hf\’[q(o, a) in (1.14), we define

I?[xq(a, a) = \/ﬂﬁN(U) —t(N + M) (N fMRN”\N(U’U)> (5.5)

+ Wi (o,0) = q(1) - By sy (0,0).

We prefer to omit M in the notation.

5.1.3. Perturbations. To ensure Ghirlanda—Guerra identities, we need to introduce perturbation
terms to the Hamiltonian. Since we want to apply Lemma 3.1 and results from Chen and Mourrat
(2025) for vector spin glasses, the perturbation to be introduced below is not the most suitable
choice. Indeed, in the multi-species setting, we only need Ghirlanda—Guerra identities for the overlap
array (Rarn g,y (0! al/))l yen (see (1.7)) which contains less entries than (N_la'lal/)l yen i the
matching vector spin glasjs model (see (3.12)). However, to use results from Chen and Mourrat
(2025), we need to employ perturbation in the style of vector spin glasses. In Remark 5.8, we describe
the most suitable perturbation in the multi-species setting and corresponding results without proofs.

Henceforth, we fix any M € N and consider the multi-species model with size M N for N € N. We
assume that Ay satisfies (3.7) for some fixed weak partition (Ms)se.» of {1,...,M}. Asin (3.8),
let A = A(M, Apn) be the dimension for the matching vector spin model (which is independent of
N). Asin (3.11), fix any such bijection (for each N) and let o be the image of ¢ after this mapping.
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Let (r,) be an enumeration of [0,1]NQ and (a,)nen be an enumeration of elements in S NQA*A.
Conditioned on %R, for every N € N and every h = (h;)1<i<a € N*, let (H}, y (0, )

be an independent centered Gaussian process with covariance
h
E [H@N(a, a)H, (0, o/)} - N (ahl (N TLoa ™) 4 e n o/) ' (5.6)

Here, ® denotes the Schur product, namely, a ©® b = (a;;b;;);,; for two matrices a and b of the same
dimension. The existence of such a process is explained in Chen and Mourrat (2025, Section 6.1.1).
For each h € N*, we write |h|; = Z?:1 hi and let ¢, > 0 be a constant such that

ey N7IE [H) y (0,0) HYyy (0,.0)] < 27, (5.7)

uniformly over o € ¥V, a € suppfR, and N € N. Fix an orthonormal basis bas of S®. We define
the space of perturbation parameters:

oex N, acsuppR

pert(M, Ay ) = [0, 3]\ xbas (5.8)
where the dependence on A\y;n and M is through A as in (3.8). For every
L= ((wh)h€N4> (xe)eebas) € pert(Ma )‘MN)v (59>
we set
Hin(o,a) = Z zpen HYY (o, ) + Z zee- o0, (5.10)
heN? eebas

Compared with the standard perturbation as in Panchenko (2015, 2018b,a), the additional second
sum ensures the concentration of the self-overlap N~'oo’T (which implies the concentration of

RN 2y (0,0)). Recall the original Hamiltonian H J\;[qN(a a) from (1.14) (with M N substituted for
N therein). For each N € N, we define the free energy with perturbation

FMN)\MN(t q)
= Elog//exp (o,00) + N~ IGHMN(J a)) dPpyn oy, x (0)dR(a).

The choice of {g is inconsequential and can be replaced by any number in (32, 8) This factor is
needed to ensure that the perturbation is weak enough not to change the limit of free energy and
strong enough to ensure the validity of the Ghirlanda—Guerra identities. For each N € N, we denote
the associated Gibbs measure by

T 1
(- >%N Aun.z X €XP (HJt\fN(Ua o)+ N6 HMN(O"O‘)) APy Ny (0)dR (@) (5.12)

where the value for (t,q) will be clear from the context.

Let .FNI;}I‘]N(J, «) be given as in (5.5) with M N substituted for N therein. For each N € N, we
denote the associated perturbed free energy and Gibbs measure by

M, x
FMN AMN (t q

(5.13)
= —Elog//exp MN (o,0) + N~ 16HMN o, )dPMNAMN o)dR(«);

(5.11)

< >§)V1A]{7:§\MN o exXp <HMN(U a) +N™ 16];IMN o,a))dPyN )\MN )d%(a) (5'14)

The symbol o in the superscript signifies “cavity”.
In the notation for the free energy and the Gibbs measure in (5.11), (5.12), (5.13), and (5.14), we
have emphasized the dependence on M (the cavity dimension) in the superscript.

We denote by (o, @) the canonical random variable under ()37 yy And <>?\4]>/[V93\MN We write
I

(a , QU to denote independent copies of (o, @).

Dien
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Lemma 5.1. Let M € N and let \ysy satisfy (3.7). There is a constant C > 0 depending only k, p,
and € such that for every N, t € Ry, and q € Q% (k), we have

_ —M, a1
sup ‘FMN)\]WN (t7q) - FMK;,)\]\/[N (t7q)’ < CN 16, (515)
zepert(M, A N)
=M,z M,z —1
sup ‘FMN’AMN(t, q) - et q)‘ < CJtN~. (5.16)
ze€pert(M, Ay N)

Proof: Comparing F prn .z, given in (1.15) and F%}Q\U’,AMN in (5.11), we see that the additional term
is NfﬁHf/[N(J, a). The definition of A in (3.8) implies that |A| < M|k|x for |£|eo = maxse o Ks.
Since every entry in & € RA*N lies in [—1, +1], we have |0o’| < M N|k|. Using this, the choice of
¢, in (5.7), and the presence of |bas| in (5.10), we can apply the interpolation argument in Lemma 2.1
to get (5.15).

Comparing F%}H\CMMN in ES.] 1) and ﬁ]\]\f]’\?/\MN in (5.13), the difference lies in the terms associated
with v2tH (o) and V2t Hys (o). The variance of the former is given in (1.9) and latter in (5.4).
There is a constant C¢ depending on § such that

MN
(MN + M)g(mRMN)\MN(O', U/)> — MN{(RMN})\MN(U, UI))' < C{M
Using this and the interpolation argument in Lemma 2.1, we can get (5.16). O

Remark 5.2. We clarify that the law of (O’l, al)leN
partition (In/ns)se.r of {1,..., N}. But, the law of overlaps

under (-)%’;\cf’)\MN or (-)?\}[A]{]ﬁMN depends on the

’ ’
(RMN,,\MN(UZJZ ), ol A )l,l’eN

(see (1.7)) under these Gibbs measures only depend on the proportions Ay. Since we are more
interested in the law of overlaps, we prefer to display in the notation only the dependence on
AMN- O

Since we have introduced several Gibbs measures, it is a good place state the following important
property (e.g. see Chen and Mourrat, 2025, Proposition 4.8). Recall the notation (-)s from
Section 1.1.4.

Lemma 5.3 (Invariance of cascades). Let (-) be the one of the following Gibbs measures: )y
in (1.16), <'>%’]‘37}\MN in (5.12), <>?MJ\{/\I[§MN in (5.14), or any interpolation of these appearing in
Lemma 2.1. Then, the law of (al Aot )l reN
a Ao is uniformly distributed on [0,1] under E (-).

under E (-) is equal to that under E (-)g. In particular,

Later, we need the next result for the convergence of overlap arrays.

Lemma 5.4 (Criterion for convergence of overlap array). Let (al)en be i.i.d. samples from (-)g.
Let E be a fized compact Euclidean set and let (Qy,, vp)nen be a sequence of probability spaces such
that, for each n, the following holds:

o (a")ien are random variables on Q,, and the law of (al A al')
under E (-)g;

e there is a random array R, = (Rf{ll)l y of E-valued random variables on §y, and the law of

LIeN under v, s equal to that

R, under v, is invariant under permutation of labels.

Leta € E and p: [0,1] — E be bounded and measurable. Then, we have
. 12 1 2 _ . 1,1 _
lim v, (|[R,* —p(a’ Aa?)[) =0, lim v ([Ry" —al) =0, (5.17)

n—oo
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/
if and only if (Rf{l ol A al/)l veN under v, converges in law to

( (p(ozl A al/), ol A Ozl/) 1y + (a, 1)ll:l’)

under E (-)y, as n tends to infinity.

LUEN

Proof: We first show “=". Since the convergence in law is defined to be convergence over finitely
many entries, by considering test functions of the form of a product of functions of one entry, it
suffices to prove convergence for each entry. The convergence of any diagonal entry (I = ') is
obvious. For non-diagonal entry, by symmetry, we only need to consider the one with index (1, 2).
Let g : E X R — R be any Lipschitz function. Then, writing R = Ry and Q = a' A a?, we have

vn (9(R, Q) —E(9(p(Q), Q)| = |vn (9(R, Q) — vn (9(p(Q), Q)|
< lgllLipvn (IR = p(Q)])

which converges to zero by (5.17). This completes the proof of “=". To see “<=", we first notice
that it is sufficient to prove (5.17) with | - | replaced by | - |? (random variables are bounded because
E is compact). Then, we can expand the square and use the convergence in law to get the desired
result. 0

5.1.4. Two results from the cavity computation. Recall the definition of the discrete simplex Ay
in (1.3). Denote by conv the operator taking the closed convex hull of some set in a finite-dimensional
linear space. Define

K= H conv {777 : T € supp s} . (5.18)
s€s
Recall the definition of Q7 <x(x) from (4.2) and the space of perturbation parameters in (5.8).
Lemma 5.5. Let M € N and \* € Ays. Set A\yy = N* for every N. For every (t,q) € Ry x Q2 (k),
there are sequences (N,;t)keN of strictly increasing integers, (:CZE) of parameters in pert(M, \*),
p+ € Qig’@* (k), and ax € K satisfying ax > p+ such that

keN

+
(1) (RMN;H,\* (UZ,UZI)7 ol /\O‘l/)ljlleN underE<~>o’M’xk

MNE s COTVETgES in law to

( (p:t (Oél A\ Otl/), Oél VAN Oéll) 1l7él’ + (ai, 1)1l:l/>l VN

under E (), as k tends to infinity;
(2) and
Prs tq(p—) <Uminf Fpyna«(t, q) < limsup Fasn s (t,q) < Paxiq(py)-
N—o0 N—oo
The two Gibbs measures appearing in Part (1) are given in (5.14) and Section 1.1.4, respectively.
In the statement, a+ > p+ and more generally a > p means

as —ps(r) € ST, Vrel0,1), se.Z. (5.19)

Proof: We fix any weak partition (Mg)ses of {1,..., M} satisfying \* = (|[M;|/M)sc.». Hence, the
assumption A\psy = A* ensures (3.7). Fix any (¢,q). Let q be given as in (3.16) and F . be given by

Lemma 3.1. We directly define Fy " (t,q) = MF%X;L)\MN<t’ q) and ﬁ]‘\'fec’x(t, qQ) = Mﬁ%]’\?,)\MN (t,q).
M,x

Allowed by the bijection between o and o in (3.11), we can view (-)y,/x - (see (5.12)) and <>§’\4]‘]/\I,”j\]\m

—=vec,r

(see (5.14)) as the Gibbs measure associated with Fy " (t,q) and Fx"(t,q), respectively.
Recall that in the proof of Lemma 3.19, we used various identities to derive the equivalence (3.19)
between the multi-species Hamiltonian and the one in the vector spin glass model. As a consequence,
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we can match the corresponding free energies. Similar arguments together with the definition of
H%,n(0,a) in (5.10) can be used to match Fy ' (t,q) and ﬁj\\lfec’x(t, q) exactly (Chen and Mourrat,
2025, (6.6) and (6.8)). Similarly, the Gibbs measures <>%K, Ay And <>?\4]\]/\I,:§\MN match exactly (Chen
and Mourrat, 2025, (6.7) and (6.9)) (denoted by (), and <>§)V,z therein).

Hence, applying Chen and Mourrat (2025, Corollary 6.11) (with M therein set to be 1), we get that
there are (N )ken, (27 )ken, P+ € Qoo <1(A), and ap € conv {oaT: o € supp Py°} (see (3.14))
satisfying a1 > p+ such that

(i) (N~lot (UZI)T, al A al,)

s
under E (-)* My converges in law to

Ll'eN MNZE N>

( (pi (al A ozl,), al A al/> L + (ag, 1)1121/)
LI'eN
under E (-)5, as k tends to infinity;
(ii) we have

Py (p-) <liminf Fiy"(t, q) < limsup Fy* (@) < 27 (p4).

N—oo

Here, the functional (see Chen and Mourrat, 2025, (6.15)) is given by, for every p € Q(A),

1
215 (p) = vi(a+ 19(m) — ¢ [ 0(p(r)ar (5.20)

where Ypyec Is given as in (4.15) and @ is given by @ = b - V&(b) — £(b) for every b € RA*4 (£ as
n (3.1“))

In the following, we use the above statement to complete the proof.

Recall the reparametrization of {1,..., A} given in (3.9) and recall notation in (3.10). We set

-1 -1
P+ = (M mg’\:/ls(p:l:)(m,o)(m,o)>seya at = (M m%'\:/ls(a:t)(m,o)(m,o))sey' (521>
Using this and the relation between Ry, (0, 0") and N~loo’T in (3.12), we can deduce Part (1)
from Part (i) in the above.

Next, we verify properties of p1 and ax. First of all, it is clear that pi € Q7 (k). By (5.21)
and ar > p4, we can deduce ax > pi. From the definition of PY*° in (3.14), the fact that
at € conv{---} in the above, and (5.21), we have ax € K defined in (5.18). Lastly, from (5.21),
we have |ps s(r)] < M~HMy||p£(r)] < A2 for every r € [0,1) and s € .. Hence, we can conclude
Pt € Q}fg < (k).

Lastly, we verify Part (2). We want to match the functional appearing in Part (2) with that in
Part (ii). We start with the second term in the functionals. By computing 015£(b + 6b)’€ we can

get from the definition of £ in (3.15) that, for any b, b’ € RA*A,

b’ - VE(b) :( 3 lf)'(m,,)(m,,))sE (( S b, .)m.) w) (5.22)

meMg meMg

=0’

Comparing the above with (5.21), we get p+ - V&€(p+) = Mpy - V&(p+). By (5.21) and the relation
between € and ¢ in (3.15), we get &(p+) = M&(p+). Recall the definition of 6 in (5.1). Then, we
can conclude 8(py) = M6O(p+). It remains to identify the first term on the right on (5.20).

In the notation in (3.9) and (3.10), from (5.21) and (5.22) we can see that V&(p+) and VE(ps)
satisfy (3.16) with q and ¢ therein replaced by them respectively. Hence, we have

q+tVE(p+) and g + tVE(p+) satisty (3.16) (5.23)
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with q and ¢ therein substituted with this pair. This along with Lemma 3.1 (at N =1 and ¢ = 0)
implies

vec (

Fria (0,4 tVE(ps)) = M'F(0,q + tVE(p2)). (5.24)
In view of (3.6) and (4.15), we have F,"(0,-) = Ypyec. Therefore, we get

—=vec (B.Ql) L.4.11

prec(a+tVE(p)) = Iy (0,9 +tVE(p)) My (g + tVE(p)).
Inserting this and 8(p+) = MO(p+) into (5.20) and comparing it with (5.2), we thus obtain
Prq (Px) = M P 14(p+)- (5.25)
This along with Part (i) and Lemma 3.1 yields Part (2). The proof is now complete. O
To state the second result from the cavity computation, we need to introduce the notation for the
overlap of cavity spins. From the definition of the overlap in (1.7) and the free energy in (1.15), it is

clear that we can reorder the elements in the partition (I ¢)se.» as long as the proportions Ay s are
preserved. Hence, for every NV € N, we can assume

IM73 - IMN,57 Vs € . (526)
so that the indices for cavity spins are fixed. Then, for every N € N and every o € SMV | we define
Oos = (Okn)1<k<ne, nelrs o> Vs € .. (5.27)

)

to play the role of cavity spins. Then, for every N € N and 0,0’ € MY we consider the overlap of
cavity spins

o,M 1
RN )\MN’S(O', o) = 2700 (0278)T, Vs € . 5.25)
o,M ’
RMN,\MN(U ‘7 (RMNAMN so0 ))sey-

We state a simple observation to be used later.
Lemma 5.6. Let M,N € N, (t,q) € Ry x QZ(k), \* € Ay, and x € pert(M,\*). Then at (t,q)
we have, for every bounded measurable 7 : [0,1] = [[.c» S™,

E(r(and)- R (0N B lrand) BN (@0)) (5.29)
MN,ApN ) M N * - MN, N ’ MN,\* : ’

Proof: We consider the bijection o +— o given in (3.11) and assume (5.26). In addition, we can
choose the bijection o — o in (3.11) to ensure that, for every N € N, the cavity spins in (0o 5)sc.#
(see (5.27)) with o € LMY are mapped to T = (0 (m k)N )mk € RA, the last column vector of
o € RA*N (here A is given in (3.8)). Hence, analogous to (3.12), we have

Ny (0:0) = (M_l %:A (TT,T)w,-)(m,-))sey (5:30)

<>M;B

in the notation introduced in (3.10). In the following, we write (-) = ()3 y»- Since the Hamiltonian

n (5.12) only depends on o only through the overlaps (ol )Jiven, the law of o under E (-) is

invariant if we permute the indices of the column vectors. Using this and the expression in (3.13),
we have, for every s € ¥,

N
E <7Ts(04 Aa')- Z (UG/T)(m,o)(m,o)> = Z E <7r5(0‘ na')- Z (UGIT)(m,-)n(my°)n>
n=1

meM, meMg

N

Z < (ana’)- Z (TT/T)(m.)(m.)>:NE<7TS(O‘/\O/)' Z (TT/T)(m')(m°)>
n=1 meMg meMg
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where 7, is the s-component of m = (74)sc.. This together with (3.12) and (5.30) yields (5.29). O
Lastly, for every A\ys € Ajs and ¢ € Q2 (k), we define the Gibbs measure
(DM apy g OC €XDP (\/ﬁW;\Z(U, a) — Mq(1) - Ry, (o, a)) dPys(0)dR(a) (5.31)

where W3, (o, @) and Py are given as in (1.12) and (1.0), respectively. In view of (1.15), we can see
that this Gibbs measure is the one associated with Fp/ y,, (0, q).

Lemma 5.7. Let M € N and \* € Ays. Set A\yy = \* for every N. For any (t,q) € Ry x QZ (k)
and any sequence seq of increasing integers, there are a subsequence (Ni)ren of sed, (zk)ken of
parameters in pert(M,\*), p € Q7 < and a € K (see (5.18)) satisfying a > p (see (5.19)) such
that

(1) (Rynns (0, al/), ol A al/)l ey under E <>?\4%:’§\* converges in law to
( (p(ozl A al/), Oél VAN Oéll> ]-l;él’ + ((L, 1)1l:l’)

under E (-)y, as k tends to infinity;
(2) for every bounded continuous g : ([[,cp R™*"*) x R — R, we have

lim E <g (Rj\;[]\(/[NkH),)\* (0,0"), an o/)>

k—o0

L,I'eN

M,Zk
M (Ni+1),2*

=E <g (RM,)\* (Jv UI)? a al) >M,)\*,9R,q+tV£(p) :

The two Gibbs measures in Part (1) are given in (5.14) and Section 1.1.4, respectively. The two
Gibbs measure in Part (2) are given in (5.12) and (5.31), respectively.

Proof: We match F N its perturbed versions, and the associated Gibbs measures with those
of F;Vec as described in the first two paragraphs in the proof of Lemma 5.5.

Then, applying Chen and Mourrat (2025, Corollary 6.12) (with M therein set to be 1), we get
that there are (Ni)ken, (Tk)ken; P € Qoo<1(A), and a € conv {ooT : o € supp Py} (see (3.14))
satisfying a > p such that

(i) (N~1o! (UII)T, ol A ozl,)

ey under E <>?\,4]\]/\[],:,;\* converges in law to

( (p(al A all),al A 0/) 14 + (a, 1)1121,)

under E (-)5 as k tends to infinity;
(ii) for every bounded continuous g : R**4 x R — R, we have

LI'eN

: / N\ M,z _ ! 1\ \ vec
klggoE (g(r7, aha )>M(N+1)’A* =E{(g(r77, aha )>m,q+tvg(p) .
Here, T = (0 (m k)N+1)mk € R2 is the last column vector of o € RAXWV+1 and the Gibbs measure

on the right-hand side is defined as in Chen and Mourrat (2025, (6.17)):
s ive) < oxp (V2P (0) - r — (q + tVE(D)) (1) - 777) dPY*(r)a%R(a)

where W{Htvg(p) is given as in (3.4).

We set p and a analogously as in (5.21). Using the same argument below (5.21), we can get
Part (1) from Part (i).

For the second part, as argued above (5.30), we can choose the bijection o — o in (3.11) to satisfy

Ryfivsnyae (0:07) = (M,I 3 (TT/T)(m7.)(m7.)>Sey. (5.32)
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Similar to (5.23), we have that q + tV&(p) and ¢ + tVE(p) satisty (3.16), which allows us to use
the identity (3.18) to see that, under the identification of & and o in (3.11), (0!, a!);en under
E ()% qttve(p) has the same law under E () y/ \v o 1 sv¢(p)- Therefore, Part (2) follows from Part (ii)
and (5.32). Properties of p and a can be verified similarly as in the proof of Lemma 5.5. O

Remark 5.8 (Perturbation specific to multi-species models). In the above, the perturbation was
introduced in the style of vector spins (presence of o in (5.6) and (5.10)) because we want to directly
apply Lemma 3.1 and results from Chen and Mourrat (2025) for vector spins. In fact, results in
Lemmas 5.5 and 5.7 hold for the following perturbation specific to the multi-species models as used
in Panchenko (2015); Bates and Sohn (2022h). Instead of only considering systems with size M N
due to reliance on the assumption (3.7), we are able to define the perturbation for each N € N
(but later we only apply to systems with sizes M N). Let () be an enumeration of [0,1] N Q and
(an)nen be an enumeration of elements in [] ., S with rational entries. Conditioned on R, for
every h = (h;)1<i<a € N4, let (HR (0, )
with covariance

h hy ot N " Oha A\
E |HY(o,a)Hy(o',a')| = N (an, - (Rvpy(0,0") 72 + Ay A

seSN, acsupp R be an independent centered Gaussian process

The existence of such a process is explained in Chen and Mourrat (2025, Section 6.1.1). Fix ¢,
similarly as in (5.7) but this time for every N instead of M N. Let bas be an orthonormal basis of
[I;c.» S". Then, we set

HY(o,a) = Z zhenHY (0, a) + Z zee - Ry (0,0).
heN4 e€bas

Let M be the dimension of cavity as fixed in Lemmas 5.5 and 5.7. Let ﬁ[}t\}q(a, a) be given as in (5.5)

relative to this M. Then, for each N € N, we define
Lo
<'>N,>\N,x X exp (Hf\’,q(a, a) + N~ 16 HY (o, a)) dPp »y (0)dR(a),
o 7T JED S
<'>N,AN,x X exp (Hf\}q(a, a) + N~ 16 H (o, a)) dPn xy (0)dR ().

Then, Lemma 5.5 and 5.7 hold when the Gibbs measures therein are replaced by these two (at size
MN). To see this, one needs to redo cavity computations in Chen and Mourrat (2025, Section 6)
using this perturbation. The key part is to prove that Ghirlanda—Guerra identities hold for the

overlap (RN)\N (o', O'L/)>l . under this perturbation (see Chen and Mourrat, 2025, Proposition 6.8).
) ‘e

These modifications are straightforward but tedious. O

5.2. Approzimation. Recall the definition of the discrete simplex Ay from (1.3). Recall the continuous
simplex Ao from (1.4). In this section, we fix any Aox € As. We want to use approximation
arguments to study the limit of FN7>\N and the limit law of overlaps, for (Ay)yen converging to Aso.
To use previous results, it is convenient to work with another sequence of proportions other than

(AN)nen. We fix two sequences (M, )nen and (A} )nen satisfying
Ay € Ay, VneN; lim \F = Ay (5.33)

n—o0

To simplify our notation for approximations, for a,b € R and € > 0, we write a <; b provided
a < b+ ¢; also, we write a ~. b provided |a — b| < €.

Recall the functional & ;4 in (5.2) and Gibbs measures introduced in Section 1.1.4, (5.12), (5.14),
and (5.31). Also recall the space of perturbation parameters in (5.8). We have two results and we
now state the first.

Lemma 5.9. Assume that (A\n)nen converges to some Aoo. Let (t,q) € Ry x QZ (k). Let (My)nen
and (A})nen satisfy (5.33). Then, there are
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o (NF),en of strictly increasing positive integers satisfying N* € M,N for each n,
o () en of perturbation parameters satisfying xE € pert(M,,, \s) for each n,
e py in Q7 o (B) and ax in [, ST satisfying ax > py (see (5.19)),
such that the following holds at (t,q):
N AN N 1 \ 0, M,z :
(1) (RM% (0 oh), o N )ll'eN under E ( >Ni V. converges in law to

n

( (pi (al A al,), al A al/) 12y + (ax, 1)1l=l/>

LI'EN
under E (-)y, as n tends to infinity;
(2) we have
limsup F y+ . (6,q) < P tg(04), liminf F e o, (8,q) = P tq(p-)-
n—00 norn n—00 n\n

YA . . - =M, ,Ii
Moreover, if (Fnay)Nen converges pointwise to some f, then both <FN$7>¢L>n€N and (FN;?’)\:L )nGN

n

converge pointwise to f.

Proof: We shall only consider the case with superscript + and the other case can be treated similarly.
Henceforth, we omit + from the notation. Fix any sequence (€, )nen of strictly positive real numbers
satisfying lim,, o &, = 0.

For each n € N, let (N}")ren, (2})keN, Pn, and a, be given by Lemma 5.5 for the + case with M,
and A7 substituted for M and A\* therein. By Part (1) of Lemma 5.5 (and also Lemma 5.1), there is
ki € N such that, for every k > ki, we have

o,Mpy,x}’
B[R s (0.0) = pa(a n )10~ (534)
o,Mp,zy
E <‘RMRN£7A; (0,0) — an >Manﬁ 0. (5.35)

By Part (2) of Lemma 5.5, there is ko € N such that, for every k& > ko, we have

Far, e (t,q) Se, Timsup Fog, v (t,9) < Pog g (Pn)- (5.36)

N—o0
Fix any ky, satisfying k£ > max;c(y 21 k; and set N,, = M, Ny' and x,, = x, . Since there is no upper
bound on k,,, we can choose larger k,, to ensure that (IV,,),en is strictly increasing as announced and

(Np /M)t < ep (5.37)

which will needed later.

By passing to a subsequence of (N, )nen and using the compactness result in Lemma 4.3, we may
assume that there are p € Q7 (k) such that (p,)nen converges to p pointwise and in L'. Also, we
can assume that (a,),en converges to some a. Recall from Lemma 5.5 that we have p,, € Qig,g )\ﬁ(/@).

The pointwise convergence and (5.33) implies p € Qig? <o (K). Clearly, we also have a > p. Hence,
we have verified properties of p and a.

We are ready to verify the two main parts of Lemma
and (5.35), we immediately get

5.9. From the convergence of (ay)nen

lim E(|Ry, ,(0,0) — a|)5 ™ = 0. (5.38)

n—o0 Nn)‘%
Using the invariance of cascades in Lemma 5.3 and the convergence of (py,)nen, we have

lim E (|pn(a A a’) = pla A O/)DO’M"’I" =0

n—o0 N, Aj
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which together with (5.34) implies
lim E (|Rn, »,(0,0") = pla A O/)DO’M"’M =0. (5.39)

n—00 Np, A%

Combining (5.38) and (5.39) with Lemma 5.4, we can conclude Part (1). From its definition in (5.2),
we can see that Py« ; (pn) is continuous jointly in A% and p, (due to Lemmas 4.9 and 4.10). This
along with (5.36) yields the first side in Part (2). As we explained previously, the other side can be
treated by the same method.

Now, we turn to the last statement. Here, we display the superscript £. For each (t/,¢’), let Cy o
be the constant appearing on the right-hand side in (2.1) of Lemma 2.3, which only depends on
(Ks)se.rs & (s)se.s, and (¢, q'). We set e = Cp | A5 — Anz|- Since both (AY)n—ec and (An)N—oo
converge to Ao, we have lim,, o, e = 0. Lemma 2.3 implies that, for every (¢, ¢'),

Frs e (,d) s Fs + (t',d) (5.40)
n sy \n n n Nt
which gives the convergence of FN% y to f. By Lemma 5.1, we have

il =My, ok a1
Pt g (04 d) — X275 (0, )| < L+ ) (VE/M,) s,

~ +
This along with (5.37) and (5.40) implies that F]J\\éﬁ:f (t',q") converges pointwise to f asn — oco. [
Recall the cavity overlap from (5.28). We state the second result.

Lemma 5.10. Assume that (AN )nen converges to some Aoo. Let (t,q) € Ry x QZ (k). Let (My)nen
and (Af)nen satisfy (5.33). Let seq be any strictly increasing sequence in N. Then, there are

e a subsequence (Ny)nen of seq satisfying N,, € M,N for every n,

o (zp)nen of perturbation parameters satisfying x,, € pert(M,, \s) for each n,

e pin Qi’g)\m(/@) and a in [[,c o ST satisfying a > p,
such that the following holds at (t,q):

(1) (RNH,A;;(al,al/), al A all)l,l’eN under E ()?Viv‘[;;" converges in law to
( <pi (Oél A Cll/)7 ol A al/) 1l7él’ + (ai, 1)1l:l/>l Ven

under E (-)y, as n tends to infinity;
(2) for any bounded continuous m : [0,1] = ([T ey S™), we have

My,x
. / o,Mp, ot _
JL{EOE <7r (ana’) - RNn+Mn,>\;L>Nn+Mm)\Z = (T, 0o (¢ + tVED))) 2 -

. —_— . . 7M"l1 n I nydbn
Moreover, if (F Ny )Neseq cOnverges pointwise to some f, then both (FanMn )\*) agd (F]]\\f fi ) N
»\n ne ny\n ne
converge pointwise to f.
Proof: Fix any sequence (e, )nen of strictly positive real numbers satisfying lim, o £, = 0.

For each n, we choose the corresponding parameters. Define seq(n) = (LN/MHJ)Neseq. Apply
Lemma 5.7 to M,, A}, and seq(n), we get the corresponding (N}!)ren, (2})keN, Pn € Qi,g» (K),
and a,. By Part (1) of Lemma 5.7 (together with Lemma 5.1), there is k; € N such that, for every
k > kq, we have

o,Mnp,z};
E <’RMnN]?7A¢L (0,0") — pa(a A ) >MnN£”; % 0 (5.41)
o,Mn,zy
E <‘f:ﬁ]\/[n]\/]?7,\¢1 (O’, 0) — an >]\4n]\[l?7)\¢L e 0. (5.42)
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By Part (2) of Lemma 5.7, there is ko € N such that, for every k > ko, we have

Mn,:pycZ

E N . po,Mnp /
<7'r (a N ) R )AL (0,0 )>Mn(N;?+1)v)‘7z (5.43)

M, (NJ+1

~. E <7T (a A o/) Ry, a (0, U/)>

M’ﬂ 7A:7, 7m7q+tvf(p’ﬂ) )

These are preparations for Parts (1) and (2) of the lemma to prove. But before proceeding, we first
prove the last statement in the lemma. For each k € N, let N]! from seq satisfy | N}'/M,] = N}
Then, we can estimate, at every (t,¢') € Ry x QZ(k),

J— 7M"7x’lrcl J— J— J— J—
FN,?,/\N;CL T Mn (NP1 S ‘FN,?,ANE - FN,?,A; + ’FN;;,)\;L — F, Ny ag
= an,xz
+ FMn(N,?H),/\Z - FMn(N,?+1),>\,*L :

Applying Lemmas 2.3, 2.4, and 5.1 to the three terms respectively, we can see that the left-hand
side is bounded by a constant Cy , times

M,
‘A~n — ]+ = (TS,
A N;
A similar bound holds for the difference between fﬁ and F ]]\\é ”;Z Notice that the last two

kANp
terms in this bound vanish as k tends to infinity (recall that n is temporarily fixed) while the first
term tends to |Aoc — As|. Recall that (ey)nen is an arbitrary vanishing sequence that we choose.
Here, for convenience of notation, we can assume that we have chosen it to satisfy €, > 2|Asc — A%|.
Then, we can find k3 € N (independent of (¢/,¢')) such that the error term in the above display is
bounded by &, for all k > ks. Hence, at every (t',¢') and for every k > ks, we have

= =My = =My,

FRpagy SCoaen Panvpenng: Fipag, Soae Iy (5.44)
Fix some ky, satisfying k > max;c(q 23y ki and set
Np = M, N, Ty = . (5.45)

This is done for each n. We can choose larger k,, to ensure that both (N,)nen and (N,gn)neN are

strictly increasing. To verify the last statement, recall that our choice of N, » ensures that Fﬁg, Agn

k
in (5.44) belongs to the sequence (F'y ) Neseq- Now inserting (5.45) into (5.44), we can see that
the last statement holds.

Now we turn to Parts (1) and (2). By passing to a subsequence of (N,)neny and using the
compactness result in Lemma 4.3, we can find some p € Qi(/ﬁ) such that (pp)nen converges to
p pointwise and in L'. By the same argument as in the proof of Lemma 5.9, we can verify that
pE Qi,@\oo(ﬁ) and a > p.

Notice that (5.41) and (5.42) have the same form as in (5.34) and (5.35). Using the same argument
in Lemma 5.9, we can verify Part (1) of Lemma 5.10.

For Part (2), recall that the Gibbs measure on the right of (5.43) is given in (5.31). Comparing it
with (1.15) and (1.16), we can sece that it is exactly the Gibbs measure associated with Fz, x+ (0, ¢+
tV&(pr)). Using this and the computation in (4.4), we can see that the right-hand side in (5.43) is
equal to

(7, 0gF 11, 35, (0,4 + tVEPR))) 12 "= (1, Ogtos (4 + tVEDR))) 1o -

By Lemmas 4.9 and 4.10, Og¥ax (¢ +tVE&(pn)) is continuous in Ay and p,. Hence, the above display
along with (5.43) gives Part (2) after n is sent to infinity. O
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5.3. Results concerning critical points. We use Lemma 5.9 to prove the following proposition, which
is the counterpart to Chen and Mourrat (2025, Proposition 7.1). Recall the definition of Q. +(D)
from (1.21) and that of Q§7T(n) as in (1.10).

Proposition 5.11 (Critical point identification, I). Suppose that (An)nen converges to some
Ao € Ao and that (FN,AN)NGN converges pointwise to some f. Lett € Ry and q € Qi’T(/ﬁ). If
f(t,-) is Gateaux differentiable at q, then f(t,q) = Px.t.q (04f(t,q)).

Proof: Let the sequences and parameters be given by Lemma 5.9. Since FN% \+ also converges to f
due to Lemma 5.9, we get from Part (2) of this lemma that

Prcita(P-) < f(t,q) < Patapr): (5.46)
~ ~ + +
It remains to identify p.. For brevity, we write Ff = F ]]\\[@’if and ()5 , = <>?Vj\f7;’f” Lemma 5.9

gives that F,f converges to f. As a consequence of Proposition 4.6 and Remark 4.7, we have the

convergence of (%ﬁflt (t,q) to 04f(t,q). By a similar computation for (4.4), we have that, for every
continuous 7 € L*([0,1]; [ [,c.» S™),

<7T’ 8!1}?:(757 q>>L2 =k <7r(a na')- RNELE’)‘Z (o, U/)>:t,n

We send n to infinity and apply Lemma 5.9 (1) to the right-hand side to get

L.5.3
(m, Ogf(t,q)) 2 =E <7r(a Aad) - pr(aA o/)>m =" (T, p4) g2
which implies that py = 0, f(t,q). Inserting this to (5.46), we get the desired result. O

o

The following corresponds to Chen and Mourrat (2025, Proposition 7.2) and we apply Lemma 5.10.

Proposition 5.12 (Critical point identification, II). Suppose that (AN)NeNn converges to some
Ao € Aso and that (FN7/\N) converges pointwise to some f along a subsequence (Ng)ren. Let

NeN
t>0. If f(t,-) is Gateauz differentiable at some q € QZ&T(H)’ then
Oqf (t,q) = Ogthr.c (a +tVE(Oef (L, q)))- (5.47)
If, in addition, t > 0, and f(-,q) is differentiable at t, then
1
os(t.0) = [ @uft.a) =0 (5.49)

Proof: Denote by seq the sequence (Ng)gen. Let (Np)nen, (Zn)nen, p, and a be given by Lemma 5.10
corresponding to seq and (¢, ¢) in the statement of this proposition.

We first show (5.48). We write F), = ﬁ%’jﬁ" and (-), = <>?\}ﬁ/{§§” (appearing in Lemma 5.10 (1)).
The last statement of Lemma 5.10 ensures that F}, converges to f pointwise. Since (-)5 is the Gibbs
measure associated with F, (see (5.13) and (5.14)), a similar computation for (4.4) gives that, for
every bounded continuous 7 : [0,1] = [[,c.» S™,

<7r, B, Fult, q)>L2 —E(n(and)-RY,  &Fu(t,q) = E((R)) (5.49)

where we used the short hand R = Ry, xx (0,0"). By Proposition 4.6 and Remark 4.7, Oqﬁn(t, q)
converges to dy f(t,q). Using this and Lemma 5.10 (1), we can send n to infinity in the first relation
of the above display to get

5.3

<7T7 aqf(ta Q)>L2 =K <7r(a A 0/) 'p(a A O‘/)>m b <7T,p>L2 .
Varying 7, we get

9qf(t.q) = p. (5.50)



On free energy of non-convex multi-species spin glasses 463

Under the additional assumption of differentiability at ¢, we can use Proposition 4.6 and Remark 4.7
to get the convergence of 9, F,,(t,q) to 0.f(t,q). Sending n to infinity in the second relation in (5.49),
we get

S|
f(tq) = E(E(pla A a'))y, "2 /0 £(p(r))dr

which along with (5.50) implies (5.48).
Now, we write F,, = FAN/[:f]\Zn Az » which by Lemma 5.10 converges pointwise to f. Let (), =
<>AN/[:f](‘4n y« be the Gibbs measure associated with F', which appears in Lemma 5.10 (2). Similar

to (4.4), we can compute
(1,04Fn(t,q)) 2 = E(m(a A ) Ry, 4, 05 (0,07))
VB (rlana!) By, 0 (0,0)

for any bounded continuous 7 : [0, 1] — [[.c &~ S™*, where Lemma 5.6 is applied with N, + M,, and
M, substituted for N and M therein. Again Proposition 4.6 and Remark 4.7 together give the
convergence of 0, F'y,(t,q) to 0¢f(t,q). Sending n to infinity and applying Lemma 5.10 (2), we get

<7T7 8qf(t7 q)>L2 = <7T7 8(11/)/\00 (q + tv§(p))>L2 .
Varying 7 and inserting (5.50), we obtain (5.47). O

Proof of Theorem 1.3: Let p and ¢’ be given in the statement. The relation (5.47) in Proposition 5.12
implies that (¢/,p) is a critical point defined in (1.18). The convergence in (1.23) follows from
Proposition 5.11 and (5.3). O

The following corresponds to Chen and Mourrat (2025, Proposition 7.3).

Proposition 5.13 (Critical point representation). Suppose that (AN)Nen converges to some Ao €
A and that (FN)NEN converges pointwise to some f. For every (t,q) € Ry x Qy (x), there is

pE Qo%,é%o (k) such that
f(t,0) = Poita (@) D= 0phn, (¢ +1VE(p)). (5.51)

The proof is based on Propositions 5.11 and 5.12 together with approximation arguments. We
prefer to omit the detail since the proof is exactly the same as that for Chen and Mourrat (2025,
Proposition 7.3). We only mention that Propositions 5.3, 5.4, 7.1, and 7.2 in Chen and Mourrat
(2025) used in that proof correspond to Propositions 4.8, 4.6, 5.11, and 5.12 here; and Corollary 5.2
there corresponds to Lemma 5.10 here.

Proof of Theorem 1.2: Let p be given in Proposition 5.13 and set ¢ = ¢ + tV&(p). The second
relation in (5.51) ensures that (¢, p) is a critical point defined in (1.18). The first relation in (5.51)
and (5.3) yield (1.23). O

Recall the Gibbs measure (-) Ny fTom (1.16) associated with the original free energy. We consider
the array of conditional overlaps:

NG ’ ,
Ry, =E <RN,AN ) ‘ ol Aot >NAN . VI,I'eN (5.52)

where the conditional expectation is taken with respect to E (-)y ,, (not (-)y ). Also recall

(-)or from Section 1.1.4. Also, o|a in the subscript of R%:AN’U‘Q is purely symbolic to indicate the
conditioning.

The next result is the version of Chen and Mourrat (2025, Proposition 7.4) in the multi-species
setting. Recall the Gibbs measure (-)y = as in (1.16).
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Proposition 5.14 (Convergence of conditional overlap). Suppose that (Fnx)Nen converges
pointwise to some f along a subsequence (Ni)ren and let t € Ry (here, convergence of (AN)NeN

is not assumed). If f(t,-) is Gateaux differentiable at some q € Qiﬁ(ﬂ), then (R%:)\N,ﬂa)l,l’GN:l;él’

under E <'>Nk,>\Nk. (at (t,q)) converges in law to (p(a! A al’)) NI under E (-)p, as k tends to

infinity, where p = 0 f(t,q).
This result does not reply on Propositions 5.11 or 5.12. The same proof for Chen and Mourrat

(2025, Proposition 7.4) works here. There, Propositions 4.8, 5.4 and display (5.7) correspond to
Lemma 5.3, Proposition 4.6, and (4.4) here.

LU

Before preceding, we extract a useful representation for RY! Nwola (defined in (5.52)) from the

proof of Chen and Mourrat (2025, Proposition 7.4). The following rephrases Chen and Mourrat
(2025, (7.10)).

Lemma 5.15 (Representationgf conditional overlap). For every N € N, Ay € Ay, and (t,q) €
Ry x QF (k), we write py = 0,F N.xy (t,q) as an element in QZ (k). Then, we have

Rl U _ (al /\al’)
NAy,ola — PN

/ . /
for every LI e N with Il A1, a.s. under E <'>N,>\N'
Next, we describe the convergence of the overlap when there is a small perturbation.
For N € N and Ay € Ay, let Hy(o) be the Hamiltonian with quadratic interaction that

was introduced in (1.24). Recall the definition of the Hamiltonian Hy!(s) in (1.14). For every
(t,t,q) € Ry x Ry x Q7 (k), we consider

Fray (t,1,9)
= —log//exp 7q(O’ a —l—\/»HN —tN’RN,\N(O' O')| )dPN)\N( )d%( )

We denote the associated Gibbs measure by () , . 7 where we omit the dependence on (Z,q). Let

Aoo € Ao and recall the functional j/\oo t;q(q ,D) deﬁned for ¢ € Q5 (k) and p € L2([0, 1], [Lcor S™),
which was introduced previously in (1.25). The following result is an adaption of Chen and Mourrat
(2025, Proposition 7.5). The most interesting is the third part.

(5.53)

Proposition 5.16 (Convergence of overlap under perturbation). Suppose that (An)nyen converges
to some Ao € Aso and that (ﬁN> Nen converges pointwise to some f along a subsequence (N)reN-
Then, for eacht > 0, the function f(t,-,) : Ry x Qf (k) — R is Gateaux differentiable (jointly in the
two variables) on a subset of Ry x Qoo’ (k) that is dense in Ry x Q3 (k). Moreover, for everyt > 0
and every q € Qi’T(/@) of Gateaux differentiability of f(t,t,-), the following holds for p = aqf(t,f, q)
and ¢ = q+ tVE(p) + 2p:

(1) p=0q(d);

(2) if (Ng)ken is the full sequence (N)nen, then

Jlim Fyay (654) = T, 5g(dp)

(3) ift >0 and f(t,-,q) is differentiable at t, then (RNk7/\Nk (o!, al/)> under E <'>Nk,>\Nk,tA

LU EN:IAL
converges in law to (p(al A o/))ll _—_ under E (-)g, as k tends to infinity.
s /6 : ’
The proof is a straightforward adaption of that for Chen and Mourrat (2025, Proposition 7.5). In
that proof, Propositions 5.3, 7.1, 7.2, and 7.4 correspond to Propositions 4.8, 5.11, 5.12, and 5.14
here.
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Proof of Theorem 1./: The theorem follows from Proposition 5.16. O
The next result adapts Chen and Mourrat (2025, Proposition 1.5) to the multi-species setting.

Proposition 5.17 (Uniqueness of critical point at high temperature). There ezists t. > 0 such that
for every t € [0,t.) and g € Q5 (k), the function Jy, has a unique critical point in Q3 (k) x Q5 (k).

The proof is the same as that for Chen and Mourrat (2025, Proposition 1.5). The estimates in
(5.23) and (5.21) used therein correspond to those in Lemma 4.9, which should be used together
with Lemma 4.10 here.

The next result adapts Chen and Mourrat (2025, Proposition 1.6).

Proposition 5.18 (Relevant critical points must be stable). Assume that (An)nen converges to
Aoo- For each n € N, let (t,,q,) € Ry x Q5 (k) and let (¢\,pn) € Q5 (k) x Q5 (k) be a critical
point of I, tn.q. Such that

A}i_l;noovaAN (tn? qn) = j)\ooinvqn (q;l’pn)

Su(ppose thaf (tn, qn) converges towards (t,q) € Ry x Q5 (k). T@en, (q;l,p?)neN is precompact in
Q5 (k) x QF (k). Moreover, any subsequential limit (¢',p) € Qs (k) x Q5 (k) is a critical point
oo ,t,q and is such that

Jim Py (t.9) = Taigld'p):

Again, the proof is the same. Proposition 3.1, Lemma 3.4, and Corollary 5.2 used there correspond
to Proposition 4.1 (Lipschitzness), Lemma 4.3, and Lemma 4.15 (together with Lemma 4.10).

6. Results for convex models

We apply results in Section 5.3 to the case where £ is convex. The results proved here correspond
to those in Chen and Mourrat (2025, Section 8). In particular, we prove Theorems 1.1 and 1.6.

Recall K from (5.18) and &) 4 from (5.2). The following is the version of Chen and Mourrat
(2025, Proposition 8.1) for the multi-species setting.

Proposition 6.1 (Parisi formula for enriched model). Let (Ax)nen converge to some Moo € Aoo- If
¢ is conver on [[ o S7", then we have, for every (t,q) € Ry x Q5 (k),

lim FN,/\N(t,Q) = sup c@,\wtvq(p) = sup «@Aw,t,q(p)- (6.1)
N—o0 p€Q (k): Ja€K, a>p peQZ (k)

The relation a > p under the supremum is understood as in (5.19).

Proof: We first prove this for rational Ao,. Suppose that there is M € N such that Ao, € Ajs. Then,
we can use Corollary 3.2 to match Fy , with Fy* as described therein. Due to its definition
in (3.15), we can deduce that & is convex on S f from the convexity of £&. By Chen and Mourrat
(2025, Proposition 8.1), we have the Parisi formula: for every (¢,q) € Ry x Qa(A),
lim Fy'(t,q) = sup Ya@) = swp  PVE(p) (6.2)
N—o0 PEQ(A): 3ackvee, a>p PEQao(A)

where &)F(p) is given as in (5.20) and K¥¢ = conv {oaT : o € supp Py*°}. Now, fix any (¢, ¢) and

let g be given as in (3.16). For every q and a appearing in (6.2), let p and a be given as in (5.21)
(without +). Hence, the setup is the same as in the proof of Lemma 5.5 (with A* therein substituted
with A. By the argument in the paragraph below (5.21), we have a > p and a € K. Also, we
have Z2)08(p) = M Py, 1,4(p) as verified in (5.25). This correspondence between (a,p) and (a,p) is
bijective. Hence, by (6.2) and Corollary 3.2, we get (6.1) when all entries of Ao, are rational.
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The general case follows from the rational case and a continuity argument. Fix a sequence (A% )nen
in Ao with rational entries such that this sequence converges to As. For each n, fix any (A})ven
converging to A . For each n, Proposition 5.13 gives p,, € Qi < (k) such that

]\}i—{noo FN,)\’](,(t’Q) = @)\go,t,q(pn)' (6'3>

Notice that the sequence (p;,)nen is bounded uniformly in Q7 (). This along with the Lipschitzness
of 1 in Lemma 4.9 implies that )°°((¢ +tVE&(pn))s) is bounded uniformly in s and n. Hence, the

HUs
definition of v in (4.16) and that of &),  in (5.2) imply
‘y)\go,t,q(pn) - ‘@Aoo,t,q(pn)‘ <C ’/\go - )‘OO’ , VneN, (6.4)
for some constant C'. Also, Lemma 2.3 yields
limsup [Fa e () — Faag (t,q)’ <O —A|, VneN, (6.5)
N—oo

for some constant C’. For r,7’ > R and € > 0, let us write r <. 7’ for r < r’ + ¢. Then, for every ¢,
we can find p. € QZ(x) and n € N sufficiently large such that

(4.16),(5.2)
sup gkm,t,q(p) ,Sa yAm,t,q(pa) 58 @Ago,t,q(pa)
pEQZ (k)
61) ©s
< ngnooFN,Ayv(t,Q) Se l}ggofFN,AN(t,Q)

On the other hand, for every e, there is n € N such that

(6.5) (6.3)

limsup Fyay(t,q) Se lim Fyan (t,q) =" Pan t,q(Pn)
N—oo N—o0

(6.4)
fgg yAwyt’q(pn) < Sup ono’tvq(p)'
peQ (k)
The above two displays yield one identity in (6.1) in the general case. The other identity in (6.1)
can be deduced similarly. O

Proof of Theorem 1.1: We can obtain (1.22) by using Proposition 6.1 and the relation in (5.3)
between functionals.

O

Proof of Theorem 1.6: Recall the definition of § in (5.1). Under the assumption that £ is convex
on [[,c» 5%, we can follow the same argument for (8.5) in the proof of Chen and Mourrat (2025,
Proposition 8.1) to get

1 1
/ O(p(r))dr = sup {(Vﬁ(p),p’m —/ §(p’(7’))d7’}, Vp € QL (k). (6.6)
0 0

p'€QZ (k)

Recall the definition of &) ;4 in (5.2). Inserting (6.6) to the right-hand side of (6.1), we get

lim sup FN7>\N (t,q)

N—oo
1
= sup inf { g +tVE(p)) — (tV pyp/ —i—t/ p’r dr}
peQ (1) P EQX (K) Ve &) < ¢ >L2 0 5( ( ))
(1.17) ' ,
< sup inf  Taiq(dsp)-

¢ €q+QZ (r) PEQX (K)
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On the other hand, (1.26) and (1.28) in Claim 1.5 together yield

liminf Fy,(t,q) >  sup inf  Ja_tq(d,p). (6.7)
N—o0 N q'€q+Q (k) peQZ (k) 1 ( )
The two above displays then give (1.29). O

Recall that in the statement of Theorem 1.6, we assumed Claim 1.5. The same claim also allows
us to derive a different version of (1.29), which adapts Chen and Mourrat (2025, Corollary 8.2) to
the current setting. For every a € [ ., R**"s, we define

(a)= sup  {a-b—¢(b)}. (6.8)

bellsesr 53°

Corollary 6.2 (Alternative form of Hopf-Lax formula). Assume that Claim 1.5 is valid. If £ is a
convex function on [ c » ST and (AN)Nnen converges to some Moo, then for every (t,q) € Ry x Q5 (k),
we have

1
lim Fyay(t,q) = sup {1/»\00 (g+q)— t/ & (th’)} . (6.9)
N ¢ €QZ (x) 0

Proof: We fix any (t, q) and denote the two sides in (6.9) by LHS and RHS. By the convexity of &
and the same argument as that for Chen and Mourrat (2025, (8.4)), it is easy to see 0(a) = £*(V(a))
for every a € [[,c . S%°. Inserting this to the right-hand side in (6.1) and recalling the definition of
Pootg 11 (5.2), we can get LHS < RHS. On the other hand, by (6.8), we get

pezlg(ﬁ){t‘l {(d',p) ;> —/0 £(p(r))dr} </O & (t71¢ (r)) dr.

Inserting this to the right-hand side of (6.7) (which requires Claim 1.5) and using the definition of
Tort,g I (1.17) (together with changing ¢’ to ¢+ ¢’), we get LHS > RHS. O

We can extract from Proposition 6.1 a more familiar form of the Parisi formula. For every s € .7,
q € Qu(ks), and a € S*s we define

X,(q,a) = Elog // exp <WQ(a) 7 a() T va TTT) dpis(7)d%R(a)

where w4 is the R"s-valued process given as in (3.3). For every 7 € Q7 (k) and z € [Lic.o 5™, we
define

1
P (T, ) Z Aoo,s X (m))s,zs) + 1/0 O(m(r))dr

s€ 2
where (V&()), is the S/*-valued path in the s-coordinate of V&(m) € QZ (k). Recall the Hamiltonian
Hy (o) from (1.9).

Corollary 6.3 (Parisi formula for free energy with correction). Let (AN)N—o00 cOnverge to some
Ao € Aso. If € is convex on HSEY Ss, then,

Jim VB [f e (Hx(o) - 56 (R (0.0) ) aPvay (0)i%(e) = _inf 25 (x.0)
Proof: Due to (3.3), we have w4 4 \/awd/2. By (4.15), we can see X5(q,0) = —1,°°(q/2), which

by (1.16) gives Y c o Aoo,s Xs((VE(T))s, s) = —tha. (3(VE(m)). Hence, we have &, (m,0) =
—L@)\wéyo(w) given as in (5.2). On the other hand, notice that expression after the limit on the

left-hand side of the above display is equal to —Fy . (3,0) (see (1.15)). Therefore, this result
follows from Proposition 6.1 with (1,0) substituted for (¢,q) therein. O
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This corollary corresponds to Chen and Mourrat (2025, Corollary 8.3) and the next result to Chen
and Mourrat (2025, Proposition 8.4). We can get the Parisi formula without the correction term

— & (Rnay(0,0)).

Proposition 6.4 (Parisi formula). Let (AN)N—oo cOnverge to some Ao € Aso. If € is convex on
Hsefj S—T-S’ then,

i E [ exp (o) aPa@)a@) = swp int {7 (m) - 5670}

N—ooo N yesSy T€QZ (k)

1
= sup inf {@Am(ﬂ,y) —y-z+ 5(2)}
z€S4+ yES 2
WEQi(H)

where we used the shorthand Sy = [[,c» SY°.

Proof: The argument involves some Hamilton—Jacobi equation as in Mourrat and Panchenko (2020,
Section 5) (also see Chen, 2023, Section 5). One can follow the same steps as in the proof of Chen
and Mourrat (2025, Proposition 8.4). The difference is that there the PDE is considered on R4 x S
for some D € N but here we need to adapt it to Ry x ([T,c» S7°). The only new ingredient is to
show that the Hopf-Lax formula and the Hopf formula still hold on this domain. In the following,
we explain how to prove this.

By Chen and Xia (2025b, Propositions 6.3 and 6.4), it is sufficient to verify that the convex cone
[I,c S%° satisfies the Fenchel-Moreau property as described in Chen and Xia (2025b, Definition 6.1).
Using a straightforward modification of the argument for S f in Chen and Xia (2024, Proposition 5.1),
we can verify that J] ., SV is also a perfect cone described in Chen and Xia (2024, Definition 2.1).
By Chen and Xia (2024, Corollary 2.3), every perfect cone satisfies the Fenchel-Moreau property.
Hence, the Hopf-Lax formula and the Hopf formula are valid in our setting. O

The next result adapts Chen and Mourrat (2025, Proposition 8.6).

Proposition 6.5 (Differentiability of Parisi formula). Let (AN)N—o00 converge to some Ao € Aoo, let
€ be convex on [[ o, ST, and let f be the pointwise limit of (Fn xy)Nen giwen by Proposition 0.1.

o For each t € Ry, the function f(t,-) is Gateauz differentiable everywhere on QiT(K).
e The function f is Gateaux differentiable everywhere on (0,00) X QiT(/@).

A straightforward modification of the proof of Chen and Mourrat (2025, Proposition 8.6) works
here. Let us mention how to substitute results here for those in that proof. Lemma 6.4 corresponds
to Lemma 5.1 here; Propositions 5.3, 5.4, 7.1, and 8.1 correspond to Propositions 4.8, 4.6, 5.11,
and 6.1; Corollary 5.2 and 6.11 correspond to Lemma 4.9 (to be used together with Lemma 4.10) and
Lemma 5.9. Only Proposition 2.7 does not have a restatement here (which states that a Lipschitz
function is differentiable “almost everywhere” in infinite dimensions), but it easily adapts to the
setting here.

As in Chen and Mourrat (2025, Corollary 8.7), we can summarize the results in the convex case
as follows.

Corollary 6.6. Let (AN)N—soo converge to some Moo € Aoo and let § be convex on [[,co ST°.

Then, the sequence (FN,AN) converges pointwise to some limit f on Ry X Q’zy(li). At every

, NeN
(t,q) € (0,00) x Qiﬁ(n), the function f is Gateauzx differentiable (jointly in its two variables) and

satisfies

1
O0f(t,q) - /0 € (0uf (t.q)) = 0. (6.10)
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For every t € Ry, f(t,-) is Gateauz differentiable at every q € Q‘£7T(5) and the following holds for
p=0gf(t,q) and py = gF Ny (¢, 0):

(1) pso € Q‘gg’@m (k), pN € Q’OSZ’QN(&) for every N € N, and (pn)nen converges to p in L" for
every r € [1,00) as N tends to infinity;

(2) [(t,a) = Py 1q(p) and p = O0ghn. (g +1VE(p));
(3) pn(aANd') =E(Rnay(0,0") [aNd)y o almost surely under E )y, for every N, and

the overlap array (pn(a® A o/l)) under E (-, converges in law to (p(a® A

£,0'eEN: LA
O//))Z,Z’GN: s under E (-)y as N tends to infinity.

Proof: The existence of f is given by Proposition 6.1. The differentiability of f follows from Proposi-
tion 6.5. Proposition 5.12 yields (6.10). In Part (1), the range for py is due to (4.3) in Proposition 4.1;
the convergence of (py)nen follows from Proposition 4.6; the range for p is a consequence of these
two results (because we can extract a subsequence converging a.e. on [0, 1]). Part (2) follows from
Propositions 5.11 and 5.12. Part (3) is due to Lemma 5.15 and Proposition 5.14. O

We can strengthen Part (3) to the convergence of the unconditioned overlap under the additional
assumption that ¢ is strictly convex. The next result adapts Chen and Mourrat (2025, Proposition 8.8)
and the original proof can be modified easily (Propositions 4.8 and 5.4 used therein correspond to
Lemma 5.3 and Proposition 4.6).

Proposition 6.7. Let (AN)N—oo converge to some Moo € Ao, let & be strictly convex over

[Lic o RE>"s et t € (0,00) and q € QiT(I{,), and let p be as in Corollary 0.0. Then, the off-diagonal
overlap array (Rn (Ul,al/))“,eNz 1y under E (Inay Cconverges in law to (p(ad A al/))

under E (-)y as N tends to infinity.

LUEN: 1Al
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