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Abstract. We prove a Freidlin-Wentzell uniform large deviation principle for the law of solutions
to a class of stochastic reaction-diffusion equations with super-linear drifts without dissipation on
the real line R, driven by multiplicative space-time white noise. The uniformity is with respect to
initial conditions that are bounded and do not necessarily belong to compact sets. We employ the
weak convergence method.

1. Introduction

In this paper we consider a family of stochastic reaction-diffusion equations, perturbed by mul-
tiplicative space-time white noise on the real line R, indexed by 0 < € < 1. The equations read as
follows:

1
du®(t,z) = 3 oot (8, 2)dt + b(us(t, ) dt + veo (u®(t, z)) W (dt, dz), (1.1)
for all ¢t € [0,T], = € R, with the initial condition
u®(0,z) = ¢&(x), z € R.

Here, the coefficients b and o are deterministic and measurable functions from R to R, whose specific
prescribed conditions are given in Section 2. W is a space-time white noise on R x R carried by
some filtered probability space (£, F, {F:}+>0, P), with the usual definition, and the small parameter
0 < e <1, denotes the noise intensity.

Mathematics literature is replete with work on stochastic reaction-diffusion equations on various
aspects (see e.g. Sowers, 1992; Peszat, 1994; Salins et al., 2019; Shang and Zhang, 2023; Li et al.,
2024; Freidlin, 1988; Dalang et al., 2019; Cerrai and Rockner, 2004; Mytnik and Perkins, 2011;
Cerrai, 2003 and references therein). The study of well-posedness for stochastic reaction-diffusion
equations on the real line has proven to be challenging, mainly due to the non-compactness of
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the whole space. In Cerrai (2003), the existence and uniqueness of solutions, and existence of an
invariant measure for a class of reaction-diffusion systems on bounded domains of R™, perturbed by
multiplicative noise was proven, where the noise was white in time and space if m = 1, and colored
in space if m > 1. In Mytnik et al. (2006), the authors proved existence and pathwise uniqueness for
a stochastic heat equation with non-Lipschitz noise coefficients, perturbed by multiplicative colored
noise on R™ for m > 1. In Mytnik and Perkins (2011), existence and pathwise uniqueness for a
stochastic heat equation with Holder continuous (of index v > 3/4) noise coefficients, perturbed by
multiplicative noise was proven. In Dalang et al. (2019), a stochastic reaction-diffusion equation on
a finite spatial domain was considered. It was proven that, if the drift term is locally Lipschitz and of
(|z| log \z|) growth, then the stochastic reaction-diffusion equation is globally well-posed. The study
of large deviations for stochastic reaction-diffusion equations was pioneered by Freidlin (1988), where
additive perturbations were considered. Sowers (1992) was among the first who achieved success
in proving a large deviation principle for the law of the solutions to a class of stochastic reaction-
diffusion equations more general than that of Freidlin (1988), by using the martingale approach of
Walsh (1986). In Peszat (1994), a large deviation principle for a class of reaction-diffusion equations
with non-additive random perturbations was proven, where the semigroup approach presented in
Da Prato and Zabczyk (1992) was persued. In Cerrai and Rockner (2004), the latter approach was
used, and a large deviations for a class of reaction-diffusion equations perturbed by multiplicative
noise was obtained, where the diffusion coefficients were globally Lipschitz and unbounded, and the
reaction coefficients were locally Lipschitz and of polynomial growth. Their work generalized the
previous results.

The existence and uniqueness of strong solutions to Eq. (1.1) was proven by Shang and Zhang
(2023). More precisely, it was proven that a strong, unique solution to Eq. (1.1), in the sense of
probability theory exists globally, where the drift b, is locally log-Lipschitz and [b(z)| = O( z|log ]z|)
Essentially, Shang and Zhang (2023) extended the well-posedness result of Dalang et al. (2019),
where the space variable belonged to a compact interval to that of the whole real line. The main
difficulty that they encountered was that applying the usual truncation procedure were not to be
legitimate, which in turn was due to the explosion of the supremum norm of the solution, i.e.,
Sup,ep |u(t, x)| = co. Due to the presence of logarithmic nonlinearity, a specially designed norm

sup <|u(t,m)|e_’\|m|eﬁt>, (1.2)

te[0,T],z€R

on Ciem(R), where

Ciem = {f € C(R) : sup <\f(:z:)\e>‘|x> < o0, for any A > 0},
zeR

had to be considered. Note that different from the usual norm on Cc,,(R), the exponent is depen-

dent upon ¢t in a specific way, where the definition of § is given by (2.1) in Section 2. The main

contributions of Shang and Zhang (2023) were a new type of Gronwall’s inequality, as well as new

lower order moment estimates for the stochastic convolution, which led to the proof.

The study of reaction-diffusion equations has been historically highly attractive to scientists and
engineers, among others. Besides their sheer mathematical interest, they have numerous appli-
cations in modeling natural and physical phenomena. In a stochastic reaction-diffusion equation,
the diffusion term describes how the quantity represented by the variable (e.g., u), diffuses in a
spatial domain. In this term, the diffusion coefficient represents the rate of diffusion, where the
laplacian of u, describes how the quantity represented by u, changes in space. The reaction term,
describes the deterministic aspects of evolution of the state’s dynamical system. The noise, in-
troduces stochasticity to the model, reflecting the inherent uncertainty in the system dynamics.
Stochastic reaction-diffusion equations have wide applications in many areas of science, including
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but not limited to, physics, chemistry and biology. In biology, they may model metabolic reactions,
gene expression, tumor growth and spread, and intracellular signaling. In chemistry, they may
model chemical oscillations, and drug delivery. In physics, they may model non-equilibrium transi-
tions, and in mathematical finance, they may model stock price dynamics, and hedging. In short,
stochastic reaction-diffusion equations’ mathematical richness, as well as their wide applications in
modeling natural phenomena, have served as main motivations for studying these equations and
therefore, have historically made them appealing to scientists and engineers, among others.

The aim of this work is to prove a Freidlin and Wentzell uniform large deviation principle
(FWULDP) for the law of the solutions to Eq. (1.1), where different from the work in Li et al.
(2024) in which, a sufficient condition in Matoussi et al. (2021) was employed, a sufficient condition
introduced by Salins (2019) is used, where the uniformity is with respect to initial conditions that
are only bounded and do not necessarily belong to compact sets. Salins (2019) introduced a defini-
tion for an equicontinuous uniform Laplace principle (EULP) and further showed that, the EULP
is equivalent to the Freidlin and Wentzell’s definition of the uniform large deviation principle. It
was then shown that under a sufficient condition, a measurable function of an infinite-dimensional
Wiener process satisfies an EULP and therefore an FWULDP with uniformity being over initial con-
ditions that belong to bounded and not necessarily compact sets. We now state the main theorem
of our paper.

Theorem 1.1 (Main Theorem). The processes ug := {ug(t,z) : t € [0,T], = € R}, where
€ (0,1], & € Ciem, satisfy a ULDP that is uniform over bounded subset of |{|—y) < R and the
ULDP is valid in the norm

wp (I(e.a)je "), (13)

tel0,T),zeR

with rate function I¢ given by (/.2).

Lastly, we conclude the introduction by motivating our work. Our work is partly motivated by
the fact that, compactness is present in infinite dimensions, only rarely. Our proof employs the
weak convergence method of Dupuis and Ellis (1997), and uses a sufficient condition introduced in
Salins (2019) as opposed to that of Budhiraja et al. (2008), which is not legitimate to be applied in
this setting, and is further motivated by its potential to study exit time problems.

1.1. OQutline. The outline of the paper is as follows. In Section 2 we state the preliminaries and
assumptions necessary for the formulation of the problem. The existence and uniqueness of a strong
solution to Eq. (1.1) is also stated in this section. In Section 3 we state the definition for a uniform
large deviation principle, as well as a sufficient condition under which an FWULDP is said to hold.
In Section 4 we introduce the controlled process and skeleton equation and assert their existence
and uniqueness. In Section 5 we derive a uniform a priori bound on the controlled process, which
is used in proving the main theorem. Section 6 is devoted to the statement of the main theorem.
Finally, Section 7 presents the proof of the FWULDP and concludes the paper.

1.2. Remark on Notation. Unless otherwise noted, we adopt the following notation throughout the
paper. C' denotes a free, positive constant which may take on different values, and may depend upon
different parameters. We use |r(t, )|, := |r()|p to denote the LP(R)-norm of a function r := r(¢, z)
with respect to the variable z € R. If r(¢, x) is only defined for = € [0, 1], then |r(¢)|, denotes the
LP([0,1])-norm. If r := r(¢,x) is a random field and E is a function space, then saying that r is
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almost surely in £ means that r has a stochastic modification, which is in E almost surely. For any
metric space (F,0), the distance between an element y € F and a set A C E is defined by

distg(z, A) := ingﬁ(x,y). (1.4)
ye

Note that at times, we use the abbreviation ULDP in place of FWULDP. Further, any notation not
introduced in this section mainly due to impracticality is made so upon usage.

2. Preliminaries
In this section we state the assumptions and preliminaries necessary for the formulation of the
problem.
We first introduce the definition of a mild solution to Eq. (
Definition 2.1 (Mild solution). A random field, ug := {ug(t,x) : t € [0, 7],z € R}, is called a mild
t

solution to Eq. (1.1) with initial condition &, if (¢, z) = ug(t, z) is a jointly measurable and adapted
space-time process for any ¢ € [0,7], and x € R and if

ug(t, z) = Gié(x) +/0 /RGt_s(a:,y)b(ug(s,y))dyds.

1.1), as follows:

+VE [ [ Grstaotugts. ) Widy.ds), P = as.

where the function {G;},- is the corresponding heat semigroup on R, with explicit form

1 _(a—y)?

e ot
V2rt
We remark that the above mild form is equivalent to the weak formulation of stochastic-reaction

diffusion equations in the sense of partial differential equations (Walsh, 1986).

Note that the following estimates for the heat kernel hold true (Shang and Zhang, 2023). For
any ¢ € R, and any ¢t > 0

Gi(z,y) =

2

(E1) / Gilz,y)eWdy < 2¢77 171, v 4 € R,
R

1 2
(E2) /RG?(f,y)ev'y'dy < ﬁe%e”'r', VyeR,

2 2 t
=) [ Gue, ey < o Vel + 265 (324 ), vy e R
Next, we recall the definition of the so-called Ci.,, space

Ciem = {f € C(R) : sup | f(z)]eM*| < 0o, for any A > 0},
z€eR

endowed with the metric
o

L 1

d(f?Q) = Z on mln{lasU-p ‘f(.f) - g(x)]e n‘xl}v v fag € Ctem-
n—1 2n z€R

Note that the space (Ciem, d) is a complete, separable, metric space and is thus, Polish. Further for

notational convenience, for any A > 0 and g € C(R) we set

9l = sup (\gmre”x').

zeR
In addition, for any A, x > 0 we define
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Bk, ) = max{)\;,llm}, 2.1)
T* (1, \) = 6(1 N [1 +log <45(;’ N log 5%};”)} | (2.2)

Note that by the definition of 8, Eq. (2.2) is well-defined. Moreover, for any £ > 0 we have

lim 7% (k, A\) = oo
A—=0

Lastly, hereon, and for the sake of simplicity, we write 3(c1,\) as 8. We are now in a position to
state two facts, as follows:

(F1) Eq. (2.2) implies that there exists a positive constant Az, such that for all A € (0, A\p] we
have

T S T*(Cl, )\)

(F2)

e 3o _ 1 \ 8, B

e §§<:>T§T(cl,)\) 25[1+log<)\2log .
Further, we impose the following assumptions on the deterministic and measurable functions b, o :
R — R.

(A1) The function b is continuous. Further, there exist constants k1 > 0, ko > 0 , such that
b(p)| < k1lp|log, |p| + k2 ¥V p € R,

where log |p| :=log(p V 1) for any p > 0.
(A2) There exist constants k3 > 0, k4 > 0 and ks > 0 such that

1
b(p) — b(q)| < kslp— Q|10g+’ ’+k4log+(|p|V\QI)lp ql + kslp—q|, YV p,q €R,

where log |p| :=log(p Vv 1) for any p > 0.
(A3) The function o is globally Lipschitz and bounded, that is, there exist constants L, > 0 and
K, > 0 such that V p,q € R

lo(p) —o(q)| < Lolp — gl
lo(p)| < K.

Finally, we state the following result (Shang and Zhang, 2023, Theorem 2.5), which asserts the
existence and uniqueness of a probabilistically strong solution to Eq. (1.1).

Theorem 2.2 (Existence & uniqueness of solution mapping). Under the assumptions that o is
bounded and Lipschitz, £ € Ciem, and that (A2) is satisfied, pathwise uniqueness holds for solutions
to Eq. (1.1) in C(Ry, Cten). Hence, a unique strong solution to Eq. (1.1) exists in C(Ry, Ciem).

3. Uniform large deviation principle

This section is devoted to providing a sufficient condition under which an EULP is said to hold.
Let (€,7) be a Polish space and & a set. For any £ € &, definition of rate function I¢ : £ — [0, +00],
is given by (4.2). Let A¢(s) denote the level set Ag(s) := {p € £ : I¢(p) < s}, and let _Z be a
collection of subsets of &. Moreover, let f(¢) be a function converging to zero as e approaches zero
itself.
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Definition 3.1 (FWULDP). A family of £-valued random variables {YE}ZSSO 1 , is said to satisfy

an FWULDP with speed 6(¢) and rate function I¢, uniformly over ¢ if
(1) For any J € 7,590 >0,and § >0

liminf inf  inf logP( 0(YE, ) <6 ) +1, > 0. 3.1
minfinf (7(6) og < (Y, ) > 5(90)> > (3.1)

(2) Forany J € #,5s90>0,and d >0

limsupsup sup | y(e) logIP’<distg(Y§,A§(s)> >90)+s]| <0. (3.2)
e—=0  g£eJ s€(0,s0]

Note that an EULP is an equivalent formulation to a ULDP (Salins, 2019, Theorem 2.10) . Recall
that a family Q C Cy(E) of functions is equibounded and equicontinuous if

supsup |z(¢)| < oo and hm sup sup |z(p) —2(§)| = 0.
z2€Q pel —0z2eQ o€
0(p,€)<d

Definition 3.2 (EULP). A family of &-valued random variables {Yf}zég’l], is said to satisfy

an EULP with speed 7(¢) and rate function I¢, uniformly over ¢ if for any J € ¢ and any
equicontinuous and equibounded family @ C Cy(E)

lim sup sup |v(e) log E exp _z(Y;) + inf {2(¢) + Ie()}| =0 (3.3)
e=02eQ ceg v(e) pes ¢ . .

Theorem 3.3 (Salins, 2019, Theorem 2.10). FWULDP and EULP are equivalent.

We now present a sufficient condition under which a family of random variables satisfies an EULP
and therefore also an FWULDP. To this end, for any N > 0 and T > 0, let Pév be the collection of
Fi-adapted processes such that P(|¢|L2([0,T]xR) < N) =1

Assumption 3.4. Assume that there exists a family of measurable maps .#* : £ x C([0, T]xR;R) —
€ indexed by e €(0,1], £ € & and 1 € PY. Let W be a Brownian sheet and YE v = (VW +

Jo Jowb(s)ds). Let 7 denote the limiting case of # as e — 0. Further, Let / be a collection of
subsets of &y and assume that for any 6 >0, J € # and N >0

gn?elgwsel?ﬁ( (%8(5,\/§W+/0' /O.w(s)ds>,jf0<§,/0' /Oﬁ(s)ds)) >5> —0.  (34)

Theorem 3.5 (Salins, 2019, Theorem 2.13). If Assumption 3./ holds then the family YE =
JC%(&,/eW), satisfies an EULP uniformly over #, with speed () = € and rate function I¢ :

E—-R
Ie(p) = mf{l/ o lizqoands o= (s, [ [ wisas) (3.5)

where the infimum is taken over all ¢ € L*([0,T] x R) such that

1 t 1
@(tax)z/o Gt(f,y)é(y)dy—/o /0 0yGi—s(w,y)g(s,y, p(s,y))dyds
t 1
+/0 /0 Gt—S(xvy)f(svyv@(Svy))dyds
t 1
+ /0 /0 G, y) (s, y, (5, 9) (5, y)dyds. (3.6)
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We use the convention that inf(()) = 4o0.

4. Controlled process and skeleton equation

In this section we introduce the equation under the change of measure, which we refer to as the

controlled process and denote by Vg id , as well as the deterministic controlled equation in the absence

of noise, which we refer to as the so—called skeleton equation, and further denote by vg’¢. Due to
the fact that the unique mild solution to Eq. (1.1) is probabilistically strong, we have that for any
e € (0,1] and initial condition & € Ciep, there exists a measurable map .#¢ : Cier x C([0,T] X
R;R) — C([O,T];Ctem)), such that ug := FE(&,/eW). Next, for any N > 0 and T > 0, let the

space of admissible controls denoted by P4 be the collection of .7-} adapted processes such that
P([9|r2(j0,rxr) < N) = 1. Further, let er FE(E,VEW + [, [ th(s)ds). Note that v§’¢ solves

vg”/’( x) = Gi&(x //Gt s(x,y)b(s,y,v gw(s,y))dyds
+\@/0 /RGts(:c,y)a(s,y,ug»w(s,y))w(dy,ds) (4.1)
t z,y)o (s, y, v (s s <
+/o /RGtS( Y)o(s,9,0¢7 (5,9))(s, y)dyd

The deterministic controlled equation in the absence of noise, which we refer to as the so-called
skeleton equation is vg’w. Finally, for p € C ([0, TY; Ctem)) we define the following action functional
or rate function

T
te(e) = g{int [ [ W eaduds), (42)

where the infimum is taken over all ¢ € L%([0,7] x R) such that

o(t,z) = Gt (z) / / G, y)b(s 4. 05, y))dyds
+ /0 /R Gis(,1)0 (5,9, (5, 1)) (5, y)dyds, (4.3)

with convention that inf(()) = +oo. Finally, we assert that the controlled process and the skeleton
equation are well-posed. The existence and uniqueness of the former follows by Theorem 3.2 in
Foondun and Setayeshgar (2017), while that of the latter follows by Proposition 3.2. in Li et al.
(2024).

5. Uniform estimate on controlled process

In this section we assert and prove a uniform estimate on the controlled process, which will be used
in proving the main theorem.

Proposition 5.1 (A priori estimate). The random field  sup <|v§’w(t)|e_>‘x|em>, is bounded
tE[O,T],mER
in probability, i.e., for any given T >0, N > 0,A >0 and R > 0

lim sup sup sup ]P’( sup (]vg’w(tﬂe’\xlem) > p) =0. (5.1)
[

P ce(0,1] [~y SR peP t€[0,T],z€R
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Proof: Throughout this proof, C, denotes a free, positive constant, which is independent of ¢, £
and e but may depend upon other parameters.

Note that, Fact (F1) implies that there exists a positive constant A such that for all A € (0, A7]
we have T' < T*(c1, ), where (c1, A) is written as 5 for simplicity. This will allow us to use Fact
(F2).

In what follows we will prove (5.1) for any A € (0, Ar|, where Ar is arbitrary. Arbitrariness of Ap
will then yield the same result for all A > 0, as desired.

To this end, fix A € (0, A\r]. Further, let M > 0 and p € (0,e!). Define the stopping times

Ta e := inf {t >0 :sup <|v§’w(t,$)|e)‘|m|eﬂt) > M}

zeR

A inf {t > 0:sup (!vg’w(t,m)]e_)‘meﬁt) > M}v

zeR

Tpe := inf {t >0 :sup (|v§’w(t, x) — vg’w(t, x)\e)‘lxeﬁt> > p},

zeR
T =T e ATpe AT 5.2
M b p?

with the convention that inf ) = +o0.

Recall
W () = Gié(a) / | Goesta s, )y
R /0 [ Gestaas, .0 () Wy,
+/Ot/RGH(JU,y)U(S,y,v?w(say))lﬁ(syy)dyds'
Fix A € (0, \7]. Further, let

VE(z) ;== sup (]vz’w(t, x)|e_/\l‘|63t>7 2 <T.

t<z,x€R
/ Gié(y)dy e_AwleBt)
R

/Gt o(2,9)b(s, y, 05" (5,y))dyds

Therefore

VE(z) < sup (

t<z,x€R

e —\|z|e? >

/ /Gt s(x,y)o(s,y,v gw( y))W (dy, ds) e_’\|x|eﬁt>

t
+ sup ( /Gt—s(ﬁyy)a(saya’u?w(s,y))w(s’y)dyds €—>\x|ef3t>
t<z,z€R R

= JE 4 JE IS+ UL (5.3)

+ sup
t<z,x€R

+ sup ﬁ(

t<z,x€R
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First consider J}

/ Gyl )€ (y)dy
R

< sup (|£<y>|ek'y') < sup ( / Gt<x,y>eky'dye”')
yeR t<z,x€R R
227 _ 227
< 26X sup <\5<y>|e A'@f') — 27 el .

where estimate (E1) for the heat kernel has been used. Next, consider J§

1 1

t 2 t 2

J; < sup (/ /Gf_s(x,y)dyds> X sup (/ /02(8,1/,vg’w(s,y))¢2(8,y)>
t<z,x€R 0 JR t<z,z€R 0 JR

<V2r iNTiK,,

(5.5)

where Hélder’s inequality, boundedness of o, boundedness of controls in L? ([0, T] x ]R) and estimate

(E4) have been used.

Now consider J5

t
J5 < sup (/ /Gt_s(x,y) (kl‘vZ’w(s,y)}long‘v§’¢(s,y)‘ +k2>dsdy6_>‘x|eﬁt>
0 Jr

t<z,x€R

t
< sup (//Gt_s(w,y)emeﬁs(kl\v§’¢(8,y)\€_A|y|eﬁs
0 JR

t<z,x€R

t
< kT +k sup (/ /Gt—s(x,y) e/\yleﬁs(‘U?w(s,y)‘e—xmeﬂs
0o JR

t€[0,z],z€R

x log (‘”?%&Zﬂ‘fky|eB56Ay|eﬂs>)dsdye_>\lrleﬁt>

t
TR (/ sup (Jog (e og (1og s, ) )
0

t<z,x€R yER

></Gt—s(%y)e’\y|eﬁsdydse_)‘|x|eﬁt>
R

t<z,x€R yER

t
+k sup ( / sup (\v?w(s,y)\e‘*'“ﬁs) / Gt_s(a:,y)e”y'@"sA\yyeﬁdedse—Alxef%)
0 R

< kT +A+ B,

(5.6)

where Assumption (Al) and estimate (E1) have been exploited. Note that using estimate (E1)

again, for any 0 < s <t we have

2 2B8s 2

Bs A(t=s)e®77 Bs A2 2pt—1 st
/Gt_s(:c,y)ekyle dy<e 2 Nele™ < ipe eMele”™
R
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Therefore
A2 2pT-1 z _ _ Bs
A < 2kje1B¢ sup </ sup (‘v s y)‘e Alyle?® log , (‘ ’w(s,y)‘e Alyle >ds)
t<z 0 yeR
A2 opr-1 7
<2k1645 / Ve(s)log, V<(s)ds.
0

We now attend to bounding the B term. Note that by estimate (E3) for the heat kernel, for any
0 < s <t we have

s /\2( —S>E2BS s s
/Gt_s(:c,y)eAweﬁ Ayle*dy < e e Aale? Axz|ePs —|—C')\757t6)‘|$‘6ﬂ . (5.7)
R

Consequently

t
B <k sup / <sup|v s y)|e>\|yeﬁs)
t<z,z€R yeR

A% (t— e)e Bs _ Bt
X (e eM7le” \|z| e +Ch 54 ele” >dse Alzle }

t
C,\”@t/( sup ‘U?w(z,y)’e_)‘meﬁz)ds]
0 2<s,yeR

1 22 261 ¢ s .
+ k1 sup [64‘* / (N7 Y g e Nl 5 < sup (‘vg’w(s,y)‘e‘AWﬁ ))]
t<z,x€R 6 0 s<t,yeR

< ki sup
t<z

kqy LeQﬁT 1
< Ckl,)\BT/ VE d8+ ﬁ VE(Z). (5.8)
Therefore
- A2 2pr—1 [ Z k1 762[3T 1
J5 < koT + 2k1e48 / VE(s)log, V°(s)ds + Ckl,/\,B,T/ Ve(s)ds + — ﬁ Ve(z).
0 0

Note that for any A € (0, Ar], we have T' < T*(k;1 V ko, \), and

2
- 1
ki Vike ggesmt 5 = T<T (ki Vo).
Thus
J5 < kyT + 2y e 25 / VE(s) log, VE(s)ds + Chy ng1 / Ve(s)ds + V(). (5.9
0 0

Finally, in view of inequality (5.3), and combining (5.4), (5.9) and (5.5) we have

eﬁ

Ve(z) < 26 2 ]é\ +k2T+2k1645 / Ve(s)log, Vs(s)ds+C'k1,>\,57T/ Ve(s)ds
0 0

— Bt
e Azle )

t<z,xzeR

+%V5(z)+ sup ﬁ(‘/ﬁ /RGtS(x,y)o'(s,y,vz’w(s,y))W(dy,ds)

V2 INTIK,, 2 <T.
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By the Gronwall-type inequality (Webb, 2003, Theorem 3.1) we have

VE(T) < (Ckhkg,x,ﬁ,R,KmN,T

Cky,AB,T
eAixeﬁf>> . (5.10)

Note that since Cj, x g7 > 1, we may apply the inequality (p+ ¢)* < 2071 (p? 4 ¢), with o > 1 to
the RHS of (5.10) to obtain

++/e sup <

t<T,zeR

] Geestanmiats. v o s )W dy. ds)
0JR

E[VE(T)] < Cry ka )\ 8,8, K0 N,T

Cky,AB,T
_ Bt
e Azle > ] )

(0]
_ Bt
e Mle > } < OB, K, Ty

Ck1,0,8,T t e
+e 2 [E| sup //Gt_s(x,y)a(s,y,vg’ (s,y))W(dy,ds)
0 JR

t<T,zeR

By Proposition 4.2. in Shang and Zhang (2023), for any a > 0

el sw (| [ Gle oo, 2 o)W ()

t<T,zeR

Note that here o := C}, » g7, and since 0 < € < 1 we conclude

E[VE(T)] < Chy koA B.R Ko, NT (5.11)

By Chebyshev’s inequality, and that the constant appearing on the RHS of (5.11) is independent of
e, &, and ¥, we may conclude that for any given 7" > 0, N > 0,A > 0 and R > 0

lim sup sup sup P| sup (]vé’w(tﬂe)‘xlem) >p| =0 (5.12)
P0ec(01] €|y <RyePy  \I<T.zeR

) holds true for any A € [0, Ar], where Ar is arbitrary. Arbitrariness of Az, will then

Note that (
5 being true for any A > 0. This completes the proof.

5.12
result in (5.12)

0

6. Main Theorem
In this section we restate the main theorem of this paper.

Theorem 6.1 (Uniform Large Deviation Principle). The processes ug := {ug(t,z) : t € [0,T], z €
R}, wheree € (0,1], and § € Ciem, satisfy a ULDP that is uniform over bounded subset of |£]_ny < R
and the ULDP s valid in the norm

s (mg(t, x>|e—*|“‘”), (6.1

t€[0,T],zeR

with rate function I¢ given by (/.2).
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7. Proof of Theorem 6.1

In light of (Salins, 2019, Theorem 2.13) and (Salins, 2019, Theorem 2.10) , it suffices to show
that Assumption 3.4 is satisfied. The proposition below, demonstrates the foregoing.

Proposition 7.1 (Uniform convergence in probability). For any § >0, R >0, N >0, A >0, and
T>0

Ve

lim sup sup P ( sup  |v2¥ — vgw‘ e~ Aele? 5 5) =0, (7.1)

e=0 l€l—xSRyePl t<T,z€R

Proof: Throughout this proof C' denotes a free, positive constant, which is independent of v, £ and
€ but may depend upon other parameters.

In what follows, we will prove (7.1) for any A € (0, A\r]|, where Az is arbitrary. Arbitrariness of Ap
will then yield the same result for all A > 0 as desired.

To this end, fix A € (0, A\r]. Further, let M > 0 and p € (0,e!). Define the stopping times

TM e = inf {t > 0:sup <\U§’¢(t,:p)]e—/\|xleﬁt) > M}

zeR
A inf {t >0 :sup (|vg’w(t,$)|e_)‘|m|eﬁt) > M},
zeR
Tpe i= inf {t > 0 : sup (!v?w(t, x) — vg’w(t, x)\e_’“zeﬁt) > p},
zeR
T = Tame NTpe AT (7.2)

with the convention that inf ) = +oo0.

Note that, Proposition 1 holds true for sup (]vg’w(t)\eMxem) in an analogous manner. Due to
t<T,zeR
the foregoing and Proposition 1, we have

lim sup sup sup P(rare <T)=0. (7.3)
M=00e€(0,1] [¢]-r) <R pePY

Recall that, for any ¢ € P3, [€|(_y) < R, and € € (0,1] we have

¥t = o0) = [ [ Gt (4o ) = b)) ) s
+/Ot/RGt_s(x,y) (U(s,y,v§’¢(s,y)) —0(3,y,vg’w(s,y)))w(s,y)dyds

t
+ \/E/ / Gi—s(z,y)o(s,y, U§’¢(s,y))W(dy,ds). (7.4)
0 JR
Let
REY(z) == sup <|v?w(t,az) - Ug’w(t, :1:)|e_’\|xeﬁt>, z<T.
t<zAT® xeR

M >
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Therefore in view (7.4), we have

RV() < sup { / Coalar )b 9,06 (5,9)) — (5,00 (5,1) \dydse—Alwle‘”}

t<z/\7M ,ZER

]\J ’

6)\|x|eﬁt}

¢ e

Ve s | [ [ 6ot g W) e |
R

t<zATHF zER
=I5+ 154 I5. (7.5)

X (s, y)dyds

We now estimate the terms If, I5, I§ separately. First consider I5. Using Assumption (A2), we
obtain

t
It <ks sup {/0 /RGt_s(ﬂr,y)\v?w(say)—v§’¢(57y)\

t<zATP zER
1

‘U§’¢(57y) - Ugw(s’y)’

t
Tk sup { | [ Gestemion (2 )l v ¥ .0

t<2ATHE zER

X log dydse*”‘”‘em }

’ 0, - Bt
X ‘vgw(s,y) — Vg ¢(s,y)‘dydse Alzle }

t
T gy {/ /Gt—s(wvy)\vg’¢(87y)—Ug’w(s,y)\dydseAlrle“}
0 JR

t<zATH" xER

= Ity + Ity + L. (7.6)

First, we estimate the term I7,. By the fact that x — zlog % is increasing and concave on (0,e~1)
and (E1), we get

t
Bs _ Bs
Iyi=ks  sup { | [ G o ss) = o s, el
0 JR

t<zAThS zER

1 Bt
x log dydse™®le }
g (5,) — o2 (5, )| e vle Al

t
Bs _ Bs
<k sup { / /R Gro(, ) I [u2¥ (5, 17) — 10¥ (s, ) [Je I
0

t<zATRE mER

1
071/)
Ve

x log dydse_’“”m}

—AylePs

|’U?¢<S,y)— (Svy)‘e

t
< k3 sup {/ sup <|v (s,y) — vg’w(s, y)}e—xly\eﬁs
0

t<zAThS wER y€eR

1 Bt
x log ) / Gi_s(z,y)eNPsdydse=wle }
T (s y) — vt (s ) e e ) e )
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N e 0. Aylefr
< 2kze B ; sup e (ry) — v (r, y)} e

rSs/\TI‘\)/}E,yER
1

ds}
b 0) p— ks
2—262&71 ? b 1
S 214:36 8 /(; R (5) 10g+ RET(S)CZS (77)

By a similar argument, we obtain

X log

€ ﬁewT—l ‘ e,
I75 < 2kse 15 /0 R*Y(s)ds. (7.8)

Next, consider If,. Using estimate (E3), (5.7), and that log, (ab) < log, (a) + log, (b), for any
a,b > 0 we have

t
I5y < ky - sup { //Gt—s(w, y)eMxleﬁs [log+ <\v§’¢(s,y)6_>‘y|eﬁs| v \Ug’w(s,y)e_Aly|EBs‘> —i—/\\y’eﬁs]
t<zATHE, 0JR
zeR

x e (s,y) — vg’w(s,y)’e_Ay|eﬁsdydse—*|”|em}

t
< ky - sup {/Sup (Iv?w(S,y)—vg’w(S,y)le—Ayleﬁs>/Gt_s(x,y)Aly!eﬁse_Myeﬁsdydse‘”“ﬁt}
0 R

tgz/\'rxf, yeR
z€R
t
+ ka(log, M) - sup { [sw (wz*”(s, ) - v2’¢<svy>|eky"f‘“) g Gt_s<x,y>x|yreﬁsdydse“'e‘”}
t<zATf;E, L J0 yeR R
zeR

kg 222871 - Z e

< GRS @) 4 G | RV(5)ds, (7.9)
0

where the same argument as that used in (5.8) has been employed. In view of (7.6) and combining
(7.7), (7.8) and (7.9), we obtain

. o1 [T pew 1 2 e
I < 2kgets ; R (s)log+R6,¢()ds+—eﬁ R*Y(2)

z 2
+ ChyapT M / R (s)ds + 2ksein® L / R (s)ds. (7.10)
0 0

_ Bt
e Alz)e }

Next consider I5

5= sup {] //R Gt_s<a:,y><a<s,y,v§’¢<s7y>>—a(s,y,v?w(s,y)))w(s,y)dyds

t<zATHF mER

t 2 %
< sup {[/ / <Gts($7y)e>\|y65 e‘””'em) dde]
t<zATE xER 0 JR

M >
o 2 13
e vl WJ(S,y)\) dde] }

2 1
< sup { |:/ / (Gts(x, y)e)\|y|eﬂse—)\|z|eﬁt) dyd3:| 2
tSz/\TﬂE,IGR 0 JR

At

8 'Y, U ( y)) - a(s,y,vg’¢(s,y))

1

2 q q
o500 (5.9) = 05,00 (5.9 e o)) s
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X [/;/R (W(s,y)‘l—g);%dyds]q;qz}

' ! —qA|ylePs 2 :
< sup (Cragng e [V (s,y)|“dyds| ¢,
t<zATh® 0JR

where Holder’s inequality with Holder conjugates ¢/2 and ¢/(q — 2), with ¢ > 2, estimate (E2) and
boundedness of controls have been used. Next, for any 0 < p < 2, raising both sides of the above
inequality to the power of p, we obtain that for any ¢ > 0

pepx\ll"em}

t
t<zATH" zER 0JR
D

t

_ Bs q

< CrpB,Npg Sup {U/ e lvle Iw(&y)!zdydé“] }
t<zATH* 0JR

(g=p)p
“MMuyleBT 4
S COrpB,Npq SUP { sup ( eyl )
t<zATh Ur<tyeR

t p Bs a
X [// e PAlle |¢(s,y)l2dyd8] }
0o Jr
s\ ?
< sup {C sup < e Alyle )
t<zATh® T<t,yeR
E7w

T 4
0, — Bs
+CT,/\,,B,N,p,q,C/ /]R 0(37%@5 (S,Q)) - U(s,y,v£¢(s,y)) € PAlyle ‘w(svy)|2dyds}a
0

where in the last step Young’s inequality, with conjugate exponents ¢/(q¢ — p) and ¢/p, has been
used. Therefore

»

ep)\|:1:e'6t}

t
0
s {//Gt_s(w’y)(U(S’%”?w(say))—U(S,y,v§’¢(s,y)))zp(s,y)dyds
t<zATR" zER 0o JR
BT P
< sup {C sup < Alyle )
t<zATh® T<t,yeR

T P
_ Bs
Ot sN s /O /R 05,5, 05% (5,1)) — (5,9, 00 (s,) | € PAe \w<s,y>|2dyds}.

3
Taking p = 1 in the above inequality, by Assumption (A3), and boundedness of controls we get

I5 < sup { sup ( e/\“”eBT)

t<znrh® U r<tyeR
e M |y (s, y) \Zdde}

643

0,
0(87 Y, U27¢(8, y)) - 0(87 Y, 'Ug w(sa y))

q
K 07
0(87 Y, ’Ug ¢(Sa y)) - 0(‘97 Y, v§ T/}(S’ y))

Y

b 07
0-(7—7y71}2 T, y)) - O-(Tayvvgdj('ray))

IS}

J(Sa Y, U?w(sa y)) - 0'(8, Y, Ugﬂp(sv y))

b 07
U(Tv Y, ,Uz w(Tv y)) - O-(T’ Y, Ug w(Ta y))

b 07
U(Tv Y, /Uz“ w(T) y)) - U(Ta Y, vg w(Ta y))

0
(1,4, 08" (1,y)) — o (r, 4,00 (1,9))

b 07
U(Sa Y, ’UE w(87 y)) - U(Sa Y, ’Ug ¢(57 y))

_ BT
o—Alle )

6_”3’6/33/ |¢(8,y)\2dyd8}
R

t
+Cr BN ¢ / /
0 R

< (L, sup { sup <

t<znrps Ur<tyeR

b 07
UZ w(Ta y) - 'UE w(Ta y))

t
+CT,>\,,6’,N,LU,C/ sup
0 yeR

b 07
Uzw(sa y) - Ug w(svy)

< CLoRe’w(Z) + CT,A,B,N,LU,C/ Rs’w(s)ﬁ(s)ds, (7.11)
0



where 9(s) := [ |1(s,y)[*dy. Next, let

US(T):= sup {
t€[0,T),z€R

/Gt s\T y S Y, v gw( ))W(dyads)
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Then

6)\|z|eﬂt}.
I5 < eU(T).

) (7.12)
In view of (7.5) and combining (7.10), (7.11), and (7.12), we obtain for all z < T

_ 1 kg 22 27—
RY(2) < 2163645 1/ RV (s)log, REY ds+ 4 45T

+ Clm,A,B,TvM/ RV (s)ds + Pese s _1/ R*V(s)ds 4+ CLyR*Y(2)
0 0

- CrsNLac / R (5)0(s)ds + VEU(T)

k z
< 7R6 RO C / RWJJ J
s v i) B @t Crkakorn | B (s)ds

? 1
+ G bk AT /0 R (s)log., R% (s )d3++CL RV (2)

+Ck1,k4,T,)\,N,LU,(/ Rs’w(s)ﬁ(s)ds, (7.13)
0

where in the last step, we have used that

ey Vky 22sm 1
MVEL T L T < Tk vk, ). (7.14)

[\

Note that this is because there exists Ay > 0 such that 7' < T%(ky V kg, A) for all A € (0, A\7]. In
other words, Fact (F2) with ¢; := k1 V k4 has been employed, where S(k1 V k4, A) has been written
as (8 for simplicity.

Next, we take ¢ < % and apply the Gronwall-type inequality (Li et al., 2024, Lemma 6.2) to

2L
obtain
REV(T) < Chy ey kg ks A\ Lo N M,T [\@U (1) + (VeU E(T))C’“”“4”“3’*’””} ,

where 0 < Ck, k4 k3, \ Lo, 7 < 1. Hence

Cky ,ka,k3,7 Lo, T
E(RY(T)) < Chy ks ks ks M Lo NMT [\/EE(Us(T)) + E(\/EUE(T)> }

Since o is bounded, (Li et al., 2024, Lemma 4.1) and (Shang and Zhang, 2023, Proposition 4.2)
imply that, for any ¢ > 0
sup sup sup E[(RTY(T))] < Crpry (7.15)
e€(0,1] €] (- SRypePY
Hence
lim sup sup E  sup <\v§’¢(t,x) - vg’¢(t,x)|e/\”|em> =0. (7.16)
01| L\ SRyePY  t<zAThf weR

Therefore by Chebyshev’s inequality, for any § > 0

lim sup sup IP’( sup <\v§’w(t,z) - Ug’w(t,x)|e_kxleﬂt> > 5> =0. (7.17)

01| L\ SRyeP)  \t<zArhl zeR
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Note that

sup  sup IF’( sup <|U§’w(t,$) - vg’w(t,x)]e_)‘meﬁt) > 5)
[€l(_nSRpeP)  \1<7p AT,z€R

< sup sup IF’( sup <|v§’w(t,3:) —vg’w(t,x)]e_)‘mem) > 5)
lEl(-n)SRyeP)  \t<7pf 2R

+ sup sup ]P’(TM,S < T). (7.18)
[€l—nSRyePl

Therefore, letting e — 0 and M — oo in (7.18) and exploiting (7.17) and (7.3) we obtain

lim sup sup IP’( sup <]v?¢(t,x) - vg’w(t,x)\e_)‘k”m) > 5) =0. (7.19)
01|y SRyeP)  \t<1, ATzER

Now by choosing § < p in (7.19), and owing to the definition of 7, . we get

lim sup sup P(r,. <T)=0. (7.20)
=201¢| <R pepN

Consequently, by (7.19) and (7.20), for any § > 0, we obtain

llm sup sup IP) sup ‘v§7¢(t,x) _ Ugy¢(t7m)‘ €7A|z|eﬁt > 5
e01g| Ly SRyep)  \t<TzeR

<lim sup sup ]P’( sup (|v2’¢(t, x) — vg’d}(t, x)|e_’\$|em> > 5>
e=0 1€l (- <R yePd t<7p, AT,2ER
+lim sup sup P(r,. <T)=0. (7.21)
€20 ¢] Ly SR yeP)

Note that (7.21) holds true for any A € [0, Ar], where Ap is arbitrary. Due to the arbitrariness of
A7, the claim is true for any A > 0. The proof is now complete. O
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