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Abstract. The stratified resampling mechanism is one of the resampling schemes commonly used
in the resampling steps of particle filters. In the present paper, we prove a central limit theorem
for this mechanism under the assumption that the initial positions are independent and identically
distributed and the weights proportional to a positive function of the positions such that the image
of their common distribution by this function has a non zero component absolutely continuous
with respect to the Lebesgue measure. This result relies on the convergence in distribution of
the fractional part of partial sums of the normalized weights to some random variable uniformly
distributed on [0, 1], which is established in the companion paper Flenghi and Jourdain (2024) by
overcoming the difficulty raised by the coupling through the normalization. Under the conjecture
that a similar convergence in distribution remains valid at the next steps of a particle filter which
alternates selections according to the stratified resampling mechanism and mutations according
to Markov kernels, we provide an inductive formula for the asymptotic variance of the resampled
population after n steps.

1. Introduction

Particle filtering, also known as Sequential Monte Carlo methods (see Chapter 4 in Cappé et al.,
2005 and Chopin and Papaspiliopoulos, 2020 for a general introduction), is a powerful method
to estimate the evolving state of a system over time, even when the state cannot be directly ob-
served but can only be inferred through noisy measurements or observations. It has become a very
popular class of numerical methods for the solution of optimal estimation problems in non-linear
non-Gaussian scenarios. This kind of method is used in real-time applications appearing in fields
such as chemical engineering, computer vision, financial econometrics, target tracking, robotics and
statistics (see among others Ristic et al., 2004 and Doucet et al.; 2001). The use of Monte Carlo
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methods for nonlinear filtering problems can be traced back to Handschin (1970) and Handschin
and Mayne (1969). They introduced a sequential version of the importance sampling method (see
Evans and Swartz, 1995; Robert and Casella, 2004 as references for the importance sampling) and
the corresponding algorithm is known as sequential importance sampling, often abbreviated SIS. A
drawback of the latter was identified by Gordon et al. (1993): as the number of iterations increases,
the importance weights tend to degenerate (a phenomenon usually known as weight degeneracy).
This means that after a certain number of iterations, some weights tend to become very small so
that the corresponding positions no longer contribute to the estimation. Thus, Gordon et al. in-
troduced the resampling step where, in view of stabilizing the Monte Carlo error over time, the
key idea is to eliminate the particles having low weights and to replicate the particles having high
weights. Therefore, by propagating M particles through weighting, resampling and mutation steps
(each particle evolves randomly according to a given transition probability kernel), particle filters
can be used to numerically estimate the state of the system given the observations (see also Doucet
et al., 2001; Chopin and Papaspiliopoulos, 2020).

Let us henceforth concentrate on the resampling step. Let M > 1. Given a sequence of R%valued
random variables (X,,)1<m<n with associated random weights (wM Ji<m<n such that wM > 0 and

> wM =1, a resampling scheme defines the resampled sequence (Y;);<,,<ps such that

1 M M
E (M > dym g> = w)ox,. (1.1)
m=1 m=1

where G := o ((Xom, w) )1<m<nr). Resampling schemes (Douc et al., 2005) permit to replace the
M
probability measure Z —q Wy M5y with non equal weights by some empirical measure M Z 5yM

with the same conditional expectation given G. Depending on the definition used for the random
variables er\f , several resampling schemes can be considered. The most common resampling tech-
niques are of the following types: multinomial, residual , stratified (Kitagawa, 1996) and systematic
(Carpenter et al., 1999). See Douc et al. (2005) for a brief description of such methods. The sim-
plest approach is the multinomial resampling. It consists in drawing, conditionally upon G, the new
positions (YM )1 <m<M independently from the common distribution Z%Zl wM§x . The resid-

ual resampling consists in replicating | Mw) |-times X,, for m € {1,--- M} and the remaining

M — Z%Zl | MwM | variables Y, are drawn, conditionally upon G, independently from the common
distribution

M- 1LM wM | Z{MW } 0,

where {z} denotes the fractional part of z € R. The stratified resampling is defined as follows.
Starting from M random variables (Up,)1<m<nr 1.i.d. distributed according to the uniform law on
(0,1) and independent of (X,,)1<m<ns, the sequence (Y;M);<p<ps is defined in the following way

vM=3"1
Z {ZwM<m Un <Zw
J=

Xy forme{l,--- ,M}. (1.2)
> A

It is not straightforward to understand its behaviour, notably due to the complicated structure in
the definition of the Y, which, however, continue to be conditionally independent given G. In
the systematic resampling, we take in the previous formula all the variables U, to be equal to a
single variable U distributed according to the uniform law on (0,1). Thus the Y, are no longer
conditionally independent given G.
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Resampling schemes have been largely studied in the literature, we now present a selection of
such results. The asymptotic behaviour for the resampling schemes has been extensively studied
in Del Moral (2004). In Corollary 7.4.2, a Strong Law of Large Numbers for respectively the
multinomial, residual and stratified resampling scheme is provided. In Section 9.4.2, a Central
Limit Theorem for the multinomial resampling scheme is presented. Douc et al. (2005) showed
that residual and stratified resampling improve over multinomial resampling in the sense that they
have a lower conditional variance (with respect to the o-algebra generated by (X,)1<m<nr). They
also proved, by means of a counter-example, that the same property does not hold for systematic
resampling. Furthermore, they established a central limit theorem for the residual resampling
approach suggesting that a similar result should be obtained for the stratified resampling scheme.
One of the last contributions concerning resampling schemes, is given by Gerber et al. (2019).
Using the notion of negative association (Joag-Dev and Proschan, 1983), they first provided a
general consistency result for resampling An application of this theorem gives the proof of almost

sure weak convergence of - Z 5yM in the stratified resampling method. Moreover they provide
=1
a counter-example to almost sure weak convergence for the systematic resampling method and

they introduce a new resampling algorithm based on a stochastic rounding technique of Srinivasan
(2001) which shares some attractive properties of systematic resampling but which exhibits negative
association and therefore converges irrespective of the order of the input samples. More recently,
Chopin et al. (2022) studied the resampling schemes for particle filters with weakly informative
observations. Empirical evidence indicates that when the weights used in resampling exhibit high
variability, the selection of the resampling strategy tends to have a weak impact. However, in cases
where the weights are close to being uniform, the performance differences between the different
resampling methods can be substantial. By keeping M fixed, they also considered the asymptotic
behaviour of the resampling schemes as the weights become less and less informative. See also Liu
and Chen (1998); Fearnhead (1998); Kiinsch (2005); Chopin (2004) for additional references.

In this paper, we focus on the stratified resampling scheme for the weights

M
Xn)/ Y 9(Xe)
/=1

where ¢ is a positive measurable function. Our purpose is to study the asymptotic behaviour of the
method as the number of particles M goes to inﬁnity Let f be a real-valued measurable function.

To compute the asympotic variance of ——= Z f ( ), it turns out to be essential to understand
the behaviour as M — oo of the fractlonal part
[akﬂ 1
Ze:l Q(XZ)
where 0 < o < 1. Under the assumption that the {X;,7 > 0} are i.i.d. such that the law of g (X;)
has a non zero component absolutely continuous with respect to the Lebesgue measure on R, we

prove in the companion paper Flenghi and Jourdain (2024) the convergence in distribution of (1.3)
to a random variable uniformly distributed on [0, 1]. Under this assumption, we check that

(2> )
(w27 o)

converges to some finite limit that we make explicit as M — oo and prove that

LS (ppypany EG(X)g(X)
m%(ﬂym) era)
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converges in distribution to a centered Gaussian random variable with variance equal to this limit.
The proof of this Central Limit Theorem relies on the asymptotic behaviour as M — oo of a vector
composed of

M
VAT (Emzzlf});”ggng) CE(f (X1)g <X1>>>
(=1

and the fractional parts (1.3) for a € {aq, -+ ,as} with 0 < oy < -+ < ag < 1. In the companion
paper Flenghi and Jourdain (2024), we check that this vector converges in distribution to a vector
with centered Gaussian first component and independent s last components uniformly distributed
on [0,1]*. We also consider a particle filter which alternates selections according to the stratified
resampling scheme with mutations according to Markov kernels. We check that as soon as a similar
weak convergence to the uniform distribution remains valid at the next steps, it is possible to
derive an inductive formula for the variance of the resampled population after n steps . Of course,
even if the proof of such a generalization of the results in Flenghi and Jourdain (2024) without
independence seems presently out of reach, it is nice to emphasize that this conjecture is the only
missing ingredient to rigorously deal with the next steps.

The paper is organized as follows. In Section 2, we recall the definition of the stratified sampling
scheme and the statement of the main results (Proposition 2.1, Theorem 2.3, Theorem 2.4) is given.
In Section 3, the proof of the results from the previous section is given. In Section 4, we consider
a particle filter which alternates selections according to the stratified resampling mechanism and
mutations according to Markov kernels and we provide an inductive formula for the asymptotic
variance of the resampled sequence.

Notation We denote by |z] the integer j such that j < z < j+ 1 and by {z} = = — [z]
the fractional part of x € R. We denote the set of real-valued bounded measurable functions on
R? by By, (Rd). Given u a positive measure on R? endowed with the Borel sigma algebra and
¢ : R? — R a measurable function that is either positive or such that [ |¢(z)|u(dz) < oo, we

denote u(6) = fa & (2) pu(de).

2. Statement of the Main Results

Given M > 0, let (X;,)1<m<nm be a sequence of i.i.d. R?-valued random vectors following the law
n and let g : R? — (0, 00) be a measurable function such that 0 < inf,cga g(7) < sup,cpa g(z) < 0o.
In what follows we denote g := sup,cga g(x) and g := inf,ga g(x). We now generate the sequence

(Y, M), <m<n according to the selection step of the stratified sampling (1.2) where

Mg(Xm
wM = 9(Xm)

m M
> 9(Xy)
(=1
form =1,--- , M. Since the weights are preserved when multiplied by a positive constant, up to
dividing g by E(g(X1)), without loss of generality we may suppose that
E(g9(X1)) = 1.
Let us observe that the random vectors (Y, Ji<xm<m are conditionally independent given F, the

o-algebra generated by the sequence (Xy,)1<m<n. Moreover one has
1 & M M

E (M 2151/%?) = g(Xm)5Xm/ Zlg(Xm)- (2.1)
m= m=

m=1
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Given f:R? — R a measurable function, our purpose is to provide a central limit theorem for

S _1y v
m=1

If we start looking at the variance of /M Sy, using (2.1) one has
| M
Var | — yM 2.2
(o 2 s0) 22

— Var > 1 9(Xm) f(Xim) (L oM

Thus, in particular, we will prove respectively the convergence of the first and second term in (2.3).
The first term is common to all the resampling schemes while the second one really depends on the
considered resampling scheme.

Let us consider the following hypotheses:

I1 sup,cpa |f(2z)] < 00

I2 0 < inf,cpa g(x) < sup,epa g(x) < 00

I3 the law of ¢g(X;) has a non zero component absolutely continuous with respect to the
Lebesgue measure on R.

The following proposition provides the asymptotic behaviour of the first term in (2.3).

Proposition 2.1. Under I1-2, the following convergence in distribution holds

M
Vil (Zm§ ﬁXg"gé()Xm) - n(fg)> =L N (0,7 (G (7 = n(ra))?)) (2.4)
/=1

Moreover

M
i Var (mzmi ﬂifzgg)(m)> =0 (9 = n(s9))?) 25
(=1

To express the asymptotic behaviour of the second term in (2.3) we introduce the real-valued
functions By and (31 respectively given by

Bo(x,y1) ={z+yt (1 —{z+u}) +2(l—2) =221 -2 —y1)ly,<1-2) (2.6)

Bi(z,y1, Y2, y3) = 2 ( {z+u} (1 ~ et - y2> Hon<t- (o)) 0
—{z+wn} <1 —{zt+yi}t—y2 - y3> Lo tys<i—{a+u1}}
— x(l —T—Y — 3/2> 1{y1+y2<17x}

+x (1 —T—Y1—Y2— y3) 1{y1+y2+y3<1z}) .

Remark 2.2. Let us observe that fy is continuous. Indeed, the fractional part is continuous apart
from the integers where its left-hand limit is equal to 1 and its right-hand limit is equal to O.
The composition with the function f(z) = z (1 — z) which is such that f(0) = f(1) = 0, allows
us to conclude that (xz,y1) — {x+y1} (1 — {x +y1}) is continuous. Moreover (z,y;) — (1 —
T — yl)l{y1<1_x} is continuous since the function f(z,y;) = 1 — 2 — y; is equal to 0 on the set
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{(:c, ) ER? iy =1— a;} of discontinuity points of the indicator function. Similarly it is possible
to prove that also 3 is a continuous function on R x R x Rt x RT.

Finally, let us define

[9/4]
o*(f) = E (Fk) (2.8)
k=0
with (Fy),cn given by
f2(X1)Bo (U, 9(X1)) k=0
— k
7 s (U000, (X0 9(Xen)) k>0 (29)

where Uy ~ U(0,1) is independent of X7, -+, Xpi1.
The following theorem provides the asymptotic behaviour of the second term in (2.3).

Theorem 2.3. Under I11-3, the following convergence holds

. e )
Jim (Var (\/Mmzl f(yM )pr)) = o*(f) (2.10)

where o?(f) has been defined in (2.8).

Gerber et al. (2019) show in Theorems 2 and 4 that when the common distribution of the random
vectors X, has some continuous, bounded and positive density with respect to the Lebesgue measure
and so does its image by some C! diffeomorphism 1/ onto (0, 1)?, then the conditional variance for f
continuous and bounded vanishes as M — oo if the positions (X, )1<m<n are ordered according to
the composition of the Hilbert space filling curve with ¢ before application of stratified resampling.

As a conclusion, the central limit theorem holds.

Theorem 2.4. Under the notation introduced above and under I1-3 we have

M
lim Var <¢1M mzl Fv >> = ((g(f = n(f9))) + (/) (2.11)

M—o0

where o(f) has been defined in (2.8). Moreover the following convergence in distribution holds

M
VM (]\14 mzlf(YnAf) - n(fg)> 5 N (07 U ((g (f - n(fg)))2> + aQ(f)) : (2.12)

3. Proofs of the main results
3.1. Proof of Proposition 2.1.

Proof: We recall that we suppose that n(g) = 1. Let us define h := g (f —n(fg)). By observing
that n(h) = 0 and

mz%:iﬂx;g())(m)_mn(fg)_ e D! (3.1)
(=1
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by Slutsky’s theorem we have

M
Vit (Zmzﬂﬁg - n(fg)) LN (0,n(12).
/=1

Let us now prove that

M
X, X
lim Var \/Mzmzli( m) f(Xm)
e > =1 9(X¢)
Let us preliminary study the following quantity

) = ((g(f =n(f0))*). (3.2)

L XM 4 1 M 4
(o) ), 2 #(e)

Among the M* expectations appearing in the sum on the right-hand side, the ones where one
index is different from the other three are equal to 0 by the independence of the X; and the fact
that n(h) = 0. Therefore

1 & ! 1 3(M —1)
E (\/M mE_:l h(Xm)> = Mﬁ(h4) + TU(hQ)Q <D, (3.3)

where D is a finite constant depending on g and f but not on M.

Since (3.1) holds, to prove (3.2) we can study the convergence as M goes to infinity of the variance

of \/M;BM given by
9gm
—har \ —ha\’
am gm

where we denote by gas the empirical mean pys(g) and by hys the empirical mean jpr(h), being
wps the point measure with masses at (X;,7 € {1,...,M}).

By the Cauchy—-Schwarz inequality we have

where the right-hand side converges to 0 as M goes to infinity by the Strong Law of Large
Numbers and by Lebesgue’s theorem. With n(h) = 0, this in particular implies that

o () ) ()| (52 ) o

o 82) () - o o ()

M—00 am M—o0 gm

0= lim
M—o00

and
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and so the proof is complete. ]

3.2. Proof of Theorem 2.5. To prove Theorem 2.3 we need some preliminary results. By the con-
ditional independence of the random vectors (Y,M);<,,<as with respect to the o-algebra F, we
have

For m =1,---, M, by (1.2), by observing that m — Uy, is uniformly distributed on [m — 1, m] and
by the Freezing Lemma, we have that for each bounded measurable function p : R* — R

M m
E (oY) | F) = ,QXi/li .
(V') | F) ;( )m_1 {le%mZWjM
j=1 j=1

}du. (3.4)

1
Thus, we can rewrite Var T Z%zl f(YM) ‘ ]-') as
| MM m
DD LT T
Mmzzlg ’ m—1 { leM<u<Z’w§VI}
=1 =1

3

1 M M
_MZ Zf m— {ZwM<u<Zw }du

1

We now elaborate on the formula for the conditional variance

L f FMF
ar \/M Z m

given in Section 3.3 Douc et al. (2005) by grouping together the diagonal terms involving some
square f2(X;) on the one-hand and the non-diagonal terms involving a product f(X;)f(X;) with
j # i on the other hand. The former come from both the conditional expectation of the square and
the squared conditional expectation contributions to the conditional variance while the latter only
come from the squared conditional expectation.

We introduce the following notation: for ¢ = 1,---, M, let us denote ufw = {w{w + -+ wlM}
and pM = |wM + .-+ wM]| + 1, where

M _ Mg(X;)

i =

M
> 9(Xy)
/=1

has been introduced in (1.2) and by convention u}! =0, pd! = 1.



691

Proposition 3.1. Under I1-2, we have
| M
Var< fyM ‘.7-“) 3.5
i 350 &

1 M
=7 Z FAXi)Bo(uily, wi'h)

(M DA[a/g] M-k

k
1
- M Z Z f i+k)51(u£\{17w£\4’ Zw%—f—lﬂ w%k)

(=2

where By and 31 are 'respectwely deﬁned in (2.0) and (2.7).

Before proving Proposition 3.1, we need some preliminary results. The following technical result
holds.

Lemma 3.2. If1 <p<{< M then
(1)u£4<ué\/[z‘fand0nlyifwé\f[~_l—l— +wM>1—u
(2) ,ulj)\‘[:,ué\/[ if and only z'fw%_l—l— +wM <1-u
(3) ,ué\/l = uM if and only if u}! :u]])\/[—kwﬁl 4+ w

M
p
M
p

Proof of Lemma 5.2: Let us observe that 2. follows directly from 1. and 3. is a direct consequence
of the definition of the integer and fractional part. Therefore it is enough to prove 1.
If ug/l < ,uéw, then
w o w) —u 1= < 1 <wl e w)!

that implies
M M M
l—wu, <wyig+---+w .
Let us now prove the other implication. If 1 — u}],W < w%rl + -+ wéw, then

i =wl + - +w) +1—w <wl +- 4w <yt

O
Recalling the decomposition of the conditional variance
1 < 1 <
ar (m;f(y% | f) - Mmzz:l\/ar (rovany | F) (3.6)
1 - 2 M 1 - M 2
== Y E(PON|F) - Y E(fed | F) 6
m=1 m=1

the following lemma provides an explicit expression for the conditional expectation E ( f (er\;[ )| F )
for m =1,--- , M which appears and so it allows to prove Proposition 3.1.
Lemma 3.3. Given g € By (]Rd), form=1,--- M we have

M

E (o(YM) | F) = Z; (X)L (01| <yt

where fori=1,--- M

M
= 1pt ety (Ut oy H e Y A=)+ an )+l . (3.8)
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Proof of Lemma 5.3: We recall that the sequence (Y,M);<,,< is defined in the following way

yM = 21 , Xy forme {1,---,M}.
— {ZwM<m Um Zw;‘/[}

For m = 1,---, M, by observing that m — Uy, is uniformly distributed on [m — 1, m| and by the
Freezing Lemma, we have

m

E (oY) | F) = ig /_1{

By observing that fori=1,--- /M

}du. (3.9)

F= Lyt + Loy + 1t ) (ot} Lot} + Lt <mer})
et =y
let us study the value of the integral in (3.9) according to this partition. If m < p}, then
m<ply =1 <wt + -+l
and if m > pM then
m>pM+1>wM+ M1

and so in both cases the integral is zero. Let us now suppose that pM, < pM. If uM, <m < uM,
then

m>pM 1> wM 4 M 1

and
P "
Therefore
m
/ 1e,, du=1
m—1 {Z wM<u< S w }
j=1
Ifm=pM,:
m ity
/ 1 du:/ du=1—wu;",
m—1 { Z wM <u< Z w] } w4 wM
=
Ifm= Mf\/[:

Finally if m = pM = pM
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To sum up we have obtained that for i =1,--- , M

m
/ Lo, i du
m—1 > wj-u<u< ;VI
j=1 J=1

M
= 1pt ey (U ey + Lo 30— w) + L)) + 1wl

We are finally ready to prove Proposition 3.1.

Proof of Proposition 3.1: Let us rewrite (3.7). By Lemma 3.3 we have
| M
20y M)
LR - Y )

M M
1 M
= M Z ZfQ(XZ)qmﬂl{Hi\{lSmS#iw} Z ZfZ qm'L {u’%lgmgﬂfw}
m=11
2
M

=1 mlzl

M
> FOX) S Xm0 3 Lt <msdt YL (2, <y
1 M M

9 M
T FX0) F (X5 il gL i =20} (3.10)

We are now going first to rewrite the first component of the right-hand side and then the second
one.

First term: Let us observe that by Lemma 3.2 applied to the couple (p,1) equal to (i — 1,4), we
have fori=1--- , M

1{ufw>ui]v_fl} 1{wM>1 uM } 1{;;/*/1 = 1{wZM<1—u%1}'

Therefore by Lemma 3.3 and by using that
M M M M M
Mg = Hi—q = Uy — U T W,

we have

M
M
Z q”"hil{u%léméuiw}
m=

!

(Lprrsypr YA ey + 10,00 (1= uty) + L U5 M

m=1
M
+1{w1\/1<1_uM1}1{u | =m= le}w )
_l{w]\[>1 Y }(uZ — =M+ )+1{wM<1 2 }wM

= w sy} W0 gy =W
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Let us observe that since, by the selection property

m=1 Z_lg(Xm) m=1

1 I 1 X
> E ) =57 2 X,
m=1 i=1

we got the expected result. Similarly, by using that uf\/f — uf‘{ 1= uf‘{ 11— uf\/f + wf\/[ , we have

Z qml 1{MI\I <m<u]\/l}
m=1
M M
1{wM>1 ulM }( Mz 1— 1+ (1 - u )2 + (u )2) + 1{wM<1—uM }(w )2
M M M
= (! — (U= )~ (= D) sy y + M) gy
M M M M M
=w;" —uy (1—uy) —uZy (1 —w2y)
M M M M M
= (w;" (1 —w;") — (1 —u;") —uimq (1= ui—l))l{wfu<1_u%1}.
Subtracting the two quantities and using Lemma 3.2 to rewrite uM as wM +uM | if wM <1 —uM,,
we have
M M
M M N2
Z qm»il{uﬁ‘flﬁmﬁuﬁw} - Z(qmi) 1{ufflém§u£”}
m=1 m=1
= (1= ) bl (1= )+ (1= ) = (1= ) =l (= ) ey
M uM M M M M M M
= uM (1 —u}") + il (1=l )) + () (1= wM) = (WM +ul ) —w) —ully)
uzj\fl(l_uz 1))1{wM<1 uM,}
= (1—U )+U”L 1(1—71/?41) (2U%1(1—UM )—2w U )1{’11}M<1 ul 1}
Therefore by observing that for¢e =1--- | M uf\/l = {u%l + wlM}, the first term can be rewritten
as
| MM 1M
M M M M
i SO X (g — (ah)?) Lot <medy = 77 > X Bo(uly, with) (3.11)
m=1 i=1 i=1
with

Bo=A{z+uy} (1 —{z+uy}) +z(l —2)—22(1 -z —y1)l{y,<1—a}-
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Second term: By Lemma 3.3 and by rewriting 1{“1\4 <M} = 1-— 1{WM<1 u,}, We can rewrite the
right-hand side of (3.10) in the following way

9 M
M Z f(Xz)f(X )Qm zqm,jl{m Mfwfﬂj 1}
m=11<i<j<M
2
= M f(Xz)f(X ) <1{N%1<NM}U + I{NZ, _u/}w >
1<i<j<M
( {“J 1<‘uJ }( Jﬂ{l) + 1{%* _'uJ }w )1{“£\4:“J’N£1}
9 M—-1 M-k
= FX)F(Xi) (pie + Dik)
k=1 i=1

where for k=1,---, M —landi=1,--- ,M —k

ol =l (1 (1-

M M
Witk— 1)+ 1{Nz+k 1= /‘¢+k}wz+k> 1{“ M=plli 1}

M (MM
pik = (Wi’ —w )( (<t} (L= U D mk}ww’“) Lot =y W=,

{'u'7,+k 1<‘uz+k

Let us now rewrite pz . and pl .- To simplify the notation, we will denote Z wé‘/l for 1 <j; <
l=j1
j2o < M by sﬁ We can apply Lemma 3.2 to the couples

(1) (p’ K) (277, —+ k — 1) so that 1{#21”:#%%71} = l{sﬁillc—1<1_ulM}
(2) (p,€) = (i = 1,7) s0 that L gy = Lgm gy )
(3) (p,¢) = (i +k—1,i+ k) so that 1{%\1;@ T

1p M
{w >1— Uit 1

1g M and 1
{wi+k<1_ui+k 1} {'U’z-Hc 1 <H,

so that, by observing that when sjff_l <1- uf\/[ we can rewrite u%k_l as uM 4 sﬁ[’f_l, one has

M _ M )
pi,k g (1{w11‘1k>1 u%_k 1 (1 l+k 1)+wl+k1{w e <1— ul_HC 1}) 1{s;i]f71<17u£4}

M M i+k—1
=u; (1 k-1 (L —u;” — s, wM 1 'k71>1 ithy —

i ( {w%kzlfuM*S?Jr }( 7 i+1 ) + i+k {wﬁk<17uf\lfs;il {sszl 1<17u£\/l}
_ MM itk—1 , 4 M, M ,
=u; (1 —u; Si11 )1 {Sii’f71<1wf”§52ff} + u; wl+k1{sz+k<li My

M M k—1 M k
=u; (1 —u; —8211 )l{siillc71<1_uZM}—ui (1-— —5211)1{51+k<1 —uMY}
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and, by observing that when w} < 1—u}, and sﬁ’f‘l < 1—uM we can rewrite uM = uM, +wM

M _ .M i+k—1
and U1 = Uitq 8 , one has

M
Pik
M_ M
= (v —u; )<1{wf‘ik21 w3y ulp 1)+wz+k1{wM <1—uM, )
X 1{wM<1 uMl} {511’{ 1<1—uZM}
M i+ h— M
== (ula - 0l) (Lo 10—l =) ollil o) Ty,

+ wiw (1{si+k>1_u1u }(1 - u%l - S;:—Hc_l)

= —uM (1 —uMy — s

M ) )
+ wi+k1{sl+k<1—uM }) 1{s’+k_1<1—u%1}
{Si+k—1<1_u1v1 <Si+k} — f\/llw2+k1{sl+k<1 —u?
i i—135; i—

i+k)

i

1

M k—1 M M
e —U (1 - ’U;Z 1= 3Z+ ) {si+k71<17u%1} + uZ—l(l - ’U,Z-_l — S {S§+k<17u7];\,£1}.

Therefore we have obtained that

Ar Z Z f )qmzqm,] {m =uM —,u

m 11<i<j<M
M-1M-k

_ Z Z f z+k)ﬁ1< U;— 1, W ZU}H—Z 1, W )

k=1 i=1

with
Bi(x, y1,y2,y3) = 2 < {z+u} (1 —{z+uy}t - y2> Lyoci—fatum )y
—{z+uyi} (1 —{z 4y} -y - ys> 1{y2+y3<17{x+y1}}

- $<1 —T—y1— yz) Ly tpp<i—ay t (1= —y1 — y2 — y3) 1{y1+y2+y3<1—x})-

Let us now observe that there exists a finite constant Cy such that for k = 1,--- M — 1, i =
M —k
5 ( uM |, w ,wa LW ) < (11 < (11 N (3.12)
M g
{Z wi+él<1} {k<1+}
=2 g
Therefore
| M-o1M—k
M f(X )f(Xl+k>61 (ui\/lh i 7sz+f 1) )
k=1 i=1
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In what follows, without specifying it every time, we will suppose that M > 1 + [g/ g] so that
(M —1)A[g/g| = [g/g]. Let us observe that it is possible to rewrite (3.5) in the following way

ar<\/1ﬂif(yn¥ ) Z/F,mldal (3.13)

where Fk{\ﬂl is given by fQ(X[alM])ﬁo(uf\;llM],p w(oleW) if K =0 and by
= Yoy m<mr—iy f (X ) f(Xfag a k)
k

x B (uf\ilMW—l’w?glf\ﬂ ’ Z wjf‘glMHé—l’ w%lMW+k)
(=2

if k>0. Given 0 < a1 <1 and k € N, Fé‘/f o, 18 a function of the vector TMk given by

k
(7 e Kanarsa) it oo bty obhon o)

(=2
which is well defined for M big enough. Therefore to study the limit behavior as M — oo of the
expectation of F , we are going to study the limit behavior of the vector TM To obtain a much

more general formulatlon useful in the next section, we introduce also the followmg family of vectors
well defined for M big enough. Let s > 1and 0 < a1 < --- < g < 1. For k := (k1,--- ,ks) € N,
let us define Vi =1,---,s To][\f[kl equal to

ki
<f (X’—OézMW) 7f (X[O”M.|+k‘b) 7“%1.]\4]_1, w][\i]m R Z w%z‘M}i—f—l’ w][\iMHkl) . (314)
(=2

HM = \/M( / (fg)> (3.15)

that thanks to (2.4) converges in distrlbutlon to a Centered Gaussian random variable with variance

Moreover let

n ((g (f —n(f g)))2> . The purpose of the next proposition is therefore to study the convergence in
distribution of (HM, T2 - T, ).

' T ag, k17

Proposition 3.4. Assume I1-3. Let s € N* and k := (k1,--- ,ks) € N°. We set K; :=k; +---+
kici+i1—1 forie{2,---,s} and K1 :=0. Let (Uj)i<j<s be a sequence of i.i.d random variables
distributed according to the uniform law on (0,1) and independent of

H o~ N (0.0 (9 (F = n(f9)))?))

with (Uy,--- ,Us, H) independent from (X )1<]<K D For0 <o < <as <1, as M goes to
infinity, the following convergence in distribution holds

(HM Ty otk 7Tc]y\:[,ks) < (H, Ty, To i) (3.16)
whereVi=1,---,s
Kip1—1
Tk = | f Xki11), f (Xkipr) s Uis (XK, 41), Z 9(Xe), 9( Xk, 1) (3.17)

€=K¢+2
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Proof of Proposition 3./: Let M > max | 2, s max kz“) so that 2 < [a; M| < M — k;

ay’ l—as? 1<i<s—1 Qi1 — Q4
Vi=1,---,sand k; < [y 1 M| —[o;M|Vi=1,---,s—1. The last condition allows us to separate
the variables: (X faiM]s " s X[y M1+ki) is independent of (X fa; M1 s X[ay M]Jrkj) for ¢, j distinct
elements of {1,---,s}.
By defining
chy\sz ={laM], -, Ja; M|+ k;} i=1,---,s,

let JM .= Ul 1 Jé\i[ ki Moreover let (Xm)mzl be a sequence of i.i.d. R valued random vectors
following the law 1 independent of (X;,)1<m<n. Given x := (xj)lngKs+1 € Rd(KS“), we define

g (Fo)z)+ X (f)(X;)
Kst

Hy' == vVM Sabs —n(fg)
Z g(zj) + > 9(Xj)
J=1 jgIM
and
Ks+1 M_KS+1 ~
Z (f9)(z;) + Z (f9)(X;)
M . /7 J=1 - _
HQ) T M S+1 M— Ks+1 B n(fg)
Z g9(x;) + Z 9(X;)
Similarly for i = 1,--- , s we define the vector Téw ki DY
[a; M]—1 K;
9(X5) + X2 g(=y)
x ~ My( )
¢ I(TK;+1
(f (xKi+1)7f (xKi+1)7 M x I]<5+1 " Kot1 + )
Z g(zj)+ > 9(Xj) Z g(z;) + > 9(X;)
JgIM jgIM
Ki+1 1
M > g(we)
(=K +2 Mg(zk, )
Ks+1 ’ Ks+1
> 9z + X 9(Xy) X gz)+ X 9(Xj)
=1 gIM j=1 gIM
and the vector TOJLV[ K by
’VOLZwaKZ'fl ~ K;
> 9(X5)+ > g(z))
£ ) f () A M x j=1 j=1 Mg(zg,4+1)
TKi+1 Kit1)> Kot M—Ket1 " Ko M—Ke1
> 9@+ X 9(X;) > 9(xj) + 9(Xj;)
7j=1 7j=1 = 7j=1
K¢+171
M g(we)
E:IZ{;—&Q Mg(sz+1)
Ksp1 M—-Ksi1 T Kep M—-Ksi1 5
g(zj)+ > 9(Xj) g(zj)+ > 9(Xj)
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We notice that
(HM 1M, ... TMks,x)é(ﬁiM,TM ., TM ) (3.18)

a1,k1,z> )T Qs, a1k, » Fas,ks,

Let us observe that by hypothesis I3 the law of ¢ <)~(2> has a component absolutely continuous.

Moreover since [ |1+ yl*tt e v*dy < 0o Vs > 1, we can apply Theorem 1 of [24] with ¢ = s and

e (Y}, Z;) equal to (g (5(2> ,(fg)(j(i))
o (Bh B By t) equal to (JarM] — Ky — 1, [aM] — Ky — 1, M — Kyy1)
* 9(@) =3

KS+1 Ks+1
e x equal to > g(z;), z equal to > (fg)(x;), 0 equal to n(fg) and (y1,---,ys) equal to
j=1 j=1
K1 K
Z g(ﬂfj), T Z g(x])
iz j=1

e T:=H~N (O,n ((g (f — n(fg)))z)) by Proposition 2.1

and deduce the following convergence in distribution as M — oo

[a;M]—K;—1 K
> 9(X;)+ Zlg(%')
=

- b3 ]
H;;]:w7 M x Kerjll M—FKyp1 ) :>(H,U1,"' 7US)‘ (319)
> o9+ X e(Xy)
=t =1 1<i<s
Moreover, by the Strong Law of Large Numbers
: Mg(zr;+1)
]\}ll)noo Kst1 MK*;:-H - = g(xKH-l)v
> g+ X 9(Xp)
Jj=1 j=1
Kij1—1
ME Z g(l’g) Kiy1—1
=K;+2 o
z\}inoo Ksi1 M-K.1 f; 29(1’4)
Y oglz)+ Y g(X;) =K
j=1 j=1
and
: Mg(‘rKiJrl)
R o M-Kop: 9(TrK,y,)-
Zl g(x]) + 21 g(X])
J= J=

Therefore by Slutsky’s theorem, for each = := (2)1<j<k,,, € RUKs+1) we can conclude that the
following random vector

(BT e T2 )
converges in distribution as M goes to infinity to
(H, T\ ks > T k) (3.20)
where the vector T; i, , is given by

Kii1-1

(f(xKi+l)»f<xKi+1>7Uivg(xKi+l)7 Z g(zl)rg(mKH_l))'

e=K;+2
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In particular, given ¢ : R — R a continuous bounded function one has
J\}l_l;nooE <¢ (ﬁiw’ T(i\f7k11$7 T ’T(i\f7ks,$)> =E ((;5 (H7 Tl,k,:l‘7 o 7Ts,k,z)) . (321)

By conditioning with respect to o <(Xi)z‘eJM) and by applying the Freezing Lemma, (3.18) and
(3.21), one has

E (¢ (HM, T3 gy Tt k,)
Koy
B /I\Qd(k1+~.4+ks+s) E (¢ (Hz{:\/l7 Té\f,kl,zv T ’Tc]v\;[,ks,z)) zl_Il n(dz;)
Koy

_ E( (F[M,TM . TM )) da;
/Rd<k1+~~+ks+s> ¢\ H on.k1,@ os ka,@ zljll n(dz:)

— E (¢ (H7 Tl,kv co 7Ts,k))
M—o0

where Vi=1,--- ,s
Kip1—1
T%,k =\r (XK1‘+1) o (XKi+1) 7Ui’g(XK¢+1)v Z g(Xﬂ)’g(XKHJ (3'22)
(=K;+2
and so the proof is complete. O

We are now ready to prove Theorem 2.3 .

Proof of Theorem 2.5: By (3.13), it is enough to study the convergence as M goes to infinity of

[3/9]

1
> /0 E (F,) doa. (3.23)
k=0

Let us observe that we can replace fy and f; (introduced in (2.6) and (2.7)) in the definition of
F 1%11 respectively by the bounded functions

Bo(OVEALOVy), BL(OVEALOVY,0Vy,0Vys)

that to simplify the notation we will keep calling 8y and ;. For what has been said there exists a
constant C' < oo such that

sup [Bo(z,y)| vV sup  [Bi(x,y1,y2,y8)] < C. (3.24)
(,y1)€ER? (z,y1,y2,y3) R4

By Proposition 3.4 applied with s = 1 and by Remark 2.2, we have that for each ay € (0,1)

F(%l ~L. Fy with Fp defined in (2.9). Moreover by the hypothesis of boundedness of f and (3.24)
we have

: M
Jim E (Foe,) =E(Fp).
By Lebesgue’s theorem, fOIE (Fé\ﬁn) dap will converge to the same limit. Let us now study the
[9/9]

convergence of > fol E (F M ) day. By Proposition 3.4 applied with s = 1 and by Remark 2.2,
k=1

k7al

we have that for each ay € (0,1) and k& > 1, ij\,{n =L F, with F defined in (2.9). Moreover by
the hypothesis of boundedness of f and (3.24),

lim E(FY) =E(F).

M—o0
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By Lebesgue’s theorem,
1

. M -
Jim i E (Fig,) don = E (Fy)

foreach k=1, -, [g/g] and so the proof is complete. O

3.3. Proof of Theorem 2./.

Proof: The convergence of the variance is a consequence of (2.3), Proposition 2.1 and Theorem 2.3.

M
Let us now proof a central limit theorem for 57 > f(Y,2') knowing its asymptotic variance.

m=1
Let v € R. By introducing the notation
i My _ M
a% ::e\/ﬁ(f(YM) E(/0ROF) form=1,--- .M (3.25)
and by applying (2.1), we have

s S5 (FA=n(f9)) i
ol R = AR . ) (ei“HME (H aM ‘ ]-")) (3.26)

m=1

where HM is defined in (3.15). The purpose of what follows is therefore to study the convergence
as M goes to infinity of (3.20).
First step. We are first going to study the conditional expectation

M
E (H aM ‘ f) .
m=1
By using that for each u,y € R

(uy)?
2

_ luyl

e — 1 — juy + <

one has

. 2
o (g B oy ) ¢ ST U L)

@m VM 2M
3
< ul* [f(VAD) —E (fF(Va) | F)] < 4 £113 ul®
- 6M2 T 3Mz
Therefore for m = 1,--- , M, aM can be rewritten as
M i M M
ay, =1+ Y. )-E(f(Y,, )| F
oz ) ~E (YD | 7))
2
PO —EGORDIF) | v
2M m
3 3
with |rn]\f‘ < M. By defining form=1,--- , M
3M 2

ar g D —E(f(A) | F))’
m 2M I

(3.27)
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Y _aM ’ .7) —-E (H%:l vM ‘ .7:) ‘ . By rewriting

let us now study the difference ‘E ( m
M M M m—1 M
M M M ( M _ M M
ILan' =TT 0w = >0 TT ot (e —00) 1 0"
m=1 m=1 m=1 /=1 l=m+1

where by convention the empty product is equal to one, by using that the random vectors (Y,M Vi<m<M
are conditionally independent given F and that
40 f 113 fuf? 2| /13 v
|t | < — oo Jap!| < 1, [0f| < 14+ e
3M> M

one has

m=1 /=1 {=m+1
:§E<mla%]f>la(r%‘f) (H bé”‘]—")‘
m=1 /=1 f=m+1

M
4 3 3 ) 2 2
< ar. A1 Jul -<1+ [FilES 0
3M 2 M M—o0

This implies that
. M M . M M
]E(e“‘H E(Ha%‘]—"))—l@(ez“{ E(Hb%‘?))‘zo. (3.28)
m=1 m=1

Second step. With b} defined in (3.27), by the previous step, it is enough to study the limit

behaviour as M — oo of
M
E <ewHME (H M ‘ ]-“)) .
m=1

lim sup
M—o0

By using the general fact that

M M s
[[a-c=>C0 X Ilem
m=1 s=0 1<mi<--<ms<M j=1

for any real sequence (¢m);<,,<ps, We have

E (Tﬁlb% ( ]-') :i)(&t‘j) S f[E<<f(Y;‘g) —E(f(y,gf) |]-'>)2 ‘ ]-") (3.29)

s= 1<m1<---<ms<M j=1

where for the above equality we use that the random vectors (Yn]fb/[ Ji<m<m are conditionally inde-
pendent given F. Let us introduce

B, m HE<< ) —E () |]-'>)2‘]-“>.
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Since By, ... is symmetric in its indexes and satisfies
my,,Ms

2 S
By < (411%)

for each s > 1 we have

1 (1 X
LY en ¥

my,,mg=1 1<mi<--<ms<M

_ (4\\]{4@0)5 <J\j_ (]\54))

It is therefore possible to rewrite (3.29) as

Bml,---,ms

5—0 2M s! i m; m;
M U2 1 1 M S
-2 (2) , <Var (M > | f>> LM

with # such that

s! Ms
s>1

<3 <2u2l|f||§o) (1_ M(M—l).--(M—erl)) o

With eiuHM) <1, (3.26) and (3.28), this implies that
Y
‘E S 2, 0 -n(s))
M M u?\° 1 1 M ’
_ iuH _° - - M
E<e ;( 2) ~ (Var( Mn;f(Ym)‘]-“>> ) 0.

Third step. The purpose of what follows is therefore to study the convergence as M goes to

infinity of
iuwHM M u?\° 1 1 M ’
E (e H 2:; <_2> I (\/a,r (M > ‘ ]-")) ) . (3.30)

By (3.13), (3.30) can be rewritten as

M

22 (), [ B Al don
s=1 k1, ks=0"10>

—E (ei“HM) + 3 Lpacany2(s, M) (3.31)

s>1
where for s > 1 and M >1
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g/9|

u\’® [97 iuHM

z(s,M):<—2> 3 /[01181{0<a1<.,.<a5<1}]15(e H F,ﬁ‘ﬁal--~F,ﬁas)da1---das (3.32)
=0 )

and where we recall that Fé\i/{ai fori=1,---,sis given by

fQ(X[aiMW)BO(UJ[\giM]_p w%im)
if k; = 0 and otherwise by

— Lo <M -k} f (X o) f (X v 45:)
ki

X 51(“%iM1—1’w%iM1’Zw%iMw—l’w%iMHki)-
(=2

Let us now study the convergence as M — oo of (3.31):

2 2
- u n((g(f—n(fg))) )
lim E (emH ) =e” 2
M —o0

by (2.4) and to study the convergence of the sum we will apply Lebesgue’s theorem. Given s > 1,
we first compute the pointwise convergence as M — oo of z(s, M) and then we show the existence

of a function Z independent of M that dominates |z| and such that > Z(s) < co. Let us start by
s>1

computing the pointwise convergence. Let s > 1 and 0 < ky, ko, - , ks < [g/ Q]. By applying the
reasoning based on Proposition 3.4 done in the proof of Theorem 2.3, V0 < a; < -+ < as < 1 we
check that

eiUHMFl%al . Fé‘:{as :d> eiUHFl,k L Fs,k
where, recalling that k denotes the multiindex (ki,--- ,ks) and K; := ky + -+ kg +i — 1

Vi=1,---,s with the convention K := 0, F;, fori =1,---,5is equal to

P (Xk,41)Bo (Ui, (XK ,41))

if k; = 0 and otherwise to

Kit1—1
_f(XK¢+1)f(XKi+1)Bl Uiag(XKi-H)a Z g(Xg),g(XKiH)
€=K¢+2

Moreover

H o~ N (05 ((9(F = n(F9))?))

is independent of (Uj) and (X;) . By the hypothesis of boundedness of f, (3.24) and

the fact that

1<5j<s
T M
6zuH ‘ S 1,

1<j<Ksp1

lim E (ei“HAIF]%al e FI%,%) =F (ei“HFlyk .. 'Fs,k) .

M—o0

By Lebesgue’s theorem and by observing that Fj,---,F,; are independent, respectively dis-
tributed as F,,- -, Fi, and independent of H, z(s, M) converges to
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W2\ ° [9/g] |
<_2> Z / Lio<ar < <as<1}E (e’“HFLk - Fop) day - - da
klv"'vks:O [071}3
= S
CEeren?) 1 g2\ (12
=L () | S Ee
k1=0

_wPn((e(-n(fa?) 1 ( I

R ) )

Let us now show that z is dominated by a summable function Z. By using that f, 8y and 5, are
bounded functions and (3.32), for s > 1 one has

25, M)] < € (42 ([g/g] +1) /2)°

for a given finite constant C. It is now sufficient to observe that

w2\’ _ o2
>4 ((lag) 41 x ) = elloaln <o

s>1

sl

In conclusion we have proved that (3.31) converges as M — oo to
_u?n(a—n(f))?) 2 u?(n((9(f=n(f9))?)+o%(1))

S L () ) = 2

s>0

4. Discussion of the asymptotic variance for the next steps

What we have seen so far is the study of the stratified sampling selection step: it is actually part
of a more general algorithm where each step consists of a selection part and a mutation part that we
are now going to describe more in details (see for instance Del Moral, 2004 for a more general version
of the algorithm). For each step n > 0, we are going to recursively define the selection sequence
(YnM’m, 1 <m < M) and the mutation sequence (Xfy’m, 1<m < M). Let gy : R — (0,00),n >0
be a family of measurable functions such that 0 < inf, cga gn(z) < sup,epa gn(x) < co. In what
follows we denote g, := sup,cpe gn(z) and g = inf,cga gn(x). Let for n >0 and k£ >0

bn(k) = [(1+ k) gu/g, | (4.1)

Moreover let (Zj);~, be a R-valued time-inhomogeneous Markov chain that is for each bounded
measurable function h : R¢ — R,

E (h(Z) |0 (Zo,- -, Zo1)) = / B Py (g, d)

for a transition kernel Pi possibly depending on k. We denote the law of Zy by 7.

Initialization.
We generate a sequence (Xé\/[’m, 1 <m < M) of i.i.d. R%valued random vectors following the law
7n. By convention YOM’m = Xéw’m for 1 <m < M.

From n to n+1.
The transition from (Y27 X2"™) 1 < m < M) to ((Y,ﬁ’fn,X%;n),l <m < M) forn >0
consists of two steps, selection and mutation.
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Selection. We generate the random vectors (Yn W11 < m < M) conditionally independent
given F" := a((XMm,Y.M’m), 1 <m < M,0<i<n) by the expression, form=1,--- , M

7

v Z Lam, X0 (4.2)

where we define the event
M jZ gn ( 7]LV[ ’j) My
M
2o (1)

where (U}");<,,<p 15 a sequence of ii.d. random variables independent of F" and distributed
according to the uniform law on (0, 1).

Mutation. Given

gt g ((XiMsz/iM,m) 1<m<M0<i<n, (ynﬂflm) 1<m< M)

we generate the random vectors Xn 1 " 1 < m < M conditionally independent and respectively

distributed according to the probability measure P, 1 (Ynj\ilm , )

For each n > 0 we denote the weights by
M,

A m=1,---, M.
Mé
Zgn( )

Moreover let us observe that the selection property for n = 0 (2.1) remains valid for each n:
Vn >0

M Mm
( Zéﬁlm}“> Z T Oxam- (4.3)

m=1 m=1

The study of the asymptotic variance of the selection part of the first step i.e.

(o)

for a given bounded measurable function f : R — R was the object of the previous sections. Our
purpose now is to generalize this result by studying the asymptotic variance of

)

for n > 1. Before doing it let us begin with some notation: forn >0, M >1and k=0,--- ,M —1
let

M-k
e 25 ﬁk,M.:iZ(; | |
[CRRRON CREat N V" - (3t e XA
1=
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Remark 4.1. Let f € By (]Rd). If £k =0 and n = 0, by the classical Strong Law of Large Numbers
we have

Jim g (f) = lim ag(F) = 7)== n() =E(f (Z0)  as.

It is possible to prove that a Strong Law of Large Numbers holds (see Del Moral, 2004, Corollary
7.4.2) also in the case k =0 and n > 1:

Jim TR = Jim 7 ()
o E(f(Z) DS e (2)
=n,(f) = — a.s.
E (1320 9 (20))
1 M
) = g5 ()

n—1
=,(f) == . (f . Hp:o o (Zp)) a.s..

E (1120 90 (%))

Moreover (see Bartoli and Del Moral, 2001, Theorem 4.4.2 and Section 4.4.4), for n > 1
4
sup ( (VA () - (1)) < o

We are now going to prove that given h : R* — R a bounded measurable function, the study

M
of the asymptotic variance of ﬁ >h (Ynj\i’f1 ,X,%T) depends on the study of the asymptotic
m=1

M
variance of \/% oo f (Ynj\ﬁn ) for f : R — R a bounded measurable function.
m=1

Proposition 4.2. Let h € By (de). The following quantity

‘ Var <\/1M mz]\i:l h (Ynj\i’{n, Xﬁ?)) — Var <\/1M mzj\i:l Pyi1h (YnAiTL))
(90 (Prnih® = (Prah)?)) ’

79 (gn)
goes to zero as M — oo where

Posih (y) = /R By 2) P (g )y € R,

m

Proof of Proposition /.2: By using that the Xﬁl are conditionally independent given G"*' and
that the Ynj\ilﬁ1 are gntl measurable, one has

Var (3/[ ﬁ/f: h (Yff?,XﬁT)) — Var (\/1M ﬁ/[: E (h (Yé‘i{”}x%_?) ‘ gn+1)>

m=1

. ) T S 2 (v Mm Mm n+1 1 < Mm Mm nt1) 2
-2 (3 e i) [ o)) -2 (3 S (i) | o))
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Since L (X ;l\fl” | g“+1) = Pp1 (Ynj\f_’fl , -), for each bounded measurable function & : R*¢ — R one
has

(ﬁ( nﬂﬁ{"’XﬁT) ’gnH) = n+1h< nlflm>
= [ RYM™ 2P,y (Yﬁ?,dx).

Rd

M
Therefore we obtain that Var < 1M >oh ( nj‘ilm ) Xﬁ?)) can be rewritten as
1

m=

3

v i 3 e 0 o i 3 e 02)
(3 (ren (2))')

~ Var (m Mlpnﬂh( My )) <Z Zm Pyy1h? (XMm)>

—

-2 X 5 o )

m=1

where to obtain the last equality we use the selection property (4.3). By Remark 4.1,

1
M Z 9n (erlem) Pn+1h2 (Xy7m) Mjoo ﬁg(gnpn+1h2)7

1
M

M= s

9 (X2) (Pasth (X2P)" | = 7(ga (Pasah)?)
1

3
Il

and Zgn (X2"™) = n(gn) &

Thus by Lebesgue theorem,

M M,m -0 2

Wn n (gnPnJrlh )

E P, h2 (xMm UniInZ nrlit )
(Z ar Pt (X )> Mose  0(gn)

m=1

M M,m ) )
E(Z wnM (nﬂh(X%m))Z) R ng(gn_(()Pth))

m—1 M—o0 nn(gn>

and this concludes the proof. ([l

As a corollary of the above proposition, the following result holds.

Corollary 4.3. For each f € B, (Rd), by defining

Jn = 0n (ﬁg (gn) = 7791 (gnf)) )
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the following quantity

o (7 @nf))vﬂr<mipnfn<ﬁ”’m>> o (12 (P2 = 7))
TR (g (70 (g2))" (70 (9) 11 (9n1)

goes to 0 as M — oo.
Proof of Corollary 4.5: By definition of f,, we have

Mg M gnf) 7 (gnf)

= _0,M =0 ’
77” (gn) T]n (gn) Tin (gn) i (gn)
with the last term deterministic. By Proposition 4.2 applied with h(y,x) = f,(x), we see that

Var (VAT (£)) = Vm(JE:&hYMm>%4@%ﬂ&ﬁ_gwmm.

77271 (gn-1)

Therefore it is enough to prove that limys_,o |Var(Anr) — Var(Bys)| = 0 where

o (fa) )
Ay =vM Oﬂyn i and By =vM TZn "2.
M (gn) 79 (9n) (7 (gn))
By the Cauchy—Schwarz inequality, we have

4
1 1 !
(4w — Bu)*) < B2 <(r” () )E <ﬁ%M (9) 76 (90) (2 <gn>>2> |

where, according to Remark 4.1, the first factor in the right-hand side is bounded by some constant
not depending on M since 72 (f,) = 0 and the second factor converges to 0 as M goes to infinity by

Lebesgue’s theorem. Hence limp; oo E ((AM — BM)Q) = 0. We conclude since |E (Ay — By)| <
E: ((A mM— B M)2) and, by the Cauchy-Schwarz inequality,
E (42,) — E (B},)| <E: ((AM . BM)2) E3 ((AM + BM)Q)
<EZ ((AM - BM)2) E: (2 (Ay — Bu)? + 8312\4) ;
with supy,>; E (B ) < 00 by Remark 4.1. O

Let us now study for n > 1, f € B (Rd) the convergence as M — oo of

(er( s )) VL.

With this aim, we will assume the following conjecture.

Conjecture 1. Let t € N. Given ¢ € By (R"2) continuous and h € By (Rd(t+1)), the following
quantity goes to 0 as M — oo

Z E Xy,m7 L. 7X£/[7m+t) w (u%,m—17wM,m7 . ’,w?]lW,TTL-i-t)) _

n

1 M-t 1
Z E < Xy,m’ L 7X7]l\/[,m+t)/ w (u gn(XMm)’ L ,gn(X;l\J,ert)) du) ’
0

=1
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m—

M ; gn( J\/I'L)
o2

Mm—1 _ gn(z)

where up, = .
719,(gn)

and gn(x) =

Remark 4.4. In Section 3 we have provided a formal proof of Conjecture 1 in the case n = 0. In that
case we strongly used the fact that the random variables we are working with (X Mm > 1) are
i.i.d. and the fact that the image of 19 by go has an absolutely continuous component to prove that
it is possible to asymptotically replace both, ué\/“ ! with a uniformly distributed random variable

independent of F9, and wéw " with

90 (X Mz)
770 (90)
Note that when ¢ does not depend on its first variable, the convergence holds for any n by dom-
inated convergence in view of the law of large numbers recalled in Remark 4.1. It is not difficult
to exhibit sufficient conditions ensuring that the image of 70 by g, has an absolutely continuous
component when n > 1. This is true for instance if 7 itself has an absolutely continuous com-
ponent and the restriction of g, to some open set with positive weight for this component is a
diffeomorphism continuously differentiable together with its inverse. Moreover, the existence of an
absolutely continuous component for 70 implies the existence of an absolutely continuous compo-
nent for 7 41 (since g, > 0) while we can find mild conditions on the kernel P, ;; ensuring that such
an absolutely continuous component is either preserved or even created when going from 70 11 to
77n+1 (dx) f crd Pri1(y, dx)nn+1(dy) The difficult part to prove the conjecture is to replace the
i.i.d. property of the 1n1tlal random variables (XOM ™1 <m < M) by some dependence structure

satisfied for n > 1 by ( "1 <m < M). A first step in this direction would be to prove the

following propagation of chaos result : whens > 1land 0 < a; < ag < --- < ag < 1, the distribution

of (YIM’[QIM1, e ,YIM’[%M]) (resp. (Xi\/l,(quW’ e 7Xi\/l,(asM1)) converges weakly to (7?)®* (resp.

(79)®%) as M — oco.

Before providing the main result of this section, let us introduce some notation. For k > 0 let

Pt . (RAE+D) — By, (RU*+D) be defined by
PORHDE (20 ) ;:/ h(yo, -+, yk) Pa (20, dyo) - - - P (wg, dys)
RA(k+1)

and let for s, =0, -+, dp_1(k), Tfjls’“ : By (Rd(k+1)) — By (Rd(5k+1)) given by

TkA)Skf (an Ty, ,.fL'sk)

= Z f(fL'(],CCSl,"‘,{ESk)X

0<s51<s2< <5y,
1
/ wslisk (uvgnfl(xo)v gn,1($1), T vgnfl(xsk)) du
0

and where given 0 < s < ¢,,—1(k) and 59 :=0 < 51 < 859 < -+ < g

1+gn/9 ~I k

¢51:sk (’LL, Yo, Y1, - aysk) = / sg—1 du,'
1+g—1 {U+ Z yJ<U’<U+Z y]}

Z_1
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Finally let 7,F | : B, (RUFHD) — B, (RYUGn-1(W+D) defined by

¢n 1 k)
ﬁzk—lh ($07 T Z TrlijSk <P7?(k+l)h> (z0, 21, Ts,) -

sE=0

Inductive formula for the variance. Let us assume Conjecture 1. ThenVn > 1andVf € B (Rd)

VM (f) converges as M goes to infinity and we denote its limit by V;, (f). Moreover, by defining
Omen (0) := O (Gmr1 (- (0r (0)))) for m < n, m,n € N, V,, (f) is defined by the following recursive

formula:

Vi1 (F) = Vo (Pnfn) N M1 (gn—1 (Pnfg - (Pnfn)2>)

(772 (gn))4 (ﬁg (gn))4 77271 (gn—l)
+ / 0 O '7;%2 o 0)7;?”1” (%"( I+ (dz)
where f, € B, (Rd(1+¢"(0))) is given by
— ¢n(0) 1 —
fo (z0y -+ 2, (0)) = f(ﬂfo)f(xk)/o Br (W, Gn (20) -+ 5 Gn (1)) du
k=0

with
i k1
Br (w, 90, yk) = Bo(u, yo) L =0y — B1 <U7y07zy€7yk> Likz0}

=1
where 5y and (3 are respectively defined in (2.6) and (2.7).

Remark 4.5. Let us observe that by Theorem 2.4, Vh € By (Rd)

Jim VM (h) = Vi () =1 (9 (h = n(hg)))?) + o> ().
The proof of the Inductive formula for the variance relies on the following proposition, which
will be proven afterward.

Proposition 4.6. Let us assume Conjecture 1.
Forn>1 and h € By (Rd(¢"(0)+1)), the following quantity goes to 0 as M — oo

B (1 O4(0)) — [T T T O ) om0 ().

Proof of the inductive formula for the variance: Similarly to what we have done in (2.3), we can
rewrite the variance in the following way

M M,m Mm
V2, (f) = Var <m2m£§;‘f;n(;§% >> (14)

+E<Var<\ﬁ2f M.m ’J—"”)) (4.5)

where to obtain the last equality we use the selection property (4.3). Corollary 4.3 gives the

asymptotic behavior of (4.4). Let us then study (4.5). Using the definition of Y, +1 " and following the



712 Roberta Flenghi and Benjamin Jourdain

same reasoning done to prove Proposition 3.1, we can rewrite the expression inside the expectation:
for M > 1+ ¢,(0)

m=1
1 ¢ O Mk . L . . .
== f(Xy”)f(X,]lV[”Jrk)Bk (u%z—lng/[,z, o ,w%wk)
k=0 i=1
with
B (w, 90, -+, y) = Bo(u, y0) 1 tk—oy — (u ymZ%?/k) L0y
where we recall that Sy and f; are respectively defined in (2.6) and (2.7).

Given k = 0,---,¢,(0), we can apply Conjecture | with ¢ = k h (xo, ~yxp) = f (o) f (z) and
Y (u, 9o, - - - ,yk) = Bk (u, 90, -+ ,yx) and obtain that

6 (0) )
(Var (\ﬁ Z FyMm ‘f’”)) kzo E(ﬁjf;M (fk)) — 0 (4.6)

where for £k =0,---, ¢,(0),

1
f~k ($07"' 7xk) = f(.%'o)f(.l‘k)/(; Bk (U,gn (1130),"- »9n (.’Bk)) du.

We now observe that by defining

©
3
—
(=)
=

fo (0, -+ 2, (0)) = k(0,5 k) s

iy
o

one has

40 (0) ) )
> (i) =g @M ()
k=0

M—n (0
1 M—k on(

%(: Z 7 (XM’ ,Xéw’ﬁk) _ Z fk (XMz ’Xé\/[,i—i-k)
k=0 \ i=1
$n(0)

2 (¢

k=

<

E\Q

for a finite constant C where the right-hand side converges to zero as M — oco. Thus we can combine
it with (4.6) and obtain that

(Var <\ﬁ Z f(y n+1 ‘ f”)) —E (ﬁgn(o),M (fn)) frnd 0.

We can now apply Proposition 4.6 with h = f,, and obtain that

(10 () = [ T O o0
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goes to 0 as M — oo. Thus we have obtained that Vn > 1, Vf € B, (Rd)
VM (P f) T (gn—l (Pnfg - (Pnfn)z))

St @R ) 0 (9am0)

_ /75“31:”(0) g On O bnn(0) B () p@(60nO+D) ()

To conclude the proof, it is now sufficient to observe that by Theorem 2.4, Vh € B, (Rd) VM (k)
converges as M goes to infinity and its limit is given by

Vi () =n ((g(f = n(fa)))?) +o*(h).

V()

— 0.
M—o00

Proposition 4.6 is deduced by an obvious inductive reasoning from the next lemma.

Lemma 4.7. Let us assume Conjecture 1.
Letn >0 and k > 0. Given h € By (Rd(k“)) one has

E (i) = E (2@ (TEm) | — o

M—o0

Proof of Lemma /.7: Since the Xﬁ? are conditionally independent given G"*! and

L (X%ﬁln gn+1> = Pn+1 (Yn]{im7 ) )

for each bounded measurable function h : RY*+1) s R one has

E (h(XM”' e XMRY gn+1) _ p®Ut1), (YM’i

M., i+k
n+1» » “An+41 n+1 Y, )

ntl o g

= / Wz, k) Post (Ynf‘j’f, d:):o) Py (Ynf‘f{*k, d:nk> . (4.7)
RA(k+1)

Therefore for M >k + 1
kM 1 Mi M,i+k
E (77n+1(h)> Y Z E (h (Xn+1"" ’Xn+1+ ))

M—k
1 E+1 M,i M,itk kM E+1
= M Z E (PTEL@JElJr )h <Yn+1’ e ,Yn+1+ )) =E <77n+1(P§)J£1+ )h)> . (4'8)
i—1

Thus our purpose now becomes to study the asymptotic behaviour of E (ﬁi%( f)> for a given
f € By (RU+D) . Recalling the definition of Ynj\_{lm

M
y Mm 1 XML o =1,... M,
n+1 Z Ml_Elgn(X'r]zw]) M é Qn(xvjyj) "
=1 Jj=1 <m—Um< X/[:l
M n = :
o) ()
let us observe that if we denote by ¢, the random index in {1,---, M} such that

- ¢ =1
£S M,j m< NN oy Mod
{ Z wy, Y <m-=Um< Z Wy, }

Jj=1 j=1

so that Ynj\i’{n = xM ’Z’”, one has that m > £,,, is non decreasing.
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Therefore, given £k > 0, M > k+ 1 and 1 <i < M — k one has:

M,i M,i+k
(Yn—i—l’ e 7Yn+1 )

M0 ML
Z Z (Xnm)’.. X} ’“)Hl et AT
lo=1 L=l _1 q=0 {Z wy <itq-Uy, qﬁjglwn ]}

We can now apply the following change of variables m = £y, s1 = #1—¥{gy, S0 = lo—Ly, -+ , s, = L. — Lo
and set sg := 0 so that the above expression becomes

M—sy,

Z Z Z (Xy’m’vam-*‘Sl’..- ,XT]LW7m+Sk)

0<sp<M—10<s;<s3<-<s, m=1

s wﬁl’]<i+q—Uﬁ+q§ > wyjy’j
j=1 j=1

X H 1{m+5q1 ) ) m+sq }

Therefore one has
2 (210) ~ 3B (1 ) = S e (e 2 1)

M—sy,
= % Z Z Z ]E(f (nyl\/ﬂm’XyJL\/l,m-&-&’ . ’XéW,m—I—sk)
<M

0<sp 10<s1<89<+- <5, m=1
M-k k itq
D3N | [ AR
=1 q:O 7‘+q_1
where
jf’bvnil ]fzn
M- . L M.j M.
An (]initv]fi’nvu) = g wy, J < Uu S E Wy, J

To obtain the last equality we apply the Freezing Lemma and the fact that the sequence
(U, 1 <m < M) is independent of F" and the sequence (X,]l\/[’m, 1 <m < M) is F"-measurable.
Given k>0, M >k+1,0<s<M-1,0<s1<s9<---<spand 1 <m <M — s, let us now
focus on the sum over ¢ appearing in the above expression:

/ 1AM(I m+sq, u)d
i+q—1

Let us first observe that if the quantity inside the sum is different from zero, then in particular

Mkk

zlqO

) i+k
/ 1 Ly (1 muydu # 0 and / LaM (1 me-s,u)d 7 0.
i

itk—1
m M. m—+sk—1
This implies that > wpy™ >i—1and Y, wh’ <i+ k. Thus
j=1 J=1
m+sg—1 m+sg—1 m
2(sp—1) < Z wM Z w%’J—Zw%’J<i+k—i+1:k+l

n j=m+1 j=1 j=1
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and so we have obtained an upper bound for si: 55 < {

(k+ 1)—‘ = ¢n(k) where

NS ‘Q\
3

¢n(k) = |Vgn

=n

<1+k>]

Moreover we observe that we can replace the finite sum over ¢ with an infinite sum: if ¢ > M —k+1

i+k
/ LA (1mtsp0) du =0
+k—1

mEE M M
since Z wy < Z wh™ = M. Therefore after all one has

Z / / 1AM(l m4+sq,u )du 1{sk<¢> (k) }Z H/ 1AM(l m-i—sq,u)d
1 q 0 i+q—1

i>1 qg=1

m—1 .
We can now apply the change of variable u := v’ + \‘ > whli J in each of the above integrals so

to obtain

k z+q—\‘ > w,]y’j

_ Jj=1 !

- Z H/ m=l lAfl”(m,m—l—sq,u’—u%’mfl)du
i>1 q=0"i+qg—1— Z wp 7

/+q 1 M (m, mA-sq,u/ —udl™ 1)du (4.9)

where to obtain the last equality we use the fact that if ¢ < 1,

7
/i_llAM(mmu uMm 1)du —0

We observe that if the quantity inside the sum is different from zero, then in particular

(2
/
/ 11 WM Mom—1 D m}du # 0.
i

z>1q 0

This implies that

i—l<u,ﬂf’m_l+w%’m§1+g—n
g

=n

and so i < {1 + gn-‘ . In conclusion, (4.9) can be rewritten as
3

D

[1+gn/g,] &
. (4.10)
q=

O/+q 1 A (mym+sg,u/ —ud™h

We denote (4.10) by

M,m—1 Mm . Mm+1 Mm+s . SE+2
wslfsk (un ) Wn, y Wy y o, Wy k)awsl:sk : R — R.
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Therefore if M > max (1 + k,1 + ¢, (k)) we have obtained that

k,M
E <nn+1(f)>
d)n(k 1 M —sy,
M M M
D D B
S= =0 0<81<82< Ssk m=1
X ¢8115k (uanmflj w%7m7w%7m+l’ P 7w7]F‘LJ7m+sk) ) .
We can therefore apply Conjecture 1 with t = si, h(zo, 21, -+ ,xs,) = f (T0, sy, Ty, -

¢(u7y07"' aysk) = ¢51:sk (’LL, Yo, - 7ysk)-

on (k)
E () = 3 B (5@ )| 0
s=0

where TF=sk : B, (RUF+D) — By (RYk+D)) is defined by

Tj::*)Skf (1130,33]_,’ o 7x8k)

1
= Z f($07$31"" axsk.)/o Q;Z)sl:sk (U,gn($0),§n(ﬂ?1),"' ’gn($sk)) du

0<s51<s2<: <5,

and where given 0 < s < ¢, (k) and 0 < 51 < 59 < -+ < s

(4.11)

(4.12)

(4.13)

’xsk:)7

(4.14)

1+gn/9 W k
¢51:sk (’LL, Yo, Y1, - 7y8k) = / sg—1 du,'
i+q—1 {u+ Z y]<u’<u+z y]}
We now observe that by defining T : B, (Rd(’““)) — By (Rd(¢"(k)+1)) by
én (k)
T’r]ff ($0,"' x(]ﬁn k‘) Z Tk_mkf .Z'(),"' ,l‘sk),
S= =0
one has
&n (k)
Z ﬁik, Tk:—)sk f) (Tk:f>
s =0
1 ¢n(k) [ M—s, ‘ ‘ M—¢n (k) ‘ ‘
= i Z Z (Trlfﬁskf) (Xé\/[ﬂ’ - 7)(TJL\/[,ZJrsk) _ Z (Trllcﬁskf) (Xé\/[’z, . 7XTJL\/LZ+SI€)
5,=0 =1 i=1
Z ‘ % — k) o, O
skf

Combining the above estimate with (4.14) we obtain that
E () —E (a @M@ )| — o

M —oc0

In conclusion, combining (4.8) with (4.15) by taking f = P;@flgﬂ)h we obtain that

(4.15)
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E (ki) —E (n2e @M (Tkm))| — 0

M—o0

where T,F = Tfng9 i’fﬂ) and this concludes the proof. O
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