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Abstract. By exploiting the well-known observation that size-biasing or zero-biasing an infinitely
divisible random variable may be achieved by adding an independent increment, combined with
tools from Stein’s method for compound Poisson and Gaussian approximations, we establish three
sets of approximation results: (a) bounds on the proximity of Poisson mixtures with infinitely divisi-
ble mixing distributions, (b) central limit theorems with explicit error bounds for sums of associated
or negatively associated random variables which do not require boundedness of the underlying dis-
tributions, and (c) a Gaussian approximation theorem under a vanishing third moment condition.
These exploit biasing by an independent increment directly, via an intermediate compound Pois-
son approximation, and through a convex ordering argument, respectively. Applications include a
Dickman-type limit theorem, simple random sampling and urn models with overflow.

1. Introduction

There are well-known connections between infinite divisibility and several of the coupling tech-
niques that are employed frequently in conjunction with Stein’s method for probability approxi-
mation, particularly in Poisson, compound Poisson and Gaussian approximation results. Two such
couplings are the size- and zero-biased couplings; see (2.1) and (2.6) below for definitions of these
concepts. In Gaussian approximation results, the proximity of a real-valued random variable W to
Gaussian can be measured by the proximity of W and its zero-biased version: Chen et al. (2011)
give an overview and many applications of this approach. Similarly, explicit error bounds in Poisson
and compound Poisson approximations can be derived in many applications via construction of the
size-biased version of the underlying random variable. See Barbour et al. (1992b) for a detailed
discussion of the Poisson case, and Barbour et al. (1992a) for an introduction to Stein’s method for
compound Poisson approximation and Daly (2013) for a discussion of connections with size-biasing.
We will also make use of non-zero-biasing, defined in (2.7) below, an extension of zero-biasing beyond
the case of mean-zero random variables.
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It is well-known that either size-biasing or non-zero-biasing a compound Poisson random variable
can be achieved by adding an independent increment (see Steutel, 1973 and Daly, 2022, respec-
tively), and that a mean-zero, infinitely divisible random variable may be zero-biased by adding an
independent increment (Goldstein and Kemp, 2024). While these observations on biasing with an
independent increment are familiar, they remain under-exploited in applications of Stein’s method.
Our overall aim in this note is to demonstrate how these observations can be employed in conjunc-
tion with Stein’s method through three applications. Although these applications are on the surface
rather different, they each employ similar constructions and illustrate a way of exploiting biasing
by the addition of an independent increment.

The three applications we will consider are the following:

(a) Bounds on the proximity of two mixed Poisson distributions with infinitely divisible mixing
distributions, which will be applied to give total variation error bounds in the approximation
of certain Bernoulli-weighted sums of independent Poisson random variables by a mixed
Poisson with Dickman mixing distribution. Here we use Stein’s method for compound
Poisson approximation.

(b) Explicit error bounds in Gaussian approximation for sums of associated or negatively asso-
ciated random variables without the boundedness assumptions required by earlier results,
such as the univariate approximation results established by Goldstein and Wiroonsri (2018)
and Wiroonsri (2018). We give applications to simple random sampling and urn models with
overflow. This part of our work uses both compound Poisson and Gaussian approximation
results from Stein’s method.

(c) A Gaussian approximation bound for a random variable whose first three moments match
those of the approximating Gaussian distribution, illustrated by a straightforward applica-
tion to Student’s t distribution. This uses Stein’s method for Gaussian approximation.

A natural way to exploit ideas of biasing with an independent increment is in the compound
Poisson approximation of another compound Poisson distribution (where, as we will see below,
proximity can be measured by the distance between the increments obtained when size-biasing
each) or in the Gaussian approximation of a mean-zero random variable (where proximity can be
measured by the size of the increment obtained when zero-biasing). This is the idea underlying
both (a) and (c) above. In (a) we make use of the fact that a mixed Poisson random variable
with an infinitely divisible mixing distribution is compound Poisson. In (c) we use this zero-biasing
approach to establish a convex ordering that yields a Gaussian approximation bound for infinitely
divisible random variables whose first three moments match those of the approximating Gaussian
distribution.

Our approach to exploiting biasing with an independent increment in (b) above is less direct. Here
we use the fact that our random variable W of interest has a distribution close to compound Poisson;
we use results from Daly (2013) to bound the distance of W from a suitably chosen compound
Poisson distribution, and then use an approach based on non-zero-biasing with an independent
increment to quantify the distance of this compound Poisson distribution from Gaussian. As we
will see, compared to a more direct approach in this setting, our method bypasses some technical
difficulties associated with compound Poisson approximation via Stein’s method.

The remainder of the paper is structured as follows. We will use Section 2 to give brief in-
troductions to Stein’s method for compound Poisson approximation and the notions of size- and
zero-biasing in order to provide the necessary background for the remainder of the paper. In Sec-
tion 3 we establish bounds on the proximity of mixed Poisson distributions with infinitely divisible
mixing distributions. Central limit theorems with explicit error bounds for sums of associated or
negatively associated random variables are derived in Section 4. Finally, in Section 5 we present a
Gaussian approximation result under the assumption of three matching moments, i.e., a vanishing
third moment assumption in the standardised case.



Biasing with an independent increment 665

2. Technical preliminaries: Stein’s method for compound Poisson approximation

In this section we give an introduction to size- and zero-biasing, and to Stein’s method for com-
pound Poisson approximation. These techniques will be employed in each of the three application
areas we discuss in Sections 3–5. In the work that follows we will also need to use Stein’s method
for Gaussian approximation; this will be introduced as needed in Sections 4 and 5 below.

Given a non-negative random variable X with finite, non-zero mean, its size-biased version, which
we denote here by Xs, is defined by

Ef(Xs) =
E[Xf(X)]

EX
, (2.1)

for any function f : R+ → R for which the expectation on the right-hand side exists. We recall that
X (or, equivalently, its distribution) is said to be infinitely divisible if, for each n = 1, 2, . . ., there
are independent and identically distributed (i.i.d.) random variables X

(n)
1 , . . . , X

(n)
n such that X is

equal in distribution to X
(n)
1 + · · ·+X

(n)
n . The observation that X is infinitely divisible if and only

if Xs is equal in distribution to X + Y for some random variable Y which is independent of X is
due to Steutel (1973), though he neither uses the language of size-biasing nor requires that X have
finite mean. We refer to the survey of Arratia et al. (2019) for a modern discussion of Steutel’s
result and its applications.

In our work we will employ Steutel’s result in the case where X is a compound Poisson random
variable on Z+ = {0, 1, . . .}, that is, when X may be written in the form ξ1 + · · · + ξN , where
ξ, ξ1, ξ2, . . . are i.i.d. positive integer-valued random variables, and N ∼ Pois(λ) has a Poisson
distribution with mean λ > 0. For j = 1, 2, . . . we will write λj = λP(ξ = j) for the parameters of
this compound Poisson distribution. It is well known that a distribution on the non-negative integers
with a positive mass at zero is infinitely divisible if and only if it is compound Poisson. Noting that a
mixed Poisson distribution with an infinitely divisible mixing distribution is itself infinitely divisible
(Karlis and Xekalaki, 2005) will allow us to use its compound Poisson representation in order to
derive bounds on distances between such distributions in Section 3.

We will make use of tools from Stein’s method for compound Poisson approximation, as devel-
oped by Barbour et al. (1992a). This technique yields explicit error bounds in compound Poisson
approximation. Suppose we have the compound Poisson random variable X above, and another
non-negative integer-valued random variable W which we have reason to suppose is close to X in
distribution. We begin by defining the function f : Z+ → R via the Stein equation

h(k)− Eh(X) =

∞∑
i=1

iλif(k + i)− kf(k) (2.2)

for a given function h : Z+ → R, and where f(0) = 0. For a given class of functions H we may then
write

sup
h∈H

|Eh(W )− Eh(X)| = sup
h∈H

∣∣∣∣ ∞∑
i=1

iλiEf(W + i)− E[Wf(W )]

∣∣∣∣ . (2.3)

The left-hand side of this equation serves as our measure of proximity of W and X. For example,
choosing the class H equal to

• HTV = {1(A) : A ⊆ Z+}, where 1(·) is an indicator function, gives the total variation
distance, in which case we denote the left-hand side of (2.3) by dTV(W,X).

• HK = {1(· ≤ x) : x ∈ R} gives the Kolmogorov (or uniform) distance, denoted by dK(W,X).
• HW = {h : |h(x) − h(y)| ≤ |x − y|} gives the Wasserstein distance, denoted by dW(W,X).

Note that for real-valued W and X we have dW(W,X) =
∫
R |P(W ≤ x)− P(X ≤ x)| dx.

• H2 = {h : |h(x)−h(y)| ≤ |x− y|, |h′(x)−h′(y)| ≤ |x− y|} gives the Wasserstein-2 distance,
denoted by d2(W,X).
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We bound these distances by instead bounding the right-hand side of (2.3), taking advantage of
the fact that we do not need to consider a coupling of W and X when doing so. In order to bound
the right-hand side of (2.3) we need to control the behaviour of f . It is typically sufficient to have
bounds on the quantities

M
(X)
0 (H) = sup

h∈H
∥f∥, and M

(X)
1 (H) = sup

h∈H
∥∆f∥ , (2.4)

where ∥f∥ = supx |f(x)| and ∆f = f(k+1)− f(k) for any function f . Unfortunately, good bounds
on these quantities are available only under relatively restrictive assumptions on the parameters λi

of X. For example, Barbour et al. (1992a, Theorem 4) show that

M
(X)
0 (HTV),M

(X)
1 (HTV) ≤ min

{
1,

1

λ1

}
eλ ,

and that this dependence on λ cannot be improved in general. Such bounds are useful only when
λ is small. In some cases bounds of a better order are available. Under the assumption that
jλj ≥ (j +1)λj+1 for each j, Barbour et al. (1992a, Theorem 5) give improved bounds, and similar
improvements are available under the alternative assumption that∑∞

j=1 j(j − 1)λj∑∞
j=1 jλj

<
1

2
; (2.5)

see Theorem 2.5 of Barbour and Xia (1999). We will discuss these improved bounds in more detail
in Section 3 below, where we will make use of them when deriving our mixed Poisson results.

The form of the equation (2.2) can be motivated by noting that if EW = EX = λEξ, then
∞∑
i=1

iλiEf(W + i)− E[Wf(W )] = EW [Ef(W + ξs)− Ef(W s)] ,

which is easily shown to be zero if W has the same distribution as X, thus explicitly identifying the
independent increment Y obtained when size-biasing X as the size-biased version of the summand
ξ.

The form of (2.2) can be similarly motivated by using zero-biasing in place of size-biasing. For
a random variable X with zero mean and positive, finite variance, the zero-biased version Xz is
defined by

Ef ′(Xz) =
E[Xf(X)]

E[X2]
, (2.6)

for all Lipschitz functions f : R → R for which the expectation on the right-hand side exists. This
definition was introduced by Goldstein and Reinert (1997) in the context of Gaussian approximation
by Stein’s method, noting that the mean-zero Gaussian distribution is the unique fixed-point of this
transformation. Döbler (2017) establishes the existence of two generalisations of zero-biasing which
relax the restriction of X having mean zero. For a random variable X with E[X2] > 0 we define

• the non-zero-biased version of X, denoted by Xnz, by

Ef ′(Xnz) =
E[(X − EX)f(X)]

Var(X)
, (2.7)

for all Lipschitz functions f : R → R for which the expectation on the right-hand side exists.
• the generalised-zero-biased version of X, denoted by Xgz, by

Ef ′(Xgz) =
E[X(f(X)− f(0))]

E[X2]
, (2.8)

for all Lipschitz functions f : R → R for which the expectation on the right-hand side exists.
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It is known that if X has the compound Poisson distribution defined above then Xnz is equal in
distribution to X+ξgz, where these two summands are independent; see Lemma 2.4 of Daly (2022).
By the definitions (2.7) and (2.8), and noting that Var(X) = λE[ξ2], we therefore have

E[(X − EX)f(X)] = Var(X)Ef ′(X + ξgz) =
Var(X)

E[ξ2]
E[ξ(f(X + ξ)− f(X))]

= λE[ξ(f(X + ξ)− f(X))] = λE[ξf(X + ξ)]− EXEf(X) ,

so that E[Xf(X)] = λE[ξf(X + ξ)] and we again obtain the characterisation underlying the choice
of functional form in (2.2). We will exploit this close connection between notions of zero-biasing,
which have their roots in Stein’s method for Gaussian approximation, and the equations at the
heart of Stein’s method for compound Poisson approximation in Section 4, where we establish
central limit theorems with explicit error bounds for sums of associated or negatively associated
random variables.

Also related to this, but away from the compound Poisson setting, is the observation that the
zero-biased version Xz of an infinitely divisible random variable X with zero mean is equal in
distribution to X + Y ′ for some random variable Y ′ independent of X; see the recent work of
Goldstein and Kemp (2024) exploiting and developing this close connection between zero-biasing
and infinite divisibility. As we will see in Section 5, this implies that if X also has a vanishing third
moment, there is a convex ordering between X and Xz. We use this ordering to establish a Gaussian
approximation result for X under the assumption that the first three moments of X match those
of the approximating Gaussian distribution. Here, as in Section 4, we will use the tools of Stein’s
method for Gaussian approximation, which we introduce further as needed below.

Finally in this preliminary section, we refer the interested reader to the work of Arras and
Houdré (2019), who develop the tools of Stein’s method for approximation by an infinitely divisible
distribution with finite first moment.

3. Poisson mixtures with infinitely divisible mixing distributions

In this section our principal aim is to derive bounds on distances between mixed Poisson distribu-
tions with infinitely divisible mixing distributions. We exploit the property that such distributions
can be size-biased by adding an independent increment, and that we may bound the distance be-
tween two such distributions in terms of the proximity of their increments upon size-biasing. This
is a first application of our direct approach to exploiting biasing by an independent increment to
establish approximations with explicit error bounds. Our main results are presented in Section 3.1,
and in Section 3.2 we give an illustrative application to a Dickman-type limit theorem. The proof
of a technical lemma is given in Section 3.3, following which we conclude this section with some
remarks on the case of mixed negative binomial distributions in Section 3.4.

A random variable Z is said to have a mixed Poisson distribution with (non-negative, real-valued)
mixing distribution ξ, written Z ∼ MP(ξ), if Z|ξ ∼ Pois(ξ) has a Poisson distribution with mean
ξ. That is, if P(Z = j) = E[e−ξξj ]

j! for j = 0, 1, . . .. The family of mixed Poisson distributions is an
important one with numerous applications: see Karlis and Xekalaki (2005) for a discussion of some
areas of application.

We will focus on the case where the mixing distribution ξ is infinitely divisible, since this will
allow us to exploit infinite divisibility of the mixed Poisson random variable Z (see Proposition 8
of Karlis and Xekalaki, 2005). Examples of infinitely divisible distributions on the non-negative
real line include the Poisson and compound Poisson distributions, geometric and negative binomial
distributions, exponential and gamma distributions, Weibull distributions with shape parameter at
most 1, Pareto distributions, F -distributions, log-normal distributions, the Dickman distribution,
and distributions with a log-convex density function. See Remark 8.12 of Sato (1999) and Section
11.4 of Arratia et al. (2019).
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Since ξ is infinitely divisible, the size-biased version ξs is equal in distribution to ξ + η, where η
is a non-negative random variable independent of ξ. Then, since Zs ∼ MP(ξs) + 1 (see Lemma 2.4
of Arratia et al., 2019), we have that Zs is equal in distribution to Z + Y + 1, where Y ∼ MP(η) is
independent of Z. From the definition (2.1) of size-biasing we therefore have that, for all f : Z+ → R
for which the expectation exists,

E[Zf(Z)] = Eξ
∞∑
i=1

P(Y = i− 1)Ef(Z + i) = Eξ
∞∑
i=1

1

(i− 1)!
E[e−ηηi−1]Ef(Z + i) .

Following well-established techniques in Stein’s method (see, for example, Ross, 2011 for an intro-
duction), this motivates us to define the following Stein equation to assess the proximity of Z to
another random variable: For a given function h : Z+ → R we let f = fh : Z+ → R satisfy f(0) = 0
and

h(k)− Eh(Z) = Eξ
∞∑
i=1

1

(i− 1)!
E[e−ηηi−1]f(k + i)− kf(k) (3.1)

for k ∈ Z+. We recognise this as a Stein equation of the form (2.2) used in compound Poisson
approximation problems by Barbour et al. (1992a), among many others, with

λi =
Eξ
i!
E[e−ηηi−1] (3.2)

for i ≥ 1. We will employ this to assess the proximity of two mixed Poisson distributions by
replacing the variable k by another mixed Poisson random variable. Taking expectations, absolute
values, and the supremum over h ∈ H then gives an equation of the form (2.3) that allows us to
assess the distance between Z and this second mixed Poisson random variable.

In order to carry out this programme we will need bounds on the solution to (3.1).

Lemma 3.1. Let f be the solution to (3.1) for a given function h : Z+ → R, and let M (Z)
0 (H) and

M
(Z)
1 (H) be defined analogously to (2.4). Then

M
(Z)
j (HK) ≤ M

(Z)
j (HTV) ≤ min

{
1,

1

(Eξ)Ee−η

}
eλ (3.3)

for j = 0, 1, where λ = (Eξ)E
[

1
Y+1

]
and Y ∼ MP(η). Furthermore,

(a) If i!E[e−ηηi−1] ≥ (i− 1)!E[eηηi] for all i = 1, 2, . . ., then

M
(Z)
0 (HK) ≤ min

{
1,

√
2

e(Eξ)Ee−η

}
, M

(Z)
1 (HK) ≤ min

{
1

2
,

1

(Eξ)Ee−η + 1

}
,

M
(Z)
0 (HTV) ≤ min

{
1,

2√
β

}
, and M

(Z)
1 (HTV) ≤ min

{
1,

1

β

(
1

4β
+ log+ 2β

)}
,

where β = (Eξ)(Ee−η−E[ηe−η]) and log+ denotes the positive part of the natural logarithm.
(b) If Var(ξ) < 1

2Eξ, then

M
(Z)
0 (HK) ≤ M

(Z)
0 (HTV) ≤

√
Eξ

Eξ − 2Var(ξ)
, and M

(Z)
1 (HK) ≤ M

(Z)
1 (HTV) ≤

1

Eξ − 2Var(ξ)
.

We defer the proof of Lemma 3.1 to Section 3.3 below. The upper bound (3.3) is rather poor for
moderate or large λ, but better bounds are available under the conditions of either part (a) or part
(b). The condition in part (b) is typically more straightforward to check, while that in part (a) may
be less clear. We note that the condition in part (a) is equivalent to P(Y = i) ≤ P(Y = i − 1) for
each i ≥ 1, where Y ∼ MP(η). By Corollary 2.7 of Balabdaoui et al. (2019), this condition holds if
η is supported on a subset of [0, 1]. Examples for which this holds include the following:
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• If ξ has a Poisson distribution then ξs is equal in distribution to ξ + 1, i.e., η = 1 almost
surely, and

• If ξ ∼ Bin(n, p) has a binomial distribution then ξs ∼ Bin(n−1, p)+1, i.e., η has a Bernoulli
distribution with mean 1− p.

Other examples in which Y has a monotone decreasing mass function include the case where ξ has
a gamma distribution (so that Z has a negative binomial distribution, and upon size-biasing we
obtain an independent increment Y which has a geometric distribution), and the case where ξ has
a Dickman distribution (see Section 3.2 below for further details).

3.1. Bounds on distances between mixed Poisson distributions. In this section we make use of the
framework outlined above to establish bounds on distances between mixed Poisson distributions
with infinitely divisible mixing distributions. Throughout this section we let Z ∼ MP(ξ) and
W ∼ MP(µ). We are motivated by Lemma 4(b) of Grübel and Stefanoski (2005), who showed that
for any such mixed Poisson random variables

dW(W,Z) ≤ dW(µ, ξ) . (3.4)

This bound can be generalised beyond the Wasserstein distance. For some k ∈ Z+, we assume that
the first k moments of W match those of Z (or, equivalently, the first k moments of ξ match those
of µ). Then for a function h : Z+ → R we define g : R+ → R by g(x) = E[h(Z)|ξ = x], so that

|Eh(W )− Eh(Z)| = |Eg(µ)− Eg(ξ)| ≤ 1

(k + 1)!
∥g(k+1)∥ inf

(µ,ξ)
E
[
|µ− ξ|k+1

]
,

by Taylor’s theorem, where the infimum is taken over all couplings of µ and ξ. Writing g(x) =∑∞
j=0 h(j)

e−xxj

j! we have that g(k+1)(x) = E[∆k+1h(Z)|ξ = x], where ∆ is the forward difference
operator defined by ∆h(j) = h(j + 1)− h(j). Hence,

|Eh(W )− Eh(Z)| ≤ 1

(k + 1)!
∥∆k+1h∥ inf

(µ,ξ)
E
[
|µ− ξ|k+1

]
.

Since we may write dW(µ, ξ) = inf(µ,ξ) E|µ − ξ|, (3.4) follows by letting k = 0 and taking the
supremum over h ∈ HW. Taking the supremum over different classes of test functions H leads to
bounds in different metrics.

In the case where µ and ξ are infinitely divisible, it is sometimes more useful to have an alternative
bound that involves instead the proximity of the independent increments obtained on size-biasing
these random variables. We use the rest of this section to give results of this flavour, and give an
illustrative example in which they are useful in Section 3.2 below. For the remainder of this section
we will assume that ξ and µ are infinitely divisible, non-negative random variables. We will write
ξs = ξ + η, where η is independent of ξ, and similarly write µs = µ+ ν, where ν is independent of
µ.

Theorem 3.2. Letting W and Z be Poisson mixtures with infinitely divisible mixing distributions
as above,

sup
h∈H

|Eh(W )− Eh(Z)| ≤ (Eξ)M (Z)
1 (H)dW(ν, η) +M

(Z)
0 (H)|Eµ− Eξ| .
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Proof : For h ∈ H we let f denote the solution to (3.1) with f(0) = 0. Letting Y ∼ MP(η) be
independent of W , we then have that

sup
h∈H

|Eh(W )− Eh(Z)| = sup
h∈H

∣∣∣∣∣(Eξ)E
∞∑
i=1

1

(i− 1)!
E[e−ηηi−1]f(W + i)− E[Wf(W )]

∣∣∣∣∣
= sup

h∈H
|(Eξ)Ef(W + Y + 1)− (Eµ)Ef(W s)|

≤ (Eξ) sup
h∈H

|Ef(W + Y + 1)− Ef(W s)|+ sup
h∈H

|Ef(W s)||Eµ− Eξ| .

We construct W s as W + V + 1, where V ∼ MP(ν) is independent of W , so that

sup
h∈H

|Eh(W )− Eh(Z)| ≤ (Eξ) sup
h∈H

|Ef(W + Y + 1)− Ef(W + V + 1)|+ sup
h∈H

|Ef(W s)||Eµ− Eξ|

≤ (Eξ)M (Z)
1 (H)dW(V, Y ) +M

(Z)
0 (H)|Eµ− Eξ|

≤ (Eξ)M (Z)
1 (H)dW(ν, η) +M

(Z)
0 (H)|Eµ− Eξ| ,

where the final equality follows from (3.4). □

As a corollary we obtain a generalisation of Theorem 1.C(ii) of Barbour et al. (1992b) under
the additional condition of infinite divisibility, for which we need a little additional notation. From
equation (88) of Arratia et al. (2019), the characteristic function of Z may be written as

EeiuZ = exp

{
Eξ
(
iumξ({0}) +

∫ ∞

0

eiuy − 1

y
mξ(dy)

)}
,

where mξ is the Lévy measure associated with ξ, and is the distribution of the increment η obtained
on size-biasing; see Section 11.2 of Arratia et al. (2019). We will write mξ ≥st mµ to denote that
the Lévy measure of ξ is stochastically larger than that of µ.

Corollary 3.3. Let W and Z be as in Theorem 3.2, and assume that either mξ ≥st mµ or mµ ≥st
mξ. Then

sup
h∈H

|Eh(W )− Eh(Z)| ≤ (Eξ)M (Z)
1 (H)

∣∣∣∣∣Var(µ)
Eµ

− Var(ξ)
Eξ

∣∣∣∣∣+M
(Z)
0 (H)|Eµ− Eξ| .

Proof : We complete the proof under the assumption that mξ ≥st mµ; the argument is analogous if
the reverse ordering holds. This implies that η is stochastically larger than ν, and hence that

dW(ν, η) = Eη − Eν = Eξs − Eξ − Eµs + Eµ =
Var(ξ)
Eξ

− Var(µ)
Eµ

,

where the final equality uses the definition (2.1). The result then follows from Theorem 3.2. □

We note that if Z has a Poisson distribution then the associated Lévy measure is a point mass at
zero, so Corollary 3.3 yields the bound of Theorem 1.C(ii) of Barbour et al. (1992b) in the special
case where Z is Poisson with mean equal to Eµ and H = HTV, though we note that we additionally
require W to have infinitely divisible mixing distribution.

Bounds on the terms of the form M
(Z)
j (H) appearing in Theorem 3.2 and Corollary 3.3 are given

in Lemma 3.1; in applying these results the mixed Poisson distribution playing the role of Z should
be chosen as the one which gives such bounds of the best order.
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3.2. Example: A mixed Poisson–Dickman approximation. To demonstrate Theorem 3.2 we consider
here an illustrative example. For n = 1, 2, . . . and some c > 0, we let

W =

n∑
k=1

BkPk , (3.5)

where B1, B2, . . . is a sequence of independent Bernoulli random variables with EBk = 1/k, and
P1, P2, . . . is a sequence of independent Poisson random variables, also independent of the Bk, with
Pk ∼ Pois(ck/n).

We may write W ∼ MP(cξ), where ξ = 1
n

∑n
k=1 kBk. This ξ is a weighted sum of Bernoulli

random variables of the form studied by Bhattacharjee and Goldstein (2019) and Bhattacharjee
and Schulte (2025), motivated by applications to the Quickselect algorithm and to records pro-
cesses, who provide explicit bounds in the approximation of such a ξ by a Dickman distribution in
the Wasserstein-2 and Kolmogorov distances, respectively. Dickman approximations of more gen-
eral weighted sums of the form

∑n
k=1BkYk for some independent random variables Y1, Y2, . . . whose

means grow linearly with k are also studied by Bhattacharjee and Goldstein (2019) and Bhattachar-
jee and Schulte (2025), with results that perform particularly well when the variances of the Yk are
small. Our present example is motivated by an alternative limit which may arise when this is not
the case.

Throughout this section we let D ∼ Dickman(1) have a standard Dickman distribution with
ED = 1 and density function e−γρ(x) for x > 0, where ρ is Dickman’s function and γ = 0.5772 . . .
is Euler’s constant. Given the Dickman approximation results for ξ discussed above, it would be
reasonable to approximate W by Z ∼ MP(cD). We do this in the total variation distance for
concreteness. A natural first approach to this would be to write

dTV(W,Z) ≤ dW(W,Z) ≤ cdW(ξ,D) ,

where the first inequality uses the comparability of dTV and dW on the integers, and the second
uses both (3.4) and scaling properties of Wasserstein distance. Unfortunately, bounds on dW(ξ,D)
do not seem to be readily available in the literature, so we use a slightly less direct approach via
Theorem 3.2. Demonstrating this approach is the main focus of this section.

From Example 11.12 of Arratia et al. (2019), we have that Ds is equal in distribution to D + U ,
where U ∼ Unif(0, 1) has a uniform distribution and is independent of D. We may then construct
(cD)s = cDs = cD + V , where V ∼ Unif(0, c) is independent of D. We may therefore construct Zs

as Z + Y + 1, where Y ∼ MP(V ) is independent of Z. We note that

P(Y = j) =
1

cj!

∫ c

0
e−vvj dv =

1

c
P(X > j) ,

where X ∼ Pois(c), so that the mass function of Y is monotonically decreasing. For a given function
h : Z+ → R, letting f denote the solution to

h(k)− Eh(Z) = c

∞∑
i=1

1

(i− 1)!
E[e−V V i−1]f(k + i)− kf(k)

with f(0) = 0, Lemma 3.1(a) thus gives us that

M
(Z)
1 (HTV) ≤ min

{
1,

1

β

(
1

4β
+ log+ 2β

)}
,

where β = c(Ee−V − E[V e−V ]) = ce−c.
To construct W s we use well-known rules for size-biasing a sum of independent random variables

(see Section 2.4 of Arratia et al., 2019). Let I be uniformly distributed on {1, . . . , n}, independent
of all else, and construct W s = W − BIPI + (BIPI)

s. A straightforward calculation confirms that
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(BIPI)
s is equal in distribution to PI +1, so that W s is equal in distribution to W +(1−BI)PI +1,

where (1−BI)PI ∼ MP((1−BI)
cI
n ).

From Theorem 3.2 we thus have

dTV(W,Z) ≤ cM
(Z)
1 (HTV)dW

(
(1−BI)

cI

n
, V

)
= c2M

(Z)
1 (HTV)dW

(
(1−BI)

I

n
, U

)
. (3.6)

Furthermore,

dW

(
(1−BI)

I

n
, U

)
=

∫ 1

0

∣∣∣∣P((1−BI)
I

n
≤ x

)
− x

∣∣∣∣ dx ,
and

P
(
(1−BI)

I

n
≤ x

)
=

1

n

n∑
k=1

P
(
(1−Bk)

k

n
≤ x

)
=

1

n

n∑
k=1

P
(
Bk ≥ 1− nx

k

)

=
1

n

⌊nx⌋∑
k=1

1 +
1

n

n∑
k=⌊nx⌋+1

1

k
=

⌊nx⌋
n

+
1

n

n∑
k=⌊nx⌋+1

1

k
,

where ⌊·⌋ is the floor function. Hence, dW
(
(1−BI)

I
n , U

)
≤ a+ b, where

a =

∫ 1

0

∣∣∣∣∣⌊nx⌋n
− x

∣∣∣∣∣ dx =

∫ 1

0

(
x− ⌊nx⌋

n

)
dx =

1

2
− n− 1

2n
=

1

2n
,

b =
1

n

∫ 1

0

n∑
k=⌊nx⌋+1

1

k
dx =

1

n

∫ 1

0

(
Hn −H⌊nx⌋

)
dx ,

and Hn =
∑n

k=1 1/k is the nth harmonic number. Since log(n+ 1) < Hn < log(n) + 1 for each n,
we have

Hn −H⌊nx⌋ ≤ 1 + log

(
n

⌊nx⌋+ 1

)
≤ 1− log(x) ,

and b ≤ 1
n

∫ 1
0 (1 − log x) dx = 2

n . Hence, dW
(
(1 − BI)

I
n , U

)
≤ 5

2n and from (3.6) we obtain the
following bound.

Proposition 3.4. Let W be as in (3.5) and Z ∼ MP(cD). Then

dTV(W,Z) ≤ 5c2

2n
min

{
1,

1

β

(
1

4β
+ log+ 2β

)}
,

where β = ce−c.

An approximation result in Kolmogorov distance can be derived similarly, replacing M
(Z)
1 (HTV)

with M
(Z)
1 (HK) and using the bound on this latter quantity from Lemma 3.1(a).

3.3. Proof of Lemma 3.1. We use this section to give the proof of Lemma 3.1. We firstly note
that M

(Z)
j (HK) ≤ M

(Z)
j (HTV) for j = 0, 1 since HK ⊆ HTV. The upper bound (3.3) then follows

immediately from Theorem 4 of Barbour et al. (1992a), noting that with λi given by (3.2) we have
∞∑
i=1

λi = Eξ
∞∑
i=0

1

(i+ 1)!
E[e−ηηi] = Eξ

∞∑
i=0

1

i+ 1
P(Y = i) = (Eξ)E

[
1

Y + 1

]
.

For part (a), we note that the assumption is equivalent to iλi ≥ (i + 1)λi+1 for all i ≥ 1. The
bounds on M

(Z)
0 (HK) and M

(Z)
1 (HK) then follow from Proposition 1.1 of Barbour and Xia (2000).

The bounds on M
(Z)
0 (HTV) and M

(Z)
1 (HTV) follow from Proposition 2 and Theorem 5, respectively,

of Barbour et al. (1992a).
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For part (b) we use the results of Barbour and Xia (1999), who give bounds on the quantities
M

(Z)
j (HTV) for j = 0, 1 under the assumption (2.5). In our setting we have that∑∞

j=1 j(j − 1)λj∑∞
j=1 jλj

=

∑∞
j=1

1
(j−1)!E[e

−ηηj ]∑∞
j=1

1
(j−1)!E[e−ηηj−1]

=
E[e−η

∑∞
j=1

ηj

(j−1)! ]

E[e−η
∑∞

j=1
ηj−1

(j−1)! ]

= Eη = E[ξs]− Eξ =
E[ξ2]
Eξ

− Eξ =
Var(ξ)
Eξ

,

so that (2.5) holds if Var(ξ) < 1
2Eξ. The bounds of part (b) of our lemma then follow immediately

from Theorem 2.5 of Barbour and Xia (1999).
Finally, we remark that there are bounds on M

(Z)
j (HK) for j = 0, 1 available under slightly

more relaxed conditions than those imposed in parts (a) and (b) of our lemma: see Theorem 3.1 of
Barbour and Utev (1998) for a relaxation of the monotonicity condition of part (a), and Theorem
1.1 of Daly (2017) for a relaxation of the condition in part (b). We do not give further details
here to keep our exposition simpler, and since these relaxations do not provide significant benefit in
the examples and applications we consider, in which we focus more on bounding the stronger total
variation distance.

3.4. The mixed negative binomial case. The techniques of this section may also be applied in other
settings, though with additional technical challenges in some cases. Beyond the mixed Poisson case,
it is natural to consider a mixed negative binomial random variable Z with mass function

P(Z = j) = E
[
Γ(j + ξ)

j!Γ(ξ)
(1− p)jpξ

]
,

for j ∈ Z+, some p ∈ [0, 1] and a non-negative random variable ξ, where Γ(·) is the gamma function.
We denote this by Z ∼ MNB(ξ, p) As before, we will assume that the mixing distribution is infinitely
divisible, and write ξs = ξ+ η. In this case, a straightforward calculation using results from Section
2.2 of Arratia et al. (2019) gives us that we may construct Zs as Z + Y +G+ 1, where these three
random variables are independent, Y ∼ MNB(η) and G has a geometric distribution with mass
function P(G = j) = p(1− p)j for j ∈ Z+. Writing

E[Zf(Z)] =
(1− p)Eξ

p

∞∑
i=1

P(Y +G = i− 1)Ef(Z + i)

= Eξ
∞∑
i=1

i−1∑
j=0

(1− p)j+1P(Y = i− j − 1)Ef(Z + i)

= Eξ
∞∑
i=1

i−1∑
j=0

(1− p)i

(i− j − 1)!
E
[
Γ(i− j − 1 + η)

Γ(η)
pη
]
Ef(Z + i) ,

the equivalent of (3.1) in this setting is

h(k)− Eh(Z) = Eξ
∞∑
i=1

i−1∑
j=0

(1− p)i

(i− j − 1)!
E
[
Γ(i− j − 1 + η)

Γ(η)
pη
]
f(k + i)− kf(k) .

Then, for example, to be able to use bounds analogous to those in Lemma 3.1(a), which we recall
are typically of a better order than those available without the monotonicity conditions assumed
therein, we would need to assume that the inner sum

∑i−1
j=0

(1−p)i

(i−j−1)!E
[
Γ(i−j−1+η)

Γ(η) pη
]

is monotonically
decreasing in i = 1, 2, . . .. Finding examples or sufficient conditions for this seems to be more
challenging than in the corresponding Poisson case. To consider just one example, if ξ is Poisson
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then η = 1 almost surely and we would need i(1 − p)i to be monotonically decreasing in i, which
occurs only if p ≥ 1/2. We leave further exploration of this question, and that of other extensions
of these techniques, for future research.

4. Gaussian approximation for sums of associated or negatively associated random
variables

In this section we derive error bounds for Gaussian approximation in the Wasserstein distance of
a sum of associated or negatively associated random variables. We will again exploit the property
of biasing with an independent increment, though our approach here is less direct than in Section
3. We begin with a general Gaussian approximation result (Theorem 4.1 below) which makes use of
the fact that we may non-zero-bias a compound Poisson random variable by adding an independent
increment, as discussed in Section 2, in conjunction with Stein’s method for Gaussian approximation,
for which we refer the reader to Chen et al. (2011) for an introduction, and the compound Poisson
approximation techniques already introduced.

We then go on to apply our Theorem 4.1 to a sum of associated or negatively associated random
variables in Section 4.1, making use of compound Poisson approximation results from Daly (2013).
Applications to simple random sampling and urn models with overflow are considered in Sections
4.2 and 4.3, respectively.

Theorem 4.1. Let W be a real-valued random variable with EW = θ and Var(W ) = σ2, and
Z ∼ N(θ, σ2) be a Gaussian random variable whose first two moments match those of W . Let ξ be
a real-valued random variable, independent of W , with Eξ = θ/λ for some λ > 0. Then

dW(W,Z) ≤ E|ξ|3

E[ξ2]
+

√
2

π
σ−1|σ2 − λE[ξ2]|+ sup

h∈HW

|λE[ξf(W + ξ)]− E[Wf(W )]| ,

where f : R → R is the solution of

h(x)− Eh(Z) = σ2f ′(x)− (x− θ)f(x) (4.1)

for h ∈ HW.

Proof : Letting f be as in (4.1) we follow Stein’s method for Gaussian approximation (see Chen
et al., 2011) to write

dW(W,Z) ≤ sup
h∈HW

|E[σ2f ′(W )− (W − θ)f(W )]| , (4.2)

noting that this is usually written in the setting with θ = 0 and σ2 = 1. The setting we use here,
with a general mean and variance, is a straightforward extension that we use for convenience in the
work that follows. Following the arguments of the proof of Lemma 2.4 of Chen et al. (2011), we
have that, for h ∈ HW,

sup
x∈R

|f ′(x)| ≤
√

2

π
σ−1 , and sup

x∈R
|f ′′(x)| ≤ 2σ−2 . (4.3)

Now, using (2.7) we write

E[σ2f ′(W )− (W − θ)f(W )] = σ2
[
Ef ′(W )− Ef ′(W nz)

]
= σ2

[
Ef ′(W )− Ef ′(W + ξgz) + Ef ′(W + ξgz)− Ef ′(W nz)

]
. (4.4)

From (4.3) we have that, for h ∈ HW,

|Ef ′(W )− Ef ′(W + ξgz)| ≤ 2σ−2E|ξgz| = E|ξ|3

σ2E[ξ2]
, (4.5)
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where the final equality uses the definition (2.8). Again using the definitions (2.7) and (2.8), together
with the independence of W and ξ, we have

Ef ′(W + ξgz)− Ef ′(W nz) =
E[ξ(f(W + ξ)− f(W ))]

E[ξ2]
− E[(W − θ)f(W )]

σ2

=

(
1

E[ξ2]
− λ

σ2

)
E[ξf(W + ξ)]− θ

(
1

λE[ξ2]
− 1

σ2

)
Ef(W )

+
1

σ2

(
λE[ξf(W + ξ)]− E[Wf(W )]

)
=

(
1

E[ξ2]
− λ

σ2

)
(E[ξf(W + ξ)]− E[ξf(W )])

+
1

σ2
(λE[ξf(W + ξ)]− E[Wf(W )]) . (4.6)

By Taylor’s theorem we write(
1

E[ξ2]
− λ

σ2

)
(E[ξf(W + ξ)]− E[ξf(W )]) =

(
1

E[ξ2]
− λ

σ2

)
E[ξ2f ′(κ)]

for some κ between W and W + ξ, so that∣∣∣∣∣ 1

E[ξ2]
− λ

σ2

∣∣∣∣∣|E[ξf(W + ξ)]− E[ξf(W )]| ≤
√

2

π
σ−1

∣∣∣∣∣1− λE[ξ2]
σ2

∣∣∣∣∣ (4.7)

by (4.3). The proof is completed by combining (4.2) with (4.4)–(4.7). □

4.1. Gaussian approximation under association or negative association. We now apply Theorem 4.1
to the case where W = Y1 + · · · + Yn is a sum of non-negative, integer-valued random variables
which are either associated or negatively associated. Recall that Y1, . . . , Yn are said to be associated
if

E[g(Yi, 1 ≤ i ≤ n)h(Yi, 1 ≤ i ≤ n)] ≥ E[g(Yi, 1 ≤ i ≤ n)]E[h(Yi, 1 ≤ i ≤ n)]

for all non-decreasing functions g and h. Similarly Y1, . . . , Yn are said to be negatively associated if

E[g(Yi, i ∈ I)h(Yi, i ∈ J )] ≤ E[g(Yi, i ∈ I)]E[h(Yi, i ∈ J )]

for all non-decreasing functions g and h, and all disjoint sets I,J ⊆ {1, . . . , n}. These two definitions
were introduced by Esary et al. (1967) and Joag-Dev and Proschan (1983), respectively, and have
since found numerous applications. Our interest is in establishing central limit theorems with
explicit error bounds in Wasserstein distance in this setting, along the lines of the univariate results
presented by Goldstein and Wiroonsri (2018) and Wiroonsri (2018), but without the boundedness
assumptions on the underlying random variables required by these latter results.

We obtain the following result in the negatively associated setting, which we state in terms of
the standardised random variables for easier comparison with results of Wiroonsri (2018).

Theorem 4.2. Let Y1, . . . , Yn be non-negative, integer-valued random variables which are negatively
associated, and let W = Y1 + · · ·+ Yn with σ2 = Var(W ). Then

dW(W̃ , Z̃) ≤
∑n

k=1 E[Y 3
k ]

σ
∑n

k=1 E[Y 2
k ]

+

√
8

π
σ−2

(
−
∑
i ̸=j

Cov(Yi, Yj) +
n∑

k=1

E[Yk]2
)
,

where W̃ = σ−1(W − EW ) and Z̃ ∼ N(0, 1).
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Proof : We combine Theorem 4.1 with compound Poisson approximation results of Daly (2013),
who showed in the proof of his Theorem 1.1 that if we choose P(ξ = j) = λ−1

∑n
k=1 P(Yk = j) in

our setting then we obtain

sup
h∈HW

|λE[ξf(W + ξ)]− E[Wf(W )]| ≤ sup
h∈HW

∥∆f∥

(
n∑

k=1

E[Y 2
k ]− σ2

)

≤
√

2

π
σ−1

(
−
∑
i ̸=j

Cov(Yi, Yj) +
n∑

k=1

E[Yk]2
)
,

where the final inequality follows from (4.3) and we note that the negative association property
implies that these covariances are non-positive.

With this choice of ξ we have that Eξ = λ−1E[W ], E[ξ2] = λ−1
∑n

k=1 E[Y 2
k ], and E|ξ3| = E[ξ3] =

λ−1
∑n

k=1 E[Y 3
k ]. We also note that

σ2 − λE[ξ2] =
∑
i ̸=j

Cov(Yi, Yj)−
n∑

k=1

E[Yk]2 .

Theorem 4.1 then gives

dW(W,Z) ≤
∑n

k=1 E[Y 3
k ]∑n

k=1 E[Y 2
k ]

+

√
8

π
σ−1

(
−
∑
i ̸=j

Cov(Yi, Yj) +
n∑

k=1

E[Yk]2
)
,

where Z ∼ N(EW,σ2). Scaling properties of Wasserstein distance give dW(W̃ , Z̃) = σ−1dW(W,Z),
completing the proof. □

This gives a result comparable to Theorem 1.3 of Wiroonsri (2018), who showed that if W̃ =

Ỹ1 + · · ·+ Ỹn is a sum of mean-zero, negatively associated random variables with |Ỹi| ≤ B for each
i and with Var(W̃ ) = 1, then

dW(W̃ , Z̃) ≤ 5B − 5.2
∑
i ̸=j

Cov(Ỹi, Ỹj) . (4.8)

Note that this does not require the Ỹi be non-negative and integer-valued; our Theorem 4.2 has
this assumption in order to be able to employ the compound Poisson approximation framework
from Daly (2013). However, our result does remove the boundedness needed by (4.8). In cases
where this boundedness does hold, the term proportional to σ−2

∑n
k=1 E[Yk]2 in the upper bound of

Theorem 4.2 means that our result may perform significantly worse than (4.8). For example, if the
Yk are independent Bernoulli random variables with fixed mean p then (4.8) gives an upper bound
in the approximation of their (standardised) sum of order O(n−1/2), while σ−2

∑n
k=1 E[Yk]2 =

p/(1 − p). This latter term is better behaved in other situations. For example, if the Yk are
independent Bernoulli random variables, each with mean λ log(n)/n for some λ > 0 then this term
is of order O(log(n)/n). In this example, both our Theorem 4.2 and (4.8) give upper bounds of
order O(1/ log(n)), with a slightly better constant in the leading term in Theorem 4.2. We will
give further illustrations of our Theorem 4.2 in Sections 4.2 and 4.3 below, in the settings of simple
random sampling and urn models with overflow, respectively, in which our result may significantly
outperform (4.8).

Our Theorem 4.2 makes use of a known compound Poisson approximation result for sums of
negatively associated random variables to derive a Gaussian approximation result. It would, of
course, be simpler to derive such a bound directly with the triangle inequality in conjunction with
the same compound Poisson approximation bound and a bound on the proximity of the compound
Poisson distribution to Gaussian. However, this would lead to terms involving bounds on the
solution to the compound Poisson equation (2.2) which, as discussed in Section 2, have a poor
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dependence on parameters of the problem in general. The approach we use in our Theorem 4.2 lets
us bypass this difficulty by using the solution to the Gaussian equation (4.1) instead of having to
deal with the solution to (2.2).

We obtain an analogous result in the case of a sum of associated random variables.

Theorem 4.3. Let Y1, . . . , Yn be non-negative, integer-valued random variables which are associated,
and let W = Y1 + · · ·+ Yn with σ2 = Var(W ). Then

dW(W̃ , Z̃) ≤
∑n

k=1 E[Y 3
k ]

σ
∑n

k=1 E[Y 2
k ]

+

√
8

π
σ−2

(∑
i ̸=j

Cov(Yi, Yj) +
n∑

k=1

E[Yk]2
)
,

where W̃ = σ−1(W − EW ) and Z̃ ∼ N(0, 1).

Proof : We proceed similarly to the proof of Theorem 4.2, making the same choice of ξ, with P(ξ =
j) = λ−1

∑n
k=1 P(Yk = j). In this setting, the proof of Theorem 1.2 of Daly (2013) gives

sup
h∈HW

|λE[ξf(W + ξ)]− E[Wf(W )]| ≤ sup
h∈HW

∥∆f∥

(
σ2 −

n∑
k=1

E[Y 2
k ] + 2

n∑
k=1

E[Yk]2
)

≤
√

2

π
σ−1

(∑
i ̸=j

Cov(Yi, Yj) +
n∑

k=1

E[Yk]2
)
,

again by (4.3), and noting that the covariances are non-negative in this case. Proceeding as in the
proof of Theorem 4.2, Theorem 4.1 then gives us

dW(W,Z) ≤
∑n

k=1 E[Y 3
k ]∑n

k=1 E[Y 2
k ]

+

√
8

π
σ−1

(∑
i ̸=j

Cov(Yi, Yj) +
n∑

k=1

E[Yk]2
)
,

and the conclusion follows. □

In their Theorem 1.3, Goldstein and Wiroonsri (2018) show that if W̃ = Ỹ1 + · · · + Ỹn is a sum
of mean-zero, associated random variables with |Ỹi| ≤ B for each i and with Var(W̃ ) = 1, then

dW(W̃ , Z̃) ≤ 5B +

√
8

π

∑
i ̸=j

Cov(Ỹi, Ỹj) .

Similar remarks apply as in the negatively associated case when comparing this result to our The-
orem 4.3. Goldstein and Wiroonsri do not need that the underlying random variables are integer-
valued, but do require a boundedness condition not needed in our Theorem 4.3.

4.2. Application to simple random sampling. Given (not necessarily distinct) non-negative integers
c1, . . . , cm, we take a sample of size n < m without replacement. Let Y1, . . . , Yn denote the sampled
values, and W = Y1 + · · · + Yn their sum. It is known that Y1 . . . , Yn are negatively associated;
see Section 3.2 of Joag-Dev and Proschan (1983). It is easily shown that E[Y α

k ] = m−1
∑m

j=1 c
α
j for

each k and ∑
i ̸=j

Cov(Yi, Yj) =
n(n− 1)

m(m− 1)

m∑
i=1

∑
j ̸=i

cicj −
n(n− 1)

m2

(
m∑
j=1

cj

)2

,

so that θ = EW = n
m

∑m
j=1 cj and

σ2 = Var(W ) =
n

m

m∑
j=1

c2j +
n(n− 1)

m(m− 1)

m∑
i=1

∑
j ̸=i

cicj −
n2

m2

(
m∑
j=1

cj

)2

.

Our Theorem 4.2 then gives the following Gaussian approximation bound.
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Proposition 4.4. With W as above,

dW(W̃ , Z̃) ≤
∑m

j=1 c
3
j

σ
∑m

j=1 c
2
j

+

√
8

π

n

m
σ−2

(
n

m

(
m∑
j=1

cj

)2

− n− 1

m− 1

m∑
i=1

∑
j ̸=i

cicj

)
,

where W̃ = σ−1(W − θ) and Z̃ ∼ N(0, 1).

Note that if we were to instead apply (4.8) in this setting we would take

B =
maxi{ci} − 1

m

∑m
j=1 cj

σ
,

which would give a rather poor upper bound in the case where some of the cj are much larger than
a typical element of this sequence. Finally, we note that Goldstein and Reinert (1997) also derive a
Gaussian approximation bound in this setting in their Theorem 4.1, but consider only a set of test
functions with four bounded derivatives, so do not obtain a bound in Wasserstein distance.

4.3. Application to urn models with overflow. Suppose n balls are each assigned independently
to one of m urns, with each ball assigned to urn j with probability pj for j = 1, . . . ,m, where
p1 + · · · + pm = 1. Let Sj denote the number of balls assigned to urn j. Several statistics of
interest in this setting may be written in the form W =

∑m
j=1 y(Sj) for some function y : R → R.

Examples include those considered by Boutsikas and Koutras (2002), y(x) = 1(x ≥ k) and y(x) =
(x − k + 1)1(x ≥ k). These are motivated by a setting in which each urn has capacity for k − 1
balls, and then W counts the number of urns exceeding this capacity and the number of excess balls
assigned to these overflowing urns, respectively. In each of these cases y is an increasing function,
and y(S1), . . . , y(Sm) are identically distributed. Since S1, . . . , Sm are negatively associated, then
when y is increasing we also have that y(S1), . . . , y(Sm) are negatively associated. We may thus
apply our Theorem 4.2 to this setting.

In the case where pj = p = 1/m for each j = 1, . . . ,m, and for each of the two cases of y above,
Boutsikas and Koutras (2002) establish a Poisson or compound Poisson limit for W and derive
expressions for the mass function of y(S1) and the covariance Cov(y(S1), y(S2)), thus providing the
ingredients we need to immediately apply our Theorem 4.2 to also yield a Gaussian approximation
result.

For example, consider the case where we count the total number of balls assigned to urns that
have already reached their capacity, W =

∑m
j=1 Yj , where Yj = (Sj − k + 1)1(Sj ≥ k). In this

setting we have

P(Yj = l) =

(
n

l + k − 1

)
pl+k−1(1− p)n−l−k+1 ,

for l = 1, . . . , n− k + 1, and

Cov(Y1, Y2) =
n−k∑
i=k

n−i∑
j=k

(i− k + 1)(j − k + 1)

(
n

i, j

)
pi+j(1− 2p)n−i−j

−

(
n∑

i=k

(i− k + 1)

(
n

i

)
pi(1− p)n−i

)2

,

where
(
n
i,j

)
= n!

i!j!(n−i−j)! if i+ j ≤ n, and is zero otherwise; see page 278 of Boutsikas and Koutras
(2002). Our Theorem 4.2 gives the following.

Proposition 4.5. With W as above,

dW(W̃ , Z̃) ≤ E[Y 3
1 ]

σE[Y 2
1 ]

+

√
8

π
mσ−2

(
(1−m)Cov(Y1, Y2) + E[Y1]2

)
,
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where σ2 = Var(W ).

It is clear that using (4.8) would give a rather poor bound here, since the Yj are bounded only by
the rather large value n−k+1, values close to which are seen only with vanishingly small probability;
see also Table 6 of Boutsikas and Koutras (2002), where the distribution function of W is evaluated
numerically in several examples. Finally, we also refer the interested reader to Section 4.2 of Chen
and Röllin (2010), in which the authors establish a more general Gaussian approximation bound in
Kolmogorov distance for statistics of the type we consider here, albeit with rather large constants
in the error bound.

5. Gaussian approximation with a vanishing third moment

In this section we move away from our previous compound Poisson setting, and consider a bound
in approximation by a standard Gaussian distribution under the assumption that the random vari-
able W being approximated is infinitely divisible and has vanishing third moment. As in Section 3,
this is a more direct application of biasing with an independent increment: we use the decomposi-
tion of the zero-biased version, W z, as W + Y for some independent random variable Y to give a
convex ordering between W and W z, and hence a bound on Eh(W ) for suitable functions h. Our
main result is the following.

Theorem 5.1. Let W be an infinitely divisible random variable with E[W ] = E[W 3] = 0, E[W 2] = 1,
and with finite fourth moment. Let h : R → R be twice differentiable with absolutely continuous first
derivative. Then

|Eh(W )− Eh(Z)| ≤ 1

3
∥h′′∥

(
E[W 4]− 3

)
,

where Z ∼ N(0, 1).

Proof : We will again use Stein’s method for Gaussian approximation, and to that end let f : R → R
solve (4.1) with θ = 0, σ2 = 1, and h as in the statement of the theorem. We will make use of the
following bound on the third derivative of this f , given by Theorem 1.1 of Daly (2008):

∥f (3)∥ ≤ 2∥h′′∥ . (5.1)

For the remainder of the proof we write F for the distribution function of W , and G for that of W z.
We now use the Stein equation (4.1), the definition (2.6) and integrate by parts twice to write

Eh(W )− Eh(Z) = E[f ′(W )−Wf(W )] = E[f ′(W )− f ′(W z)]

=

∫ ∞

−∞
f ′′(x)[G(x)− F (x)] dx =

∫ ∞

−∞
f (3)(x)

∫ x

−∞
[F (y)−G(y)] dy dx ,

where in the final equality we use the definition (2.6) to note that since E[W z] = 1
2E[W

3] we have
E[W z] = E[W ] = 0.

Now, the infinite divisibility of W gives us that W z is equal in distribution to W + Y for some
random variable Y independent of W . The vanishing third moment of W means that E[W z] = 0
and hence E[Y ] = 0. From this, Theorem 3.A.34 of Shaked and Shanthikumar (2007) gives us that
W precedes W z in the usual convex order, and Theorem 3.A.1 of Shaked and Shanthikumar (2007)
then implies that

∫ x
−∞ F (y) dy ≤

∫ x
−∞G(y) dy for each x ∈ R. Hence,

|Eh(W )− Eh(Z)| ≤ ∥f (3)∥
∫ ∞

−∞

∣∣∣∣∣
∫ x

−∞
[F (y)−G(y)] dy

∣∣∣∣∣ dx
= ∥f (3)∥

∫ ∞

−∞

∫ x

−∞
[G(y)− F (y)] dy dx .
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Combining Theorem 2 of Boutsikas and Vaggelatou (2002) with their equation (6), we thus have
that

|Eh(W )− Eh(Z)| ≤ 1

2
∥f (3)∥

(
Var(W z)− Var(W )

)
.

The proof is complete on using the bound (5.1) and noting that the definition (2.6) gives Var(W z) =
1
3E[W

4]. □

Under the assumption that W is infinitely divisible and has vanishing third moment, Theorem
5.1 gives us an upper bound that depends on the difference between the fourth moment of W and
that of a standard Gaussian. This is superior to other Gaussian approximation bounds available in
the case of a vanishing third moment, such as that given in Corollary 3.3 of Gaunt (2016), where
the upper bound is a sum of positive contributions from second- and fourth-moment terms.

We note also that the constant in the upper bound of Theorem 5.1 could be improved at the cost
of requiring stronger differentiability conditions on h. In the proof of our result we could replace the
upper bound in (5.1) by either 1√

2Γ(5/2)
∥h(3)∥ or 1

4∥h
(4)∥ under the assumption that the higher-order

derivative exists; see Gaunt (2025) for a discussion.

5.1. Example: Gaussian approximation for Student’s t distribution. We conclude this section with
a brief illustrative example. Let T ∼ t(m) have Student’s t distribution with m > 4 degrees
of freedom, so that the fourth moment of T is finite. That is, T has density proportional to
(1 + x2

m )−
1
2
(m+1) for x ∈ R, with E[T ] = E[T 3] = 0, E[T 2] = m

m−2 and E[T 4] = 3m2

(m−2)(m−4) . We
further know that T is infinitely divisible; see Remark 8.12 of Sato (1999). Normalising to have unit

variance, we choose W =
√

m−2
m T so that

E[W 4] =

(
m− 2

m

)2 3m2

(m− 2)(m− 4)
=

3(m− 2)

m− 4
.

An application of Theorem 5.1 then gives the following bound.

Proposition 5.2. With W as above and h : R → R as in Theorem 5.1,

|Eh(W )− Eh(Z)| ≤ 2

m− 4
∥h′′∥ ,

where Z ∼ N(0, 1).
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