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Abstract. In this article, we investigate the behavior of multi-matrix models under a potential
Vg = BU + W when the inverse temperature 3 becomes very large. We first prove, under mild
hypothesis on the functionals U, W, that as soon as these potentials are “confining” at infinity, the
norm of these random matrices stays uniformly bounded with large probability. As a consequence,
the sequence of their non-commutative distributions is tight when the dimension goes to infinity.
We show that their limit points satisfy the Dyson-Schwinger equations. Next we investigate a few
specific models, most importantly the “strong single variable model” where U is a sum of potentials

in a single matrix and the “strong commutator model” where U = —[X, Y]?.
Contents
1. Introduction 802
2. Main results 804
3. The Trapping property 810
4. Tightness of matrix models at finite temperature 813
5. Asymptotic localization at low temperature 816
6. Strong uniformly convex potentials 820
7. Strong single variables potentials 823
8. Strong commutator interaction 832
Appendix A. Random matrix inequalities by flow 844
Appendix B. Change of variables in one-matrix models 847
Appendix C. Study of the energy functional related to the commutator model 850
Appendix D. Rough control on the operator norm of Gaussian band matrices 859
Acknowledgments 860
References 860

Received by the editors January 9th, 2025; accepted December 21st, 2025; published under license CC BY 4.0.
2020 Mathematics Subject Classification. 60B20, 15B52, 81T32.
Key words and phrases. Random matrices, matrix models.
Alice Guionnet has been supported by the ERC Project LDRAM : ERC-2019-ADG Project 884584.
801


http://alea.impa.br/english/index_v23.htm
https://doi.org/10.30757/ALEA.v23-31
https://creativecommons.org/licenses/by/4.0/

802 Alice Guionnet and Edouard Maurel-Segala

1. Introduction

Matrix integrals and their large- N limit play an important role in both mathematics and physics.
Random matrices were first introduced into statistics by Wishart (1928) to analyze a large array
of noisy data, a viewpoint that is now particularly relevant and useful for principal component
analysis and statistical learning (Ben Arous et al., 2019; El Alaoui et al., 2020). Wigner (1955)
and Dyson (1962) later suggested that the statistics of their eigenvalues model very well those of
the high energy levels in heavy nuclei. Even more surprisingly, Montgomery (1973) showed that
random matrices are closely related to the zeros of the Riemann Zeta function, a conjecture that
nowadays provides great intuition for many mathematical results, see e.g Keating and Snaith (2000);
Arguin et al. (2019). Random matrices are moreover intimately related to integrable systems to
which they furnish key examples. Random matrices have also played a central role in the theory of
operator algebras since Voiculescu (2000, 1991) proved that they are asymptotically free. In physics,
they were introduced into quantum field theory by 't Hooft (1974), then used in two-dimensional
quantum gravity and string theory (Brézin et al., 1978; David, 1985; Kazakov et al., 1985), and
related with algebraic geometry (Eynard, 2016; B(n ot et al., 2015a; F\lldld and Ommm 2007). In
free probability, statistical learning and physics, a key quest1on is to estimate, in the large N-limit,
the matrix integral of the form

IS (V) = /exp{ —NTrV(X{V,XgV,...,XgV)}dX{V-.-ngV

where V is a polynomial, the integration holds over Hermitian N x N matrices, and dX;¥ denotes
the Lebesgue measure on this space. It turns out that this can be done only in a few cases so far.
The case where the integral holds only over one matrix has been thoroughly studied. Indeed, in
this case, one can diagonalize the matrix and find that

CN/ [T = MR YZVOD T dn,

1<i<j<N 1<i<N

where Cly is a universal constant. Fx (V) = N~2InI%(V) can be shown to converge as N goes to
inﬁnity Its limit was computed by using a saddle point method or large deviations techniques, see

Ben Arous and Guionnet (1997, Corollary 5.1) (or Anderson et al.; 2010, p. 80) as soon as V' is
continuous and goes to infinity fast enough, yielding

FY(V):= lim 7111/ [T = AP V2V T dni = —inf By (1.1)
1<i<j<N 1<i<N

where Ey is given, for every probability measure p on the real line, by

= [ [ (G0 + V) — ke — ol )dute)duty). (12)

and where the infimum is taken over probability measures p on the real line. Large-N corrections
to this limit can as well be computed, at least in some nice regimes (Johansson, 1998; Boutet de
Monvel et al., 1995; Borot et al., 2015b; Borot and Guionnet, 2013; Chekhov et al., 2011). When
more than one matrix is involved, even the very existence of the limit of the renormalized free
energy Fi (V) = N=2In I%(V) is unknown. The existence of such a limit in great generality would
already be of importance for free entropy theory (Voiculescu, 2002) since it would show that one
can replace limsup by liminf in the definition of the micro-states free entropy, which would entail
important properties such as summability under freeness. One class of multi-matrix integrals is still
amenable to asymptotic analysis: those where matrices interact via a quadratic interaction such
that the interaction can be expressed in terms of the Harich-Chandra-Itzykson-Zuber integral or
more generally spherical integrals (Guionnet and Zeitouni, 2002; Guionnet and Huang, 2023; Eynard
and Mehta, 1998; Mehta, 1981; Guionnet et al., 2012; Brézin and Hikami, 1998). Apart from these
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special cases, the case where the potential V is a small modification of a quadratic potential,
which is also called a “high temperature” regime, is well understood. Indeed, it has been foreseen
that matrix integrals expand as generating functions for enumerating maps ('t Hooft, 1974; Brézin
et al., 1978) at a formal level. In Ercolani and McLaughlin (2003); Guionnet and Maurel-Segala
(2006, 2007), it was shown that this expansion holds asymptotically under general hypotheses, so
that the free energy limit can be expressed as a generating function for the enumeration of planar
maps. The central tool to derive these asymptotic estimates is based on the fact that the matrices
remain bounded and that the limit points of their moments satisfy the so-called Dyson-Schwinger
equations. It can then be shown that these equations asymptotically have a unique solution when
the potential is a small perturbation of the quadratic potential, a solution that expands analytically
in the small parameters of the potential. Such a uniqueness fails in the general case, even in the
case of a single matrix (Borot and Guionnet, 2024; Borot et al., 2015b). In the latter case, it can be
seen that for general potentials the limiting distribution of the spectrum has a disconnected support
and that the Dyson-Schwinger equations have a unique solution only if the mass of each connected
component is fixed. The limiting distribution is the unique minimizer in (1.1) (see e.g.Anderson
et al., 2010, Corollary 2.6.3), but the Dyson-Schwinger equations describe critical points, which in
fact may be much more numerous. Therefore, except for these few cases, the asymptotic analysis
of most models is still a wide open problem and even efficient numerical methods have to be found
(Kazakov and Zheng, 2022). In this article, we start the study of multi-matrix models in the “low
temperature” regime where the potential dominates the measure. We will indeed consider the case
where we can decompose V' into

Vﬁ:,@U—FW

with two polynomials U, W and 8 very large. Hereafter we will assume without loss of generality
that § is non-negative. The driving idea is that the situation where § is infinite should somehow
be easier to analyze (as the measure should concentrate near the matrices which minimize TrU).
Then, one might expect that the situation where § is large can be analyzed, as a perturbation of
the latter.

We will first give sufficient conditions for U and W such that the integral I (V) is finite and
mostly supported on bounded matrices. We will also show that this integral is concentrated on
matrices satisfying the so-called Dyson-Schwinger equations. However, these equations generally
have multiple solutions in the low temperature situation, even in the one-matrix case. We then
characterize special cases. When U is strictly convex, we show that the analysis can be reduced to
the high temperature situation studied in Guionnet and Maurel-Segala (2006). When U is the sum
of polynomials in one matrix, we can also estimate [ ]{[(Vg) for sufficiently large 5. The crux of our
study will be to consider the case where —U is the square of the commutator in two matrices Xy
and X9 and W decomposes as the sum of two polynomials in X; and X respectively. This type
of models is also considered in Kazakov and Zheng (2022); Kazakov et al. (1999): It can be solved
when W is quadratic but not in general. In the limit N and then S goes to infinity, our matrix
model concentrates on operators x and y which commute. However, there are many ways to achieve
this: for example these operators could have the same basis of eigenvectors or one of them could be
the multiple of the identity. Our results show that the optimal scenario also depends on W and give
the asymptotics of the free energyF’ ]%,(VB) for N and then f going to infinity. Our paper considers
the Hermitian case but could easily be extended to symmetric matrices (see e.g. Maurel-Segala,
2006 and Collins et al., 2009 for other generalizations of the loop equations techniques to orthogonal
and symmetric matrices).
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2. Main results

We let C(Xy,...,X,) be the space of non-commutative polynomials in ¢ indeterminates X =
(X1,...,Xy) with complex coefficients. We will in general consider V' to be a polynomial but
for some applications we will need that the potentials belong to a more general class of smooth
functions given by:

k J4
C({X1,..., X)) = {P(Xl, X)) =) aX e X+ Zﬂj(Xj)}
i=1 tg=1

where z; are complex numbers, k,d; are non-negative integer numbers and (7, ji om < dii < k)
are integer numbers in {1,...,¢}. ¥, are smooth (at least C!) real-valued functions from R to R.
C(X1,...,Xp)¢, denotes the subset of self-adjoint elements of C(X1,..., Xy)¢, namely functions
V e C(Xy,..., Xy such that V' = V*  where * is the involution such that for any integer number
d,any j1,...,jq € {1,...,£}%, any complex number z and any smooth function ¥ : R — R, we have

(Zle'--de)* :ZdeXj -'le, 19(XJ)* :19(Xj)

d—1 "

C(X1,...,Xp)¢ is equipped with a unit denoted by 1. A polynomial P is cyclically invariant iff it
is the sum of terms of the form

ZZXZ'@ X Xy X,
¢
for some complex number z and (i1, ...,ix) € {1,...,£}* k€ N.
Let V be an element of C(X1,...,X,)¢, and 8 be a non-negative real number. We study the
matrix model given by the (-tuple X = (X} ... X}¥) of N x N Hermitian matrices with law

1
dQY (XN = 75 exp { — NTrV(XN)}dXN (2.1)
when the dimension N goes to infinity. dX} is the Lebesgue measure on the set HY(C) of N x N
Hermitian matrices and we denote in short dX™ = dX{¥-.-dX}. Moreover, Z{ is the partition
function given by

zy = /exp{ — NTrV(XN)}dXN (2.2)

Our assumptions will ensure it is finite. We may and will assume that V is cyclically invariant,
since the trace is left invariant by cyclic permutation, namely we may replace any monomial ¢(X) =
Xi sz inV by
k
A)X)=2> X Xy Xy X,
p=1
Our first result gives sufficient conditions on the potential V' to insure that matrices distributed
according to Qg stay bounded with large probability. Let us denote D; the cyclic derivative with
respect to the ith variable: D; is linear on the space of non commutative polynomials and so that

for every integer number k, every {i1,...,ix} € {1,...,¢},
Di(Xi, - Xi,) = Z Xippr o Xip Xy - Xy, -
piip=1t

Note that Din-k = k:Xik*l. We extend D; to differentiable functions in one variable by setting
D;¥(X;) = 1;—;9'(X;). We denote in short

N
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| Alloo stands for the operator norm of a matrix A:

|Allco = sup (Au, Au>1/2.
flull2=1
We can finally define the notion of trapping potentials that will ensure that matrices stay bounded
under Q{}f . It basically consists in assuming that the potential is big when the matrices have a large
norm in a specific way that will allow for the analysis. It depends on two parameters 1, A and a
partition I that will depend on the potential.

Definition 2.1. Let 1 be a non-negative real number, A be a finite real number and I = (I, ..., 1)
be a partition of {1,...,¢}. Let us denote, for 1 <j < d, Z}¥ := Yiel, (XN)2.

We say that a potential V € C(Xy,...,Xy)S, is (1, A, I)-trapping if for every k, N € N*, for
every XV = (XN, ..., X}N) e HV(C)Y,

d
Tr (Z(ZN)k
=

Our main interest in this definition is the following theorem, which shows that when the potential
V is (n, A, I)-trapping, the spectrum of the /-tuple of matrices X"V stays bounded with large
probability. This theorem, central in this paper, is proven in Section 4. It states as follows.

d

S xN v (xN) ) ( Z (ZN)k+t (1+§:(Z§V)k))-
j=1

iEIj 7j=1

Theorem 2.2. Assume that there exists a partition I = (Iy,...,13) of {1,...,£}, a positive real
number n and a finite real number A such that V in C(Xy, ..., X)¢, is (n, A, I)-trapping. Then,
for every k € (0,1), under Qg, almost surely

lim sup max, 1 XN Nloo < Li(A,d,n),

N—o0

with Li(A,d,n) = (32max ((1 + 2|A|d + 2d*)n~! 1))% =, Moreover,

lim sup N~ 1anv<maX | XN oo > Lu(A,d, 7])) < -1. (2.3)

N—oo

To prove this theorem, we shall rely on new techniques based on change of variables developed
in Appendix A and which allow to bound from above the probability of rare events by designing
suitable change of variables.

Remark 2.3. If X = CY +al with C' a bounded ¢ x £ symmetric matrix, it is enough to prove that
the potential V is trapping for the variables Y because we then get the conclusion of Theorem 2.2
(up to changing L,(A,d,n)) for the variables X as well since

. < .
max [|Xilloe < VAIC]oo max [[Yilloo + la]

In this article, we will study the empirical non-commutative distribution gV of the matrices
XN under Q{}f . For an f-tuple YV = (Y{V,... ,YeN ) of self-adjoint N x N matrices, we denote
by /1§ the empirical distribution defined as the linear form on C(Xj,..., X;)¢ such that for every
Pe (C<X1, R ,Xg>c,

. 1

p¥(P) = ~ T (PO, ..., YY),
We can recover ﬂy NN, 5/\ , the empirical measure of the eigenvalues (A\;(Yj))i<i<n,
of the N x N matrix YjN from 1§ by restrlctmg ourselves to polynomials in the variable Y. [L%
belongs to the set P(R) of probability measures on R.
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We denote in short ¥ = ﬂgN with X the random matrices with law Q{}f . We see iV as a non-
commutative law (Anderson et al.; 2010, Section 5.2), namely as a linear form 7 on C(X1, ..., Xy)¢
such that for every P,Q € C(Xy,..., Xy)¢,

7(PP*) > 0,7(1) = 1,7(PQ) = 7(QP) .

We equip the space of non-commutative laws with its weak topology. A direct consequence of
Theorem 2.2 is that the empirical distribution 'V is tight (Anderson et al., 2010, Lemma 5.4.6).

Corollary 2.4. Under the hypotheses of Theorem 2.2, the empirical distribution iN is sequentially
tight. Moreover, any limit point Ty of (N is a non-commutative distribution with bounded support
in the sense that for every integer number k, every i € {1,...,¢},

v (XP%) < Lio(A, d,m)*, (2.4)
where Li(A,d,n) is defined in Theorem 2.2.

When ¢ = 1, 7y is simply a probability measure and (2.4) shows that it is supported in
[—Lx(A,d,n),L.(A,d,n)]. For £ > 2, the non-commutative distributions can be constructed as
a state on the space of bounded operators on a Hilbert space (Anderson et al., 2010, Theorem
5.2.24). Then, (2.4) shows that the operator norm of these operators is bounded by L, (A,d,n).
We hereafter investigate examples of potentials which are (7, A, I)-trapping. Note that they may
be replaced by cyclically equivalent potentials without loss of generality.

Theorem 2.5. (1) If U s (n, A, I)-trapping and W is (f/, A’,I)- trapping and 8 > 0,
BU +W is (Bn+1n',BA+ A, I)-trapping.
(2) If Vis (n, A, {{1}, ..., {€}})-trapping, then for any non negative real numbers (cj)i<i<j<e,
the potential
VX) = D ay[Xe X
1<i<y<t
is also (n, A, {{1},...,{€}})-trapping. Here, [X;, X;] = X;X; — X;X; denotes the commu-
tator.
(3) We say that a potential V in C(X1,...,X,) is confining if there is a partition (I, ..., 1)
of {1,...,¢} so that we can write V as

0 T /4
V(X) =Y Pi(Xo)+ Y Ro( Y. iXi) + > uqu(X)
1 u=1

=1 v= iEImv

where, if we denote by RB<X> the set of polynomials with real coefficients whose term of
highest degree has degree D with a positive coefficient

D
RE(X) = {Z%mi,% eER,1<i<D-1,vp > 0},
i=1
e For everyi€ {1,...,0}, P, € R;Di (X)) for some integer number D; > 1,
e 7 is an integer number and, for every v € {1,...,r}, R, € ]R;'dv (X) for some integer
number dy, > 1, (ci)v<ri<d are real coefficients,
e p is an integer numbe;, and for every u < p, q,(X) = Xiu - "X“éu is a monomial of
degree K, smaller or equal to 2min;cr,, D; — 1 for every m such that there exists i in
L, so that X; appears in qy: if S(qu) = {7 : I n{if,...,ig } # 0} C {1,...,d},

S o Dy
S B i P

e v, are complex numbers such that V(X) is self-adjoint.
If V is confining, it is (n, A, I)-trapping for some n, A with n > 0.
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This theorem is proven in Section 3.

Remark 2.6. Theorem 2.5.3) gives a quite general and technical condition in order to be confining
and therefore trapping. Let us show it encompasses many natural examples.

(1) If V(X) = X0, P(X)) + 27—, Yuqu(X) with the same hypothesis on the P; and the g,
than in Theorem 2.5 then V' is confining with the trivial partition I = {{1},...,{¢}}.

For example V(X,Y) = ex X2PX 4+ ey Y2Py 4+ Vi (X) + Wy (Y) + W(X,Y) is confining

if cx,cy > 0 and Vyx is of degree at most 2Dx — 1, V3 is of degree at most 2Dy — 1 and

Wis of degree at most 2min(Dx, Dy ) — 1. Another example of confining polynomial is for

instance
P(X1, X, X3) = X{ + X3 + X1 X2 + X2.

(2) Any polynomial which is a sum of terms of type 3_ P;(3_; vi; X;) with P; a polynomial going
to +00 at +oo and v of rank ¢ can be rewritten as a confining polynomial with partition
with one block {1,...,¢} after a linear change of variables. This implies that polynomials
of the form

V(X) = Z P,(Z i X5) + Y XX+ Y dugu(X)

i u=1

can be rewritten as a confining polynomial with partition {1,...,¢} after a linear change of
variables if v is a symmetric positive matrix, the P;’s are going to 400 at oo and the g,
are of degree at most mindeg P; — 1.

(3) We would have liked trace convex polynomials to be confining, where V' is trace convex
iff X — TrV(X) is convex on the space of ¢-tuples of N x N Hermitian matrices for any
dimension N. Unfortunately, this is not the case as X2+ Y2+ X?Y?2 is trace convex but not
confining (and not trapping). Note however that such polynomials are known to satisfy
the conclusions of Theorem 2.2 thanks to Brascamp-Lieb inequalities, see Guionnet (2009,
Section 6.5)

Our next result shows that, if V' is trapping, any limit point of 4V satisfies the so-called Dyson-
Schwinger equations. To describe the later we first define the non-commutative derivative 0; with
respect to the ith variable so that for every choices of monomials ¢(X) = Xj, ... X;, with i; €
{1,...,¢} we have

X . Xipy= > Xiy.. Xy, @ X Xy, .
Jiij=i
This definition extends to smooth functions 9 of one variable by identifying X ® X with variables
in two indeterminates and setting

99(x,y) = Wi — Z(y) .

We next define the Dyson-Schwinger equations.

Definition 2.7 (Dyson-Schwinger equations). A non-commutative law 7 satisfies the Dyson-
Schwinger equations with potential V' iff for every P € C(X;,...,Xy)¢ any i € {1,...,/},

T\/(DiVP) :Tv®7’v(aip). (2.5)

It turns out that such equations are satisfied by limit points of the non-commutative laws of ran-
dom matrices. In fact, such type of equations may be seen to arise in the context of random matrices
by integration by parts or infinitesimal change of variables. We prove the following Theorem in
Section 5.
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Theorem 2.8. Under the assumptions of Theorem 2.2, any limit point v of i’¥ under Qg satisfies
the Dyson-Schwinger equations with potential V. Moreover, if Vg = BU+W with U and W (n, A, I)
trapping for some n > 0 and A finite, then there exists a finite B (depending only on A and n) such
that for B > 0 large enough, every i € {1,...,£}, and every integer number k,

v, (\DiU|2’“> < (?)k (2.6)

The last result (2.6) shows, as could be expected, that under reasonable assumptions the limit
points Ty, concentrate on the critical points of the potential U when § goes to infinity. The proof
of this theorem will follow from Proposition 5.2.

The Dyson-Schwinger equations are not sufficient to characterize the limit in general since they
may have several solutions and therefore Theorem 2.8 does not entail the convergence of the non-
commutative empirical distribution in general. To study more precisely such convergences, we
restrict ourselves to special cases where the potential is given by Vg = U + W for some fixed
polynomials U and V and g large. In Section 6, we study the case where U is strictly convex.
We then show that the matrices following Q{}; converge to multiples of the identity when N and
then 8 go to infinity. Moreover, for § large but finite, we show that the empirical distribution
AN converges almost surely and its moments can be expanded in powers of 3~/2. In Section 7,
we consider the case where U(X) = " U*(X;) is the sum of polynomials of one variable that can
achieve their minimal value at several points and W is small when the spectrum of the X; are close
to these minimizers. We then show that the spectrum of the matrices XV under Q]‘\/[ converges
as IN goes to infinity and then 8 goes to infinity and characterize the limit. The spectrum of the
matrices submitted to the strong potentials concentrates around the minimizers of these potentials
and their masses depend on the flatness of the potential. More precisely, we make the following
assumption:

Assumption 2.9.
Vo(X) = B(U100) + -+ UP(X,) ) + W(X)

where p < ¢, U and W are self-adjoint polynomials such that:
(1) There exists By > 0, n > 0, A < oo and a partition I so that for every B > [y, Vg is

(n, A, I)-trapping.

(2) Foric{1,...,p}, U' achieves its minimal value at real numbers i, ..., ak, with U'(z) =

(1 +0(|x—x§-]))c§-(w _:L,;)Zk’; when x belongs to a small neighborhood of xé, for some positive

constant cz- and integer numbers k‘;
(3) W(X) = Zf:p—‘,—l V{(X;) + Z(X) where Z can be decomposed, up to cyclic invariance as
b1 Zi(Xi,Xe) with some polynomials Z;(X;,X;e) in X; and X;e = (X;)j-i1<j<e whose
trace vanishes at any {-tuple (X, Xic) of operators such that the eigenvalues of X; belong
to the set {:1;;,1 <j<m}.
Note that U is a polynomial function so that the condition U(z) = (1+o(|x — xé\))c;(a; - xé)%z'
is equivalent to assuming that z’ is a zero of multiplicity 2k} of U*. In this setting, our main results
summarize as follows.

Theorem 2.10.
(1) Under Assumption 2.9(1) and (2), there exists finite constants By, R, C' such that for f > Bo,
for every i € {1,..., 4}, for every j € {1,...m;}, we have Q% almost surely:

B\ B\ K
~N i 2kt 4 2k J
HxN <[f'3j - ijax(m) 7zt Rmﬁx(m) ]]> - > k}

<C
S Ump

(2.7)

lim sup
N—o0
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(2) Under Assumption 2.9 with k:; =1 for every j < m;,i < £, for B large enough, the empirical
distribution i of XN converges Q{); - almost surely towards a non-commutative distribution

Ty,. Moreover, the moments under Ty, expand as a converging series in ,6”%. Ty, converges
weakly as B goes to infinity towards T, the law of £ free variables, the pth first having law
m%_ Z;-”:il 536]; and the £ —p last ones following the minimizer p: of the energy Ey; introduced
in (1.2).

The second part of our theorem could extend to more general integer numbers k:; but we chose
to take k:; = 1 for simplicity. Freeness was introduced by Voiculescu (2000, 1991). We refer to
Anderson et al. (2010, Definition 5.3.1) for a definition of freeness, as well as Anderson et al.
(2010, Chapter 5) for an introduction to free probability and its relation with random matrices.
In particular, in Anderson et al. (2010, Theorem 5.4.10 and Corollary 5.4.11), the fact that UDU*
and D’ converge to the distribution of free variables if U is Haar unitary, independent of D, D’, is
discussed.

Theorem 2.10 is also based on our new techniques based on change of variables, developed in
Appendix B.

Finally we consider in Section 8 the case where U is the square of the commutator and more
precisely

Va(X) = —B(X1X2 — XoX1)? + Vi(X1) + Va(X2) . (2.8)
Such a matrix-model can be considered as a toy model for Yang Mills theory (Kazakov and Zheng,
2022). Kazakov and Zheng (2022) say that this model is “unsolvable”. Our main result is that the
non-commutative distribution of X{¥, X under Q{}; converges when N goes to infinity and then
B goes to infinity towards the distribution of two commutative variables whose spectrum lies at the
minimizers of V3 and V5. A key point of our result is that the masses at each of these minimizers are
nontrivial and again depends on the flatness of the potentials in a neighborhood of the minimizers.
Moreover, X{¥ and X§' asymptotically commute but also their eigenspaces become independent.
More precisely, we prove the following statement.

Theorem 2.11. Fori € {1,2}, let V; be a polynomial in R;Di (X) for some D; > 1. Assume that
infgp V; = 0. Let 2% < b < - < :L‘in2 be the real zeroes of Vi for i = 1,2 and assume that there

)

exists ¢t ... ¢t € R such that, for every j € {1,...,m;},

Vi(z) = (1+o(jz = 5))cj (@ — a5)* .

Let Vg be given by (2.8) and XN, XN following Q{};. Then, for every € > 0 small enough, almost
surely, for every j € {1,...,m;} and i € {1,2}, we have

i1
G

Y)Y

, o020l 02 ol 02
Moreover, for any monomial ¢(X1,X2) = X' X' X2 X% - X" X,P, we have

lim li AN (1t — e 2t =
Jim, 1]{/nj;10puxi([xj €, + €])

1
lim limsup/ N Tr (q(XfV,XéV))dQ%(XfV,XéV) = vy (222 )1y (2228)

B0 N—oo

with v; =3, Oé;‘-(smi‘ fori=1,2. The same results hold if the above limsup are replaced by liminf.
J

This theorem is proven in Section 8 based on fine analysis of related energy functionals in
Appendix C which may be of independent interest.

Throughout this article, O(a) means a function so that there exists a finite positive constant c
so that |O(a)| < c|a|. o(a) is a function going to zero as a goes to zero. a, =< b, means the limsup
and the liminf of a,,b, ! are finite as n goes to infinity.
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3. The Trapping property

In this section we investigate the trapping property and prove Theorem 2.5. The first point is
clear. For the second point, we first show that V(X7, Xs) := —[X7, Xo]? = —(X1Xs — X2X7)?
satisfies the (0,0,{{1},...,{¢}})-trapping condition. To see this, first notice that

D1 (—[X1, Xo)?) = —4Xo X1 Xy +2X5 X1 +2X1 X5

and a similar formula holds for the cyclic derivative with respect to the second variable. Therefore,
V satisfies the (0,0,{{1},...,{¢}})-trapping condition iff for every integer number k:

Te(X2HH1D,V 4+ XEF Do) = 4T (X12k+2X22 L X2 Y2 xR X X —XQ%HXlXQXl) > 0.

This is a direct consequence of the following Lemma:

Lemma 3.1. If X, Y are two N x N Hermitian matrices and v and v are integers, then, if either
u+ v is even or X is positive,

Tr(X“TY?) > Tr(X“Y XY).

Proof: To prove this, we may assume that X is a diagonal matrix. If the z,’s are the eigenvalues
of X then,

TH (XY~ T(XYX"Y) = Y [Valalt = 3 [Yal?ata)

1<a,b<N 1<a,b<N
1
_ 2/ u U v v
=3 Z |Yap|“ (g — w) (zg — )
1<a,b<N
which is non-negative if the x,’s are positive or if u and v have the same parity. O

Now if V' is (n, A, {{1},...,{¢}})-trapping then by the first point of the Theorem, for any o > 0,
V(X) — a[X1, X2)? is also (n, A, {{1},...,{¢}})-trapping. The generalization to any number of
square commutators is immediate. We finally prove the third point of the Theorem. Let us
consider a confining potential V' of the form :

¢ T p
V(X) =Y B(X)+ Y Ro( Y awiXi) + > 7uqu(X)
1 u=1

’iil v= iEImU

where P;, R,, g, satisfy the hypotheses of Theorem 2.5(3).

We can assume that P;(z) = ¢z?P* up to changing the sum over the monomials ¢, in the last
term of V. We may also assume up to rescaling that the polynomials P; are monic, namely (; = 1.
In this case we have for every integer number k and for ¢ € I;

Tr ((Z;V)k > X,J,X.Dmﬂ(xgv)> =2D; Tr ((Zjv)’f(gi)wi) .
mel;

We shall often use the following trivial bound: for d € [d, d| and any real number z

22 < g2y g% (3.1)
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Using this bound with the parameters d = Dj = min;ey; D; in [0, D;] for every i € I, we have since
(ZN)1<j<a are non-negative matrices:

: d ¢ d
> Tr ((ZJN)’“ SXNDRY (XN 20) Z ( ZNFS 2Dk(X,§V)2Dk)
j=1 j=1

kel; i=1 kel;
d d
_2ZDjTr((Z;V)’fZ( ) Z 1| Te(Z)V)E (3.2)
j=1 icl; j=1
We shall now use the following Lemma:

Lemma 3.2. For every D € N, { € N*, for every Hermitian matrices, X{V,...,Xév, if ZN =
(X)) 4+ (X2

¢
Tr ((ZN)kJrD) < (P Tr( NyES (XN 2D>
=1

Proof: A difficulty to prove this result is that in general (X + Y)?” is not smaller than 4°(X?2P +
Y?2P) as in the commutative case. We first prove the case & = 0 by using the non-commutative
Hélder’s inequality: for any choice of i1,...,iap € {1,...,£}?P,

Tr(XY ... X )< maxTr<(X;V)QD).

i2D
Therefore after expanding the product we get :
Tr(Z™)P < 0P max Tr(XV)?P
1

which implies the desired inequality for £k = 0. We apply the case kK = 0 to the new matrices
1
- 3
XY = ((2V)(x) (2 )
ZN = (2N (X 4 (X)) (2N = (7))
Therefore,
¢
Tr (ZN)HP) = Te ((ZV)P) < 6P 3" Te ((27) 25 (xN)2 (2V)20) .
i=1
Finally we use the Araki-Lieb-Thirring inequality (Kosaki, 1992), showing that Tr(A"B"A")? <
Tr(ABA)™ for A,B > 0,r € [0,1] and ¢ > 0, to with A = (Z¥)2, B = (XN)?P r = L ¢ = D to

deduce
l X X l
Tr ((ZN)k+D) < €D ZTI, ((ZN)f(XZN)QD(ZN>§) _ eD TI‘ N\k Z XN 2D
i=1 1=1
]
Thanks to Lemma 3.2 , we find that for every j e{1,...,d},
O3 (ZN)E ST (XN)2Pr) = T ((2))F+Dr) . (3.3)

1€
Thus, we deduce from (3.2) that

iﬁ( XY DkZP )ziﬂ‘)

kel

(ZN)e+Day — | Te(ZN)F) . (3.4)



812 Alice Guionnet and Edouard Maurel-Segala

Let us now consider the contribution of the second term in V. Observe that since I, N I, = 0 if

m # m,, we have
Z XzDzRv( Z aviXi) = 1m:vav( Z aviXi)

i€l €1, €1,
where R,(X) = XR! (X) belongs to ]R;dv (X)ift R, € R;dv (X). Therefore it is bounded from below
by some constant —c,. Hence, for j € {1,...,m}, we have (since (Z))¥ is non-negative)

d
ST ((ZI)F T XN DiR( )] ap X)) = —co Te(Z))F,
= i€lm k€lpm,

ie. Ry(Xier,,, awiXi) satisfies the (0, ¢y, I)-trapping condition. We may therefore neglect this part
by the first point of the theorem, up to changing the constant A, so we hereafter assume R, = 0.

We finally study the last part of the polynomial V. We consider a monomial ¢, in the decom-
position of V' and denote it by ¢ for simplicity. We denote by S(gq) the smallest subset of i € [1,/]
so that ¢ only depends on Xj;,7 € S(g). Let s(g) be the set of j such that I; N S(q) # 0 and define
Dy = minj¢cyq) minger; D;. We clearly have:

T‘r(iZN XN ZqXN> ZTr(ZN)kZXiN.Diq(XN))
J

iel; j€s(q) iel;
Any monomial Xj, - - - X, coming in the linear decomposition of D;q has degree ¢ bounded above by
2D, —1 by assumption. By Hélder’s non commutative inequality with parameters (po, p1,...,pt) =
(14 %,2k+1t,...,2k +1),

t 1
‘Tr <((Z§V)1/2)2’€X51V...X§j>’ (Tr(ZN 2k+t II (Trix;, |2Rt) 2R
m
eTr
j

M\w

=1
Z T‘I‘ZN Z (ZN)k+Dq+€ th\r Z
jes(q)

€s(q) j€s(q)

where we used in the second line that for s € [1, ], Tr(] X;, |*7?) < max;c(q) Tr((Z]N)k“/z) , and in
the last line we picked € € (0,1) (to be chosen later) and used the inequality valid for ¢ € [1,2D,—1]

xk+t/2 < (52)Dq_t/2xk+Dq1€2x>1 +8—t$k152x<1

and took the worst case scenario for each term. Using this inequality for each monomial in D;q, we
deduce that there exists a finite constant C(q) such that if D = max; D;

d
r(Y_(ZF Y XN Dig(XY)) = ~Cla)(e Y T(Z))HPr 4720 3 (Z))F). (3.5)
Jj=1 i€l Jj€s(q) j€s(a)

Putting (3.4) and (3.5) together, we deduce that

d
ZTr ZNFS " Xi.D;V) Z 5 JJ Te(ZN)HPi " 2Dy 1| Te (2 )
i€l j=1 j=1

—Zh C(qu)(e D Tr(Z))FHPu 472D e 3™ (Z)F).

jES(QU) jeS(Qu)
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Finally, by (3.1) with d = Dy, € [0, D;], we can choose & small enough (depending on the monomials
¢y only) so that
p d 1 d
e v (w)|Clqu) Y. Tr(Z))FPe < Z Tr(Z)) k+Dj 4 e (Z))F.
= jes(qu) j=1 j=1
We then conclude that there exists a finite constant C(V') so that

Ed: Tr ((ZV)F Y XN Div (X)) > i f}i Tr ((ZJN)HD]') - Cc(V) i Tr(zN)*
J=1 il j=1 j=1

d
> ( min 12 ZTr ZN s C/(V)ZTr(ZJN)k
= =

1<5<d E g

where we used ( 1) with d = 1 € [0, D;] and denoted C'(V) = C(V) + m1n1<3<d . This shows
that V is (mmJ C’(V) I)-trapping.

4. Tightness of matrix models at finite temperature

In this section, we prove Theorem 2.2. This is based on new techniques to bound probabilities of
rare events developed in the appendix based on change of variables, see Appendix A. We fix n > 0,
A € R and a partition I such that V' is (n, A, I)-trapping. We only need to prove (2.3) as the almost
sure bound on the operator norm of the matrices (X;}¥)1<;<, follows from Borel Cantelli Lemma.
We assume without loss of generality that n’ = 1 + 2|A|d + 2d? > 5 (since an (1, A, I)-trapping
potential is also (n”, A,I) trapping for any n” < min{n’,n}). Our proof uses bounds based on
change of variables that we prove in the appendix, see Lemma A.4. We fix L > 0 and define, for
an (-tuple of N x N Hermitian matrices XV = (X{¥,..., X}¥), the variable:

1
N Nk > k:}
T(XY) = mf{kz dNTrZZ L
where we recall that ZJN = Yiel, (XM)2. Note that by Jensen’s inequality,
1 SN
ks (dNTrjz::l(Zj ")

is increasing and so T(X?) is the first index at which this function reaches one and it will stay
above one afterwards. To prove (2.3), it is enough to show that for x € (0,1) and sufficiently
large-N

Qﬁ(XN:T(XN) < KN ) < PN iy (4.1)

=9om2L)) = 2L °
Indeed, observe that for any M > 0, any integer number k, we have

d

1 k 1
N . N N ., N 2k
{X .mZaxHXi loo > M} C {XV: N Tr (jgl (Z;") ) > MY},

But on {T(XY) > &0} we know that for every k < &%

Tr(z )SL’“.

J=1
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Therefore, on {max; [ XN |o > M} N {T(XY) > &85 we must have L* > LM% for every

k< ;11;:2]% This is impossible if

M? In(dN 2 Ind
In — > inf al ) (1—|— n—)ln2L
k< ) k In N

Taking M = (2L)%+%, we deduce that {7(XY) > &8 A fmax; | XV || > (2L)%+é} is empty

for d < Nz'™2 which we assume hereafter. Thus, we conclude that

/@lnN)
— 2In2L

QY (XN s max | XNl > (20)77%) < QY (XN : T(XN) <

from which the theorem follows from (4.1). To prove the latter, we first introduce the measurable

set Sy of £ N x N Hermitian matrices XV = (X{¥,..., X}V) given by
d 1 d
k N
{—Trz M >ak}ﬂ m {WTYZ(ZJ' ) < ay}
j=1 I<u<k—1 j=1

with a sequence (ay,)uen to be chosen later so that a, € (0, LY] for every integer number u. By the
inclusion-exclusion principle, we find that if q,]CV = Qg (XN € Sk.a), then

kIn N kln N

N N N K)h’lN 2In2L N 2In2L N
Qy (X7 :T(X™) < 2ln2L) <D QF (Ska) = D ar - (4.2)
k=0 k=0

kIn N
2In2L

kIn N

2In2L>

We prove by induction over k£ < that we can find non-negative real numbers ag, k <

such that for sufficiently large-IN
q,iv < e N (4.3)

and moreover that, for every k, a < L*, with L as in the theorem. Note that when k = 0 the
bound (4.3) is satisfied for any ag > 1. Assume that up to rank k, we have found ay,...,a such
that a,, < L* for every u < k and a, verifies (4.3). We next construct ay,; so that the same
property holds up to rank k 4+ 1. We look at the dynamics of Lemma A.4 up to time ty = N~17%

on each set of variables indexed by I;, namely for i € I; we set, for X = (X{¥,..., X}) an (-tuple
of Hermitian N x N matrices :
XMO) = XN
{ 8&}%”(75) = ((ZN( kaN( )+ XN (2 (1))
ZX(t) = Yien (X (1)

y (A1) with g;(X) = ((Z;(X))*X; + Xi(Z;(X))*) for i € I;, we have
a1 = QU (XY € Spa)
o/ v N(s N( N
< sup {exp( 2/0 (NT %:(ZJ > XN (). D V(XN (s))

XNESk,a i€l

~TreTr > 8Z~(XiN(s)(ZJZ-V(s))k)>ds)} (4.4)

j,iGIj

Note here that the functions g; are not globally Lipschitz as required in Lemma A.3, but the
conclusion of Lemma A.3 remains valid according to Lemma A.4. We next bound the term in the
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exponential by using the hypothesis that V' is (n, A, I)-trapping which implies:

NTri(ZJN NEIT XN (). DV (XN (s)-TraTr > 0(XN(s)(Z) (s)F)

j=1 icl; icl;
1<j<d
d
>N Tr(n(Z) (s) ' — AL+ Z) (s Z Z Te(Z)Y (s)) Te(Z) (s))" P (4.5)
Jj=1 j=1p=0

d k—1
=Y S XN (2 () T XD ()2 (5)

j=1licl; p=0

Now observe that Tr@ Tr((X ® 1 — 1 ® X)?Z°% @ Z°) is non-negative since (X ® 1 — 1 ® X)? and
Z°® Z" are non-negative operators in H(C)®? for every integer numbers a,b. As a consequence,
we find that

Te(X}Y (5))%(Z ()P Te(Z]Y () P+ T (Z)Y ()P Te(X[Y () (2] (5))*717P)
> 2T XN (s)(Z0 ()7 Tr XN (5) (22 (5))F17.
Thus, we deduce the following bound on the last term in the R.H.S of (4.5):

k-1 k
D00 T XM (s)(Z ()P Tr XY (s)(Z ()77 < D Te(Z (5))P Te( 2] ()"

i€l p=0 p=0
Now Lemma A.4 tells us that s — Tr(Z]]-V(s))" is decreasing on [0, ——], so that we deduce if
NF+L
t < —4—, that for s <t,
Nk+1
N Y (Te(Z) () XN (s)DiV (XN (5)) = Tr@ Tr 0:( XY (s)(Z)) (s))7))
j€[L,d]
i€l
>N Z Tr (n ) — A1+ (Z)(0) —2 Z Z Tr(Z)Y(0))P Te(ZN (0))F7  (4.6)

p=0j=1

Finally, on the set { & TrZ]-:]L(ZJJ-V(O))]‘”rl > ap4+1} there is at least one j € {1,...,d} such that

+ Tr(ZJN(O))’Ichl > ap41, so that by Lemma A.4 for any x > 0 every s < ﬁ < N:LH , we have

4(k; + 1) 2k+1

d
1 N ()t
NTrjng )T = agpsr —

Therefore, on the set Sj11,4, (1.4) and (4.5) give, with ¢ = ty = N~!7%, that gp,, is bounded as
follows:
11—k
QI]c\if—l < e—N Fry1(a) (4'7)

with, since on Si41,4, Tr(ZJN(O))p < Z;l:l Tr(ZJN(O))p < dNa, for p <k,

L
Fyta(a) = 2(n(apt1 — 4(k + )N """ FT (ag41) F77 ) — | AJd(L+ ax) - 2d° Zapak —p
p=0

We next define ag = 1 and by induction set

1 k
apy1 = 5(1 + |A|d(1 + ay) + 2d° Z apag—p) -
p=0
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We next show by induction that for every integer numbers k,
ap < CpR” (4.8)

with Cj the Catalan numbers and R to be chosen. (4.8) is true for £ = 0. We assume by induction
it is true up to k, then since Z];:O CpCr—p = Cit1,

1
apt1 < 5(1 + ’A|d(1 + CkRk) + 2d201€+1Rk) < Ck+1Rk+1

provided
1+ |Ald Cy 2d?
_— — <. 4.9
Ciy1RFF! RC 1 T R =" (4.9)
Using that Cy/Ck+1 < 1, Cx > 1 and choosing R > 1, we see that the left hand side is bounded for

every k > 0 by

+ |Ald

1+ |A|d Cy 2d*> 1 9
—_— — < = (14 |Ald+ |A|ld + 2d
Cly1RFH RC41 TR = R( T |Ald+|Ald +2d)

so that it is enough to take R = n~! (1+2[A\d+2d2) which is greater than one by hypothesis. Hence,
the induction is satisfied. As a consequence, since Cj, < 4%, we deduce that a, < 4¥(R)* = L*.
Moreover, for such a choice of ax, k > 0, we can lower bound the exponent in (4.7):
4(]6‘ 4 1)L2k+1

NtET
The right hand side is bounded from below by 1 for N large enough provided k is small enough so
that 2k < /ihll‘(lﬁ) . From (4.10),(4.7) (4.2), and (4.1), (2.3) follows readily.

+ |Ald

Friq(a) >2—2n (4.10)

5. Asymptotic localization at low temperature

In this section, we use the Dyson-Schwinger equations to prove asymptotic localization properties
at low temperature for general potentials and prove Theorem 2.8.

Let us consider a potential V' which is (n, A, I)-trapping for some 1 > 0, a finite positive real
number A and a partition I of {1,...,¢}. By Corollary 2.4, we know that the empirical distribution
AN is tight almost surely under Q]‘y . Let 7y be an almost sure limit point. We then prove the first
part of Theorem 2.8, namely that

Lemma 5.1. (Dyson-Schwinger equations) Under the assumptions of Theorem 2.2, any limit point
v of i under Qg satisfies the Dyson-Schwinger equations (2.5).

When V is a small perturbation of a quadratic polynomial, it was shown in Guionnet and Maurel-
Segala (2006) that the Dyson-Schwinger equations have a unique bounded solution. This is not
true in general, even in the one-matrix case. Indeed, if V' has two wells, the limit of the empirical
measure of the eigenvalues of the matrix may have disconnected support and there is a solution
to the Dyson-Schwinger equation for any choice of masses of the different connected pieces of the
support : it is the unique minimizer of the large deviation rate function Ey of (1.2) given this
constraint (Borot and Guionnet, 2024, Theorem 1.2).

Proof: We use the change of variables of Lemma A.3 so that 8tX]N(t) = —g; (XN (1)) with g;(X) =
1,—;P(X*) for a non-commutative polynomial P, i € {1,...,¢} and X® = (f(X1),..., f-(X,)) with
fe(z) = (1 + ex?)~! for some fixed & > 0. For every j € {1,...,£}, g5 is uniformly bounded by a
finite constant C? so that for ¢ < &,

XNt =X} + O(c]’é’). (5.1)
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Let us set for §, L > 0, and By, = {X" € HN(C)* : max; || Xi||eo < L}

Aser = {XNeBL L TJr(DiV(XN).g*f(XN))—i Tro— Tr(0;9°(X™)) > 5}.
= N N N
It is easy to see that since gf and 9;¢° are uniformly Lipschitz (see formula (A.2) for the latter),
for every i € {1,...,£}, and since X}¥(.) stays uniformly bounded for X (0) = X e By, by (5.1)
so that D;V is also uniformly Lipschitz, we have uniformly on XV (0) € Ase 1, a finite constant
C(e, L) so that
1

/OW <NTrDiV(XN(s)).gS(XN(s)) ~Tr@Tr OigE(XN(s))>ds > N&+Cle, L).

Hence, Lemma A.3 implies that

Qg(AJ@L) < Ne—Né—C(e,L) )
The same holds when we replace P by —P and so g° by —g®. Therefore, we conclude by Borel
Cantelli’s lemma that almost surely

1 1 1
lim sup ’N Tr(D;V.g°) — — Tro— Tr(0;g°)| < 9.

N—o0 N N
Now, for X ¢ By, since |f.(z) — 2| < \/eL? for x € [~L, L], we can replace ¢° by ¢° = P up to
an error of order at most Cp+/e for some finite constant Cy, depending only on L and P. Finally,
taking L = L, (A, d,n) and using Theorem 2.2 to see that the matrices are almost surely bounded
by L as N goes to infinity, we conclude that for every d,e > 0, almost surely we have

1 1 1
i — Te(D;V.P) — — Tr@— Tr(9;P)| < .
hifn_)sup ‘ v Tr(D;V.P) I Tr ®N Tr (0, P)’ <&+ O(Ve)

Therefore, any limit point 7 of iV satisfies

v (D;V.P) = 1y ® 1v (0, P) .

We next consider general potentials in the low temperature situation where /3 is large and
Vg =pBU +W

with U, W self-adjoint polynomials independent of 5. We study the limit points 7y, of AN under
(@% and show that they concentrate near the critical points of U, namely the points where D;U
is small, when  is large enough. By Theorem 2.2, we can restrict ourselves to limit points with
bounded support (2.4). Our result shows the second part of Theorem 2.8 and takes the following
form:

Proposition 5.2 (Control of the support, Low temperature). Assume that we are given
L < 00,80 > 0 and for every B > Bo a non-commutative distribution Ty, solution of the Dyson-
Schwinger equation (2.5) with potential V3 = BU + W and with support in [—L; L] in the sense that
for every i € [1,/], every k € N, Tvﬁ(ka) < L** . Then there exists B > 0 such that for 5 > B,

for every integer number k
k
2k B
s (00 < (5)
Moreover one can take
B = 4m§iX{HDiUDiWH£O + 2H8ﬂDiUH£@}, where HPH& = sup | P(z)]|

max; ||z;||<L



818 Alice Guionnet and Edouard Maurel-Segala

if the supremum is taken over all C*-algebras and self-adjoint operators {x1,...,x¢} with norms
(Izil)1<i<e bounded by L, and we set || 3; P @ Qill% = X P15 1Qil %-

Proof: According to the Dyson-Schwinger equation, applying (2.5) to P; = (D;U)?*~! gives:

v, ((DiU)Qk_l(DiU + ;DiW)> =By, ® Ty, (8i(DiU)2k’_1)

2k—1
=571 Y v @y, (((DiU)j_l ®1)(@DiU)(1® (DiU)%—l—j)> (5.2)
=1

We use this equality to prove by induction that for every p > 0, with B > 4 max;{||D;UD;W|/%, +
20: DI} -

(@) <G 5) (53

where C), denotes the Catalan numbers. The result follows since C}, < 4P. The property is obviously
satisfied for p = 0. Assume that it is true up to p = k — 1. This implies that for any j < 2k — 2
for any polynomial P

O[S,

) ) j —L B
(DY )| < I PLm (DU < P, (DU P <Py ()

Moreover
|7, (DU DW)| < IDUDW || 5 v, (1 DU 2)

Plugging this estimate in the Dyson-Schwinger’s equation (5.2) and using the induction hypothesis
we find that :

1 _
v, (DiU)**) < BHDz‘UDz'WHgoTvg(\DiUFk %)
1 2k—1 ) )
+ EH@QUH& > 1 (IDU P (DU 1)
j=1

kal 2k—1
< 4k lﬁk(Ok 1|D;UD; WHL +||(97.7U||L Jz: CV 1 0[21%217]'])

B 4

<)

max{||D;UD; WL +210,D;U|L ).

Hence, the induction hypothesis is satisfied as soon as B is greater than 4max;{||D;UD;W||L +
2|0, DU %}

Remark 5.3. Note that if U is homogenous of degree d and cyclically invariant,

1
UX) ==> XDU.

Therefore if we have a bound on the 7y, (X2¥)’s, the bound on 7y, ((D;U)?*) from the previous
Lemma implies a control on 7y, (U 2k). This is the content of the next Corollary:
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Corollary 5.4. With the same hypothesis and notation than in Proposition 5.2, and if furthermore
U is homogenous of degree d (in the sense that all its monomials have the same total degree) and
U is cyclically invariant, then for 8 > By, for every integer number k,

with B = 4max;{||D;UD;W ||% + 2|0 D:U || L}

In the case above, we see that under 7y,, U converges to zero as ( goes to infinity. In a more
general situation, we have only the following concentration of the mean of U.

Proposition 5.5. Let Vg = U + W be a self-adjoint potential such that, for some By > 0, the
partition function (2.2) is finite :

. 1
IIJIVD_?;IOP N2 In Z‘Z/\;O < 400 (5.4)
and there exist real numbers aq ...,ay such that
nf  ~TrU(X) = — Tt (U(a Id 1)) = U )
m:= in — Tr = — o ld, ..., « =U(aq,...,0p).
XN (0" N 1 ¢ 1 ¢

Then, there exists a finite constant C such that for 8 > By and any non-negative real number M,

M+ /lInp

1 1
limsupmln(@% <TrU(XN) >m+ 3

<C-M. 9.9

As a consequence, if Ty, is an almost sure accumulation point of the empirical distribution Il
under Q{); for B sufficiently large, then any accumulation poinl T of Ty, when 8 — oo is such
that 700 (U) = m.

Proof: Let 2D be the degree of U. We can assume without loss of generality, that up to some
translation and the addition of a constant term, a; = --- = ay = 0and m = Tr(U(a 1d, . .., apId))
vanishes.

First step : upper bound on U. Since Tr U(X), as a function of the coefficients of the matrices
X, is a polynomial function that reaches its local minimum at 0 and whose value is then 0, neces-
sarily Tr U has no constant term and no term of degree 1. Therefore U is a sum of monomials of
degree at least 2. Let ¢ = X;, ... X;, be a monomial of degree k < 2D in U, and observe that by
non-commutative Holder’s inequality:

[ Trq(X)] < ((Tr [ X0 [M) . (T X5, )5 < maxTr | X[ < 37 Tr(X7 + XPP)
7

by (3.1) with k € [1, D]. By combining such inequalities we deduce that there is some finite constant
0 < A < oo(which only depend on U) such that for every X € (HV(C))*:

0<TrUX) < AY Tr(X7 + X2P). (5.6)
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Second step : lower bound on the partition function Z{); . To bound the free energy from

below, we first use (5.6) and then make the change of variables X; = Y;/1/3 :
1 1 - - r(X2 2D
WIDZ‘J/\'; > mln/e NTI'W(X)e NBAZiT(X1+X1 )Xm

_ —%Klnﬁ + % In / N DW /YD) T] - NATORBPYED) gy

7

1 1 N
2 —§€1n5+ WanAZiYiz
1 Y 1 e~ NAT(Y?) gy,
— (— TrW(—) + AﬁlfD Z — Tr(YfD)) H -
T - N L
1
> —§€ln,8 +C (5.7)

where in the second inequality we use Jensen’s inequality, and in the last inequality that moments of
Gaussian matrices are bounded (Anderson et al., 2010, Lemma 2.1.7), as well as the partition func-
tion which was computed by Anderson (1991); Selberg (1944). Here, C' is a constant independent
of B> 1.

Third step : conclusion. Finally, by Tchebychev’s inequality we find when 8 > Sy

N
1 1 (Inf+ M 1. 4y N6
—1In N(TrU xN >>:1n HO/ e NB=F) TUX) gl (X
vz QG U 2 B N2z )L tru(xvy> g Qs (X

N

1 Zy, _N2(8—pg,) Ll B+M
< 7 In Z&o /6 (B=PBo) =5 d@%()(x)
B

{Inpg+ M
B
where we used (5.7) and (5.4) to find a finite constant C’ uniform on 8 > [y V 1. This completes

the proof of (5.5). As a consequence, taking M = C’ + 1, we deduce by Borel’s Cantelli lemma
that almost surely

1 1
<C+5tmp— (8- f) <C'-M-SB

1 "+1+1
limsup — TrU(XY) < M
N—o0 ﬂ

Thus, any accumulation point 1y, (U) of + Tr U(XY) satisfies

C'"+1+Inp
— 5

Letting 3 going to infinity along subsequences, we deduce that 7.,(U) < 0. On the other hand, for
every self-adjoint (-tuple of matrices X%, % Tr(U(X")) is non-negative, implying that v, (U) is
non-negative and hence 7. (U) is non-negative. We conclude that 7.,(U) = 0.

v, (U) <

O

6. Strong uniformly convex potentials

The three remaining sections are devoted to the study of particular cases of low temperature
asymptotics. We begin by the simplest case of uniformly convex potentials: in a way, it can be
converted to the well known high temperature regime. In this section, we assume that the potential
Vj is a self-adjoint polynomial that satisfy the following convexity assumption.
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Assumption 6.1. Let C be a real number. We say that a self-adjoint polynomial V- € C(X1, ..., Xy)
is C-convex if for every dimension N, the Hessian of the function oy (XYN) = Tr V/(XY) on the set
of L-tuple XV of ¢ N x N Hermitian matrices is bounded from below uniformly :

Hess(oy (XY)) > C.1d
for any £-tuple of N x N Hermitian matrices XV . Then we assume that
Vs(X) = BU(X) + W(X)

where U and W are self-adjoint polynomials such that:

o U is c-convex for some c > 0 (therefore X : (Hn(C))* — TrU(X) is strictly convex),
o W is A-convex for some A finite (but possibly negative).

It is not hard to check the following example.

Ezample 6.2. If U(X) = 3=, P;(X;) with polynomials P; with real coefficients such that P/'(z) > ¢ >
0 for every z € R and W(X) = W(X) + 3, a; X2P for an integer number D > 1, some polynomial
W with degree strictly smaller than 2D and positive real numbers (a;)1<i<s, then (U, W) satisfies

our hypothesis with constant ¢ and some finite A.

In this section, we discuss the convergence of the non-commutative distribution for sufficiently
large 3.

Theorem 6.3. Under Assumption 0.1, there exists a finite positive constant By such that for
B > Bo, the non-commutative distribution of XY converges almost surely under Q]‘yb towards a

non-commutative law Ty, : for any polynomial P € C(Xy,...,Xy)
. 1 N
A}gnoo N Tr (P(X™)) = 1v,(P) a.s.

This theorem is in fact already proven in Guionnet and Shlyakhtenko (2009); Dabrowski (2016);
Jekel (2020) as soon as Vj is strictly convex (under eventually some additional assumptions), which
is the case for large enough 5. However, we will see that assuming § large enough allows us
to reduce the problem up to rescaling to a high temperature model as studied in Guionnet and
Maurel-Segala (2006), which is easier to study. Our proof will be based on this reduction. Recall
the notations and definitions from Assumption 6.1. We first observe that ¢y achieves its minimum
value at a unique point in any dimension by uniform strict convexity. In fact we can prove that
these minimizers are characterized as follows.

Lemma 6.4. Assume that U is c-conver with ¢ > 0. Let a = (ay,...,ap) € RY be the unique
minimizer of U on RY. Then, for any integer number N, oy (XY) is minimized on the set of (-
tuples of N x N Hermitian matrices at the point (a1ln,...,aplN) where I is the identity in the
space of N X N matrices.

Proof: We first fix the dimension N. Then, by strict convexity we know that ¢ is minimized at
a unique (-tuple (A%, ... ,Aév ) of Hermitian matrices. But by invariance of ¢y by the change of
variables (X1,...,Xy) — (0X;0%,...,0X,0%) for any unitary matrix O, and uniqueness of the
minimizer, we see that for every i € [1,£], OANO* = AN. This implies that AN is a multiple
of identity, AN = aNI. But then py(AY, -+, AN) = NU(af, - ,a}) so that (of,...,ad)
minimizes U and therefore equals (v, ..., ap). O

To prove Theorem 6.3, we first do a change of variables related to the matrix

Cu(ij) = 0x, 00, U(x1, ..., %) |2=a > c.1d (6.1)
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In the following, for any ¢-tuple of self-adjoint operators X = (X7,...,Xy), and any matrix M €
HE(C), we denote by MX the (-tuple of self-adjoint operators (3 M;;X;)1<i<e. We let

j=1
Y = /BCHA(X —al).
In these variables, let us write the decomposition
Tr (BU(X) + W (X)) = BNU(a) + Tr (V3(Y)), (6.2)
with ,
V5(Y) := Z Y2+ Ws(Y), and Ws(Y Z fnz (YY) +W(al).
i=1

Here, the n;’s are integers numbers greater or equal to one and the ¢;’s are monomials coming
either from W (and then with degree n;) or from U (and then with degree n; +2). Indeed, by
Taylor expanding the polynomial U, we find

BTH(U(X)) = BTr(U(al + 5*1/20—1/2 Y))

= BNU(a) + B2 ZTr DU (ad)(Cp ' /*Y);)

=1

+ZT&~ Cy2Y),0,D,U (al)t(Cp M *Y +Z — Tr(q,
3,j=1 \F

(Y))

where ¢! are monomials of degree n; + 2. By definition D;U(al) = 0,,U(x)|z—al vanishes as « is
a critical point of U on Rf. Moreover, since al commutes with Y, for every 4,7 € {1,...,¢},

Te((Cy Y )0, DU (aD)f(Cy X)) = Cu (i) Tr(Cy Y )i(Cy Y ) ).
Since Cy is symmetric, and Zij:l CU(Z])CEI/2(iS)C 1/2 (jt) = dst, we deduce that

Z Tr(Cy Y0, DU (aD)3((Cy Y ZTr (Y2).

4,j=1

The expansion of Tr(W (X)) is similar. In view of (6.2), the distribution of Y under Q{}; satisfies

the hypotheses of Guionnet and Maurel-Segala (2006, Theorem 1.2) provided f is large enough
and Vj is a strictly convex function of Y (which is clear when Assumption 6.1 is verified). As a
consequence, we know that there exists a non-commutative distribution vy, such that for every
polynomial @)

Jm ST QYY) =, (@) e

We complete the proof of Theorem 6.3 by taking Q(Y) = P(X) = P(al + ,6’_1/20(;1/2Y).

We next characterize the distribution vy, of Y = /3 Cl/ 2( — al) under 7y, as a generating
function for the enumeration of planar maps. Recall (ﬂuonn(‘r and Maurel-Se g,dla (2006, Section
2.5) that a star of type ¢(X) = X, --- X;, is a vertex embedded into the plane with r colored
half-edges rooted at the first half-edge of color i1, second of color is, until the last one of color i,
(following the orientation of the plane). A planar map build over k; stars of type ¢;, 1 < i < p, is
a matching of the half-edges of the same color resulting into a connected graph with genus zero.
M ((ki, ¢i)1<i<p) denotes the number of planar maps build over k; stars of type ¢;, 1 < i < p,
counted with labelled half-edges. If M ((ki, ¢i)1<i<p) denotes the number of planar maps build over
k; stars of type g;, we have by Guionnet and Maurel-Segala (2006, Theorem 1.1) the following
proposition:
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Proposition 6.5. Under Hypothesis 0.1, with o = (o, ..., 0y) € RY be the unique minimizer of U
on R and Cy given by (6.1), there exists a finite positive constant By such that for B > Bo, such
that for any monomial q
1/2 (civ/B ")k
v (a(VBC (X —al) =30 [T ML), (ki g)isisy)

1<i<p

We can also use Guionnet and Shlyakhtenko (2014) to see that 1y, is a push-forward of free semi-
circle laws by smooth functions (namely series which are uniformly converging when evaluated at
self-adjoint operators with norm bounded by 3). Indeed, we know by Guionnet and Maurel-Segala
(2006, Theorem 3.4) that under hypothesis 6.1, there exists Rg._| 4| which is finite if c5 := B|c[-A >
0 so that for every integer number k

2k 2k
v (Vi) < Rie_ja) -

which implies that vy, is continuous for the norm |.[[p of Guionnet and Shlyakhtenko (2014,
Theorem 3.4)Section 2.1 for every B > Rg._| 4. Moreover, by Guionnet and Maurel-Segala (2006,
Theorem 2.1), vy, satisfies the Dyson-Schwinger equation (2.5), namely is the free Gibbs law with
potential VB- We deduce from Guionnet and Shlyakhtenko (2014, Theorem 3.16) that for 8 large
enough, the limiting distribution vy, is the distribution of

(Y1,...,Y) = (D1G(S), ..., DiG(S))

where S are (-free semi-circular variables. G is an absolutely converging series for ||.||z. Studying
its construction and rephrasing this result in terms of the variables X yields the following corollary.

Corollary 6.6. Under Hypothesis 0.1, Ty, is described as follows. If Si,...,Sq are £ free semi-
circular variables, Ty, is the non-commutative distribution of

1 _ 1
X; = ail + —=(Cy'*S)i+ = Fi(S1,...,S0),1<i < ¥,

VB B
where Fy, ..., Fy are functions which expand as converging power series in 1/1/B:
1
Fi(X1,....X0) =Y —=Pa(X1,..., X))
n>0 \/B

with non commutative polynomials P, such that >, VB P2, is finite. Here, the operator
norm is taken uniformly over all £-tuple of self-adjoint operators bounded by 3. In particular the
C* and the von Neumann algebra of Ty, are the same than those of free semi-circular provided (3
is large enough.

7. Strong single variables potentials

In this section we focus on models where the strong potential constrains the eigenvalues of p < /¢
matrices, but this constraint is not convex, namely we restrict ourselves to the case of Assumption
2.9. We prove under this hypothesis Theorem 2.10, namely that the spectrum of the matrix X}V
following Q% concentrates in a neighborhood of the minimizers of U for i € {1,...,p}. We recall

that 1§ denotes the empirical measure of the eigenvalues of the matrix X, and || X;||oc denotes the
operator norm of the matrix X;. We set, for X = (X1,...,Xy), [|X|loc = maxi<i<s || Xi||oo -

Theorem 7.1. Assume V3 satisfies Assumption 2.9(1) and (2). For a positive real number R, we
denote by

1

KB,R = Ui<j<m; [xj - R(m) i,x;+ R(

1

) .

E
Inp
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Then, for every k € (0,1), there exists R > 0, Sy > 0 and C finite,so that for every B > Py, for
every i € {1,...,p},

hm]?up N IDQVB (“XN((KB r)°) #0) <O0. (7.1)

To describe more precisely the asymptotic distribution of our matrix model, recall Anderson
et al. (2010, Section 2.5) that in the case of a single matrix model and a potential V' (corresponding
to £ = 1), the distribution of the eigenvalues A = (A1,...,Ax) of X is a 5 ensemble with § = 2
and potential V7:

MBy(N) = - A2V EL V00 T ax, (7.2)
2Ny 1<i<N

where A()A) = [[;; [\ — Aj| is the Vandermonde determinant. Based on this exact formula, it
was shown Anderson et al. (2010, Theorem 2.6.1) that the empirical measure of the eigenvalues ji¥
satisfies a large deviation principle with speed N? and good rate function given up to a constant
by Ey defined in (1.2). As a consequence, the empirical measure converges almost surely towards
the unique minimizer of Ey Anderson et al. (2010, Corollary 2.6.2). Such a convergence is also
true in the multi-matrix model satisfying Hypothesis 2.9 in the limit where 8 goes to infinity in
the following sense. For r > 0 and an integer number &, let 0¥ = j,. 2« be the unique probability
measure minimizing E, 2r. Observe that when k = 1, 0¥ is the semi-circle law with variance !,
see Ben Arous and Guionnet (1997, Theorem 1.3(e)).

Corollary 7.2. Assume V3 satisfies Assumption 2.9(1) and (2). Then there exists By finite such
that for 8 > Boy

1) the empirical distribution fiy. is tight almost surely. Denote Ve a limit point. Then, there
X; Xi

exists R € (0,400) such that for 5 large enough, for any i € {1,...,p}

vy (Khp)=1.

(2) Moreover, there exists a finite constant C (mdependent of B) so that forevery je{1,...,m;},
the filling fraction o (B) = ng( ([x - R(lnﬁﬁ) W :c + R(lnﬁ) 21“;']) satisfies
‘ ki C
al /B J < .
S S e

ki .
(3) Finally, V)ﬁ(i is close to the distribution oré near xj: for every r € (0
i.j
a finite constant C' so that for any smooth compactly supported function f,

1 .
s TmaxE; ) there exists

97 [ 6™ ) [ Siet] @] <l

ok () A
where rf; = "5 and || flly 5 = (%5 18] fi2d) /2.
J
The proofs of Theorem 7.1 and Corollary 7.2 are given in subsection 7.1. In the following
subsection and under stronger assumptions, we obtain asymptotic results for the non-commutative
distribution of the matrices X" (and not only for their respective spectrum), proving the second
part of Theorem 2.10.
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7.1. Proofs of Theorem 7.1 and Corollary 7.2. The proof of Theorem 7.1 follows again from a wise
change of variables and Lemma A.3. We first construct this change of variables: it is based on
the explicit joint law of the eigenvalues of a one dimensional matrix model and change of variables
involving the eigenvalues of a single matrix. Indeed, the interaction between the matrices being of
lower strength, such change of variables will be sufficient for our purpose.

To simplify the notations we will take p = 1, kjl = kj, x} = x; and m; = m. The proof extends
readily to the general case.

Proof of Theorem 7.1 We denote by {x1,...,2y,} the minimizers of U!. Without loss of
generality we may assume that the minimum value of U is zero and it is achieved at the origin so
that U'(0) = 0. We set for n € (0,1)

I={zeR:UYz)e[0,n]}

to be a neighborhood of the minimizers of U'. 7 is a constant depending on 3 that we will choose
later (going to zero as B goes to infinity). We let ¢ > 0 be such that Ul(z) < n/2 for |z| < e. To
this end we first remark that for every M > 0

0% (163,07 #0) 0 (1K1 < 1) = 32 @8, (100 = J1 01Xl < 00)). (1)

It is sufficient to show that each term in the above right hand side decays like some stretched
exponential provided M is chosen large enough as in Theorem 2.2 so that
_nNl—k
Y, ({I1X[loo = M}) < eV (7.4)

for some k € (0,1). We assume without loss of generality that M > 1. We next fix the number
n > 1 of eigenvalues in I and bound from above Q{}; (A,) with

n
An o= {0, (1) = £} N {IX e < M)

Let (z1,...,zy) be the eigenvalues of X; inside I. We apply the change of variables ¢ constructed

in Lemma B on the remaining eigenvalues (Ap41,...,Ax) which send them in [—¢,¢]. Then, we

have constructed ¢ so that the Jacobian of this change of variables is bounded below by

Jo(X) > (8NN (=

)(N+1)(N—n)e—2(1v+1) Trin(1+|X1|1yx, ¢7)—2(N—n) Trin(1+|X1|1xer)
4e

Moreover the spectrum of Ut (¢(X1)) is included in [0;5]. Furthermore, for each eigenvalue y outside
of I

Uty) — U (8(y) = /2.
Finally, since U' goes to infinity like 22, we find a large enough constant Ay so that if |y| > Ay,
Ul(y) — U (¢(y)) > In(1+ |y|) + 1. Thus, we always have for y € I°

Uly) = U ((y)) = n/2+ (1 + [y[Ly>a,) -
As a consequence, we get
e~ NBTr(U'(X1))
e~ NBT(U (6(x1) €
We can extend the change of variables ¢ to the other matrices by just setting it equal to the
identity ¢(X;) = X;,7 > 2. Noticing that X; — ¢(X;) has rank at most N — n, we find that if W is
a polynomial of degree 2D, we can find a finite constant C'; which only depends on W such that
e~ N Tr(W(X))

e~ N Tr(W(4(X)))

—BN(N—n)n/2—BN Trin(1+|X1[1x, ere |x; >4 )

< exp{C1(|IX[[37 + 1)(N —n)N}
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Therefore, Lemma A.1 gives

QY (4,) < sup ;eﬁwﬁ(Ul<X1>7U(¢><x1>>)+NMW<X>7W<¢><X>>)
b ~ xea, Jo(X)
< (SN)N—nefﬁN(an)n/ZJrCl(M2D+1)(an)N+2NTrln(lHXl\legI,le‘SAU)<i)72(N+1)(N—n)
h 4e
< (2566—1N)N—n€N(N—n)(C(M)—,877/2—2ln(e))

where C(M) is some finite constant which only depends on M, U! and W and in particular does not
depend on 5. In the second line, we used that the growth at infinity of U; cancels the contribution of
the large eigenvalues in the Jacobian if § > 2 (which me may and shall assume hereafter). Finally,
we take 7 = 1 LIn B with L large enough. Because U' is C!, € is of order n and in particular
C(M)—pn/2—2In(e) =C(M) — (% —2)In 5 —2Inln B will be large and negative, say smaller than
—271L1n B, for large enough 3. Consequently by (7.3), we find
N-1
O, ({AN, (1) # 0} N {|[X[loe < M}) < Y (2Pec™ M)V NV=mZInG < gfeel N NF1nf
n=0
which implies by (7.4) that there exists xk € (0,1)

oY, ({af, () =1}) =1 - QY ({aX, (1) £ 0}) =1 - V"

and concludes the proof that almost surely ,LLXl (I¢) vanishes for N large enough. It also implies
(7.1) because U! is C? and with finitely many minimizers, for 3 large enough, the set I = {x :

|U(x)| < B~'L1In B} is included in the set
1
Ui{z: |z — ;| < L'(B(Ing)~) %}
for some L’ large enough. Therefore, we deduce that almost surely

Jimpy, ( Utgj<k 25 — L'(lnﬁﬁ) &g+ L/(lﬁﬁ)_%j}) -h

We now estimate the filling fractions, namely the masses around each minimizers. From the previous
considerations, if we set

A= {5, (Ui ey - L)y 12 ) =1 0 X < 01}

then QY (A°) goes to zero exponentially fast. We will therefore restrict ourselves to the set A. We
diagonalize X and write for a unitary matrix V

X1=V*aV + V*A(B)V

with = Diag(z1,...,21,22,...,%2,...,2p) where x; has multiplicity N; and
B2k A, 0 0 .- 0
0 B1%kapy 0 - 0
AB) = 0 0 0 0
0 0 0 0 pl/2kp,

1 1
with A; a N; x N; real diagonal matrices with entries in [—L'(In 3) %, L'(In 3)*:]. Recalling our
hypothesis on the minimizers z; of U?,

BUI(ZL'@ _I_B—I/Qk‘il,) — Cil’Qki _I_BB(B—I/Qk‘Zl,)
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with ¢; a positive constant and P; a polynomial with a zero of order p; strictly greater than 2k; at
0. Note that on the set A:

BTrUY(X,) chTr (AZF1) + Tr BP(B~Y/2kiA,)

the second term is small when S is large since, for some integer number p; > 2k;, it can be bounded
by CNf(In 6/6)1”/2’“ . Setting Y = (Xo,...,X¢), we can give a new expression for 1AdQ%:

1
1AdQJ\>; = Ziff\lfefﬁNTYUI(Xl)*NTfW(Xl’Y)XmdY
Vs
1
_ Z%G_N(Z ¢ Tr(A D+ Tr BP; (B~ /2R ) —Tr W(m—i—A(B),Y)) A2(Qj + A(B))dAdY
Vs

1 _ 2k;
_ ﬁlAe_N(Zi ci Tr(A; )+65N—TI“W(I,Y)) AQ(ZL‘ + A(B))dAdY (75)

Vs
where €3 is a random variable which goes to zero faster than =" for any x € (0, m) as 3 goes

to infinity while M is fixed. In the square of the VanderMonde A%(z + A(3)) there are factors with
the differences coming from two different global minima:

H H |~Tz — T+ B—l/Zk:i(y - Z)|2 _ |~Tz _ .Z‘j‘NiNjeeﬁ(ij)NiNj
zi+B 1 2kiyeSp(A) z;4+87 1/ ?*i e Sp(A)

where |eg(ij)| < CB™" uniformly when the variables x; are bounded by M, and the factors coming
from the same minimum:

_ 1 _ N (N —1)
11 II  pol—ef=p = Am)?
zi+B~ Y 2kiye Sp(As) zi+B81/2ki ze Sp(A;)
Finally we get,
N 1 ~ Mg N2, Ne; Tr(A2%) 2 7x _O(N?)
14Q, = ﬁh‘ Hg i He i A(A;)*dAe dY (7.6)
B 1

where X=V*zV + V*A(B)V in the above RHS, O(NQ) bounds NTrW uniformly on A and €}

is bounded uniformly by C57" on A. We deduce a lower bound of the partition function by
conditioning by N;/N = n; to see that

2
_ N2 12
Z‘J/\; > 3 N2, 2%; O(V?) (7.7)

where we used Anderson et al. (2010, Theorem 2.6.1) to see that for every ¢, with the notations of
(1.2), we have

. 1 CNe 2k; .
Nhgloo W In / e e T )A<AZ)2dAl - - lnf{Eni_lcix%i}
g %
where the supremum is taken over all probability measures @ on the real line. In particular, the limit
1

1 1
does not depend on f3 large enough, even though we integrate a priori on [—L'(In 8) %% ; L'(In 3)**/ ],
because the supremum of £ g2k is taken at a compactly supported probability measure, whose

support can be assumed to be included in [—L'(In ﬁ)%ﬂ' ; L' (In ﬁ)%ﬂ'] for § large enough. We can
2

optimize over the choice of n; in (7.7), that is minimize (n;) — Y, % while > n; = 1. We find

that we should take n; = nj = k;/ > k;. Plugging back this lower bound on the partition function

into (7.6) we find a finite constant C' such that

QY (N {5 — i} N A) < exp{—N?
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2 *)2
Noticing that Y % - % = >";(ni — n})?/k;, we conclude that there exists a constant S finite
so that for 8 big enough

N; . 1
Q%({mﬁxfﬁ—ni\>svln5 }nA) < > Q%(W{Nz’:pz‘}mfl)
maxl\—fn*|>S\/ln
< N™exp{— S?N? + CN*}
max; K;

which completes the proof when p = 1 by taking S? > C max k;. It is straightforward to generalize
the proof to more general p as we can do the change of variables for any matrices separately to
localize the spectrum of each of the p matrices and then expand around the minimizers the spectrum
of each of these matrices.

Proof of Corollary 7.2. The first two points are a direct consequence of Theorem 7.1. The
main point is hence to show convergence of the rescaled distribution near a minimizer. But, coming
back to (7.5), if we condition by the event N = (Ny,...,Np) = N(ni,...,n,) = Nn, X; is fixed

— min 2L
up to terms of order B ™" %% and therefore the interaction term N TrW (X,,Y) is fixed up to

— min L
order 8~ " 2% N2. Hence, the previous proof shows that there exists a random variable €3 which
is uniformly bounded C'3~" on A so that for any closed set B of the set of probability measures on
the real line,

1 ] 2k;
QY, ({A, € BYN AIN) = 7N/ . V(@ T AT +eaN) A7) dAdY
8 KA

and therefore again by Anderson et al. (2010, Theorem 2.6.1) the right hand side goes exponentially
fast to zero unless

108 (B, 1o (1)) < inf E, 1, +1C157 (7.8)
Put r; = ¢;/n; and using that o satisfies Anderson et al. (2010, Lemma 2.6.2)
ria?hi 2 / In |z — yldo¥(y) > C = / (rst2i — 2 / In [t — yldo® (y))do™ (t)
everywhere, with equality J,]?j almost surely, we find that (7.8) holds iff there exists u € B so that
D, 0)? i= = [ Inla = yld(e — ok (@)d( — o))
= Ecm;lm?ki (1) = Ecm;lx%i (*Uff)

- [ia® ~2 [1n]a ~ yldoki(y) - C)dp(a)

<|c|g" (7.9)
Moreover, for any probability measures pu, v, we have (Ben Arous and Guionnet, 1997, p. 525)
+OO 1 2 1/2
Dy, o) = ( ’ / ¢t d( dt) . (7.10)

so that D defines a distance on the set of probability measures. Moreover, Cauchy-Schwartz
inequality shows that

[ au-vi= | ﬂﬁji [ et = vyt < Va( [ 1) Do) (7.11)
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—2/0006?’/eimd(,u—y)(x)

7.2. Low temperature expansion. In this section we consider a special case of the previous one where
the interaction term vanishes at the minimizers of the potentials U?, as specified in Assumption
2.9(3).
Remark 7.3. e Potentials of the form Z;(X1,...,Xy) = [[}2(Xi — 2%)Q" (X1, ..., X,) with
polynomials @Q* fulfill Assumption 2.9(3).
e Moreover, we might have generalized our result to functions U?, V*, Z which are not polyno-

mials in the sense that tightness could be proved directly in this setting without the trapping
conditions. For consistency we however restrict ourselves to polynomials functions.

where we finally noticed that

ztmd —I/ CL‘
Rt"/ )

This completes the proof with (7.9).

2

Then, we prove the low temperature (namely large /) convergence of Theorem 2.10(2), which
is based on the fact that, up to rescaling, our hypothesis insures that the interaction is small with
overwhelming probability under our hypothesis so that we can use Collins et al. (2009); Guionnet
and Novak (2015).

Proof of Theorem 2.10(2): We first show that the empirical measure fix, of the eigenvalues of X
converges almost surely for every i < ¢. We can restrict the domain of integration to

B = Nisp{fiyn (K ) = 1} Mpacize {Aixn (=L, L]) =1}

. ; i 1 C
ﬂlﬁjgmi{lﬂ%([% =@y +n]) = | < ln(ﬁ)}
where C is finite and 7 > 3~1/2 fixed small enough so that [ —2n, 33 +2n]N [ —2n, :E .+ 27 is

empty if j # j/. L is chosen large enough so that the hypothesm of (777 A, T)- trapplng 1mphes that
the matrices stay uniformly bounded by L by Theorem 2.2 with probability going to one. Hence,
Theorem 7.1 asserts that QV (B) goes to one as N goes to infinity, provided 5 > [y for some finite

Bo. We diagonalize the matrices XiN = 0;D;0O; with unitary matrices O;. We let N Jl be the number
of entries of D; in [:z; -, :cg +n]. We let D?° be the matrix with N J’ entries exactly equal to 33; :
on B, we define D?° to be the function of D; given by

= fzoo(Dz)v fz Z$]X[z —1,T; +n}( )

7j=1

where X4 is smooth, equal to one on [a,b] and zero outside [a — 7, b+ 7] for every real numbers
a<b A = pY2D; — D?°) is uniformly bounded on B by R/Inf by definition of K&R. By
Assumption 2.9, TrZ;(O; D*O}, X;c) vanishes so that

TrZ;(X) = Tr(Z;(0:D;0f , Xie) — Zi(0; D OF, Xye))
1

= 8712 Tr(0:0O; / Dy, Zi(0:DX0; + af~20;M,07,X,))da
0

Consequently, since this is true for every i, we find a polynomial P? with coefficients which are
polynomials in 8712 and such that

Tr Z((0;D;00)1<i<;) = B2 Te(P?(0;D;03,1 < j < £,0;A;0%,5 < p)),

where D; = D;/L AJ = A;/R+/In 8 have operator norm uniformly bounded by one. P? is not
a polynomial in O;D;07,1 < j < ¢, but O, A Oj is a smooth function of O;D;07 so that the



830 Alice Guionnet and Edouard Maurel-Segala

conclusions of Guionnet and Novak (2015); Figalli and Guionnet (2016) extend as follows. First,
let us define as in Guionnet and Novak (2015, Proposition 8) the following norm on polynomials in
letters (05,07, d;, 1 <i <{,A;;1 <i<p)so that ||di]|oc <1, ||Aillec <1

||PH£ = Z ‘)‘q’fdegO(q) if P = ZAqq

where the sum is over the monomials ¢ of P in (0;,0},d;, 1 <1i < £,A;,1 < i < p) and deg,(q) is
the total number of letters o; and of, 1 < < £ it contains. We see that 371/2||PP||; goes to zero
when f goes to infinity. Hence, by Guionnet and Novak (2015, Corollary 4), for § large enough,

we find a function Fj of the non-commutative law of (D;, Ai)1<i<¢ so that

— V(B2 Fgto(1)) (7.12)

/eNﬁTrZ(olDlo;,...,OeDeOZ)dol - -dOy

Now, following Figalli and Guionnet (2016, Theorem 2.3 and Theorem 6.1), we see that Fjg does
not depend on all joint moments of (Di,]\i)lsl'gg but only on those of (D;, A;), for 1 < i < /£
because Pz depends only on (OijO;f, 1 <j <Y, OjAjO;,j < p) (rather than being a general
polynomial in (O;, O}, D;, A;) as in Guionnet and Novak, 2015). As a consequence, Fj3 only depends
on (fip,)1<i<e- In fact our setting is similar to the setting of Figalli and Guionnet (2016) except
A; is a smooth function of D; and not a polynomial. Also, in Figalli and Guionnet (2016) we did
not bound uniformly these matrices by one as in Guionnet and Novak (2015), and therefore had
a second exponent in the norm. However, these modifications are minor and the results of Figalli
and Guionnet (2016) can be applied readily. We therefore conclude that

/eNTI‘Z(OlDlOf,...,OngOZ)dOI e dOy = N (B2 Fa((ip,)1<i<e)+o(1)) (7.13)

where Fj is a smooth function of the distributions (fip,)i<i<e = (fix,)1<i<¢. Moreover, Fjg expands
as a converging series in 3~1/2. o(1) is bounded uniformly on B by C'/N for some finite constant C
which may depend on . Hence, Fj is a continuous function of (fip,,1 < i < /) on B. We next use
(7.13) to derive a large deviation principle for the law of (fip,,1 < i < ¢) under Q{}; (.|B) in the same
spirit as in the proof of Figalli and Guionnet (2016, Corollary 2.4) by using the large deviations in
absence of interaction (which amounts to take the potential Z equal to zero) and using Varadhan’s
lemma (Dembo and Zeitouni, 1998, Theorem 4.3.1). In fact, under ngigp U w(‘|8)’ the

matrices (X;,1 < i < /), are independent and follow the beta-ensembles (7.2) with 8 = 2 and
potential SU; and V; respectively, restricted to B. As a consequence of Anderson et al. (2010,

Theorem 2.6.1) we deduce that under the law ngigp Ut Y %('|B)’ the distribution of i :=
(fix;,1 < i < /) satisfies a large deviation principle with speed N 2 and good rate function which is

infinite unless

()

and p;([—L,L]) =1, for p+ 1 < i </, and then given, up to a constant, by

p ¢
I77%(w) =Y Bau,(wa) + > Eyi(w).
=1 i=p+1

We next consider the case where the interaction is present. It adds the term 8~ Y2F i3 in the density
according to (7.13). We deduce from Varadhan’s lemma that the law of 4 = (fix,,1 <1 < /) under
Qg(]l’j’) satisfies a large deviation principle with speed N? and good rate function

Is(p) = I5=(u) — B~Y/2Fs(u) — C,
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where
. 1 N o e 72=0 ~1/2
Cs = A}gnoo N2 In Qvﬂ(B) = 1Bf{j,3 (1) — B / Fa(pi)i<i<e} -
I is a good rate function and hence it achieves its minimal value. We claim that it admits a
unique minimizer p? = (Mf, e uf). Similar questions were studied in Figalli and Guionnet (2016,

Lemma 3.1) when the potentials V¢, U? are uniformly convex ( by showing that the rate function
stays strictly convex under transport maps). Here, we generalize this result by using the strict
convexity of [ BZZO Anderson et al. (2010, Lemma 2.6.2). In fact, it can be shown as in Anderson
et al. (2010, Lemma 2.6.2) that critical points of I3 are such that there exists constants C;(/) so
that

8U(w) =2 [ Infa = yldu] () + 872 DiFs[u")(6,) > Ci(9) (7.14)
with equality ,u? almost surely. We denoted
o1
DiFylu’)(v) = lim =(Fs (1" + L=iev) = Fy(u”).

We define similarly the Hessian D?F, 5 of Fig. We can then develop Ig around its minimizer to find
as in Borot and Guionnet (2024, (A.3)) (see also (7.10)) that

¢ 1
Is(p) > Is(u?) + 3" D(pi, 1) + 6‘1/2/0 D?F((1 — a)p” + ap)[p — p*]¥%da

i=1

We claim that the exists a finite constant C independent of 8 > By so that

1 1 14
/0 | /0 D*Fa((1— a)p + ap)[p — pP1%%|de < €7 D(pua, p1]))?.
i=1

It is then enough to take 3~1/2C < 1 to conclude that there exists a unique minimizer. Indeed, by
Figalli and Guionnet (2016, Theorem 6.1), we have for ( = (g > 1

1 l
|| D2+ am)l— )2 da] < 3 s = 2 (7.15)
i=1
with [|v||¢ = sup, ("*|v(z*)|. We finally compare this distance with D. Observe that we can take ¢
going to infinity with 3 (as the main condition is that 3~!/2||P?||¢ is bounded by say one with the
norm defined in Figalli and Guionnet, 2016, Section 6) and v; = p; — uf has compact bounded by
some constant M independent of 3, so that we choose ¢ > M. Then we can extend fi(z) = (~*aF
outside of [~M, M] as a function of the space £ of C? functions with the two first derivatives

bounded by one belonging to L2 N L' and so that || f|2 < 1 and ||f’||z2 < 1. Hence, we can use
Plancherel and Fubini theorems to find that

= vl <supl [ fo [ eatu—v)@yat < 2sup ( [ 1120 Dis,v)
feL feL
where finally for every f € L,
A 1 A~ A 1
Jifizae < S [11ipae+ [1fiPan = S5+ 1£1) < 1

which completes the proof of (7.15).

To deduce the convergence of the joint distribution of X = (U1 D1UY, ..., U/D,Uy) it is enough
to show the joint convergence of the distribution of U = (Uy, ..., Uy) knowing that the distributions
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of Dy, ..., Dy converges towards u? yeees uf . But the law of U is absolutely continuous with respect
to Haar measure on the unitary group and with density

L Ng=3 Te(PB((U; D;U*),
4B, (0) = oM TR0 20 gy
Vs
We can now use Guionnet and Novak (2015, Theorem 1) to deduce that when f is large enough and
the laws of fix,,...[ix, converge towards some ,uf Sy ,u? , the joint distribution of (O;D;0;},1 <

i < /) converges towards a non-commutative law 7y, whose moments are iteratively determined by
Dyson-Schwinger equations. Moreover, the moments under 1y, expand as a converging series in

712 and 74 is the law of £ free variables, the pth first having law mi > 6, and the £ —p last ones
v J

following the minimizer py of the energy Ey.:.
O

Notice that an analogue of Corollary 6.6 should also hold in the setting of Theorem 2.10 but its
proof would necessitate to extend Guionnet and Shlyakhtenko (2014) to the case of perturbative
potentials depending on random matrices and deterministic projections, a project that we do not
pursue here.

8. Strong commutator interaction
In this section we consider the case where the strong interaction is given by a commutator.
Assumption 8.1. There exists polynomials Vi and Vo such that
V3(X) = —B(X1 X2 — XoX1)2 4+ V1(X1) + Va(Xa) .
Moreover, Vi and Vo go to +oo at infinity (and therefore faster than cx? for some ¢ > 0).

We already know that X; and Xy commute asymptotically when N and then 3 go to infinity by
Corollary 5.4, since it implies that the trace of the moments of the commutator U(X) = —(X1 X2 —
X5X1)? goes to zero. However there are many ways to insure that this is the case: for instance X;
and X5 can have asymptotically the same basis of eigenvectors but a non trivial spectrum or X or
X5 can converge to a multiple of the identity. In fact it turns out these two strategies have the same
small entropy: Because the eigenvalues of X follow a Coulomb gaz, the event {||X; — I||s < €}
has probability of order eV ’. But similarly if we diagonalize X and write Xo = UDU* with D and
X1 commuting, and U a unitary matrix, the eigenvalues of U follow a Coulomb gas and therefore
the event {||JU —I||so < &} has probability of order eN”. As noticed by D. Shlyakhtenko in a private
communication, this implies that if we have a 3(or more)-matrix model such as

V(X1, Xo, X3) = —B[X1, Xa)? — B[ X1, X3)* + W (X1, X2, X3)

then the most likely strategy is that X; is close to a multiple of identity. We show in the sequel
that with only one commutator the situation is more interesting and the matrices in general do not
converge to a multiple of identity. In fact, if the potentials V7 and V5 have several minimizers, the
eigenvalues of the matrices X; and X5 concentrate in a neighborhood of these minimizers with non
trivial masses. Asymptotically as N and then § go to infinity, the matrices will commute and have
“independent” non trivial spectrum.

First we consider the case where one of the potential is quadratic. We define the following
functional on the space of probability measures on R:

z— 2
=] [ Qe+ vi)-m ey

m)dﬂ(l‘)dﬂ(y)
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and its off diagonal version J g ;ﬁ(u) given by

z— oyl
I = [ 1o G0V + Vi) =t 25y du(odnty)

Proposition 8.2 (Asymptotics when one potential is quadratic). Let X~ , Y™ be two N x N
random Hermitian matrices with distribution:

2
dQ% (X,Y) = ZLN exp(—N Tr(—g[X, Y]2 +V(X)+ Y?))dXdY
Vs

where V' is a polynomial going to +oco at infinity and B is a non-negative real number. Then under
Q{};, the law of the eigenvalues i, ..., \n of X is given by:

1
QY (dN) = Zexp N2J57é ZaA YdA; ..
B

(1) Moreover,

1 B 1 oy 1
Jim 7 = ]\}gnoomln/RN exp(—N J/&#(N;é)\i))d)q...d)\]v
= ,3 meB

(2) Under Q{}; (or Q%), the law of [i [LX satisfies a large deviation principle with speed N* and
good rate function p — Jg( ) — cﬁ In particular fi uX converges almost surely towards the
unique minimizer ,ug of J}{ .

(3) Assume that inf V =0 and V achieves its minimal value at the real numbers {x1,...,xm}
such that V(z) = ¢;(x — z;)?* (1 + o(1)) for some integer numbers k; > 1 and positive real
numbers ¢;. Let k = max k;. Then, there exists a finite constant A(V') such that for every

€ (0,1)

limsup ——1In @vﬁ(HYHoo > A(V)575<2’§+1>) <0. (8.1)

N

Proof: The fact that the law of (A1, ..., Ax) has distribution Q{}; follows from the fact that we can
assume without loss of generality that X is diagonal as the law of Y is invariant under conjugation
by the unitary group and then
Tr(—[X, Y]?) = Tr(—(XY — YX)?) = 23" — 0¥ 2.
1<J

Therefore, the law of the eigenvalues of X is given by

dQy,(\) = levv( / exp{ N(BY (N = X)?Yyl* + Tr(y2>)}dY)A(A>zeNZV“” [Tdx
B

1<J
Integrating over the entries of the matrix Y by using the Gaussian integration formula

—N(B(Ai=Aj)2+a) Vi |2 VISV ) — T
/6 RYISYy) = Fon—s ey (8.2)

we get the distribution
-1 _ N )
dQY,(\) Z7 H )Y e N VOITT N = AP T
i<j 1<j

with Zév the constant so that QVB is a probability measure. The large deviation principle and
the convergence of the free energy are a direct consequence of a general large deviation principle
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proved by Garcia-Zelada (2019), see also Ben Arous and Guionnet (1997) or the book Anderson
et al. (2010, Theorem 2.6.2). In fact, the new additional term can be written like exp{—NZ2gz(i%)}
with

95 = 5 [ (14 B — y)*)au()du(y)

which is continuous on the space of measures supported in a common bounded set. Thus, if our
integral would be supported on a bounded set we could deduce the result from Anderson et al.
(2010, Theorem 2.6.2) and Varadhan’s lemma. The only point is therefore to deal with the growth
of In(1 + B(x — y)?) at infinity, but this is easily balanced with the growth of potential V and the
Vandermonde. Hence, the proof of Anderson et al. (2010, Theorem 2.6.2) can easily be generalized
to this case. We leave the details to the reader.

It is classical to prove that J}; is a good rate function Anderson et al. (2010, Lemma 2.6.1) (
Jg differs from the usual Beta-ensemble rate function by the term gg whose behavior at infinity is
balanced by the logarithmic entropy). We show below that it is strictly convex and therefore has
a unique minimizer. Because Jé/ is a sum of the linear term p — [ Vdu and Jg, it is enough to

show that Jg is strictly convex. This is proven in Lemma C.1.This implies the uniqueness of its
minimizer ug.
Let d be the distance given by

d(p,v) =sup{| [ fd(u = )]}
where the supremum is taken over functions f with Lipschitz norm

HfHL = sup |f($) — f(y)|
£y ’x_y’

(8.3)

bounded by one. Define Bg(ug) ={v :d(v, ,ug) < d}. As a consequence of the uniqueness of the
minimizer of J/X , the infimum of Jg over the complement of B(g(,ug) is positive. Thanks to the

large deviation upper bound, we deduce that for any § > 0, there exists ¢5 > 0 such that for N
large enough

QY (X, ) > 0) < e

This completes the proof of Proposition 8.2(2) by Borel Cantelli’s lemma.
We finally deduce the bound on ||Y||o. By Lemma .3, we know that there exists a finite
constant C' such that for any interval Iz of length 2e3 with E%ﬁ — 00,

w(Is) < CHTT /25

We take Ig = [x — €5, + €3] for a real number x and approximate the indicator function of I3
by a Lipschitz function with support in [z — 2eg, 2 + 2¢] and Lipschitz norm bounded by 1/eg.
Therefore, for any & > 0, on d(i%, ,ug) < §, we have

1
PN ([ — eg, + e5]) < CATET /25 + —6 (8.4)
B

Moreover, V3 is (1, A)-trapping for some n > 0, A finite and the trivial partition {{1},{2}} by
Theorem 2.5. Therefore, by Theorem 2.2 we know that all the A; belong to some finite set [— L, L]
with probability greater than 1 — e~N'"" for L, finite and k € (0,1). Applying (8.4) to a finite
covering of [—L,, L] with mesh €3/2, y1 = —Ls, yi = yi—1 + €3/2, we see that with probability
greater than 1 — 4L5651(67N17H + e~ Ny,

max AR (lr — 2,z + L)) < max pY (lyi — e,y + 28)) < 7 (8.5)
x€[— Ly, L] 2 2 i
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1 1
where we fixed § = 0574<2k+1>5‘2/ * and put v3 = 2087+ /z5. When (8.5) holds, if we order the
()\i)lgiSNa we have
min i — A} > e5. 8.6

i jili—j|> s N {IA ilt > ep (8.6)
Indeed, otherwise the point = (\;+\;)/2 with 7, j achieving the above minimum would contradict
(8.5). Next, we consider the matrix Y conditionally to the (\;)1<i<n satisfying (8.6). We first
observe that, under this conditional law, the Y;; are independent centered Gaussian variables with
variance N 1(1 4+ 28(\; — Aj)?)~!. We make the following decomposition

Y=A+G

where A is the band matrix with entries (Yijl\ifﬂgyﬁ ~N)i,j and G collects the remaining entries.
The variance of these entries is bounded from above by 1/N. We can therefore use Lemma D.1 to
find a finite positive constant ¢ so that

2
P(||Allos > ¢y/78) < %e 78N

On the other hand, when (8.6) holds, the entries of G have variance bounded from above by
N1 +25(83)2)_1. This can be used to bound the tail of the largest eigenvalue of G by comparing
high moments of G by those of a GOE matrix following the proof of Guionnet and Husson (2020,
Lemma 5.6) . Indeed, by Tchebyshev’s inequality, for every o > 0,

B 1
BIGloe 2 (1420(6) "2 +8) < (5 v £ Sy

E[Tr W2N] < 2N (4/(2 + 6)1)N°

E[Tr G*M"]

1
<
= (2+0)28°

where in the second inequality we noticed that the moment of E[Tr G2V°] only depends on the
sum of product variances of G by Wick formula and therefore can be bounded by those of a GUE
matrix W whose entries have variance N~!. The moments of the GUE matrix W are precisely
bounded, see e.g Anderson et al. (2010, Theorem 2.1.22, see p. 24), which provides the last upper
bound. This implies that E[||G|le] < 3(1 + 28(e5)?)~1/2 for N large enough. By Anderson et al.
(2010, Theorem 2.3.5, see (2.3.10)) (observe that the entries are Gaussian and thus satisfy the
log-Sobolev inequality), ||G||eo concentrates around its mean and therefore there exists finite non
negative constants ¢, C' independent of 3 such that

P(|Gloe > 4(1 +28(e5)%) ) < CeeN.

8k+5

2k
kD) - we check that E%ﬂ = [B5CkT) goes to infinity with 3, and v and (1 +

sl=

Taking eg = 3 T

2k
26(ep)?)~! are of the same order 8 5@1. Putting these two bounds together gives a positive
finite constant C, such that for 5 and N large enough,

k

__ 2k
P(||]Y oo > CB 5@ < 055(22;11)6*5 SRR N (8.7)

Finally, since this control is uniform over a set of (\;)1<i<ny with probability of order greater than
1— 4L,€Egl(6_N1_N + €_C‘SN2), we can remove the conditioning to conclude.

0

Amazingly, in the simpler case where both potentials are quadratic, the asymptotic distribution
of the matrices can be computed explicitly.
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Proposition 8.3 (Asymptotics when both potentials are quadratic). Let XN and YN be
two random matrices following

2 2

5+ g )dXay.

dQB (X,Y) = 5

1
—— exp(—=NTr(—B8[X,Y]?
Then under the law Qg, the sequence of empirical distribution ,&ng sy of (B%X, B%Y) is tight
6X,36

almost surely. Besides, if Ty, is an accumulation point of Ny L, then Ty, converges when
6X,80Y

B — oo towards the commutative distribution of the first two coordinates of a point taken uniformly
in Bgs(0,2Y%(3m)Y/%). In other words, for any P € C(X,Y), almost surely,

1 fB 0,(3m)1/3) P(z,y)dzdydz
lim limsup — Ir P 6XN 6YN
oan, Higrsup 3 T PUSE X, B0Y) = = o0, G 9]

and the same result holds if we replace the limsup by a lim inf.

Remark that the uniform law on Bgs (0, (37)/?) is in a way a 2-dimensional analog of the semi-
circular law seen as the first coordinate of a uniform point on Bg2(0, 2).

Proof: This is a consequence of the previous results. We know that 7%, by is tight ( since
6 6

)

both XV and YV have a bounded spectral norm with large probability by (8.1)) and let Ty, be
a limit point. By the previous proposition, the distribution of z and y under 7y, is the mini-

2/2 2/2

mizer ,u,; of the rate function Jg . By the second point of Proposition C.3, we know that the

2
rescaling Y/ G#Hg /2 of the equilibrium measure by 3/ is supported in [— Ly, Ly/]. Therefore the
distribution of (ﬁéx ﬁ%y) under 7y, is tight. Let 7o, be a limit point. Moreover —[XN,YN?

is a non-negative matrix with a first moment converging to 0 at speed B by Proposition 5.5.

Therefore TVB(—[ﬁGx,ﬁﬁy] ) = O(B~ 5 1In B) still goes to 0 when [ goes to 1nﬁn1ty. Hence, 7 is
the distribution of commuting variables. Lemma (.3.4) shows that the distribution of x under
Too is the probability distribution with density (27)~1(A4 — 22/2), with A = %(377)2/ 3. Finally
there is only one law of two commutative variables on R? with a distribution invariant by rotation
with a fixed marginal distribution. Indeed, the law of two commutative variables is encoded by a
probability measure P on R?. Because of the invariance by rotation of P, we see that for any vector
A € R2) (A, (x,9)) has the same law that ||\|[oz if (z,y) follows P, which is thus uniquely defined if
the law of x is prescribed. Since the distribution of the first two coordinates of an uniform points
Bgs (0, (37)/3) is invariant by rotation and has this marginal (27)~!(A — 22/2),, this must be the
distribution 7.

d
We finally tackle the case when none of the potentials is quadratic.

Theorem 8.4. We let Vi and V2 be two non-negative polynomials of one variable, going to +oo
at infinity. Let j =1 or2. Letx] <2} <--- < m?nj be the real zeroes of V; and assume there exists

c{,...,cgnj € R such that, for everyi € {1,...,m;},
Vi(x) = cl(z — 27) + o(x — x)?

Let

Then, for every e > 0, @g almost surely, we have

lim hmlnf;LX (Ur<i<m, [ I ¢, z L) =1 (8.8)

B—o00 N—o0
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J_
i

Moreover, for e > 0 small enough so that [z 5,:1:{ +eln [:EZ, - E,LB{, + €] is empty for i # i, we

have almost surely

A . . V3
lim liminf 4% ([2] —e,2] +¢]) = o = Lzl (8.9)
B—o00 N—oo J ZZ(CJ>_5
and the above liminf can be replaced by a limsup. Besides,
2BN | N(N-1)/2 _1 -1
(ENNNOD250 e (= N33+ o(8T) + o(N?)

™

where ¢ = (%)gﬂ'%(Zj(ci)fé)fg(zj(c})fé)fg Moreover, when N and then 5 go to oo, the joint
non-commutative distribution of X1, Xo converges. These variables asymptotically commute and

their spectrum become independent: for € > 0 small enough, under @%, almost surely,
2.1

T |
,Bhﬁnolo l}wo%f N Tr(lXQE[arifs,x?+s}1X1€[x%75,x,}+5}) = ajaf .

Proof: In the proof we will denote X1 = X, Xo =Y, Vi = W and Vo = V to use the same notations
as in the previous results. Moreover CJQ- = ¢j and ﬂ:? = ;.

Compactification : We first show that we can replace W,V by uniformly Lipschitz bounded
variation functions, up to a quadratic term. First notice that our assumption on V and W and
Theorem 2.5 implies that the potential V3(X,Y) = —B[X,Y]? + W(X) + V(Y) is (n, A)-trapping
for some n > 0, A finite and the trivial partition {{1},{2}}. We may assume A > 0 without
loss of generality. Therefore, Theorem 2.2 implies that the operator norms of both X and Y
stay bounded by L with overwhelming probability, with some L depending only on 7 and A.
As a consequence, taking M > L, we can replace Q% by Q%’M = 1BMQ%/Q%(BM) where
By = {||X|leo € M}N{||Y]loo < M}. On By, we can replace V and W by V and W given for
any real numbers x,y by:

V(y) = Ty +Viearv) — Jou @)% W (@) = Jo2 + W(or (@) — Lo (x)?
where @pr(z) = x on |z| < M and 7 is a positive real number. We choose ¢j; outside of the ball
so that that ¢y (z)x is non negative, pj; is increasing and converging to =M’ when = goes to oo
with some M’ > M (e.g M +1). We now wish to remove the restriction to the ball By, to consider
instead Qe; with V3(X,Y) = —B[X,Y]2 + W(X) + V(Y). To this end we need to check that we

can choose M, M’ large enough so that Q]\)/; (B§,) is very small (in particular summable so that

Borel-Cantelli’s lemma applies) . It is enough to show that f/ﬁ is also (7', A’)-trapping again by
Theorem 2.2.(n’, A’) must not depend on M but can be different from (7, A) (up to take M large
enough). We have seen that the commutator is (0, 0)-trapping so we only need to check that the
functions V' and W are (1/2, A)-trapping. This amounts to show that for every real number z,

2V/(2) = Ja? + (V' (e (@)) = Tou (@) (@) > Ja® = A, (8.10)
Our choice of ¢y insures that this is true for |x| < M since V is (n, A)-trapping. Moreover, this
also implies that for every real number x.

n n
(V/(on(a)) — Lons(@))ons @) > Lipns(a)? — A

where the RHS is non-negative as soon as M? > 2A/n which we assume hereafter. But, by
definition, @ (x) " tz¢),(z) is non-negative so that we deduce that for every real number z

(V' (prr () = Separ(a))aely () > 0.

Thus, (8.10) is true also for |z| > M provided A > 0. Assuming this, we conclude that Vs is
(n/2, A Vv 0)-trapping so that again up to choose M slightly bigger, we conclude that for M large
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enough (depending on A and 7 only), Qgﬂ (BS;) goes to zero exponentially fast by (2.3). Finally,

observe that Fv(y) = V(em(y)) — Jom(y)? and Fw(y) = W(em(y)) — Fem(y)? are uniformly
Lipschitz. Moreover, they have finite total variation:

[1Fwldy <00 and [ |Fy(ldy < oo.

Hence, we may and shall assume in the sequel that V' and W are the sum of a quadratic potential
and a Lipschitz function with bounded variations. Lipschitz functions with bounded total variation
have two nice properties. First by Hoffman-Wielandt (Anderson et al., 2010, Lemma 2.1.19), if f
is Lipschitz with Lipschitz norm || f||; defined in (8.3), for every N x N Hermitian matrices X,Y,

| Tr(f(X) = Te(fF (V)] < [V N Tr(X = Y)2. (8.11)
Moreover, if f is Lipschitz, it is almost surely differentiable and its total variation is then given by
| fllrv = [1f/(t)|dt. Then, we have Silverstein and Bai (1995, Theorem 11.42) or Bordenave et al.
(2011, (C.1)) that

| Tr(f(X)) = Te(f(Y))] < [[fllzv - rank(X —Y). (8.12)
These two inequalities will be used repeatidly in the rest of the proof.

Lower bound : Let z; < --- < x,, be the minimizers of V. Choose n = %mini# |z; — z;| and
€g = min(ﬁ,n/Q). Thus 25 + 1 < min;«; |z; — ;| and €5 goes to zero when 3 goes to infinity.
We first condition by the number of eigenvalues (\;)1<i<ny of Y close to each of these minimizers.
For n = (nq,...,ny) such that >"n; = N, we denote by

I, = ﬂlgrgm{ﬂ{’i : |>\Z - $r‘ < 5/3} = TLT}.
Then for any n such that > n; = N,

26N N(N=1)/2 n
()N > 2, (8.13)
where we have set :
7 = (2iN)N(N—1)/2/ o N (B YPAW OV (YY) g gy

Next we write the integral as an integral over the eigenvalues of Y:
26N (\;i — ;)% _ 21X A TE _
7. :/ I BN = N —N(B,  (imAg)?IXss P+, W(X)+ZV(A,))dXHd)\i
i

ni<j T

We denote i ~ j if for some r € {1,...,m} we have \;, \; € [z, —eg,z, + €5]. We write i < j

otherwise. We set
Xz'j = 12‘,\,in]'.

X is a block diagonal matrix whose blocks on the diagonal X (1), ..., X (m) are of size n1, ..., nn.
We can also recover directly X (r) by writing X (r) = 7 X, with 7, the N x n, matrix whose
coefficients are (7, );; = 1 iff A; is the jth eigenvalue in [z, — eg, 2, + €3] and 0 otherwise. We will
compare the integral over X and its submatrices X (r) thanks to the following technical Lemma.
We set for (\;)1<i<n a vector in RY and B C {1,..., N}? symmetric (i.e so that if (i,j) € B, then

(4:1) € B),

2BN(Xj — M) NGBS (=22 X 2T W (X))

ZA B = —] e i,jEB\"? J () B dX

i - [ T 2N > ,
(ij)eB

where the integration holds over an N x N Hermitian matrix Xpg with null entries outside of B.
Then we claim that
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Lemma 8.5. Let W(z) = ax?® + 9(x) with a function ¥ with finite total variation norm ||9||rv

and finite Lipschitz norm |91, and some a > 0. Let (\;)1<i<n be a vector in RN. Letn > 0

and II be a symmetric N x N matriz with entries in {0,1}. We denote by S(II) the set of indices

(i,4) so that II; ; = 1 and assume it is included in |\; — ;| > n. Then for \/B > a, if we set
1

I ]
Xaw(B,n) = 4(\/55(1) + N

Zyw({1,...,N}?)

I > —Xa,0(8,mN?. 8.14
e E L L) (s.14)
Moreover, let 7 C {1,...,N}. We denote S7(I1) = SII)NJ x J. Then for \/B > a,
Z , N
i Dl M) N 2l N (8.15
B,W(SJ( )

Proof: We let Xl-lj = Xijlije(rxa)e and X = (X - X1Y)ijlm,—1. X! has rank at most 2|7
Moreover, recall W (z) = az? + 9(x) with ¥ with bounded variations. (8.12) yields

| Ted(X) — Ted(X - X1)] < 20071 (8.16)
Furthermore, because ¥ is Lipschitz, (8.11) implies
| Trd(X — X1 — Ted(X)] < |[9) VN (Tr|X — X — X12)2. (8.17)

Since Tr(X)? = Tr(X )24+ Tr(X)?+Tr(X — X' —X)? and for every real number z, every 0 < a < v/f,

laz? + bz| < v/Br? + 4(\;;_@) we deduce that if £5.q 5 := 2|97y N~ 7| + %

I Te(W (X)) — Tr(W(X)) — aTr(X1)?| < VBTr(X — X' — X)? + 545N . (8.18)
Plugging this inequality in Z7 aw({l,.. o N }2) we bound it from above and below by
6*Ei”“‘BNZﬁ,w( ) < Zw({L,... NY?) < etV 23y (+)

where Z é\ w(E) equals

/H 25N M) NS, i A2 2 T W () +a(X )25 /BOXC-X1-X)2) )y
1<)

We next integrate over the entries of X! and X — X! — X which are Gaussian using the formula
(8.2). We find that

Ziw(E) =

BN —Ni)? B — A)?
i,je(llj)c Bxj = Xi)* +a ,Jey(n) B =X F VB

Fach term in the first product is bounded above by one because a is non-negative, whereas each
1 1

X Z3w(S7(ID).

term in the second product belongs to [e_ VEn? ev/Bn? ], The result follows (note that for the lower
bound J¢ is chosen empty).
O

We use Lemma 8.5 with II; ; = 1;~; noting that when i »~ j, |A\; — A;| is greater than n. We
n _X(L,19(5777)N2
Zy, e /

deduce that
11 <25N(Aj — /\i)2>
Injg ™

xexp (= NBY (N = 3)?|Xi* = NTe(W(X)) = N Y V(N))dX [ dA

i~j
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Then we break the block diagonal matrix X into its blocks X (r) of size n,. Moreover, there is
eg = O(xg) so that if ¢;(8) = (1 +e5)c;, for any A € [z; — eg,xi + 5], V(N) < ci(B)(zi — N2
Therefore, we find

28N (Nj — \i)?

78, > eXeaGmN [] /[ o ax(r) [[an [T ( )
Tr—EB,TrtER ( i

r 1<i<j<n, T
xexp{—NB > (A\i—X)’X(r);;=NTtW(X(r)) — Nex(B) i(& - z,)%}.
1<i<j<n, i=1

Now, we diagonalize the matrices X (r) with eigenvalues {u;}1<i<n, and integrate over the matrices
Y (r) with eigenvalues {\; — z,,1 < i < n,} to obtain:

78 > e xwﬁnwﬂ/ av () [[dm ]I (2N — )

)llec<ep i 1<i<j<n, Q

< exp (=N S = Y (il = New(BTEY (1) = N 3 W (1)}
(2]

Observe finally that the terms in the above product are strong commutator integrals as studied in
Proposition 8.2 with one quadratic potential. To compute these integrals, note that we can remove

the indicator function on the set ||Y(1)||c < g thanks to (8.1) as long as eg > 5‘% with
k = maxk; since this set has overwhelming probability. This is the case since €5 goes to zero
like 1/In 3. Then, we can compute the integral over Y (r) by using again (8.2), getting, with the
notations of Proposition 8.2(1), that for N large enough,

i Ze_x“’ﬁ(ﬁ’")NQH/ exp( ”TJE/cT(m# Zém Hd‘“

Finally if for every r, n,/N — «, €]0;1[, we get by Lemma C.3.(1) that for large-N and o(1) going
to zero with N and then § going to infinity,

Zn e Xaﬂ(ﬁﬂN HeXp 1+0<1)) 2 W/a'r )

OB cr(8)
a1
_ e—xa,g(ﬁ,n>N2e—N2<1+o<1>>ﬁ*%cw S,0r Ser(d)s (8.19)
where we used the scaling property c5 = (a/y)Y3¢ V(l +0(B71)). At this stage recall that c.(3)

goes to ¢, as [ goes to infinity.
We finally bound from below the partition function Zv thanks to (8.13) and to this end maximize

the lower bound over (aq, -+ ,a;). Observe that if u; and k are positive constant, the minimizer of

a— 37 aHkuz in the Simplex is such that the «;’s are proportional to ui_l/k and then the value

of the minimum is (3-; u;

1
We apply this with & =1 — % = % and u, = cr(ﬁ)% ~ ¢ to get that the best lower bound is

1
2

taken at ) proportional to ¢ ?. To conclude we obtained the lower bound

_1 _ —2/3
NN 5 N2 (8,67

s

(8.20)
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Finally, recall here that the constants ¢, = c2 are the convexity constants of the minimizers of
V =V, and by Lemma C.3.(1)

cw =cy, = (

N W
~
wlen
Wl
—
—~
S
N—
|
—
~
[N}
S—
|
wlno

Plugging this formula into (8.20) gives the expected formula.

Upper bound : To get the corresponding upper bound, we first show that, under Q% , the
eigenvalues of Y concentrate in a neighborhood of the minimizers {x1, ..., 2} of V. In the sequel,
we assume without loss of generality that x; < z'o < --- < 2,,. We recall that Vj is trapping
by Theorem 2.5 and Remark 2.6 so that we can restrict ourselves to the ball By = {||X||cc <
M, ||Y]loo < M}. Next, we take € > 0 and denote by I. = Ni<i<m[zi — €, + €]¢. We take ¢ > 0
and set k. = inf{V(z),z € I.} > 0. For every § > 0, we can bound from above the following
quantity:

(2[J’N)N(N_1)/2

/ o~ N Tr(=BIXYPHW(X)+V (V) X 1Y
T {af (1:)>0}

AN(E, 5) =

by noticing that, since V' is non-negative, TrV(Y) > Nok. on {jiy(I;) > ¢}. Hence, after diago-
nalizing X, we find that Ay (e, d) is bounded from above by

e_NQHE(;/H (QBN()\]' B )\i)Q)e_NﬁZi,]’()‘i_/\jp'YiﬂQ_NZW(Ai)dYHd)\i-
T ;

1<j

Integrating over the Yj;’s gives by (8.2) that, since W is a non-negative polynomial,
An(e, 8) < efN%gé/Hd)\iefNZW()\i) < ¢ N5 +O(NInN) (8.21)
i

Hence, together with (8.20), we deduce that Q% (a¥ (1) > 6) = An(e, 6)/(@)1\7(]\[71)/2

to zero exponentially fast as soon as § > CS~ Y3k 1 if C is large enough (and fixed hereafter). We
therefore may assume in the sequel that 4 (I.) < CS~Y3k2 1. If there were o(8~/2N) eigenvalues
inside I, we could just remove these eigenvalues up to a negligible cost (compared to the partition
function) and find ourselves with eigenvalues in independent quadratic wells as in the case we treated
for the lower bound. To circumvent the fact that this is not the case, we partition I. to come back
to this situation and show that for large enough 5 the eigenvalues in different neighborhoods of the
minimizers {x;}1<i<m become independent. To this end, we fix n > 0 and &’ > ¢ sufficiently small
so that the sets [x; — &', x; + €'] are disjoint. For every i € {1,...,m}, we partition [x; — &', z; — €]
and [z; + &, x; + €'] into intervals of width n, {[z; —e — (¢(~ + 1)n,x; —e — L), [xi + e+ LTy, z; +
e+ (U + 1)nlto<pt<y with L < [(¢/ —€)/n]. Because the union of these intervals has mass

ZN soes
Vs 8

bounded above by C5~Y 3kt we know that for every i € {1,...,m}, there must exists intervals
Jr=lzi+te+nzi+e+ (€5 + 1)y and J; = [z — e — ({; + )n,x; — e — £; ] for some
integer /7 < |¢/n] in which there are at most J.,N eigenvalues with 6., = 2Cn3~1/3k;1e~1.
Even though E;t are random, we have at most L?* choices for these numbers and therefore we
can simply optimize over their choice at the end. We hence consider these intervals fixed. We
let Vi = [a; —e— €, n,z; —1—54—6:77] and F; = [z; + ¢+ (Ej +)n,zip1 — e — (b + 1)n), Fo =
(—o0,x1 —e — (b7 + 1)n] and F,, = [z + e + (£} + 1)1, +00). So V; includes the & neighborhood
of the minimizer x; and is included in its e’-neighborhood. Moreover R = UV U Fs U J; U J. We
use Lemma 8.5 with J¢ = {i : \; € UJ; U J}} and II(ij) = 1;.; where i ~ j iff \; and \; belong
to the same V. or the same F,.. Observe that by construction, if ¢ » j, |\; — A;| > 1. We then find
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that the partition function is bounded from above by

28N \N(N-1)/2 N2k n
CIOIRZE < ST R ) e o (822
<L
1<i<k

where

Y (67, 4F) = eNoenB” 1/3/1—[(251\[@ — i)’ )

s
1~]

cexp (= VB0 = 4PN - NIV () - N V) )X T

i~j
depends implicitly on the choice of /;, Ej by the definition of ~ and
o(e,n, B) = B2 @ml[9||rv oy + (VBM)*) ) .

We choose ¢,7 so that it goes to zero: note that x. is of order ¢ since V is C! so we need ne
and (v/Bn?)~18Y/3 going to zero with , so we take n = 6‘ﬁ+c,5 = 5_714_2*'6, with ¢, ¢ > 0 small
enough. With this choice, we denote in short o(371) for o(e,n, 3). To estimate IV (07, 05) w

condition by the number of eigenvalues falling in V; and F;. Let I, ;m be the set where there are n;

eigenvalues in Vj, m; eigenvalues in Fj, Y (n; + ml) > N —CnB~'/3N. Then

-2

B (67, 65) < NPT S (n,m) (8.23)

(n),(m)

where
268N (N\; — \i)?
I} (n,m) = /I 11 ('B(;)> exp ( —NB> (Ni— Aj)QXZ?j) (8.24)
o i~j

x exp (— NTr(W (X)) = N> V(\)))dX H d\; .

We can next decompose X in block diagonal matrices corresponding to entries with eigenvalues
either both in a V; or in a F; and remark that the above integral factorizes and so for B, =V, or
F,., we have

Y (mm) = N PCnd) TT R, (Vi) T[ B, (F)
1<r<k 0<r<k

where R, (B,) is the integral over n, x n, Hermitian matrices with spectrum in B, given by

/ <26N (1 — W)
spec(Y)eBr 1<i<ji<n, T

xexp (= N3 Y (s — g PIYig = N W) = N TV (v) )ay [T

R, (B,) =

We can bound R,,, (F;) exactly as in (8.21) as V is lower bounded by k. on F, so that as m, goes
to infinity

R, (F,) < e—mr(1+o(1))ke
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On V,., the eigenvalues of Y are at distance smaller than 2¢ from x, and we can therefore approxi-
mate V by ¢, (¢)(z —,)? with some ¢, (g) going to ¢, as  goes to zero. We can then use Proposition
8.2 to deduce that as n, goes to infinity,

NW/n,

R, (V) = ¢ o egs e, )

Hence, we find

_ 2 NW/n
Y (n,m) < NP 1/3013"1@’“52199 mie_zlgrgc €28 /er(2)
s S

We therefore conclude thanks to (8.22) that lim supy_, o ﬁ In (@)N(N_I)MZ% is bounded from
above by
. 2 W/ar -1/3
— min v+ ) e + B8 Pogy .
Y (vitai)e[l-Cnp=1/3,1] tre 1<z§;k ' Z T/ } .
For 8 large enough, the above right hand side is minimized when ~, = 0 as k. is of order ¢ =~
1 1
8712 > (73 and then the maximum over «; is the same as the one we obtained for the lower
bound which we have seen is minimum at a; = ¢; 1/2 / Zc}l/ ?. This proves (8.9). It also shows
that the probability that the filling fractions deviate from this maximizer decays exponentially fast
and therefore (8.8) since our previous estimates (e.g (8.23) and (8.20)) show that

I (n, m)
N Ve\™
QVB(I“’m) = Z 2N \N(N-1)/2 7y
6 <L (‘ P ) Vg
NW/np
< 6cN2B 1/3(1+o —Ke Zl<z<k H e %QB/C/T(E) +6—N2(n€6—c5—1/3)

1<r<k

where §, ¢ were chosen so that k8 — ¢871/3 > MB~Y3 for M as large as desired, insuring that the
last term is neglectable compared to the first.

This settles the asymptotics for the filling fractions of the eigenvalues of X = X;. We can do
exactly the same proof for the matrix ¥ = X5 to obtain the asymptotics of its filling fractions.
Moreover, by Corollary 5.4, for every € > 0

1
lim sup lim sup QV (—Tr(][X,Y]?) >e) =0
pB—o0 N—o0 FEN

so that X and Y asymptotically commute. To get information on the joint behavior of the spectrum
of X and Y, we improve the previous upper bound to control the behavior of X. Now we use the
same machlnery, let us call X(1),...,X(m) the blocks of X:

X(T) = lyev, Xlyey, = lyey, Xlyey,

where ly¢y, is the orthogonal projector on the eigenspace associated with all eigenvalues of Y
inside V.. Indeed, by definition, provided 0 ¢ [z} — ¢, 1: + €],

1
N D(lyepz—<ozralxefnl —calee) = N Tr(1g (et o0t +e])

o Ny Ny 1
- NILLX(T)([ 7 - & l’ +€])

where n, = Tr(ly¢pp2_c 224¢))- Then a slight modification of the bound (8.24) shows that for any
measurable set A in the set of probability measures on the real line,

c -1/ o
QV, (T Ny 1y € A) < eV P70 0] T Ry (Vo A) T R, (Fr, 4)

1<r<m 0<r<m
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with
N(u
R (By, A) ;:/ i <M>
SpeC(Y)GBr,ALX( )GA 1<i<j<n, U
xexp (= NBY (i — p5)*Yij|* = N Y W (i) = NTe(V(Y)))dY [ ] dp

Again we can approximate V by a quadratic potential on the set V,. and use Proposition 8.2 which
shows that if A does not contains a neighborhood of ,u2 8/ N/m () then R, (V;, A) will be much smaller
than R, .(V;) so that Q¥ ( nm Ny WY ) € A) will go to zero (as the numerator in this probability
contains the terms R,,, (V. ) instead of the terms Ry, (V;,, A)). As a consequence, ,u?( )([ e, ml—{—e])

goes to a . This completes the proof of the Theorem as we already proved that n,/N goes to a
D

Appendix A. Random matrix inequalities by flow

In this paper, many controls are based on change of variables. The most basic one is the following:

Lemma A.1 (Inequality by mapping). Let f : R? — RT be a measurable function with finite L'
norm [ f(z)dx. Let X be a R? valued random variable with distribution u absolutely continuous with
respect to Lebesque measure and density proportional to f. If ¢ : A — R?% is a C' diffeomorphism
onto its image then @
flz
XA S o))
where Jg is the absolute value of the Jacobian of ¢ : Jy(x) = | det(9ip;(x))].

Proof: If f is the density of 1 (up to multiplication by a constant c)

_ A CON
POX € )= [ efo)ts < sup zriirs | en(6@)ota)ds
f(z) -1
< P X)e A
S Tl @
where we did the change of variable x — ¢(z). The lemma follows since the Jacobian and f are
non negative. U

Change of variables were already used to derive concentration of measure, see e.g. Guionnet
and Novak (2015, Section 6.2), in the context of unitary matrices. However, this approach may be
difficult to apply in non compact manifolds as the reminders may be large. The strategy to use
flows allows to bypass this issue. Hereafter, for f : R™ — R” differentiable, we define by Diffy f the
matrix (0, f;(x))1<ij<n Where x = (x1,...,2,). Vx will denote the gradient with respect to the
variable x : VW = (0, W (x))1<i<n for W real-valued.

Lemma A.2 (Inequality by flow). Let X be a RY valued random variable with distribution
u(dx) = ce W dx with W : RY — R a C! function going to infinity fast enough so that ¢—1 =
fe_W(x)dx is finite. Assume that there exists a flow (Y{)xerd ter+ 0N R? such that Y§ = x
and 0YT = Zyx with Z_ a C! wector field from R? into itself so that Tr Diffyx Z

uniformly in x € R? and t in a bounded set. We fixt > 0 and assume that for s < t, x — YXisa
diffeomorphism onto its image. Then, for any finite time t > 0, any measurable subset A of R?,

v 1s bounded

t
P(X € A) < sup exp ( / (Vyx W (YX).Zyx) — Tr Diffys Zys)ds)
T€EA 0

where (x.y) is the scalar product on R?.
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Proof: This is an application of the previous Lemma with f(x) = exp(—W(x)) and ¢(x) = Y.
Because we assumed that x — Y7 is a diffeomorphism onto its image, for any given x in a bounded
subset of R?, Y¥ stays bounded and therefore we may assume without loss of generality that x — Z,
is uniformly Lipschitz. We find that

ot = W)+ WOYE) = exp [0, (¥

— exp( /0 (Ve W (Y?). Zyx)ds)
Moreover, we compute the Jacobian of this change of variables by noticing that
o, Diffx Y§ = Diffx 9, Y} = Diffx Zyx = Diffyx Zyx Diffx Y§
We deduce that if Diffx Y7 is invertible, namely det Diffx Y} # 0,
Oy det Diff, Y¥ = det(Diff, YX)Tr((Diff, Y¥) 710, Diff, YY)
= det Diffx Y7 Tr Diffyx Zyx

Note that det Diffx Y§ = 1 # 0, and thus this computation holds at least for small times s, say
until w > 0. Thus, we can solve the ODE :

u
det Diffx Y = exp(/ Tr Diffyx Zyxds) .
0

Because the RHS is uniformly bounded by assumption, we conclude that we can take v = t and
then

t
Js(x) = | det Diffx ¢| = | det Diffx Y| = exp(/ Tr Diffyx Zyxds)
0

Finally, putting things together we get:

fx) / ! .
—— — —exp Vv W (YX).Zyx) — Tr Diff vx Zvyx)ds
Foarng = o0 ) (VW (v Zv) s Zyy)ds)
and we can apply the previous Lemma to conclude.
O
We deduce from this an inequality by flow for matrix models.
Lemma A.3 (A random matrix inequality). Let X" = (X{',..., X}Y) be random Hermitian
matrices with law P proportional to
exp(—N Tr V (XM))ax™.
Let X} be the solution to X = XN and 0,(XN); = —g:;(XY). Then
t
P(XY € A) < sup exp(—/ (N Tr DV (XN).g(XM) - Tr @ Tr(9g(XY)))ds) . (A1)
0

N
XNeA

Here AB = Y0_ A;B; and ¢;(X) = Pi(fi(X1),..., fe(Xy)) with self-adjoint non-commutative
polynomials Py, ..., P, and bounded functions f; : R — R which are C' and with bounded derivative.
Moreover, we set for f C1, 9f(X) = [y f'(aX @1+ (1-a)1@ X)da, f(X) = (f1(X1),.., fo( X))
and with A ® B#(C ® D) = AC ® DB,

¢
09(X) = Y_(0x, P) (f (X)) #0fi( Xi) - (A.2)
i=1
Finally, D; is the cyclic derivative with respect to the ith variable.
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Proof: This is again a direct application of the previous Lemma since g is continuously differentiable
with uniformly bounded derivatives so that the solution to

N _
oXy = Zyn
with Zx = g(X) is such that X} — X is a diffeomorphism onto its image. One notices that

ONTr V(X)) = —Vxn(NTrV).Zxy = —N Tr DV (XY).g(XL),

whereas
¢ N
TrDiffxy Zxy = Y. 3 275 (Oncx, (i) + 105(x,(1.7))) 9 (X) (i, ) (XT)
p=11i,j=1
= TroTrag(XM)

where the term Og(x,(i,i)) should be put to zero. Observing that (9p(x, (i) + 19s(x,(,5))) Xk =
2Lizj 1;j—ek gives the last equality and completes the proof. ]
Lemma A.4. For matrices X~ = (X{V,... ,Xév) we define the following dynamic in the space of
N x N Hermitian matrices :

XYy = x¥

{ 2% = @2+ @y
axy(t) = —((ZNW)XN ) + XN (2N (0)F)

Then, for any t > 0, XY — XN is a diffeomorphism onto its image so that (A.1) extends to the
polynomial g;(X) = (3 ij)kXi—i—Xi(Z ij)k Moreover, for everyn, + Tr(Z™(t))" is a decreasing
function of t.  Furthermore, for any positive real number B such that %Tr(ZN(O))kJrl > B, for
te [07‘45525L

NF+L

1

S TN > Bk + )tN®T BT
Proof: Because g is locally Lipschitz, X,{V is well defined until a short time from any given initial
condition. To show it is globally well-defined it is enough to show that the spectral radius of the
solution remains bounded in time. But

l
gtTr(ZN(t))” = =2 Te(ZN(1)"** — 20y Te (XN ()(ZV () XN () (2N ()" )
i=1

which is non-positive since Tr X AX B = Tr(BY2X A'/2)(B'/2X A'/?)* is non-negative if A and B
are non-negative and X self-adjoint (recall here that ZV (¢) is non-negative and X7 (t) self-adjoint).
Therefore Tr(ZN (t))" is decreasing in ¢, and hence the spectral radius of the solution is bounded by
the one of the initial condition. This is enough to guarantee that X" — X2 is a diffeomorphism
onto its image and therefore extend the inequality (A.1) to this case. Besides, using Lemma 3.1 for
the second term in the above inequality, we get for sufficiently small ¢ so that the spectral radius
of the solution remains bounded:

0

5 Te(ZN (4)F > —4(k + 1) Te(ZN (1)) 2!

> —A(k +1)(1ZN O] P Te(ZY (1)
> —A(k + (T2 (1))
As a consequence, y(t) = Tr(Z™ (t))¥*! satisfies the one dimensional differential inequality

2k+1

y' = —A(k + 1)y
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starting from y(0) > N B. Therefore, solving this differential inequality gives,
y(t) > (Akt +y(0) 1)~ F = y(0)(1+ dkty(0)71)~F
As a consequence, if y(0) > BN and t < 1/Nki+1, using that for x > 0, (1 + x)*% >1— %x,
we get
k k+1

Te(ZN (1)) = y(t) > BN(1 + 4kt(BN)#1)~ % > BN(1 — 4(k + 1)t(BN)#1).

Appendix B. Change of variables in one-matrix models

We compute the absolute value of the Jacobian of a change of variables acting only on the
eigenvalues of matrices.

Lemma B.1 (Jacobian of a function of Hermitian matrices). Let f be a C' function from R
to R. Let ¢ be a function from HN(C) into HN(C) acting on the eigenvalues A = (A; > --- > Ay)
so that if Diag(\) is the diagonal matrixz with entries A and U is any unitary matriz,

¢(U* Diag(\)U) = U™ Diag(f(\)U .
Then, if A(x) = [];<;(z; — ;) denotes the VanderMonde determinant, the absolute value of the

Jacobian of ¢ is
(AN Teln | f/(X))|
2= (Sa ) ¢ |

Remark B.2. In fact we only need f to be C! in a neighborhood of the spectrum.

Proof: We recall Anderson et al. (2010, Section 2.5.2) that the map X — (A, U) which associates to
a Hermitian matrix X its eigenvalues A = (A1,...,A\y) and a parametrization U of its eigenvectors
U = (u1,...,uy) is invertible on a set Wy with full Lebesgue measure and has Jacobian A(A)? =
A(MN)%. Moreover, it is not hard to check that Wyx) = ¢(Wx) as Wx basically requires the
eigenvalues to be distinct. Let h be a smooth function on the set of Hermitian matrices. Then,
with D = f(A),

/ h($(X))|Js|dX = / h(X)dX = / h(U* DU)A(D)2dDdU
Wx d(Wx) (Wx)

— / WU* F(A) DT 1 () |dAdU
Wx
= | h(f(X NI )l AM)?dx
Wx
And we identify |J4| by comparing the first and last integral. O

The main result of this section is to construct a change of variables mapping the eigenvalues
outside some interval I to the neighborhood of some point and bound its Jacobian from below.

Lemma B.3. Let I be an open set. Forn € {0,...,N} and (z1,...,2z,) € I", let HL(21,...,2,)
be the set of X € HN(C) with eigenvalues in the interior of I° except for n of them which are equal
to (z1,...,x,) € I"™. Let a be a real number and fix € € (0,4). Then, there exists an injective map

¢ from HE(21,...,2,) into HN(C) such that if
X =U*Diag(z1,. .., Tn, Ant1,-- -, AN)U
with U unitary and Ap11, - .., AN belongs to the interior of I¢ then
¢(X) =U"Diag(z1,...,Tn, Onils---, ON)U
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with the ¢; in la —e;a + €[ and

Jy = (8N )”_N(4%)(N“)(N‘”)e—w“)Trln(1+IX\1x¢z)—2<N—n) Trin(1+|X|1xer)

As an immediate application with I = () we see that there is an injective map ¢ : H¥ (C) — {X €
HN(C) : | X — al| < e} such that

Ty > (8N)7N( € )N(N+1)6—2(N+1) Trln(1+| X|)

4e
A key step of the proof is the next lemma.

Lemma B.4. Let I be a bounded closed interval in R and z1,...,x, in R be fired. Let 0 < n < 1.

Then, there exists y in I at distance greater than n% from {x1,...,x,} such that
n
1] [](1—n)
1 i —y|l—n—) =>nln———=. B.1
;n(\wz yl=ng ) >nin (B.1)
More generally, for any integer number N > n+ 1, there exists (ny1,...,xy) in IN™" at distance
greater than n% from {z1,...,x,} and from each other such that for every j € [n+ 1, N],
1] 701~
: n)
Zlnql‘i_%”_nﬁ)2(3—1)1HT‘

Proof: Let € = nm and define

n

n
Viae=supd In(lz; —y|—¢).
yel ;=1
Observe that by a simple dilatation of the space by a factor o > 0 we have Vo1 02,0 = Vize+nlna.
We consider Y to be the random variable uniformly distributed on

E =1\ U]xz — &z +el.
i=1

With |I] the Lebesgue measure of I and ¢ < %, E has Lebesgue measure bounded below by

n

|I| —2ne > 0 and so Y is well defined. We set U = >~ | In(|z; — Y| — €). Since In |z]| is locally
integrable and Y is bounded (as I is), U is L' and its expectation is bounded from below

1 i n ! —2n
V)= g f, 2t vl =y > g [ by >

where in the first inequality we simply did a change of variable and kept all the possible negative
values of the resulting integral. As a consequence

—2n
V; >EUl > ——
1ae 2 E[U] 2 |I| — 2ne

But due to the scaling argument we see that

—2
Vige =sup{Vy-17 414 0-1. + nlna} > sup{ " a}
a>0 ’ ’ a>0 ‘I’ — 2ne

Taking the optimal value oo = (1/2)(]I| — 2ne) shows that

n —
11](1 — 2ne|I|™) [7](1 —n)
Vige = In(|lz; —y| —e) >nl —plp 2V
Tae 2121; ;:1 n(lz; —yl—¢) =2nln 5% nln ——
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Finally, since y — > i In(|a; — y| — €) is continuous and concave on each of the interval when
it is not equal to —oo, it achieves its maximal value on the closed set I. We take y to be such a
maximizer: it satisfies the announced statement.

To find (zp41,...,2N) observe first that we can take z,41 = y coming from (B.1) since n < N

implies that nu < n‘ | and

n
!II 1] ZI(1 —n)
1 — 1 —)>z2nln——=.
; n (|2 =yl = nox Z n(Jzs =yl =g ) > nln——-
We then continue inductively by changing n into n + 1 up to N.
O
Proof of Lemma B.3. In the following, (z1,...,x,) are fixed and we wish to map (A1, -+, AN)
to some neighborhood of a at sufficient distance from the x;’s to bound from below the associated
Jacobian. We first choose a family of points {Z,11,...,2zn} as in Lemma B.4 with [ =Ja—¢;a+¢]|
and n = 1/4. We fix them: they are some measurable functions of {z1,...,z,}. We construct ¢, x
close to x4 for k € [1, N — n| by putting
A k e
Gtk = T + e (M)

SN 1+ skl SN
with 9 (z) = (1 + |z|)~!. Since 9 is a diffeomorphism from R into [—1, 1],
¢:(x1,...,xn,)\n+1,--- 7)\N) — (xly-'-xn7¢n+17-'-7¢N)

is also a diffeomorphism. We extend it to H" (C) as in Lemma B.1. Now we use Lemma B.1 to
compute the Jacobian Jy of ¢ which is equal to

2
( I [Ptk — il I |Pntk — ¢n+k’\> 2k <N = P SN

1<i<n [Antk — il 1<k<k/<N-n [Anth = Anpi]
1<k<N-n - B

To bound the denominator, we use the inequality In |z — y| < In(1 + |=])(1 + |y|) so that

H ‘)\nJrk _ xz‘ H ‘)\n+k _ An—&-k" < N TrIin(1+|X[1xg)+(N—n) Trin(1+[X|1xer)

1<i<n 1<k<k’'<N-—n
1<k<N-—n

To bound the numerator we use our construction of the ;. x: since ¢y r—Tnik| < SLN, |xi—Zptk| >
g/4AN for every i # n + k, we deduce that, for every k € [1, N — n|:

e | B | R R e o R

<n k'<k i<n+k—1

where we used n|I| = %5, |I|(1—n) > ¢ and Lemma B.4 to get the last inequality. Putting everything
together and noting that > <y, (n+k—1) = F(N(N-1)—n(n—1)) = (N —n)(N+n-1),
g/8 > e/4e, we get:

J¢ > (8N)n—Ne(—2(N+1) Trin(1+|X|1x¢r)—2(N—n) Trln(1+|X\IXEI)—&—%(N—n)(N—H‘H—l) In i)

Finally the bound follows from (N +n+1) < N + 1 and £/4e < 1.
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Appendix C. Study of the energy functional related to the commutator model

Lemma C.1 (Energy problem without a potential). Let 5 be a positive real number. Define
for a measure p on the real line the energy:

= [ [ 2V dwant
1+ Bz —y|? '

(1) Jg is a lower continuous strictly convex function on the set of probability measures on R
equipped with the weak topology.

(2) Let I = [a,b], a < b, be a closed non empty bounded interval. Then, there is a unique
probability measure ué supported on I such that

JY(uh) = inf{JY(p) - (1) = 1} =: ¢ .

,ué has no atoms and its support is the interval [a,b).
(3) For every positive real numbers o, a, we have CZQB = 3" so that c§ = c(lx%,. Moreover, for
every real number b and any measurable subset B of 1

hag(B) = p§ (B +1)).

(4) The application f — c}j is a strictly positive decreasing continuous function on (0,00) and

2 — O(ﬁfi) < \/Bcé < 27
In particular, for any positive real number a,

% =cly, ~ 2—77
R

Proof: The lower semi-continuity of Jg is a consequence of the monotone convergence theorem

which asserts that if p-(z,y) =1In max{ 1+ﬁ|x y|2 €}

B =swp S with 8.0 = [ [ e ydu@pdty).

In fact, nga is continuous on P(R) since ¢, is bounded continuous for € > 0. This implies that Jg
is lower semi-continuous.

For the strict convexity, the argument is similar to the one used for Beta-ensembles (Anderson
et al., 2010, Lemma 2.6.2). Let € be a positive real number. We define the regularization .J; 5 of Jg
by setting, for any probability measure p,

e+ Blz —y|?
—— [ [wis T4 3l )dnty)

Then, by monotone convergence theorem, for any probability measure p,

J5(p) = lim J5(p).
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Moreover, for 0 < a < 1, we find for any probability measure u, v
(a1~ a)) (@ T5() + (1~ ) J5(v) — Jgops + (1 — o))

- L+Blz =yl 0 o @)d(u— v
a /Rg<lna+5|x y\z)d(ﬂ )(2)d(p — v)(y)

- /Rz/E a+ﬁ!m ot Bl —gp e~ V@ = 1))
— /}W/8 / exp(—(a + Bl — y[*)t)dt)dad(p — v)(x)d(p — v)(y)

_ /R 2 / da /0 di( / e~ eIV gy (g)) dtdad(p — v) (2)d(p — v) (y)

geR

where ~ is the standard Gaussian measure. Thanks to the regularization, we can use Fubini’s
theorem. As a consequence, we find that

(a(1 =)™ Hadj(u) + (1 = a) J5(v) = Jg(ap + (1 - a)v))

/ / /gER o) [ V(= ) ) P () deda

The right hand side is always non-negative so that Jj is convex for every € > 0 and therefore Jg is
convex by passing to the limit e — 0. Jg is in fact strictly convex since, if Jg is finite at p and v,
Jg(au + (1 — a)v) is also finite and

(a(l =) Hadg(u) + (1 - a) J5(v) — Jglau + (1 - a)v))

/01 /OOO/Re_at\/Reig\/;Bxd(M—l/)(w)\zd’y(g)dtda

The RHS can only vanish if g and v have the same Fourier transforms almost surely which implies
1 = v. This proves the strict convexity of J g .

As a consequence, J 2 achieves its minimum on P(I) at a unique probability measure ué. Since
Jg(u) is infinite if x4 has an atom, ,ué has no atoms. The third point is clear as a simple change of

variable hqp(2) = ax + b shows that Jg(hayb#u) = Jgag (w) if h#u denotes the push-forward of

by h. This insures by uniqueness of the minimizers that ha,b#,ué 25 = ,ugl +b and Coop = C3". Now

let us prove that the support of ugm is the whole interval [0;1]. Since Jﬂ is left constant under

translation of the measure and decreases by dilatation we already know that the convex closure of
the support of ,ugm is [0; 1] (if the support was included into [a,b] with a > 0 or b < 1, we could
translate and dilate this minimizer to get a new and better minimizer). We therefore only need to
make sure that there is no hole in the support. Hereafter we denote by

Pp(t) i=—In ——— Glili =In(1+ L) (C.1)
1+ B2 Bltl?
and observe that ¢g > 0 is continuous except at 0 where it blows up. It is also strictly convex on
R. We know that there exists a constant Cg such that ugm a.e
0 =2 [l =2 fosta -l = (©2)
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and everywhere on [0;1], U(z) > Cp. Indeed, this can be deduced as in Anderson et al. (2010,
Lemma 2.6.2(e)) from the fact that JO( o) ov) > Jg( [ﬁ ]) for any measure v on [0, 1] such

that ,ug);l] + dv is a probability measure. But U(x) is strictly convex on the complementary of the

support of ,ug);l] (since ¢g is strictly convex), which is only compatible with (C.2) if the support of

,ug);l] is connected. As a consequence, the support equals [0, 1]. Moreover 5 — ¢g(t) is decreasing

for every real number t. As a consequence,
1 : 0
—cg= inf J = inf / / x—y)d d
B—cy w1 5(1) bt 1) P5( Jdp(x)dp(y)

is a decreasing function from (0, 00) into itself. ¢! is moreover continuous. Indeed, it is is lower

semi-continuous since it is decreasing. The upper semi-continuity can be checked by noticing that
for every € € [0, 8)

r—y)2) (B -
B = S+ [ (GO duw)auty)

> Jpe(p) +1In(1 - B)

which implies
051 0;1 3 €
ch = J8e5") 2 Ty +In(1 = 2) > i+ O(5).
We next show that the function ¥ (f) := (¢ 62)*1 is subadditive. To this end, we cut the interval
[01]

[0,1] in two subintervals [0;u] and [u;1]. Let us denote v := u[ }([0 ul), since 5" has no atoms

and we integrate a non-negative function,

0;1 0;1 0;1
ch = I35 = T3y o) + T30y i)
> 2+ (1—n)? g u (C.3)
> it {%czp+ (1= 0)°cluupgh = (czp) ™ + (limuyzp) )7

Therefore 1) is subbaditive since for every u € [0,1] ¥(8) < ¥ (Su) + ¥ (B(1 —u)). As a consequence
there exists a constant ¢ such that CEQ ~ ¢/B, as (B goes to infinity. The aim of the rest of the proof

is to show that ¢ = 27, which requires extra work. Asin (C.3), we find

0;1 I 0;1
> Iy ) = p (12 = w2l g
Therefore, we deduce that if |I528 — oo then
051] I c
lim sup M < lim sup — 5 . (C4)
g 1] |IB|C|Iﬁl2ﬂ

As a consequence, for every measurable decreasing function f : [0;1] — Rt we have:
I /Udmﬂ<2/U()ld (C.5)
imsu r)—=dx. .
8 p 0 M/B — 0 \/5

Indeed it is trivially true for f(x) = 1;<; and then one can extend the result to every decreasing f
by linearity and monotone limit. We next bound c}g from above. Thanks to (C.2), U is constant

and equal to Cg on [0; 1]. Therefore its integral with respect to dug?;l} is the same than its integral

with respect to the uniform measure on I, from there we get the new formula for the energy:

0= [ [t e = [ s nanalt .
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Now for any 0 < x < 1, because ¢g is non negative,

\@/01 pp(x —y)dy < \/B/Rdw(Z)dzz /R%(Z)dz

2
SRR arctan(z)|>,, = 2w (C.6)

:[ZInl+z2

and we have the upper bound in the fourth point of the proposition. We finally

Therefore cé < 2
prove the converse inequality and notice that for every real number x

27r+f/11+m —f/dww— )dy — /qﬁﬂw— )dy)

= VB[ ostr- >dy</ i+ [ oy
VAW
1
<27(1 A +
M+ T3 =)
where we used that the right hand side is bounded from above by the full integral (which is equal
to 27) and the upper bound ¢;(x) < =2 allows to get the alternative upper bound. From this we

deduce, using (C.5) that
d [0;1]

1
1 1 2 1
limsupﬂi(Zﬂ—\/Bcl)élimsupﬁi&r/ 1A —)du
B ’ B 0( \/BUC) g
1
1 2
< limsupﬁilﬁﬂ/

dl‘ < 327.

0

We next consider the case where the energy functional to minimize contains a non trivial potential
_k
2k with B := BT, we

with a single minimizer. More precisely, for ¢ > 0, k € N* and V(z) = cx
study the functional given for a probability measure i on the real line by

JY (1) = BeJy(h 5 ey 1)

= / ca® dp(z) + Br / / In @2 (2 — y)dp(z)dp(y).

where we recall the definition of ¢g given in (C.1) and hy(z) = ax

Lemma C.2 (Energy problem with one well potential). Let k be an integer number, ¢ a
positive constant and set V(x) = cx®*. Then, there exists Ly, . finite so that for L > Ly, .
inf  J&™ = apemh +0(8, 1) (c.7)
in = qpC2F+1 , .
p(-L.L) " : k

" achieves its minimal value at a unique probability

4k+1 1 ~
where a, = (1+ 5 L )2k+17r1 2k+1. Moreover, J§
is a probability measure. Then ué/

(A =V (z))1dz with A so that v},

measure 1/,8 Set v) (dz) =
as B goes to infinity.

converges weakly towards I/OO
It is not difficult to see that the constant A can be computed:
2k + )
A= A(k) = cwten (ZEE DTt (C.8)
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Proof: We first notice that, as much as J [‘3/ , see Proposition 8.2, J }{ is a good rate function which
is strictly convex and hence achieves its minimal value at a unique probability measure 1/23/ (which

equals h #MB) Our first main task is to estimate its minimum as 8 goes to infinity. We

2k+1)
proceed by a discretization of [—L, L] to fix the values of the potential and use Lemma C.1. To
this end, let m be a large integer number (to be chosen later) and cover [—L; L] by the union of
segments [z;; zi+1] of width m~ with z; = =L + (i + 1) /m, —1 <i < |2Lm].
eLower bound on Jg. We let of(B) = Vg([zi;ziﬂ]) and notice that, because @42 is non-
negative,

3 [2Lm] ~
Jé/(yg) > Z Jé/(yg|[zi§zi+l])
i=—1
[2Lm| ~
‘_X_Zl {ai"(B)c [mf+ . 2+ (" ()2 T3 (B)) " el ziizi)) }
|_2LmJ
) > {al + (" (8)) ey}
i=—1
1 LQLmJ B
= o)) > {a( + (o (B))*m2n(1 —O((E)‘”Q))}
i=—1
—(1- 0<%> - 0((%)*”))%@"(6)) (©9)
where
[2Lm |
Om() = Y {aicz?? + 2rm(a;)?}
1=—1

In the third inequality, we recognized that J9 = ﬁngg and bound these terms from below by their
k

infimum as well as approximate z by z; which gives an error of order 1/m, whereas for the first
equality we assumed that (i /m is large to use the fourth point of Lemma C.1.
eUpper bound on Jg. Let ™ = (a]")i=1,.r be the value which achieves the minimum of

the strictly convex functional ¢, on the convex set A = {«a; € [0,1] : > ; = 1} and u[z“z“’l] the

probability on [z;; z;+1] minimizing jg, namely JIgQ. We define p™ to be the probablhty measure

Z O[ /,L zz,zl+1]

Then, we have :

Jﬁ (Vﬂ) Z{a C[ sup 122k+( ) JB( [Zz,Zerﬂ)}
Zi3%i+1
malt Bk’x—_yP [Z17Z1+1] [Zj;z]'+1]
;a aj Bk//l T — du («)dp (y)

Our goal is to get rid of the last term. Define the function :

’ [Z’L)Z’L+1}
ﬁ/ln1+ﬂk ).
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The function gfg is positive and decreases when y goes away from [z;z;+1]. Moreover, for y €
[2i; zi+1], gg(y) is constant by (C.2) and its value is

95(y) = ap,(B) == BrJ g(u[;s’zl“]) ﬁkcﬁz—2mw(1+0(ﬁk) 12y (C.10)

where we again assumed that [ /m is large. This is sufficient to get a bound on our sum. Indeed,
for j > 1, we get for every n € [0, %],

/gﬁ [ZJ7Z]+1 /gﬁ dlu[zz+1721+2]( )

Zik14 i [Zi+1;2i+2] i
< gg(zi+1)d,u5§ (y) + g5(zit1 +1n)

Zit1
m Bin?
<0G (1) = Buln
Now according to (C.4), ug);/m]([();n]) = M[‘%}}mz([(}%m?ﬂ) = 0((m77)1/2) as long as nf, — oo.

Moreover, (C.10) implies that gg(zl) is of order m. Therefore, we deduce that, since >~ aj" =1,
when 1) goes to infinity,

Saray [ ghdui ™ w) = 062 21+ ()72 4 gt
i#j

1
We finally choose m,n so that n = m™>,m € [[B}], B1/5 ] for some ¢ > 0. With this choice,
together with (C.9), we have proved

1 - 1
Sm(@™(B)) + OB, ) < J§ (vg) < dm(@™) +O(B, ™) (C.11)
eComputation of the infimum. We next compute ¢,,(a") and show that a™(3) — a™ goes
to zero. Since & minimizes ¢y, on {a; € [0,1] : >°, a; = 1}, it satisfies the equations of its critical
points: the indices Sy, := {i : @7 > 0} are equal to {i : A, — c2?¥ > 0} and for i € Sy,
2k L ormal™ = A
where A,, is a constant. Hence, the minimizer of ¢,, is given by

1
@m = %(A — CZQk)+

where A, is the only positive solution to

1
Z — (A —cz) =1
; 2mm
Note that
1 1
2k 2k 2k
- - A- dz| < L2~
|Z27Tm ¢i )+ 2m /[_L,L]( cs™)vda| < m
so that A,, goes to A solution of
1
—/ (A—ca®®) dx=1
27 JI-L,1)
as m goes to infinity. If L > Ly = (A(k))% the solution is independent of L and equals A(k)

defined in (C.8). Hence, A, is uniformly bounded and if L is greater than L, the measure
Loel—r,0)(A — cx®®), dr is independent of L. We assume this is the case hereafter. The limit as
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m goes to infinity of 3 al"d,, is the measure v¥ (dr) = (2m) 1 (A(k) — c2®*) dz. Plugging this
formula in ¢,, we see that

inf ¢y, = Z{2ﬂm — 2R P+ ﬁ(/lm — 2?2y = F(V) +o(m™) (C.12)

with o(m™!) going to zero as m (namely () goes to infinity and
1%
F(V)= /Cl’lelV (dz) +7r/dU°°(x)dy ()= (1+ 1 )ﬁﬁﬂl—ﬁcﬁ_
dx 2k
To show that the same limit applies for ¢,,(a”) and complete the proof of (C.7) we show that
a™(B) — a™ go to zero. Indeed, for any sequence " on the simplex:

Pm(a™) — P (™)
=Y (o) = a") ezt + 2rmay) + > wm(af” — aj*)?
= Z(oz;n —a) Ay + Z oz;-n(cz?k —Ap) + Z?Tm(a;-n — ozlm)2

i§§5m

> Y mm(a]" — af")? = mm[a™ — a™||3

where we used that the first term vanish as )~ af* = )" aj" and that the second is positive by
definition of S,,. Therefore (C.11) implies that

rmla™(8) — a™[3 < O(8; 7).

This allows us to bound the Wasserstein distance Wi (j, ) = supj ¢, 4 <1 | J fd(p—v)| between
the corresponding measures:

Wi(3 A, S al'(8)5:) < VamL|a" (5 B) — a2 < 05 ).

Finally :
Wl(uc‘,/o,ug W,Zamézl )+ Wi ( Za 522,204 Jz, +W1(Za;»”(ﬁ)5zi,l/g)

1

and the first and last term are bounded by O(m™1) = O(8,, * ) Hence, W1 (v, 2 V) =0(8, 2).
g

We finally consider the case when the potential has several minimizers.

Lemma C.3 (Energy problem with a potential). Let V : R — R be a continuous functions
such that limyg o V(7) = +oo and V achieves its minimum value (equal to zero) evactly on the

finite set x1,. .., Ty with V(x) = ci(x — 2;)?* (1 + O(|x — 4])) near z; for each i € {1,...m} for
some positive integers k;. We set k = max k; and for a measure p, we recall that

z—ul2
= [ (G0 + Vi) -t 25 eyt

k _ 1
We define By, = B2++T and v = B 2CFD . Then:
(1) Jg{ is a lower continuous strictly convex function on the set P(R) of probability measures

on the real line. It achieves its minimum value at a unique probability measure ug and
there exists a constant 0 < cy < 0o such that

c‘é:: inf JX =B tev +o(B 1)
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1
The constant cy satisfies the scaling property coyv = a25+1cy for every a > 0. Besides we
have an explicit expression for cy :

cv = (1+ i)%ﬁl—ﬁ( S Rz
ji:kij=k

(2) There exists a constant Ly < oo such that for every > 1, ,u‘ﬁ/ is compactly supported in

S(Lv) = U:il{:z:l + ﬂ(%i)_(i;km[_[/v;[/v]}

Moreover, for every interval Iz of length |1| such that |Ig|*8 — oo then

u (1) = 087517 ) /| Iy

(3) There exists a constant 0 < C' < oo such that for every i:
lim ,ug(xl + fCRICHD [~ Ly Ly]) = 1k¢:kc_lci 2k
B—00

Remark C.4. As a special case of interest we get that if all global minima of V' are quadratic
1

(k = k; = 1) then the minimizer has its support with endpoints at distance of order 75 of the

minima of V and inf J }{ is of order B_%.

Proof: The existence and uniqueness of the minimizer ug of J X follows from Proposition 8.2. We
next estimate c‘ﬁf. We will assume without loss of generality that 0 minimizes V' and that near 0,

V(z) = cx®(1 + o(1)) with ¢ > 0. Recall that ué denotes the minimizer of Jz on P(I). We have
for every v > 0

cf <IY (s ") < ey (14 0(7) + 5 < ey (1+0(7) + chyeg

where we used Lemma C.1(3) and o(y) goes to zero with 7. Recalling that c}wg 5 = 7/vVB by
Lemma C.1(4), and taking v = ~y,, we get

chy <OB Y. (C.13)

Let us now prove that the support of a minimizer of J X is concentrated in a neighborhood of the
minima of V. Let  be a measure such that there exists z in the support of y such that V(z) > 2Lj3, 1
for some constant L to be chosen later. Choose € such that V' > Lﬂk_l on I :=[z—¢,z+¢] and
define . = p(I5) " ulre. We set:

e = p 4t Ay, — pz)
with A, the uniform measure on [—vj,v%]. 1 is a probability measure for ¢t € [0, u(I5)] and po = p.
Besides

Oy (1e)le=0 = /Vd(M — ) + 2/¢>ﬁ(35 —y)dp(x)d(Ay, — p2)(y)

< sup {V(u)}— Lﬁk_l +2  sup /qb/g(u —y)dA, (v)
u€ [k, Vi UE[—Vk Vi

where we again used that ¢g is non-negative. It is easy to see that the supremum in the last
term is achieved at v = 0 and then by similar computations as in (C.6) that this term is at most
of order O(B,!). Since the first term has the same order of magnitude, we conclude that there
exists a finite constant Ly such that if L > Ly the above right hand side is non-positive. Then,
w1 cannot be the minimizer of ‘]23/' Hence, the support of M‘é is included in S(Ly) := U2, S:(Lv)
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—k
with S;(Ly) = {x; + fF»)@+D [—Ly; Ly]}. These intervals are disjoint for 5 large enough. We let
oy = 1% (Si(Ly). Therefore, we get the complementary lower bound to (C.13) by using again that

B~ Hp
¢p and V' are non-negative:
\% 0/,
ch = inf Js(a
5 ZMGP(S 1y T8 ()

2
= (14087 (ah)? T (C.14)
P LV\/Bﬁ_Qki(2k+1)

. —k
Let us define oy, = p% (x; + B@*C+D [—Ly: Ly/]). Then, where we finally used Lemma C.1(4).
B B
We notice that for ¢ such that k; = k

k
VBB TR — g = g,

-~ k
whereas for i such that k; < k, /B3 2%C1 < ;. Since we have seen in (C.13) that c‘ﬁ/ is at
most of order B]; ! we conclude that for i such that k; < k, a% goes to zero with f (it is in fact

bounded by B )4<2’“+1>) and also that 0 < lim inf ﬁkcﬁ lim sup Bkcg < 00, i.e.

This allows us to complete the proof of Lemma C.3 (2) and show that ug can not concentrate too

much on small intervals. Indeed, let Iz be a sequence of intervals of Lebesgue measure |Ig| such
that [I5]?8 — oo, then, since V and ¢ are non-negative

I
el = T3(uf I1,) = pl (15)2cy”
and therefore by Lemma C.1 (4) we get

w(13) < = \Jo(s~ = VBl 1s]) = 0(57™), /15|
\fﬁ\Zﬁ
We next complete the proof of the first point of Lemma C.3, as well as its third and fourth points.

First notice that for p so that ,u(Uf_lS-(LV)) =1

1 —k(2k;41)
’J/‘g/ Z Jm T—1;)> ,U|S (Lv) )} < O(B) + O(m?xﬁ(%i)(zkﬂ)) — O(,B_l/Q)
Indeed neglecting the interaction term gives an error of order ~! and replacing in the i th well
—k(2k;+1)

V by ci(z — x;)%% gives an error of order 3@*)2+1) whose maximal value is obtained for k; = k.
Therefore,

inf JY = inf{} Jgi("”‘“)%i (aips)} + O(B~?)

where in the above sum we take the infimum on « in the simplex A = {a € [0,1]™ : > a; = 1} and

; is a probability measure supported on S;(Ly ). We expect the minimizing measure to be given
—1 ()2

by vy () translated by z;. However, we need to make sure that a; does not go to zero with g

to use Lemma C.2. To do so, for € > 0 small we set T, = {i : o > €}, and Ac = ANjer.. {a; = 0},

() 2Hi i
inf{3" 5 ()} < imf {30 I5T (upn)
i i€T,
and since Jg is non-negative, we also have

mf{z T ™ ()} > inf {30 g5 ")} (C.16)

€T,
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To match the lower bound with the upper bound, we rescale (a;,i € T¢) by setting &; = «; /o with
0 =) et ;. Notice that since 0 <1 and V' is non-negative,

(e V2K (V2R (z—2)2ki ,
T ) = TG 0w > a2 T5 T (@)
But by definition o > 1 — me so we conclude when € < 1/m from (C.16) that

ci(x—w;)2ki . ci(r—x; ~
nf {3 J5C T ()} > (1 - re)” inf {} T (i)} -
i ¢ 4T

)2ki

Then, factorizing the masses «;, and using that «; goes to zero if k; < k so that ¢ is then in T, for
8 large enough, gives for 8 large by Lemma C.2,

(w—)?* _
inf J) = (1+o(e))(inf{) oz?Jﬂl (i) a € A} +0(B7Y2))
1€T
9o 1 1 1
= (1+0(e)B; " inf{ > o T (ape T +0(B, 1)) v € A}
i€Te

1 1
Finally, we see that the above infimum is taken at of = ¢, ** />, ¢; ** and we can take e smaller

than min o yielding the first point of the lemma:

i

int 75 = (14 o818 (a3 /) FE 4 08, ™))
Jikj=k

The expression for ¢y and its scaling property coy = aTIHCV is a trivial consequence from this
formula. Moreover, our proof shows that {a }1<ij<p, is the limit of the mass of the neighborhood of
the minimizers {x; }1<i<, since it is the unique minimizer of the above approximation of the energy.
This proves the third point of the Lemma.

O

Appendix D. Rough control on the operator norm of Gaussian band matrices

Lemma D.1. If XV is a Hermitian matriz with Gaussian independent centered entries with vari-

ance uniformly bounded by K and such that Xg =0 if |i — j| > ulN, then with probability greater
than 1 — %e‘“N

[ XMoo < CKVUN
for some universal constant C.

Proof: We first decompose the matrix X% as a sum of 2ulN x 2uN matrices. Define aY = |kuN |

and by induction (with convention a’; = —oc) define for k > 0,

Nk _ vN
Ay = Xij (Lo cijcad,, = Lal  <iji<al, )+ -

In other words, ANF is the square submatrix of XV centered at aly v, and with size |[2ulN| + 1 to

which we removed its right down square submatrix. Since Agk has non zero coefficients only in a
block of size at most 2uN + 1 we deduce from Vershynin (2018, Corollary 4.4.8) that

P(|AN*|| > CK(V2uN + 1)) < de

Now, by definition, we have
XN = AN 4 pN
with
AN = ANO 4§ AN2 4y AN2(@uTHH2 BN ANL | AN3 L AN21(2w) 3
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Moreover AN is made of disconnected blocks coming from each AN:2%

P(|AN oo > CK(V2uN +1t)) = P(sup || AN%|| > CK(V2uN +1))
k

42
et

= 1-JJ0 -P(|AV* |« > CK(V2uN +1t))) <
k

The same result holds for By and therefore the result follows for X = AN 4 BN Taking t = VulN
allows to conclude.

S

0
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