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Abstract. In this article, we investigate the behavior of multi-matrix models under a potential
Vβ = βU + W when the inverse temperature β becomes very large. We first prove, under mild
hypothesis on the functionals U,W , that as soon as these potentials are “confining” at infinity, the
norm of these random matrices stays uniformly bounded with large probability. As a consequence,
the sequence of their non-commutative distributions is tight when the dimension goes to infinity.
We show that their limit points satisfy the Dyson-Schwinger equations. Next we investigate a few
specific models, most importantly the “strong single variable model” where U is a sum of potentials
in a single matrix and the “strong commutator model” where U = −[X,Y ]2.
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1. Introduction

Matrix integrals and their large-N limit play an important role in both mathematics and physics.
Random matrices were first introduced into statistics by Wishart (1928) to analyze a large array
of noisy data, a viewpoint that is now particularly relevant and useful for principal component
analysis and statistical learning (Ben Arous et al., 2019; El Alaoui et al., 2020). Wigner (1955)
and Dyson (1962) later suggested that the statistics of their eigenvalues model very well those of
the high energy levels in heavy nuclei. Even more surprisingly, Montgomery (1973) showed that
random matrices are closely related to the zeros of the Riemann Zeta function, a conjecture that
nowadays provides great intuition for many mathematical results, see e.g Keating and Snaith (2000);
Arguin et al. (2019). Random matrices are moreover intimately related to integrable systems to
which they furnish key examples. Random matrices have also played a central role in the theory of
operator algebras since Voiculescu (2000, 1991) proved that they are asymptotically free. In physics,
they were introduced into quantum field theory by ’t Hooft (1974), then used in two-dimensional
quantum gravity and string theory (Brézin et al., 1978; David, 1985; Kazakov et al., 1985), and
related with algebraic geometry (Eynard, 2016; Borot et al., 2015a; Eynard and Orantin, 2007). In
free probability, statistical learning and physics, a key question is to estimate, in the large-N -limit,
the matrix integral of the form

Iℓ
N (V ) =

∫
exp

{
−NTrV (XN

1 , X
N
2 , . . . , X

N
ℓ )

}
dXN

1 · · · dXN
ℓ

where V is a polynomial, the integration holds over Hermitian N ×N matrices, and dXN
i denotes

the Lebesgue measure on this space. It turns out that this can be done only in a few cases so far.
The case where the integral holds only over one matrix has been thoroughly studied. Indeed, in
this case, one can diagonalize the matrix and find that

I1
N (V ) = CN

∫ ∏
1≤i<j≤N

|λi − λj |2e−N
∑

V (λi)
∏

1≤i≤N

dλi ,

where CN is a universal constant. F 1
N (V ) = N−2 ln I1

N (V ) can be shown to converge as N goes to
infinity. Its limit was computed by using a saddle point method or large deviations techniques, see
Ben Arous and Guionnet (1997, Corollary 5.1) (or Anderson et al., 2010, p. 80) as soon as V is
continuous and goes to infinity fast enough, yielding

F 1(V ) := lim
N→∞

1
N2 ln

∫ ∏
1≤i<j≤N

|λi − λj |2e−N
∑

V (λi)
∏

1≤i≤N

dλi = − inf EV (1.1)

where EV is given, for every probability measure µ on the real line, by

EV (µ) :=
∫ ∫ (1

2(V (x) + V (y)) − ln |x− y|
)
dµ(x)dµ(y) , (1.2)

and where the infimum is taken over probability measures µ on the real line. Large-N corrections
to this limit can as well be computed, at least in some nice regimes (Johansson, 1998; Boutet de
Monvel et al., 1995; Borot et al., 2015b; Borot and Guionnet, 2013; Chekhov et al., 2011). When
more than one matrix is involved, even the very existence of the limit of the renormalized free
energy F ℓ

N (V ) = N−2 ln Iℓ
N (V ) is unknown. The existence of such a limit in great generality would

already be of importance for free entropy theory (Voiculescu, 2002) since it would show that one
can replace limsup by liminf in the definition of the micro-states free entropy, which would entail
important properties such as summability under freeness. One class of multi-matrix integrals is still
amenable to asymptotic analysis: those where matrices interact via a quadratic interaction such
that the interaction can be expressed in terms of the Harich-Chandra-Itzykson-Zuber integral or
more generally spherical integrals (Guionnet and Zeitouni, 2002; Guionnet and Huang, 2023; Eynard
and Mehta, 1998; Mehta, 1981; Guionnet et al., 2012; Brézin and Hikami, 1998). Apart from these
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special cases, the case where the potential V is a small modification of a quadratic potential,
which is also called a “high temperature” regime, is well understood. Indeed, it has been foreseen
that matrix integrals expand as generating functions for enumerating maps (’t Hooft, 1974; Brézin
et al., 1978) at a formal level. In Ercolani and McLaughlin (2003); Guionnet and Maurel-Segala
(2006, 2007), it was shown that this expansion holds asymptotically under general hypotheses, so
that the free energy limit can be expressed as a generating function for the enumeration of planar
maps. The central tool to derive these asymptotic estimates is based on the fact that the matrices
remain bounded and that the limit points of their moments satisfy the so-called Dyson-Schwinger
equations. It can then be shown that these equations asymptotically have a unique solution when
the potential is a small perturbation of the quadratic potential, a solution that expands analytically
in the small parameters of the potential. Such a uniqueness fails in the general case, even in the
case of a single matrix (Borot and Guionnet, 2024; Borot et al., 2015b). In the latter case, it can be
seen that for general potentials the limiting distribution of the spectrum has a disconnected support
and that the Dyson-Schwinger equations have a unique solution only if the mass of each connected
component is fixed. The limiting distribution is the unique minimizer in (1.1) (see e.g.Anderson
et al., 2010, Corollary 2.6.3), but the Dyson-Schwinger equations describe critical points, which in
fact may be much more numerous. Therefore, except for these few cases, the asymptotic analysis
of most models is still a wide open problem and even efficient numerical methods have to be found
(Kazakov and Zheng, 2022). In this article, we start the study of multi-matrix models in the “low
temperature” regime where the potential dominates the measure. We will indeed consider the case
where we can decompose V into

Vβ = βU +W

with two polynomials U,W and β very large. Hereafter we will assume without loss of generality
that β is non-negative. The driving idea is that the situation where β is infinite should somehow
be easier to analyze (as the measure should concentrate near the matrices which minimize TrU).
Then, one might expect that the situation where β is large can be analyzed, as a perturbation of
the latter.

We will first give sufficient conditions for U and W such that the integral Iℓ
N (Vβ) is finite and

mostly supported on bounded matrices. We will also show that this integral is concentrated on
matrices satisfying the so-called Dyson-Schwinger equations. However, these equations generally
have multiple solutions in the low temperature situation, even in the one-matrix case. We then
characterize special cases. When U is strictly convex, we show that the analysis can be reduced to
the high temperature situation studied in Guionnet and Maurel-Segala (2006). When U is the sum
of polynomials in one matrix, we can also estimate Iℓ

N (Vβ) for sufficiently large β. The crux of our
study will be to consider the case where −U is the square of the commutator in two matrices X1
and X2 and W decomposes as the sum of two polynomials in X1 and X2 respectively. This type
of models is also considered in Kazakov and Zheng (2022); Kazakov et al. (1999): It can be solved
when W is quadratic but not in general. In the limit N and then β goes to infinity, our matrix
model concentrates on operators x and y which commute. However, there are many ways to achieve
this: for example these operators could have the same basis of eigenvectors or one of them could be
the multiple of the identity. Our results show that the optimal scenario also depends on W and give
the asymptotics of the free energyF 2

N (Vβ) for N and then β going to infinity. Our paper considers
the Hermitian case but could easily be extended to symmetric matrices (see e.g. Maurel-Segala,
2006 and Collins et al., 2009 for other generalizations of the loop equations techniques to orthogonal
and symmetric matrices).
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2. Main results

We let C⟨X1, . . . , Xℓ⟩ be the space of non-commutative polynomials in ℓ indeterminates X =
(X1, . . . , Xℓ) with complex coefficients. We will in general consider V to be a polynomial but
for some applications we will need that the potentials belong to a more general class of smooth
functions given by:

C⟨X1, . . . , Xℓ⟩c =
{
P (X1, . . . , Xℓ) =

k∑
i=1

ziXji
1

· · ·Xji
di

+
ℓ∑

j=1
ϑj(Xj)

}
where zj are complex numbers, k, di are non-negative integer numbers and (j, ji

m,m ≤ di, i ≤ k)
are integer numbers in {1, . . . , ℓ}. ϑj are smooth (at least C1) real-valued functions from R to R.
C⟨X1, . . . , Xℓ⟩c

sa denotes the subset of self-adjoint elements of C⟨X1, . . . , Xℓ⟩c, namely functions
V ∈ C⟨X1, . . . , Xℓ⟩c such that V = V ∗, where ∗ is the involution such that for any integer number
d, any j1, . . . , jd ∈ {1, . . . , ℓ}d, any complex number z and any smooth function ϑ : R 7→ R, we have(

zXj1 · · ·Xjd

)∗ = z̄Xjd
Xjd−1 · · ·Xj1 , ϑ(Xj)∗ = ϑ(Xj) .

C⟨X1, . . . , Xℓ⟩c is equipped with a unit denoted by 1. A polynomial P is cyclically invariant iff it
is the sum of terms of the form

z
∑

ℓ

Xiℓ
· · ·Xik

Xi1 · · ·Xiℓ−1

for some complex number z and (i1, . . . , ik) ∈ {1, . . . , ℓ}k, k ∈ N.
Let V be an element of C⟨X1, . . . , Xℓ⟩c

sa and β be a non-negative real number. We study the
matrix model given by the ℓ-tuple XN = (XN

1 , . . . , X
N
ℓ ) of N ×N Hermitian matrices with law

dQN
V (XN ) = 1

ZN
V

exp
{

−N TrV (XN )
}
dXN (2.1)

when the dimension N goes to infinity. dXN
i is the Lebesgue measure on the set HN (C) of N ×N

Hermitian matrices and we denote in short dXN = dXN
1 · · · dXN

ℓ . Moreover, ZN
V is the partition

function given by

ZN
V =

∫
exp

{
−N TrV (XN )

}
dXN (2.2)

Our assumptions will ensure it is finite. We may and will assume that V is cyclically invariant,
since the trace is left invariant by cyclic permutation, namely we may replace any monomial q(X) =
Xi1 · · ·Xik

in V by

c(q)(X) := 1
k

k∑
p=1

Xip . . . Xik
Xi1 . . . Xip−1 .

Our first result gives sufficient conditions on the potential V to insure that matrices distributed
according to QN

V stay bounded with large probability. Let us denote Di the cyclic derivative with
respect to the ith variable: Di is linear on the space of non commutative polynomials and so that
for every integer number k, every {i1, . . . , ik} ∈ {1, . . . , ℓ},

Di(Xi1 · · ·Xik
) =

∑
p:ip=i

Xip+1 · · ·Xik
Xi1 · · ·Xip−1 .

Note that DiX
k
i = kXk−1

i . We extend Di to differentiable functions in one variable by setting
Diϑ(Xj) = 1i=jϑ

′(Xj). We denote in short

Xi.DiV := 1
2

(
XiDiV + DiV Xi

)
.
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∥A∥∞ stands for the operator norm of a matrix A:

∥A∥∞ = sup
∥u∥2=1

⟨Au,Au⟩1/2 .

We can finally define the notion of trapping potentials that will ensure that matrices stay bounded
under QN

V . It basically consists in assuming that the potential is big when the matrices have a large
norm in a specific way that will allow for the analysis. It depends on two parameters η,A and a
partition I that will depend on the potential.

Definition 2.1. Let η be a non-negative real number, A be a finite real number and I = (I1, . . . , Id)
be a partition of {1, . . . , ℓ}. Let us denote, for 1 ⩽ j ⩽ d, ZN

j :=
∑

i∈Ij
(XN

i )2.
We say that a potential V ∈ C⟨X1, . . . , Xℓ⟩c

sa is (η,A, I)-trapping if for every k,N ∈ N∗, for
every XN = (XN

1 , . . . , X
N
ℓ ) ∈ HN (C)ℓ,

Tr
( d∑

j=1
(ZN

j )k
∑
i∈Ij

XN
i .DiV (XN )

)
⩾ Tr

(
η

d∑
j=1

(ZN
j )k+1 −A(1 +

d∑
j=1

(ZN
j )k)

)
.

Our main interest in this definition is the following theorem, which shows that when the potential
V is (η,A, I)-trapping, the spectrum of the ℓ-tuple of matrices XN stays bounded with large
probability. This theorem, central in this paper, is proven in Section 4. It states as follows.

Theorem 2.2. Assume that there exists a partition I = (I1, . . . , Id) of {1, . . . , ℓ}, a positive real
number η and a finite real number A such that V in C⟨X1, . . . , Xℓ⟩c

sa is (η,A, I)-trapping. Then,
for every κ ∈ (0, 1), under QN

V , almost surely

lim sup
N→∞

max
1≤i≤ℓ

∥XN
i ∥∞ ≤ Lκ(A, d, η),

with Lκ(A, d, η) :=
(
32 max

(
(1 + 2|A|d+ 2d2)η−1, 1

)) 1
2 + 1

κ . Moreover,

lim sup
N→∞

Nκ−1 lnQN
V

(
max
1≤i≤ℓ

∥XN
i ∥∞ ≥ Lκ(A, d, η)

)
≤ −1. (2.3)

To prove this theorem, we shall rely on new techniques based on change of variables developed
in Appendix A and which allow to bound from above the probability of rare events by designing
suitable change of variables.

Remark 2.3. If X = CY +aI with C a bounded ℓ× ℓ symmetric matrix, it is enough to prove that
the potential V is trapping for the variables Y because we then get the conclusion of Theorem 2.2
(up to changing Lκ(A, d, η)) for the variables X as well since

max
1≤i≤ℓ

∥Xi∥∞ ≤
√
ℓ∥C∥∞ max

1≤i≤ℓ
∥Yi∥∞ + |a|

In this article, we will study the empirical non-commutative distribution µ̂N of the matrices
XN under QN

V . For an ℓ-tuple YN = (Y N
1 , . . . , Y N

ℓ ) of self-adjoint N × N matrices, we denote
by µ̂N

Y the empirical distribution defined as the linear form on C⟨X1, . . . , Xℓ⟩c such that for every
P ∈ C⟨X1, . . . , Xℓ⟩c,

µ̂N
Y(P ) := 1

N
Tr

(
P (Y N

1 , . . . , Y N
ℓ )

)
.

We can recover µ̂N
Yj

= N−1 ∑N
i=1 δλi(Yj), the empirical measure of the eigenvalues (λi(Yj))1≤i≤N ,

of the N × N matrix Y N
j from µ̂N

Y by restricting ourselves to polynomials in the variable Yj . µ̂N
Yj

belongs to the set P(R) of probability measures on R.
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We denote in short µ̂N = µ̂N
XN with XN the random matrices with law QN

V . We see µ̂N as a non-
commutative law (Anderson et al., 2010, Section 5.2), namely as a linear form τ on C⟨X1, . . . , Xℓ⟩c

such that for every P,Q ∈ C⟨X1, . . . , Xℓ⟩c,
τ(PP ∗) ≥ 0, τ(1) = 1, τ(PQ) = τ(QP ) .

We equip the space of non-commutative laws with its weak topology. A direct consequence of
Theorem 2.2 is that the empirical distribution µ̂N is tight (Anderson et al., 2010, Lemma 5.4.6).

Corollary 2.4. Under the hypotheses of Theorem 2.2, the empirical distribution µ̂N is sequentially
tight. Moreover, any limit point τV of µ̂N is a non-commutative distribution with bounded support
in the sense that for every integer number k, every i ∈ {1, . . . , ℓ},

τV (X2k
i ) ≤ Lκ(A, d, η)2k , (2.4)

where Lκ(A, d, η) is defined in Theorem 2.2.

When ℓ = 1, τV is simply a probability measure and (2.4) shows that it is supported in
[−Lκ(A, d, η), Lκ(A, d, η)]. For ℓ ≥ 2, the non-commutative distributions can be constructed as
a state on the space of bounded operators on a Hilbert space (Anderson et al., 2010, Theorem
5.2.24). Then, (2.4) shows that the operator norm of these operators is bounded by Lκ(A, d, η).
We hereafter investigate examples of potentials which are (η,A, I)-trapping. Note that they may
be replaced by cyclically equivalent potentials without loss of generality.

Theorem 2.5. (1) If U is (η,A, I)-trapping and W is (η′, A′, I)- trapping and β ⩾ 0,
βU +W is (βη + η′, βA+A′, I)-trapping.

(2) If V is (η,A, {{1}, . . . , {ℓ}})-trapping, then for any non negative real numbers (αij)1≤i<j≤ℓ,
the potential

V (X) −
∑

1⩽i<j⩽ℓ

αij [Xi, Xj ]2

is also (η,A, {{1}, . . . , {ℓ}})-trapping. Here, [Xi, Xj ] = XiXj − XjXi denotes the commu-
tator.

(3) We say that a potential V in C⟨X1, . . . , Xℓ⟩ is confining if there is a partition (I1, . . . , Id)
of {1, . . . , ℓ} so that we can write V as

V (X) =
ℓ∑

i=1
Pi(Xi) +

r∑
v=1

Rv
( ∑

i∈Imv

αviXi
)

+
p∑

u=1
γuqu(X)

where, if we denote by R+
D⟨X⟩ the set of polynomials with real coefficients whose term of

highest degree has degree D with a positive coefficient

R+
D⟨X⟩ =

{ D∑
i=1

γix
i, γi ∈ R, 1 ≤ i ≤ D − 1, γD > 0

}
,

• For every i ∈ {1, . . . , ℓ}, Pi ∈ R+
2Di

⟨X⟩ for some integer number Di ≥ 1,
• r is an integer number and, for every v ∈ {1, . . . , r}, Rv ∈ R+

2dv
⟨X⟩ for some integer

number dv ≥ 1, (αvi)v≤r,i≤d are real coefficients,
• p is an integer number, and for every u ≤ p, qu(X) = Xiu

1
· · ·Xiu

κu
is a monomial of

degree κu smaller or equal to 2 mini∈Im Di − 1 for every m such that there exists i in
Im so that Xi appears in qu: if S(qu) = {j : Ij ∩ {iu1 , . . . , iuκu

} ̸= ∅} ⊂ {1, . . . , d},
κu ≤ min

m∈S(qu)
(2 min

i∈Im

Di − 1) ,

• γu are complex numbers such that V (X) is self-adjoint.
If V is confining, it is (η,A, I)-trapping for some η,A with η > 0.
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This theorem is proven in Section 3.

Remark 2.6. Theorem 2.5.3) gives a quite general and technical condition in order to be confining
and therefore trapping. Let us show it encompasses many natural examples.

(1) If V (X) =
∑ℓ

i=1 Pi(Xi) +
∑p

u=1 γuqu(X) with the same hypothesis on the Pi and the qv

than in Theorem 2.5 then V is confining with the trivial partition I = {{1}, . . . , {ℓ}}.
For example V (X,Y ) = cXX

2DX + cY Y
2DY + VX(X) + VY (Y ) + W (X,Y ) is confining

if cX , cY > 0 and VX is of degree at most 2DX − 1, VY is of degree at most 2DY − 1 and
W is of degree at most 2 min(DX , DY ) − 1. Another example of confining polynomial is for
instance

P (X1, X2, X3) = X4
1 +X4

2 +X1X
2
2 +X2

3 .

(2) Any polynomial which is a sum of terms of type
∑
Pi(

∑
j vijXj) with Pi a polynomial going

to +∞ at ±∞ and v of rank ℓ can be rewritten as a confining polynomial with partition
with one block {1, . . . , ℓ} after a linear change of variables. This implies that polynomials
of the form

V (X) =
∑

i

Pi(
∑

j

vijXj) +
∑
ij

uijXiXj +
p∑

u=1
duqu(X)

can be rewritten as a confining polynomial with partition {1, . . . , ℓ} after a linear change of
variables if u is a symmetric positive matrix, the Pi’s are going to +∞ at ±∞ and the qu

are of degree at most min degPi − 1.
(3) We would have liked trace convex polynomials to be confining, where V is trace convex

iff X → TrV (X) is convex on the space of ℓ-tuples of N × N Hermitian matrices for any
dimension N . Unfortunately, this is not the case as X2 +Y 2 +X2Y 2 is trace convex but not
confining (and not trapping). Note however that such polynomials are known to satisfy
the conclusions of Theorem 2.2 thanks to Brascamp-Lieb inequalities, see Guionnet (2009,
Section 6.5)

Our next result shows that, if V is trapping, any limit point of µ̂N satisfies the so-called Dyson-
Schwinger equations. To describe the later we first define the non-commutative derivative ∂i with
respect to the ith variable so that for every choices of monomials q(X) = Xi1 . . . Xik

with ij ∈
{1, . . . , ℓ} we have

∂iXi1 . . . Xik
=

∑
j:ij=i

Xi1 . . . Xij−1 ⊗Xij+1 · · ·Xik
.

This definition extends to smooth functions ϑ of one variable by identifying X ⊗X with variables
in two indeterminates and setting

∂ϑ(x, y) = ϑ(x) − ϑ(y)
x− y

.

We next define the Dyson-Schwinger equations.

Definition 2.7 (Dyson-Schwinger equations). A non-commutative law τ satisfies the Dyson-
Schwinger equations with potential V iff for every P ∈ C⟨X1, . . . , Xℓ⟩c, any i ∈ {1, . . . , ℓ},

τV

(
DiV P

)
= τV ⊗ τV

(
∂iP

)
. (2.5)

It turns out that such equations are satisfied by limit points of the non-commutative laws of ran-
dom matrices. In fact, such type of equations may be seen to arise in the context of random matrices
by integration by parts or infinitesimal change of variables. We prove the following Theorem in
Section 5.
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Theorem 2.8. Under the assumptions of Theorem 2.2, any limit point τV of µ̂N under QN
V satisfies

the Dyson-Schwinger equations with potential V . Moreover, if Vβ = βU+W with U and W (η,A, I)
trapping for some η > 0 and A finite, then there exists a finite B (depending only on A and η) such
that for β > 0 large enough, every i ∈ {1, . . . , ℓ}, and every integer number k,

τVβ

(
|DiU |2k

)
≤

(
B

β

)k

. (2.6)

The last result (2.6) shows, as could be expected, that under reasonable assumptions the limit
points τVβ

concentrate on the critical points of the potential U when β goes to infinity. The proof
of this theorem will follow from Proposition 5.2.

The Dyson-Schwinger equations are not sufficient to characterize the limit in general since they
may have several solutions and therefore Theorem 2.8 does not entail the convergence of the non-
commutative empirical distribution in general. To study more precisely such convergences, we
restrict ourselves to special cases where the potential is given by Vβ = βU + W for some fixed
polynomials U and V and β large. In Section 6, we study the case where U is strictly convex.
We then show that the matrices following QN

Vβ
converge to multiples of the identity when N and

then β go to infinity. Moreover, for β large but finite, we show that the empirical distribution
µ̂N converges almost surely and its moments can be expanded in powers of β−1/2. In Section 7,
we consider the case where U(X) =

∑
U i(Xi) is the sum of polynomials of one variable that can

achieve their minimal value at several points and W is small when the spectrum of the Xi are close
to these minimizers. We then show that the spectrum of the matrices XN

i under QN
V converges

as N goes to infinity and then β goes to infinity and characterize the limit. The spectrum of the
matrices submitted to the strong potentials concentrates around the minimizers of these potentials
and their masses depend on the flatness of the potential. More precisely, we make the following
assumption:
Assumption 2.9.

Vβ(X) = β

(
U1(X1) + · · · + Up(Xp)

)
+W (X)

where p ≤ ℓ, U i and W are self-adjoint polynomials such that:
(1) There exists β0 > 0, η > 0, A < ∞ and a partition I so that for every β ≥ β0, Vβ is

(η,A, I)-trapping.
(2) For i ∈ {1, . . . , p}, U i achieves its minimal value at real numbers xi

1, . . . , x
i
mi

with U i(x) =
(1+o(|x−xi

j |))ci
j(x−xi

j)2ki
j when x belongs to a small neighborhood of xi

j, for some positive
constant ci

j and integer numbers ki
j.

(3) W (X) =
∑ℓ

i=p+1 V
i(Xi) + Z(X) where Z can be decomposed, up to cyclic invariance as∑p

i=1 Zi(Xi,Xic) with some polynomials Zi(Xi,Xic) in Xi and Xic = (Xj)j ̸=i,1≤j≤ℓ whose
trace vanishes at any ℓ-tuple (Xi,Xic) of operators such that the eigenvalues of Xi belong
to the set {xi

j , 1 ≤ j ≤ mi}.

Note that U i is a polynomial function so that the condition U i(x) = (1+o(|x−xi
j |))ci

j(x−xi
j)2ki

j

is equivalent to assuming that xi
j is a zero of multiplicity 2ki

j of U i. In this setting, our main results
summarize as follows.
Theorem 2.10.

(1) Under Assumption 2.9(1) and (2), there exists finite constants β0, R,C such that for β ≥ β0,
for every i ∈ {1, . . . , ℓ}, for every j ∈ {1, . . .mi}, we have QN

Vβ
almost surely:

lim sup
N→∞

∣∣∣∣∣µ̂N
XN

i

(
[xi

j −Rmax
j

( β

ln β )
− 1

2ki
j , xi

j +Rmax
j

( β

ln β )
− 1

2ki
j ]

)
−

ki
j∑

j k
i
j

∣∣∣∣ ≤ C√
ln β

. (2.7)
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(2) Under Assumption 2.9 with ki
j = 1 for every j ≤ mi, i ≤ ℓ, for β large enough, the empirical

distribution µ̂N of XN converges QN
Vβ

- almost surely towards a non-commutative distribution
τVβ

. Moreover, the moments under τVβ
expand as a converging series in β− 1

2 . τVβ
converges

weakly as β goes to infinity towards τ∞, the law of ℓ free variables, the pth first having law
1

mi

∑mi
j=1 δxi

j
and the ℓ−p last ones following the minimizer µV i of the energy EVi introduced

in (1.2).

The second part of our theorem could extend to more general integer numbers ki
j but we chose

to take ki
j = 1 for simplicity. Freeness was introduced by Voiculescu (2000, 1991). We refer to

Anderson et al. (2010, Definition 5.3.1) for a definition of freeness, as well as Anderson et al.
(2010, Chapter 5) for an introduction to free probability and its relation with random matrices.
In particular, in Anderson et al. (2010, Theorem 5.4.10 and Corollary 5.4.11), the fact that UDU∗

and D′ converge to the distribution of free variables if U is Haar unitary, independent of D,D′, is
discussed.

Theorem 2.10 is also based on our new techniques based on change of variables, developed in
Appendix B.

Finally we consider in Section 8 the case where U is the square of the commutator and more
precisely

Vβ(X) = −β(X1X2 −X2X1)2 + V1(X1) + V2(X2) . (2.8)
Such a matrix-model can be considered as a toy model for Yang Mills theory (Kazakov and Zheng,
2022). Kazakov and Zheng (2022) say that this model is “unsolvable”. Our main result is that the
non-commutative distribution of XN

1 , X
N
2 under QN

Vβ
converges when N goes to infinity and then

β goes to infinity towards the distribution of two commutative variables whose spectrum lies at the
minimizers of V1 and V2. A key point of our result is that the masses at each of these minimizers are
nontrivial and again depends on the flatness of the potentials in a neighborhood of the minimizers.
Moreover, XN

1 and XN
2 asymptotically commute but also their eigenspaces become independent.

More precisely, we prove the following statement.

Theorem 2.11. For i ∈ {1, 2}, let Vi be a polynomial in R+
2Di

⟨X⟩ for some Di ≥ 1. Assume that
infR Vi = 0. Let xi

1 < xi
2 < · · · < xi

mi
be the real zeroes of Vi for i = 1, 2 and assume that there

exists ci
1, . . . , c

i
mi

∈ R+∗ such that, for every j ∈ {1, . . . ,mi},

Vi(x) = (1 + o(|x− xi
j |))ci

j(x− xi
j)2 .

Let Vβ be given by (2.8) and XN
1 , X

N
2 following QN

Vβ
. Then, for every ϵ > 0 small enough, almost

surely, for every j ∈ {1, . . . ,mi} and i ∈ {1, 2}, we have

lim
β→∞

lim sup
N→∞

µ̂N
Xi

(
[xi

j − ϵ, xi
j + ϵ]

)
=

(ci
j)− 1

2∑
ℓ(ci

ℓ)
− 1

2
=: αi

j .

Moreover, for any monomial q(X1, X2) = X
ℓ1

1
1 X

ℓ2
1

2 X
ℓ1

2
1 X

ℓ2
2

2 · · ·Xℓ1
p

1 X
ℓ2

p

2 , we have

lim
β→∞

lim sup
N→∞

∫ 1
N

Tr
(
q(XN

1 , X
N
2 )

)
dQN

Vβ
(XN

1 , X
N
2 ) = ν1(x

∑
ℓ1

i )ν2(x
∑

ℓ2
i )

with νi =
∑

j α
i
jδxi

j
for i = 1, 2. The same results hold if the above limsup are replaced by liminf.

This theorem is proven in Section 8 based on fine analysis of related energy functionals in
Appendix C which may be of independent interest.

Throughout this article, O(a) means a function so that there exists a finite positive constant c
so that |O(a)| ≤ c|a|. o(a) is a function going to zero as a goes to zero. an ≍ bn means the limsup
and the liminf of anb

−1
n are finite as n goes to infinity.



810 Alice Guionnet and Édouard Maurel-Segala

3. The Trapping property

In this section we investigate the trapping property and prove Theorem 2.5. The first point is
clear. For the second point, we first show that V (X1, X2) := −[X1, X2]2 = −(X1X2 − X2X1)2

satisfies the (0, 0, {{1}, . . . , {ℓ}})-trapping condition. To see this, first notice that

D1(−[X1, X2]2) = −4X2X1X2 + 2X2
2X1 + 2X1X

2
2

and a similar formula holds for the cyclic derivative with respect to the second variable. Therefore,
V satisfies the (0, 0, {{1}, . . . , {ℓ}})-trapping condition iff for every integer number k:

Tr(X2k+1
1 D1V +Xk+1

2 D2V ) = 4 Tr
(
X2k+2

1 X2
2 +X2k+2

2 X2
1 −X2k+1

1 X2X1X2 −X2k+1
2 X1X2X1

)
≥ 0.

This is a direct consequence of the following Lemma:

Lemma 3.1. If X, Y are two N ×N Hermitian matrices and u and v are integers, then, if either
u+ v is even or X is positive,

Tr(Xu+vY 2) ⩾ Tr(XuY XvY ).

Proof : To prove this, we may assume that X is a diagonal matrix. If the xa’s are the eigenvalues
of X then,

Tr(Xu+vY 2) − Tr(XuY XvY ) =
∑

1⩽a,b⩽N

|Yab|2xu+v
a −

∑
1⩽a,b⩽N

|Yab|2xu
ax

v
b

= 1
2

∑
1⩽a,b⩽N

|Yab|2(xu
a − xu

b )(xv
a − xv

b )

which is non-negative if the xa’s are positive or if u and v have the same parity. □

Now if V is (η,A, {{1}, . . . , {ℓ}})-trapping then by the first point of the Theorem, for any α > 0,
V (X) − α[X1, X2]2 is also (η,A, {{1}, . . . , {ℓ}})-trapping. The generalization to any number of
square commutators is immediate. We finally prove the third point of the Theorem. Let us
consider a confining potential V of the form :

V (X) =
ℓ∑

i=1
Pi(Xi) +

r∑
v=1

Rv
( ∑

i∈Imv

αviXi
)

+
p∑

u=1
γuqu(X)

where Pi, Rv, qu satisfy the hypotheses of Theorem 2.5(3).
We can assume that Pi(x) = ζix

2Di up to changing the sum over the monomials qu in the last
term of V . We may also assume up to rescaling that the polynomials Pi are monic, namely ζi = 1.
In this case we have for every integer number k and for i ∈ Ij

Tr
(

(ZN
j )k

∑
m∈Ij

XN
m .DmPi(XN

i )
)

= 2Di Tr
(

(ZN
j )k(XN

i )2Di

)
.

We shall often use the following trivial bound: for d ∈ [d, d] and any real number x

x2d ≤ x2d + x2d . (3.1)
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Using this bound with the parameters d = D̄j = mini∈Ij Di in [0, Di] for every i ∈ Ij , we have since
(ZN

j )1≤j≤d are non-negative matrices:
d∑

j=1
Tr

(
(ZN

j )k
∑
k∈Ij

XN
k .Dk

ℓ∑
i=1

(XN
i )2Di

)
=

d∑
j=1

Tr
(

(ZN
j )k

∑
k∈Ij

2Dk(XN
k )2Dk

)

≥ 2
d∑

j=1
D̄j Tr

(
(ZN

j )k
∑
i∈Ij

(XN
i )2D̄j

)
− 2

d∑
j=1

D̄j |Ij | Tr(ZN
j )k (3.2)

We shall now use the following Lemma:

Lemma 3.2. For every D ∈ N, ℓ ∈ N∗, for every Hermitian matrices, XN
1 , . . . , X

N
ℓ , if ZN =

(XN
1 )2 + · · · + (XN

ℓ )2,

Tr
(

(ZN )k+D
)
⩽ ℓD Tr

(
(ZN )k

ℓ∑
i=1

(XN
i )2D

)
.

Proof : A difficulty to prove this result is that in general (X + Y )2D is not smaller than 4D(X2D +
Y 2D) as in the commutative case. We first prove the case k = 0 by using the non-commutative
Hölder’s inequality: for any choice of i1, . . . , i2D ∈ {1, . . . , ℓ}2D,

Tr(XN
i1 . . . X

N
i2D

) ⩽ max
i

Tr
(

(XN
i )2D

)
.

Therefore after expanding the product we get :
Tr(ZN )D ⩽ ℓD max

i
Tr(XN

i )2D

which implies the desired inequality for k = 0. We apply the case k = 0 to the new matrices

X̃N
i =

(
(ZN )

k
2D (XN

i )2(ZN )
k

2D

) 1
2

Z̃N = (ZN )
k

2D
(
(XN

1 )2 + · · · + (XN
ℓ )2)

(ZN )
k

2D = (ZN )
k+D

D

Therefore,

Tr
(
(ZN )k+D)

= Tr
(
(Z̃N )D)

⩽ ℓD
ℓ∑

i=1
Tr

(
(ZN )

k
2D (XN

i )2(ZN )
k

2D
)D
.

Finally we use the Araki-Lieb-Thirring inequality (Kosaki, 1992), showing that Tr(ArBrAr)q ≤
Tr(ABA)rq for A,B ≥ 0, r ∈ [0, 1] and q ≥ 0, to with A = (ZN )

k
2 , B = (XN

i )2D, r = 1
D , q = D to

deduce

Tr
(
(ZN )k+D)

⩽ ℓD
ℓ∑

i=1
Tr

(
(ZN )

k
2 (XN

i )2D(ZN )
k
2
)

= ℓD Tr
(
(ZN )k

ℓ∑
i=1

(XN
i )2D)

.

□

Thanks to Lemma 3.2 , we find that for every j ∈ {1, . . . , d},

ℓD̄j Tr
(
(ZN

j )k
∑
i∈Ij

(XN
i )2D̄j

)
⩾ Tr

(
(ZN

j )k+D̄j
)
. (3.3)

Thus, we deduce from (3.2) that
d∑

j=1
Tr

(
(ZN

j )k
∑
k∈Ij

XN
k .Dk

ℓ∑
i=1

Pi(XN
i )

)
≥

d∑
j=1

2D̄j
( 1
ℓD̄j

(Tr((ZN
j )k+D̄j ) − |Ij | Tr(ZN

j )k)
. (3.4)
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Let us now consider the contribution of the second term in V . Observe that since Im ∩ Imv = ∅ if
m ̸= mv, we have ∑

i∈Im

Xi.DiRv
( ∑

i∈Imv

αviXi
)

= 1m=mvR̃v
( ∑

i∈Imv

αviXi
)

where R̃v(X) = XR′
v(X) belongs to R+

2dv
⟨X⟩ if Rv ∈ R+

2dv
⟨X⟩. Therefore it is bounded from below

by some constant −cv. Hence, for j ∈ {1, . . . ,m}, we have (since (ZN
m )k is non-negative)

d∑
m=1

Tr
(
(ZN

m )k
∑

i∈Im

XN
i .DiRv(

∑
k∈Imv

αjkX
N
k )

)
⩾ −cv Tr(ZN

mv
)k,

i.e. Rv
( ∑

i∈Imv
αviXi

)
satisfies the (0, cv, I)-trapping condition. We may therefore neglect this part

by the first point of the theorem, up to changing the constant A, so we hereafter assume Rv ≡ 0.
We finally study the last part of the polynomial V . We consider a monomial qu in the decom-

position of V and denote it by q for simplicity. We denote by S(q) the smallest subset of i ∈ [1, ℓ]
so that q only depends on Xi, i ∈ S(q). Let s(q) be the set of j such that Ij ∩ S(q) ̸= ∅ and define
Dq = minj∈s(q) mini∈Ij Di. We clearly have:

Tr
( d∑

j=1
(ZN

j )k
∑
i∈Ij

XN
i .Diq(XN )

)
=

∑
j∈s(q)

Tr
(

(ZN
j )k

∑
i∈Ij

XN
i .Diq(XN )

)
.

Any monomial Xi1 · · ·Xit coming in the linear decomposition of Diq has degree t bounded above by
2Dq −1 by assumption. By Hölder’s non commutative inequality with parameters (p0, p1, . . . , pt) =
(1 + t

2k , 2k + t, . . . , 2k + t),∣∣∣∣ Tr
(

((ZN
j )1/2)2kXN

i1 . . . X
N
it

)∣∣∣∣ ⩽ (
Tr(ZN

j )k+ t
2
) 2k

2k+t

t∏
m=1

(
Tr |Xim |2k+t) 1

2k+t

⩽
∑

j∈s(q)
Tr(ZN

j )k+ t
2 ⩽ εTr

∑
j∈s(q)

(ZN
j )k+Dq + ε−t Tr

∑
j∈s(q)

(ZN
j )k

where we used in the second line that for s ∈ [1, t], Tr(|Xis |2k+t) ≤ maxj∈s(q) Tr((ZN
j )k+t/2) , and in

the last line we picked ε ∈ (0, 1) (to be chosen later) and used the inequality valid for t ∈ [1, 2Dq −1]

xk+t/2 ⩽ (ε2)Dq−t/2xk+Dq 1ε2x>1 + ε−txk1ε2x⩽1

and took the worst case scenario for each term. Using this inequality for each monomial in Diq, we
deduce that there exists a finite constant C(q) such that if D = maxiDi

Tr
( d∑

j=1
(ZN

j )k
∑
i∈Ij

XN
i .Diq(XN )

)
≥ −C(q)

(
ε

∑
j∈s(q)

Tr(ZN
j )k+Dq + ε−2D+1 Tr

∑
j∈s(q)

(ZN
j )k)

. (3.5)

Putting (3.4) and (3.5) together, we deduce that
d∑

j=1
Tr((ZN

j )k
∑
i∈Ij

Xi.DiV ) ⩾
d∑

j=1

2D̄j

ℓD̄j
Tr(ZN

j )k+D̄j −
d∑

j=1
2D̄j |Ij | Tr(ZN

j )k

−
p∑

u=1
|γ(u)|C(qu)

(
ε

∑
j∈s(qu)

Tr(ZN
j )k+Dqu + ε−2D+1 Tr

∑
j∈s(qu)

(ZN
j )k)

.
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Finally, by (3.1) with d = Dqu ∈ [0, D̄j ], we can choose ε small enough (depending on the monomials
qu only) so that

ε
p∑

u=1
|γ(u)|C(qu)

∑
j∈s(qu)

Tr(ZN
j )k+Dqu ≤

d∑
j=1

D̄j

ℓD̄j
Tr(ZN

j )k+D̄j + Tr
d∑

j=1
(ZN

j )k .

We then conclude that there exists a finite constant C(V ) so that
d∑

j=1
Tr

(
(ZN

j )k
∑
i∈Ij

XN
i .DiV (XN )

)
⩾

d∑
j=1

D̄j

ℓD̄j
Tr

(
(ZN

j )k+D̄j
)

− C(V )
d∑

j=1
Tr(ZN

j )k

≥
(

min
1≤j≤d

D̄j

ℓD̄j

) d∑
j=1

Tr(ZN
j )k+1 − C ′(V )

d∑
j=1

Tr(ZN
j )k

where we used (3.1) with d = 1 ∈ [0, D̄j ] and denoted C ′(V ) = C(V ) + min1≤j≤d
D̄j

ℓD̄j
. This shows

that V is (minj
D̄j

ℓD̄j
, C ′(V ), I)-trapping.

4. Tightness of matrix models at finite temperature

In this section, we prove Theorem 2.2. This is based on new techniques to bound probabilities of
rare events developed in the appendix based on change of variables, see Appendix A. We fix η > 0,
A ∈ R and a partition I such that V is (η,A, I)-trapping. We only need to prove (2.3) as the almost
sure bound on the operator norm of the matrices (XN

i )1≤i≤ℓ follows from Borel Cantelli Lemma.
We assume without loss of generality that η′ = 1 + 2|A|d + 2d2 ≥ η (since an (η,A, I)-trapping
potential is also (η′′, A, I) trapping for any η′′ ≤ min{η′, η}). Our proof uses bounds based on
change of variables that we prove in the appendix, see Lemma A.4. We fix L > 0 and define, for
an ℓ-tuple of N ×N Hermitian matrices XN = (XN

1 , . . . , X
N
ℓ ), the variable:

T (XN ) = inf
{
k : 1

dN
Tr

d∑
j=1

(ZN
j )k ≥ Lk

}
,

where we recall that ZN
j =

∑
i∈Ij

(XN
i )2. Note that by Jensen’s inequality,

k 7→
( 1
dN

Tr
d∑

j=1
(ZN

j )k
)1/k

is increasing and so T (XN ) is the first index at which this function reaches one and it will stay
above one afterwards. To prove (2.3), it is enough to show that for κ ∈ (0, 1) and sufficiently
large-N

QN
V

(
XN : T (XN ) ≤ κ lnN

2 ln(2L)

)
≤ κ lnN

2 lnL e
− 1

2 N1−κ
. (4.1)

Indeed, observe that for any M > 0, any integer number k, we have

{
XN : max

i
∥XN

i ∥∞ ≥ M
}

⊂
{
XN : 1

dN
Tr

( d∑
j=1

(
ZN

j

)k
)

≥ 1
dN

M2k}
.

But on {T (XN ) > κ ln N
2 ln 2L} we know that for every k ≤ κ ln N

2 ln 2L

1
dN

Tr
( d∑

j=1
(ZN

j )k
)

≤ Lk .
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Therefore, on {maxi ∥XN
i ∥∞ ≥ M} ∩ {T (XN ) > κ ln N

2 ln 2L}, we must have Lk ≥ 1
dNM

2k for every
k ≤ κ ln N

2 ln 2L . This is impossible if

ln M
2

L
> inf

k≤ κ ln(N)
2 ln 2L

ln(dN)
k

= 2
κ

(1 + ln d
lnN ) ln 2L .

Taking M = (2L)
1
2 + 1

κ , we deduce that {T (XN ) > κ ln N
2 ln 2L} ∩

{
maxi ∥XN

i ∥∞ ≥ (2L)
1
2 + 1

κ
}

is empty
for d < N

κ
2 ln 2 which we assume hereafter. Thus, we conclude that

QN
V

(
XN : max

i
∥XN

i ∥∞ ≥ (2L)
1
2 + 1

κ
)

≤ QN
V

(
XN : T (XN ) ≤ κ lnN

2 ln 2L
)
,

from which the theorem follows from (4.1). To prove the latter, we first introduce the measurable
set Sk,a of ℓ N ×N Hermitian matrices XN = (XN

1 , . . . , X
N
ℓ ) given by

Sk,a =
{ 1
dN

Tr
d∑

j=1
(ZN

j )k > ak

} ⋂ ⋂
1⩽u⩽k−1

{ 1
dN

Tr
d∑

j=1
(ZN

j )u ⩽ au
}

with a sequence (au)u∈N to be chosen later so that au ∈ (0, Lu] for every integer number u. By the
inclusion-exclusion principle, we find that if qN

k = QN
V

(
XN ∈ Sk,a

)
, then

QN
V

(
XN : T (XN ) ≤ κ lnN

2 ln 2L
)

≤
κ ln N
2 ln 2L∑
k=0

QN
V

(
Sk,a

)
=

κ ln N
2 ln 2L∑
k=0

qN
k . (4.2)

We prove by induction over k ≤ κ ln N
2 ln 2L that we can find non-negative real numbers ak, k ≤ κ ln N

2 ln 2L ,
such that for sufficiently large-N

qN
k ≤ e−N1−κ (4.3)

and moreover that, for every k, ak ≤ Lk, with L as in the theorem. Note that when k = 0 the
bound (4.3) is satisfied for any a0 > 1. Assume that up to rank k, we have found a0, . . . , ak such
that au ≤ Lu for every u ≤ k and au verifies (4.3). We next construct ak+1 so that the same
property holds up to rank k + 1. We look at the dynamics of Lemma A.4 up to time tN = N−1−κ

on each set of variables indexed by Ij , namely for i ∈ Ij we set, for XN = (XN
1 , . . . , X

N
ℓ ) an ℓ-tuple

of Hermitian N ×N matrices :

{ XN
i (0) = XN

i

∂tX
N
i (t) = −((ZN

j (t))kXN
i (t) +XN

i (t)(ZN
j (t))k)

ZN
j (t) =

∑
i∈Ij

(XN
i (t))2

By (A.1) with gi(X) = ((Zj(X))kXi +Xi(Zj(X))k) for i ∈ Ij , we have

qN
k+1 = QN

V (XN ∈ Sk,a)

⩽ sup
XN ∈Sk,a

{
exp(−2

∫ t

0

(
N Tr

∑
j

(ZN
j (s))k

∑
i∈Ij

XN
i (s).DiV (XN (s))

− Tr ⊗ Tr
∑

j,i∈Ij

∂i(XN
i (s)(ZN

j (s))k)
)
ds)

}
(4.4)

Note here that the functions gi are not globally Lipschitz as required in Lemma A.3, but the
conclusion of Lemma A.3 remains valid according to Lemma A.4. We next bound the term in the
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exponential by using the hypothesis that V is (η,A, I)-trapping which implies:

N Tr
d∑

j=1
(ZN

j (s))k
∑
i∈Ij

XN
i (s).DiV (XN (s))− Tr ⊗ Tr

∑
i∈Ij

1≤j≤d

∂i(XN
i (s)(ZN

j (s))k)

⩾ N
d∑

j=1
Tr(η(ZN

j (s))k+1 −A(1 + ZN
j (s)k))−

d∑
j=1

k∑
p=0

Tr(ZN
j (s))p Tr(ZN

j (s))k−p (4.5)

−
d∑

j=1

∑
i∈Ij

k−1∑
p=0

TrXN
i (s)(ZN

j (s))p TrXN
i (s)(ZN

j (s))k−1−p.

Now observe that Tr ⊗ Tr((X ⊗ 1 − 1 ⊗ X)2Za ⊗ Zb) is non-negative since (X ⊗ 1 − 1 ⊗ X)2 and
Za ⊗Zb are non-negative operators in HN (C)⊗2 for every integer numbers a, b. As a consequence,
we find that

Tr(XN
i (s))2(ZN

j (s))p Tr(ZN
j (s))k−1−p+Tr(ZN

j (s))p Tr(XN
i (s)2(ZN

j (s))k−1−p)
⩾ 2 TrXN

i (s)(ZN
j (s))p TrXN

i (s)(ZN
j (s))k−1−p .

Thus, we deduce the following bound on the last term in the R.H.S of (4.5):

∑
i∈Ij

k−1∑
p=0

TrXN
i (s)(ZN

j (s))p TrXN
i (s)(ZN

j (s))k−1−p ⩽
k∑

p=0
Tr(ZN

j (s))p Tr(ZN
j (s))k−p .

Now Lemma A.4 tells us that s → Tr(ZN
j (s))n is decreasing on [0, 1

N
k

k+1
], so that we deduce if

t ≤ 1
N

k
k+1

, that for s ≤ t,

N
∑

j∈[1,d]
i∈Ij

(
Tr(ZN

j (s))kXN
i (s)DiV (XN (s)) − Tr ⊗ Tr ∂i(XN

i (s)(ZN
j (s))k)

)

⩾ N
d∑

j=1
Tr

(
η(ZN

j (s))k+1 − |A|(1 + (ZN
j (0))k)

)
− 2

k∑
p=0

d∑
j=1

Tr(ZN
j (0))p Tr(ZN

j (0))k−p (4.6)

Finally, on the set { 1
dN Tr

∑d
j=1(ZN

j (0))k+1 > ak+1} there is at least one j ∈ {1, . . . , d} such that
1
N Tr(ZN

j (0))k+1 > ak+1, so that by Lemma A.4 for any κ > 0 every s ≤ 1
N1+κ ≤ 1

N
k

k+1
, we have

1
N

Tr
d∑

j=1
(ZN

j (s))k+1 ⩾ ak+1 − 4(k + 1)
Nκ+ 1

k+1
(ak+1)

2k+1
k+1

Therefore, on the set Sk+1,a, (4.4) and (4.5) give, with t = tN = N−1−κ, that qN
k+1 is bounded as

follows:
qN

k+1 ⩽ e−N1−κFk+1(a) (4.7)
with, since on Sk+1,a, Tr(ZN

j (0))p ≤
∑d

j=1 Tr(ZN
j (0))p ≤ dNap for p ≤ k,

Fk+1(a) := 2
(
η(ak+1 − 4(k + 1)N−κ− 1

k+1 (ak+1)
2k+1
k+1 ) − |A|d(1 + ak) − 2d2

k∑
p=0

apak−p

)
.

We next define a0 = 1 and by induction set

ak+1 = 1
η

(1 + |A|d(1 + ak) + 2d2
k∑

p=0
apak−p) .
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We next show by induction that for every integer numbers k,
ak ≤ CkR

k (4.8)
with Ck the Catalan numbers and R to be chosen. (4.8) is true for k = 0. We assume by induction
it is true up to k, then since

∑k
p=0CpCk−p = Ck+1,

ak+1 ≤ 1
η

(
1 + |A|d

(
1 + CkR

k)
+ 2d2Ck+1R

k)
≤ Ck+1R

k+1

provided
1 + |A|d
Ck+1Rk+1 + |A|d Ck

RCk+1
+ 2d2

R
≤ η. (4.9)

Using that Ck/Ck+1 ≤ 1, Ck ≥ 1 and choosing R ≥ 1, we see that the left hand side is bounded for
every k ≥ 0 by

1 + |A|d
Ck+1Rk+1 + |A|d Ck

RCk+1
+ 2d2

R
≤ 1
R

(
1 + |A|d+ |A|d+ 2d2)

so that it is enough to take R = η−1(
1+2|A|d+2d2)

which is greater than one by hypothesis. Hence,
the induction is satisfied. As a consequence, since Ck ≤ 4k, we deduce that ak ⩽ 4k(R)k = Lk.
Moreover, for such a choice of ak, k ≥ 0, we can lower bound the exponent in (4.7):

Fk+1(a) ≥ 2 − 2η4(k + 1)L2k+1

Nκ+ 1
k+1

. (4.10)

The right hand side is bounded from below by 1 for N large enough provided k is small enough so
that 2k ≤ κ ln N

ln(2L) . From (4.10),(4.7) (4.2), and (4.1), (2.3) follows readily.

5. Asymptotic localization at low temperature

In this section, we use the Dyson-Schwinger equations to prove asymptotic localization properties
at low temperature for general potentials and prove Theorem 2.8.

Let us consider a potential V which is (η,A, I)-trapping for some η > 0, a finite positive real
number A and a partition I of {1, . . . , ℓ}. By Corollary 2.4, we know that the empirical distribution
µ̂N is tight almost surely under QN

V . Let τV be an almost sure limit point. We then prove the first
part of Theorem 2.8, namely that

Lemma 5.1. (Dyson-Schwinger equations) Under the assumptions of Theorem 2.2, any limit point
τV of µ̂N under QN

V satisfies the Dyson-Schwinger equations (2.5).

When V is a small perturbation of a quadratic polynomial, it was shown in Guionnet and Maurel-
Segala (2006) that the Dyson-Schwinger equations have a unique bounded solution. This is not
true in general, even in the one-matrix case. Indeed, if V has two wells, the limit of the empirical
measure of the eigenvalues of the matrix may have disconnected support and there is a solution
to the Dyson-Schwinger equation for any choice of masses of the different connected pieces of the
support : it is the unique minimizer of the large deviation rate function EV of (1.2) given this
constraint (Borot and Guionnet, 2024, Theorem 1.2).

Proof : We use the change of variables of Lemma A.3 so that ∂tX
N
j (t) = −gε

j (XN (t)) with gε
j (X) =

1j=iP (Xε) for a non-commutative polynomial P , i ∈ {1, . . . , ℓ} and Xε = (fε(X1), . . . , fε(Xℓ)) with
fε(x) = x(1 + εx2)−1 for some fixed ε > 0. For every j ∈ {1, . . . , ℓ}, gε

j is uniformly bounded by a
finite constant CP

ε so that for t ≤ 1
N ,

XN
j (t) = XN

j +O

(
CP

ε

N

)
. (5.1)
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Let us set for δ, L > 0, and BL = {XN ∈ HN (C)ℓ : maxi ∥Xi∥∞ ≤ L}

Aδ,ε,L =
{

XN ∈BL : 1
N

Tr(DiV (XN ).gε(XN ))− 1
N

Tr ⊗ 1
N

Tr(∂ig
ε(XN )) ≥ δ

}
.

It is easy to see that since gε
i and ∂ig

ε are uniformly Lipschitz (see formula (A.2) for the latter),
for every i ∈ {1, . . . , ℓ}, and since XN

j (.) stays uniformly bounded for XN (0) = XN ∈ BL by (5.1)
so that DiV is also uniformly Lipschitz, we have uniformly on XN (0) ∈ Aδ,ε,L, a finite constant
C(ε, L) so that∫ 1

N

0

(
N Tr DiV (XN (s)).gε(XN (s)) − Tr ⊗ Tr ∂ig

ε(XN (s))
)
ds ≥ Nδ + C(ε, L) .

Hence, Lemma A.3 implies that

QN
V (Aδ,ε,L) ≤ Ne−Nδ−C(ε,L) .

The same holds when we replace P by −P and so gε by −gε. Therefore, we conclude by Borel
Cantelli’s lemma that almost surely

lim sup
N→∞

∣∣∣∣ 1
N

Tr(DiV.g
ε) − 1

N
Tr ⊗ 1

N
Tr(∂ig

ε)
∣∣∣∣ ≤ δ .

Now, for XN ∈ BL, since |fε(x) − x| ≤
√
εL2 for x ∈ [−L,L], we can replace gε by g0 = P up to

an error of order at most CL
√
ε for some finite constant CL depending only on L and P . Finally,

taking L = Lκ(A, d, η) and using Theorem 2.2 to see that the matrices are almost surely bounded
by L as N goes to infinity, we conclude that for every δ, ε > 0, almost surely we have

lim sup
N→∞

∣∣∣∣ 1
N

Tr(DiV.P ) − 1
N

Tr ⊗ 1
N

Tr(∂iP )
∣∣∣∣ ≤ δ +O(

√
ε) .

Therefore, any limit point τV of µ̂N satisfies
τV

(
DiV.P

)
= τV ⊗ τV

(
∂iP

)
.

□

We next consider general potentials in the low temperature situation where β is large and
Vβ = βU +W

with U,W self-adjoint polynomials independent of β. We study the limit points τVβ
of µ̂N under

QN
Vβ

and show that they concentrate near the critical points of U , namely the points where DiU

is small, when β is large enough. By Theorem 2.2, we can restrict ourselves to limit points with
bounded support (2.4). Our result shows the second part of Theorem 2.8 and takes the following
form:

Proposition 5.2 (Control of the support, Low temperature). Assume that we are given
L < ∞, β0 > 0 and for every β > β0 a non-commutative distribution τVβ

solution of the Dyson-
Schwinger equation (2.5) with potential Vβ = βU +W and with support in [−L;L] in the sense that
for every i ∈ [1, ℓ], every k ∈ N, τVβ

(X2k
i ) ≤ L2k . Then there exists B > 0 such that for β > β0,

for every integer number k

max
1≤i≤ℓ

τVβ

(∣∣DiU
∣∣2k)

≤
(
B

β

)k

.

Moreover one can take
B = 4 max

i
{∥DiUDiW∥L

∞ + 2∥∂iDiU∥L
∞}, where ∥P∥L

∞ = sup
maxi ∥xi∥≤L

∥P (x)∥



818 Alice Guionnet and Édouard Maurel-Segala

if the supremum is taken over all C∗-algebras and self-adjoint operators {x1, . . . , xℓ} with norms
(∥xi∥)1≤i≤ℓ bounded by L, and we set ∥

∑
i Pi ⊗Qi∥L

∞ =
∑

i ∥Pi∥L
∞∥Qi∥L

∞.

Proof : According to the Dyson-Schwinger equation, applying (2.5) to Pi = (DiU)2k−1 gives:

τVβ

(
(DiU)2k−1(DiU + 1

β
DiW )

)
= β−1τVβ

⊗ τVβ

(
∂i(DiU)2k−1

)

= β−1
2k−1∑
j=1

τVβ
⊗ τVβ

(
((DiU)j−1 ⊗ 1)(∂iDiU)(1 ⊗ (DiU)2k−1−j)

)
(5.2)

We use this equality to prove by induction that for every p ≥ 0, with B ≥ 4 maxi{∥DiUDiW∥L
∞ +

2∥∂iDiU∥L
∞} :

τVβ
((DiU)2p) ⩽ Cp

(
B

4β

)p

(5.3)

where Cp denotes the Catalan numbers. The result follows since Cp ≤ 4p. The property is obviously
satisfied for p = 0. Assume that it is true up to p = k − 1. This implies that for any j ⩽ 2k − 2,
for any polynomial P

|τVβ
((DiU)jP )|⩽∥P∥L

∞τVβ
(|DiU |j)⩽∥P∥L

∞τVβ
(|DiU |2⌈ j

2 ⌉)
j

2⌈ j
2 ⌉ ⩽∥P∥L

∞C⌈ j
2 ⌉

(
B

4β

) j
2
.

Moreover
|τVβ

((DiU)2k−1DiW )| ≤ ∥DiUDiW∥L
∞τVβ

(|DiU |2k−2)

Plugging this estimate in the Dyson-Schwinger’s equation (5.2) and using the induction hypothesis
we find that :

τVβ
((DiU)2k) ≤ 1

β
∥DiUDiW∥L

∞τVβ
(|DiU |2k−2)

+ 1
β

∥∂iDiU∥L
∞

2k−1∑
j=1

τVβ
(|DiU |j−1)νβ(|DiU |2k−1−j)

≤ Bk−1

4k−1βk

(
Ck−1∥DiUDiW∥L

∞ + ∥∂iDiU∥L
∞

2k−1∑
j=1

C⌈ j−1
2 ⌉C⌈ 2k−1−j

2 ⌉
)

⩽ Ck( B4β )k 4
B

(
max

i
{∥DiUDiW∥L

∞ + 2∥∂iDiU∥L
∞}

)
.

Hence, the induction hypothesis is satisfied as soon as B is greater than 4 maxi{∥DiUDiW∥L
∞ +

2∥∂iDiU∥L
∞}.

□

Remark 5.3. Note that if U is homogenous of degree d and cyclically invariant,

U(X) = 1
d

∑
i

XiDiU .

Therefore if we have a bound on the τVβ
(X2k

i )’s, the bound on τVβ
((DiU)2k) from the previous

Lemma implies a control on τVβ
(U2k). This is the content of the next Corollary:
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Corollary 5.4. With the same hypothesis and notation than in Proposition 5.2, and if furthermore
U is homogenous of degree d (in the sense that all its monomials have the same total degree) and
U is cyclically invariant, then for β > β0, for every integer number k,

τVβ

(
U2k)

≤
(
L2B

β

)k

with B = 4 maxi{∥DiUDiW∥L
∞ + 2∥∂iDiU∥L

∞}.

In the case above, we see that under τVβ
, U converges to zero as β goes to infinity. In a more

general situation, we have only the following concentration of the mean of U .

Proposition 5.5. Let Vβ = βU + W be a self-adjoint potential such that, for some β0 > 0, the
partition function (2.2) is finite :

lim sup
N→∞

1
N2 lnZN

Vβ0
< +∞ (5.4)

and there exist real numbers α1 . . . , αℓ such that

m := inf
X∈HN (C)ℓ

1
N

TrU(X) = 1
N

Tr
(
U(α1 Id, . . . , αℓ Id)

)
= U(α1, . . . , αℓ).

Then, there exists a finite constant C such that for β > β0 and any non-negative real number M ,

lim sup
N→∞

1
N2 lnQN

Vβ

( 1
N

TrU(XN ) ≥ m+ M + ℓ ln β
β

)
< C −M . (5.5)

As a consequence, if τVβ
is an almost sure accumulation point of the empirical distribution µ̂N

under QN
Vβ

for β sufficiently large, then any accumulation point τ∞ of τVβ
when β → ∞ is such

that τ∞(U) = m.

Proof : Let 2D be the degree of U . We can assume without loss of generality, that up to some
translation and the addition of a constant term, α1 = · · · = αℓ = 0 and m = Tr(U(α1 Id, . . . , αℓ Id))
vanishes.
First step : upper bound on U . Since TrU(X), as a function of the coefficients of the matrices
X, is a polynomial function that reaches its local minimum at 0 and whose value is then 0, neces-
sarily TrU has no constant term and no term of degree 1. Therefore U is a sum of monomials of
degree at least 2. Let q = Xi1 . . . Xik

be a monomial of degree k ⩽ 2D in U , and observe that by
non-commutative Hölder’s inequality:

| Tr q(X)| ⩽ ((Tr |Xi1 |k) . . . (Tr |Xik
|k))

1
k ⩽ max

i
Tr |Xi|k ⩽

∑
i

Tr(X2
i +X2D

i )

by (3.1) with k ∈ [1, D]. By combining such inequalities we deduce that there is some finite constant
0 < A < ∞(which only depend on U) such that for every X ∈ (HN (C))ℓ:

0 ⩽ TrU(X) ⩽ A
∑

i

Tr(X2
i +X2D

i ). (5.6)
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Second step : lower bound on the partition function ZN
Vβ

. To bound the free energy from
below, we first use (5.6) and then make the change of variables Xi = Yi/

√
β :

1
N2 lnZN

Vβ
⩾

1
N2 ln

∫
e−N Tr W (X)e−NβA

∑
i

Tr(X2
i +X2D

i )dXi

= −1
2ℓ ln β + 1

N2 ln
∫
e−N Tr W (Y/

√
β) ∏

i

e−NA Tr(Y 2
i +β1−DY 2D

i )dYi

⩾ −1
2ℓ ln β + 1

N2 lnZN
A

∑
i

Y 2
i

−
∫ ( 1

N
TrW ( Y√

β
) +Aβ1−D

∑
i

1
N

Tr(Y 2D
i )

) ∏
i

e−NA Tr(Y 2
i )dYi

ZN
AY 2

⩾ −1
2ℓ ln β + C (5.7)

where in the second inequality we use Jensen’s inequality, and in the last inequality that moments of
Gaussian matrices are bounded (Anderson et al., 2010, Lemma 2.1.7), as well as the partition func-
tion which was computed by Anderson (1991); Selberg (1944). Here, C is a constant independent
of β > 1.
Third step : conclusion. Finally, by Tchebychev’s inequality we find when β ≥ β0

1
N2 lnQN

Vβ

( 1
N

TrU(XN ) ≥ ℓ ln β +M

β

)
= 1
N2 ln

ZN
Vβ0

ZN
Vβ

∫
1
N

Tr U(XN )≥ ℓ ln β+M
β

e−N(β−β0) Tr U(X)dQN
Vβ0

(X)

⩽
1
N2 ln

ZN
Vβ0

ZN
Vβ

∫
e

−N2(β−β0) ℓ ln β+M
β dQN

Vβ0
(X)

⩽ C + 1
2ℓ ln β − (β − β0)ℓ ln β +M

β
≤ C ′ −M − 1

2 ln β

where we used (5.7) and (5.4) to find a finite constant C ′ uniform on β ≥ β0 ∨ 1. This completes
the proof of (5.5). As a consequence, taking M = C ′ + 1, we deduce by Borel’s Cantelli lemma
that almost surely

lim sup
N→∞

1
N

TrU(XN ) ≤ C ′ + 1 + ln β
β

.

Thus, any accumulation point τVβ
(U) of 1

N TrU(XN ) satisfies

τVβ
(U) ≤ C ′ + 1 + ln β

β
.

Letting β going to infinity along subsequences, we deduce that τ∞(U) ≤ 0. On the other hand, for
every self-adjoint ℓ-tuple of matrices XN , 1

N Tr(U(XN )) is non-negative, implying that τVβ
(U) is

non-negative and hence τ∞(U) is non-negative. We conclude that τ∞(U) = 0 .
□

6. Strong uniformly convex potentials

The three remaining sections are devoted to the study of particular cases of low temperature
asymptotics. We begin by the simplest case of uniformly convex potentials: in a way, it can be
converted to the well known high temperature regime. In this section, we assume that the potential
Vβ is a self-adjoint polynomial that satisfy the following convexity assumption.
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Assumption 6.1. Let C be a real number. We say that a self-adjoint polynomial V ∈ C⟨X1, . . . , Xℓ⟩
is C-convex if for every dimension N , the Hessian of the function φV (XN ) = TrV (XN ) on the set
of ℓ-tuple XN of ℓ N ×N Hermitian matrices is bounded from below uniformly :

Hess(φV (XN )) ≥ C.Id

for any ℓ-tuple of N ×N Hermitian matrices XN . Then we assume that

Vβ(X) = βU(X) +W (X)

where U and W are self-adjoint polynomials such that:
• U is c-convex for some c > 0 (therefore X : (HN (C))ℓ 7→ TrU(X) is strictly convex),
• W is A-convex for some A finite (but possibly negative).

It is not hard to check the following example.

Example 6.2. If U(X) =
∑

i Pi(Xi) with polynomials Pi with real coefficients such that P ′′
i (x) ≥ c >

0 for every x ∈ R and W (X) = W̃ (X) +
∑

i aiX
2D
i for an integer number D ≥ 1, some polynomial

W̃ with degree strictly smaller than 2D and positive real numbers (ai)1≤i≤ℓ, then (U,W ) satisfies
our hypothesis with constant c and some finite A.

In this section, we discuss the convergence of the non-commutative distribution for sufficiently
large β.

Theorem 6.3. Under Assumption 6.1, there exists a finite positive constant β0 such that for
β > β0, the non-commutative distribution of XN converges almost surely under QN

Vβ
towards a

non-commutative law τVβ
: for any polynomial P ∈ C⟨X1, . . . , Xℓ⟩

lim
N→∞

1
N

Tr
(
P (XN )

)
= τVβ

(P ) a.s .

This theorem is in fact already proven in Guionnet and Shlyakhtenko (2009); Dabrowski (2016);
Jekel (2020) as soon as Vβ is strictly convex (under eventually some additional assumptions), which
is the case for large enough β. However, we will see that assuming β large enough allows us
to reduce the problem up to rescaling to a high temperature model as studied in Guionnet and
Maurel-Segala (2006), which is easier to study. Our proof will be based on this reduction. Recall
the notations and definitions from Assumption 6.1. We first observe that φU achieves its minimum
value at a unique point in any dimension by uniform strict convexity. In fact we can prove that
these minimizers are characterized as follows.

Lemma 6.4. Assume that U is c-convex with c > 0. Let α = (α1, . . . , αℓ) ∈ Rℓ be the unique
minimizer of U on Rℓ. Then, for any integer number N , φU (XN ) is minimized on the set of ℓ-
tuples of N ×N Hermitian matrices at the point (α1IN , . . . , αℓIN ) where IN is the identity in the
space of N ×N matrices.

Proof : We first fix the dimension N . Then, by strict convexity we know that φU is minimized at
a unique ℓ-tuple (AN

1 , . . . , A
N
ℓ ) of Hermitian matrices. But by invariance of φU by the change of

variables (X1, . . . , Xℓ) → (OX1O
∗, . . . , OXℓO

∗) for any unitary matrix O, and uniqueness of the
minimizer, we see that for every i ∈ [1, ℓ], OAN

i O
∗ = AN

i . This implies that AN
i is a multiple

of identity, AN
i = αN

i I. But then φU (AN
1 , · · · , AN

ℓ ) = NU(αN
1 , · · · , αN

ℓ ) so that (αN
1 , . . . , α

N
ℓ )

minimizes U and therefore equals (α1, . . . , αℓ). □

To prove Theorem 6.3, we first do a change of variables related to the matrix

CU (ij) = ∂xi∂xjU(x1, . . . , xℓ)|x=α ≥ c.Id (6.1)
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In the following, for any ℓ-tuple of self-adjoint operators X = (X1, . . . , Xℓ), and any matrix M ∈
Hℓ(C), we denote by MX the ℓ-tuple of self-adjoint operators (

∑ℓ
j=1MijXj)1≤i≤ℓ. We let

Y =
√
βC

1/2
U (X − αI) .

In these variables, let us write the decomposition
Tr

(
βU(X) +W (X)

)
= βNU(α) + Tr

(
Ṽβ(Y)

)
, (6.2)

with

Ṽβ(Y) :=
ℓ∑

i=1
Y 2

i +Wβ(Y), and Wβ(Y) :=
p∑

i=1

ci√
β

ni
qi(Y) +W (αI) .

Here, the ni’s are integers numbers greater or equal to one and the qi’s are monomials coming
either from W (and then with degree ni) or from U (and then with degree ni + 2). Indeed, by
Taylor expanding the polynomial U , we find

β Tr(U(X)) = β Tr(U(αI + β−1/2C
−1/2
U Y))

= βNU(α) + β1/2
ℓ∑

i=1
Tr(DiU(αI)(C−1/2

U Y)i)

+
ℓ∑

i,j=1
Tr((C−1/2

U Y)i∂jDiU(αI)♯(C−1/2
U Y)j) +

p1∑
i=1

ci√
β

ni
Tr(q1

i (Y))

where q1
i are monomials of degree ni + 2. By definition DiU(αI) = ∂xiU(x)|x=αI vanishes as α is

a critical point of U on Rℓ. Moreover, since αI commutes with Y, for every i, j ∈ {1, . . . , ℓ},

Tr((C−1/2
U Y)i∂jDiU(αI)♯(C−1/2

U Y)j) = CU (ij) Tr((C−1/2
U Y)i(C−1/2

U Y)j) .
Since CU is symmetric, and

∑ℓ
i,j=1CU (ij)C−1/2

U (is)C−1/2
U (jt) = δst, we deduce that

ℓ∑
i,j=1

Tr(C−1/2
U Y)i∂jDiU(αI)♯((C−1/2

U Y)j) =
ℓ∑

s=1
Tr(Y 2

s ) .

The expansion of Tr(W (X)) is similar. In view of (6.2), the distribution of Y under QN
Vβ

satisfies
the hypotheses of Guionnet and Maurel-Segala (2006, Theorem 1.2) provided β is large enough
and Ṽβ is a strictly convex function of Y (which is clear when Assumption 6.1 is verified). As a
consequence, we know that there exists a non-commutative distribution νVβ

such that for every
polynomial Q

lim
N→∞

1
N

Tr
(
Q(YN )

)
= νVβ

(Q) a.s

We complete the proof of Theorem 6.3 by taking Q(Y) = P (X) = P (αI + β−1/2C
−1/2
U Y).

We next characterize the distribution νVβ
of Y =

√
βC

1/2
U (X − αI) under τVβ

as a generating
function for the enumeration of planar maps. Recall Guionnet and Maurel-Segala (2006, Section
2.5) that a star of type q(X) = Xi1 · · ·Xir is a vertex embedded into the plane with r colored
half-edges rooted at the first half-edge of color i1, second of color i2, until the last one of color ir
(following the orientation of the plane). A planar map build over ki stars of type qi, 1 ≤ i ≤ p, is
a matching of the half-edges of the same color resulting into a connected graph with genus zero.
M((ki, qi)1≤i≤p) denotes the number of planar maps build over ki stars of type qi, 1 ≤ i ≤ p,
counted with labelled half-edges. If M((ki, qi)1≤i≤p) denotes the number of planar maps build over
ki stars of type qi, we have by Guionnet and Maurel-Segala (2006, Theorem 1.1) the following
proposition:
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Proposition 6.5. Under Hypothesis 6.1, with α = (α1, . . . , αℓ) ∈ Rℓ be the unique minimizer of U
on Rℓ and CU given by (6.1), there exists a finite positive constant β0 such that for β > β0, such
that for any monomial q

τVβ
(q(

√
βC

1/2
U (X − αI))) =

∑ ∏
1≤i≤p

(ci
√
β

−ni)ki

ki!
M((1, q), (ki, qi)1≤i≤p) .

We can also use Guionnet and Shlyakhtenko (2014) to see that τVβ
is a push-forward of free semi-

circle laws by smooth functions (namely series which are uniformly converging when evaluated at
self-adjoint operators with norm bounded by 3). Indeed, we know by Guionnet and Maurel-Segala
(2006, Theorem 3.4) that under hypothesis 6.1, there exists Rβc−|A| which is finite if cβ := β|c|−A >
0 so that for every integer number k

νVβ
(Y 2k

i ) ≤ R2k
βc−|A| ,

which implies that νVβ
is continuous for the norm ∥.∥B of Guionnet and Shlyakhtenko (2014,

Theorem 3.4)Section 2.1 for every B ≥ Rβc−|A|. Moreover, by Guionnet and Maurel-Segala (2006,
Theorem 2.1), νVβ

satisfies the Dyson-Schwinger equation (2.5), namely is the free Gibbs law with
potential Ṽβ. We deduce from Guionnet and Shlyakhtenko (2014, Theorem 3.16) that for β large
enough, the limiting distribution νVβ

is the distribution of

(Y1, . . . , Yℓ) = (D1G(S), . . . ,DℓG(S))
where S are ℓ-free semi-circular variables. G is an absolutely converging series for ∥.∥B. Studying
its construction and rephrasing this result in terms of the variables X yields the following corollary.

Corollary 6.6. Under Hypothesis 6.1, τVβ
is described as follows. If S1, . . . , Sd are ℓ free semi-

circular variables, τVβ
is the non-commutative distribution of

Xi = αiI + 1√
β

(C−1/2
U S)i + 1

β
Fi(S1, . . . , Sℓ), 1 ≤ i ≤ ℓ,

where F1, . . . , Fℓ are functions which expand as converging power series in 1/
√
β:

Fi(X1, . . . , Xℓ) =
∑
n≥0

1√
β

nPn(X1, . . . , Xℓ)

with non commutative polynomials Pn such that
∑

ℓ,n

√
β

−n∥Pn∥3
∞ is finite. Here, the operator

norm is taken uniformly over all ℓ-tuple of self-adjoint operators bounded by 3. In particular the
C∗ and the von Neumann algebra of τVβ

are the same than those of free semi-circular provided β
is large enough.

7. Strong single variables potentials

In this section we focus on models where the strong potential constrains the eigenvalues of p ≤ ℓ
matrices, but this constraint is not convex, namely we restrict ourselves to the case of Assumption
2.9. We prove under this hypothesis Theorem 2.10, namely that the spectrum of the matrix XN

i

following QN
Vβ

concentrates in a neighborhood of the minimizers of U i for i ∈ {1, . . . , p}. We recall
that µ̂N

X denotes the empirical measure of the eigenvalues of the matrix X, and ∥Xi∥∞ denotes the
operator norm of the matrix Xi. We set, for X = (X1, . . . , Xℓ), ∥X∥∞ = max1≤i≤ℓ ∥Xi∥∞ .

Theorem 7.1. Assume Vβ satisfies Assumption 2.9(1) and (2). For a positive real number R, we
denote by

Ki
β,R = ∪1≤j≤mi [xi

j −R( β

ln β )
− 1

2ki
j , xi

j +R( β

ln β )
− 1

2ki
j ] .



824 Alice Guionnet and Édouard Maurel-Segala

Then, for every κ ∈ (0, 1), there exists R > 0, β0 > 0 and C finite,so that for every β ≥ β0, for
every i ∈ {1, . . . , p},

lim sup
N

1
N1−κ

lnQN
Vβ

(
µ̂N

XN
i

((Ki
β,R)c) ̸= 0

)
< 0. (7.1)

To describe more precisely the asymptotic distribution of our matrix model, recall Anderson
et al. (2010, Section 2.5) that in the case of a single matrix model and a potential V (corresponding
to ℓ = 1), the distribution of the eigenvalues λ = (λ1, . . . , λN ) of X1 is a β ensemble with β = 2
and potential V1:

dBN (λ) = 1
ZN,V

∆(λ)2e−N
∑N

i=1 V1(λi)
∏

1≤i≤N

dλi (7.2)

where ∆(λ) =
∏

i<j |λi − λj | is the Vandermonde determinant. Based on this exact formula, it
was shown Anderson et al. (2010, Theorem 2.6.1) that the empirical measure of the eigenvalues µ̂N

X

satisfies a large deviation principle with speed N2 and good rate function given up to a constant
by EV defined in (1.2). As a consequence, the empirical measure converges almost surely towards
the unique minimizer of EV Anderson et al. (2010, Corollary 2.6.2). Such a convergence is also
true in the multi-matrix model satisfying Hypothesis 2.9 in the limit where β goes to infinity in
the following sense. For r > 0 and an integer number k, let σk

r = µrx2k be the unique probability
measure minimizing Erx2k . Observe that when k = 1, σk

r is the semi-circle law with variance r−1,
see Ben Arous and Guionnet (1997, Theorem 1.3(e)).

Corollary 7.2. Assume Vβ satisfies Assumption 2.9(1) and (2). Then there exists β0 finite such
that for β ≥ β0

(1) the empirical distribution µ̂N
Xi

is tight almost surely. Denote νβ
Xi

a limit point. Then, there
exists R ∈ (0,+∞) such that for β large enough, for any i ∈ {1, . . . , p}

νβ
Xi

(Ki
β,R) = 1 .

(2) Moreover, there exists a finite constant C (independent of β) so that for every j∈{1, . . . ,mi},

the filling fraction αi
j(β) := νβ

Xi
([xi

j −R( β
ln β )

− 1
2ki

j , xi
j +R( β

ln β )
− 1

2ki
j ]) satisfies

∣∣∣αi
j(β) −

ki
j∑

j k
i
j

∣∣∣ ⩽ C√
ln β

.

(3) Finally, νβ
Xi

is close to the distribution σ
ki

j

rβ
i,j

near xi
j: for every κ ∈ (0, 1

2 max ki
), there exists

a finite constant C so that for any smooth compactly supported function f ,

∣∣∣αi
j(β)−1

∫
f(β

1
2ki

j (x− xi
j))dνβ

Xi
(x) −

∫
f(x)dσ

ki
j

rβ
i,j

(x)
∣∣∣ ⩽ C∥f∥1/2β

−κ

where rβ
i,j = αi

j(β)
2ci

j
and ∥f∥1/2 = (

∫ ∞
−∞ |t||f̂t|2dt)1/2.

The proofs of Theorem 7.1 and Corollary 7.2 are given in subsection 7.1. In the following
subsection and under stronger assumptions, we obtain asymptotic results for the non-commutative
distribution of the matrices XN (and not only for their respective spectrum), proving the second
part of Theorem 2.10.
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7.1. Proofs of Theorem 7.1 and Corollary 7.2. The proof of Theorem 7.1 follows again from a wise
change of variables and Lemma A.3. We first construct this change of variables: it is based on
the explicit joint law of the eigenvalues of a one dimensional matrix model and change of variables
involving the eigenvalues of a single matrix. Indeed, the interaction between the matrices being of
lower strength, such change of variables will be sufficient for our purpose.

To simplify the notations we will take p = 1, k1
j = kj , x1

j = xj and mi = m. The proof extends
readily to the general case.

Proof of Theorem 7.1 We denote by {x1, . . . , xm} the minimizers of U1. Without loss of
generality we may assume that the minimum value of U1 is zero and it is achieved at the origin so
that U1(0) = 0. We set for η ∈ (0, 1)

I = {x ∈ R : U1(x) ∈ [0, η]}
to be a neighborhood of the minimizers of U1. η is a constant depending on β that we will choose
later (going to zero as β goes to infinity). We let ε > 0 be such that U1(x) < η/2 for |x| < ε. To
this end we first remark that for every M > 0

QN
Vβ

({
µ̂N

X1(Ic) ̸= 0
}

∩ {∥X∥∞ ≤ M}
)

=
N−1∑
n=0

QN
Vβ

({
µ̂N

X1(I) = n

N

}
∩ {∥X∥∞ ≤ M}

)
. (7.3)

It is sufficient to show that each term in the above right hand side decays like some stretched
exponential provided M is chosen large enough as in Theorem 2.2 so that

QN
Vβ

(
{∥X∥∞ ≥ M}

)
≤ e−N1−κ (7.4)

for some κ ∈ (0, 1). We assume without loss of generality that M ≥ 1. We next fix the number
n ≥ 1 of eigenvalues in I and bound from above QN

Vβ

(
An

)
with

An :=
{
µ̂N

X1(I) = n

N

}
∩ {∥X∥∞ ≤ M}

Let (x1, . . . , xn) be the eigenvalues of X1 inside I. We apply the change of variables ϕ constructed
in Lemma B.3 on the remaining eigenvalues (λn+1, . . . , λN ) which send them in [−ε, ε]. Then, we
have constructed ϕ so that the Jacobian of this change of variables is bounded below by

Jϕ(X) ⩾
(
8N)n−N ( ε4e

)(N+1)(N−n)
e−2(N+1) Tr ln(1+|X1|1X1 /∈I)−2(N−n) Tr ln(1+|X1|1X∈I)

Moreover the spectrum of U1(ϕ(X1)) is included in [0; η]. Furthermore, for each eigenvalue y outside
of I

U1(y) − U1(ϕ(y)) ≥ η/2 .
Finally, since U1 goes to infinity like x2, we find a large enough constant AU so that if |y| ≥ AU ,
U1(y) − U1(ϕ(y)) ≥ ln(1 + |y|) + 1 . Thus, we always have for y ∈ Ic

U1(y) − U1(ϕ(y)) ≥ η/2 + ln(1 + |y|1|y|≥AU
) .

As a consequence, we get

e−Nβ Tr(U1(X1))

e−Nβ Tr(U1(ϕ(X1))) ⩽ e−βN(N−n)η/2−βN Tr ln(1+|X1|1X1∈Ic,|X1|≥AU
)

We can extend the change of variables ϕ to the other matrices by just setting it equal to the
identity ϕ(Xi) = Xi, i ≥ 2. Noticing that Xi − ϕ(Xi) has rank at most N − n, we find that if W is
a polynomial of degree 2D, we can find a finite constant C1 which only depends on W such that

e−N Tr(W (X))

e−N Tr(W (ϕ(X))) ≤ exp{C1(∥X∥2D
∞ + 1)(N − n)N}
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Therefore, Lemma A.1 gives

QN
Vβ

(
An

)
≤ sup

X∈An

1
Jϕ(X)e

βN Tr(U1(X1)−U(ϕ(X1)))+N Tr(W (X)−W (ϕ(X)))

⩽ (8N)N−ne−βN(N−n)η/2+C1(M2D+1)(N−n)N+2N Tr ln(1+|X1|1X1 /∈I,|X1|≤AU
)( ε

4e
)−2(N+1)(N−n)

⩽ (25eε−1N)N−neN(N−n)(C(M)−βη/2−2 ln(ε))

where C(M) is some finite constant which only depends on M,U1 and W and in particular does not
depend on β. In the second line, we used that the growth at infinity of U1 cancels the contribution of
the large eigenvalues in the Jacobian if β ≥ 2 (which me may and shall assume hereafter). Finally,
we take η = β−1L ln β with L large enough. Because U1 is C1, ε is of order η and in particular
C(M)−βη/2−2 ln(ε) = C(M)− (L

2 −2) ln β−2 ln ln β will be large and negative, say smaller than
−2−1L ln β, for large enough β. Consequently by (7.3), we find

QN
Vβ

({
µ̂N

X1(Ic) ̸= 0
}

∩ {∥X∥∞ ≤ M}
)

≤
N−1∑
n=0

(25eε−1N)N−ne−N(N−n) L
2 ln β ≤ 26eε−1Ne−N L

2 ln β

which implies by (7.4) that there exists κ ∈ (0, 1)

QN
Vβ

({
µ̂N

X1(I) = 1
})

= 1 − QN
Vβ

({
µ̂N

X1(Ic) ̸= 0
})

≥ 1 − e−N1−κ

and concludes the proof that almost surely µ̂N
X1

(Ic) vanishes for N large enough. It also implies
(7.1) because U1 is C2 and with finitely many minimizers, for β large enough, the set I = {x :
|U1(x)| < β−1L ln β} is included in the set

∪j{x : |x− xj | < L′(β(ln β)−1)− 1
2kj }

for some L′ large enough. Therefore, we deduce that almost surely

lim
N→∞

µ̂N
X1

(
∪1≤j≤k

[
xj − L′( β

ln β )− 1
2kj , xj + L′( β

ln β )− 1
2kj

])
= 1 .

We now estimate the filling fractions, namely the masses around each minimizers. From the previous
considerations, if we set

A =
{
µ̂N

X1

(
∪k

j=1 [xj − L′( β

ln β )− 1
2kj , xj + L′( β

ln β )− 1
2kj ]

)
= 1

}
∩

{
|X∥∞ ≤ M

}
then QN

V (Ac) goes to zero exponentially fast. We will therefore restrict ourselves to the set A. We
diagonalize X1 and write for a unitary matrix V

X1=V ∗xV + V ∗Λ(β)V
with x = Diag(x1, . . . , x1, x2, . . . , x2, . . . , xp) where xi has multiplicity Ni and

Λ(β) =



β−1/2k1Λ1 0 0 · · · 0
0 β−1/2k2Λ2 0 · · · 0

0 0 . . . 0 0
...

...
...

...
...

0 0 0 0 β−1/2k1Λp


with Λi a Ni × Ni real diagonal matrices with entries in [−L′(ln β)

1
2ki , L′(ln β)

1
2ki ]. Recalling our

hypothesis on the minimizers xi of U1,

βU1(xi + β−1/2kix) = cix
2ki + βPi(β−1/2kix)
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with ci a positive constant and Pi a polynomial with a zero of order pi strictly greater than 2ki at
0. Note that on the set A:

β TrU1(X1) =
∑

i

ci Tr(Λ2ki
i ) + TrβPi(β−1/2kiΛi)

the second term is small when β is large since, for some integer number pi > 2ki, it can be bounded
by CNβ(ln β/β)pi/2ki . Setting Y = (X2, . . . , Xℓ), we can give a new expression for 1AdQN

Vβ
:

1AdQN
Vβ

= 1A

ZN
Vβ

e−βN Tr U1(X1)−N Tr W (X1,Y)dX1dY

= 1A

ZN
Vβ

e−N
( ∑

i
ci Tr(Λ2ki

i )+Tr βPi(β−1/2ki Λi)−Tr W (x+Λ(β),Y)
)
∆2(x+ Λ(β))dΛdY

= 1
ZN

Vβ

1Ae
−N

( ∑
i

ci Tr(Λ2ki
i )+ϵβN−Tr W (x,Y)

)
∆2(x+ Λ(β))dΛdY (7.5)

where ϵβ is a random variable which goes to zero faster than β−κ for any κ ∈ (0, 1
2 max ki

) as β goes
to infinity while M is fixed. In the square of the VanderMonde ∆2(x+ Λ(β)) there are factors with
the differences coming from two different global minima:∏

xi+β−1/2ki y∈Sp(Λi)

∏
xj+β−1/2kj z∈Sp(Λj)

|xi − xj + β−1/2ki(y − z)|2 = |xi − xj |NiNjeϵβ(ij)NiNj

where |ϵβ(ij)| ≤ Cβ−κ uniformly when the variables xi are bounded by M , and the factors coming
from the same minimum:∏

xi+β−1/2ki y∈Sp(Λi)

∏
xi+β−1/2ki z∈Sp(Λi)

β
− 1

ki |y − z|2 = β
− Ni(Ni−1)

2ki ∆(Λi)2

Finally we get,

1AQN
Vβ

= 1
ZN

Vβ

1A

∏
i

β
− Ni(Ni−1)

2ki eN2ϵ′
β

∏
i

e−Nci Tr(Λ2ki
i )∆(Λi)2dΛie

O(N2)dY (7.6)

where X=V ∗xV + V ∗Λ(β)V in the above RHS, O(N2) bounds NTrW uniformly on A and ϵ′β
is bounded uniformly by Cβ−κ on A. We deduce a lower bound of the partition function by
conditioning by Ni/N = ni to see that

ZN
Vβ

≥ β
−N2

∑
i

n2
i

2ki eO(N2) (7.7)

where we used Anderson et al. (2010, Theorem 2.6.1) to see that for every i, with the notations of
(1.2), we have

lim
Ni→∞

1
N2

i

ln
∫
e−Nci Tr(Λ2ki

i )∆(Λi)2dΛi = − inf{En−1
i cix2ki }

where the supremum is taken over all probability measures µ on the real line. In particular, the limit
does not depend on β large enough, even though we integrate a priori on [−L′(ln β)

1
2kj ;L′(ln β)

1
2kj ],

because the supremum of En−1
i cix2ki is taken at a compactly supported probability measure, whose

support can be assumed to be included in [−L′(ln β)
1

2kj ;L′(ln β)
1

2kj ] for β large enough. We can
optimize over the choice of ni in (7.7), that is minimize (ni) 7→

∑
i

n2
i

2ki
while

∑
ni = 1. We find

that we should take ni = n∗
i = ki/

∑
kj . Plugging back this lower bound on the partition function

into (7.6) we find a finite constant C such that

QN
Vβ

(
∩i {Ni

N
= ni} ∩A

)
≤ exp{−N2 ln β(

∑ n2
i

ki
−

∑ (n∗
i )2

ki
) + CN2}
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Noticing that
∑ n2

i
ki

−
∑ (n∗

i )2

ki
=

∑
i(ni − n∗

i )2/ki, we conclude that there exists a constant S finite
so that for β big enough

QN
Vβ

(
{max

i
|Ni

N
− n∗

i | > S
√

ln β−1} ∩A
)

≤
∑

maxi | pi
N

−n∗
i |>S

√
ln β

−1

QN
Vβ

(
∩i {Ni = pi} ∩A

)

≤ Nm exp{− 1
maxi ki

S2N2 + CN2}

which completes the proof when p = 1 by taking S2 > C max ki. It is straightforward to generalize
the proof to more general p as we can do the change of variables for any matrices separately to
localize the spectrum of each of the p matrices and then expand around the minimizers the spectrum
of each of these matrices.

Proof of Corollary 7.2. The first two points are a direct consequence of Theorem 7.1. The
main point is hence to show convergence of the rescaled distribution near a minimizer. But, coming
back to (7.5), if we condition by the event N = (N1, . . . , Np) = N(n1, . . . , np) = Nn, X1 is fixed
up to terms of order β− min 1

2ki , and therefore the interaction term NTrW (X1, Y ) is fixed up to
order β− min 1

2kiN2. Hence, the previous proof shows that there exists a random variable ϵβ which
is uniformly bounded Cβ−κ on A so that for any closed set B of the set of probability measures on
the real line,

QN
Vβ

(
{µ̂Λi

∈ B} ∩A|N
)

= 1
Z̃N

β

∫
µ̂Λi

∈B
e−N

(
ci Tr(Λ2ki

i )+ϵβN
)
∆2(Λi)dΛdY

and therefore again by Anderson et al. (2010, Theorem 2.6.1) the right hand side goes exponentially
fast to zero unless

inf
µ∈B

{Ecin
−1
i x2ki (µ)} ≤ inf Ecin

−1
i x2ki + |C|β−κ . (7.8)

Put ri = ci/ni and using that σki
ri

satisfies Anderson et al. (2010, Lemma 2.6.2)

rix
2ki − 2

∫
ln |x− y|dσki

ri
(y) ≥ C =

∫
(rit

2ki − 2
∫

ln |t− y|dσki
ri

(y))dσki
ri

(t)

everywhere, with equality σki
ri

almost surely, we find that (7.8) holds iff there exists µ ∈ B so that

D(µ, σki
ri

)2 := −
∫

ln |x− y|d(µ− σki
ri

)(x)d(µ− σki
ri

)(y)

= Ecin
−1
i x2ki (µ) − Ecin

−1
i x2ki (−σki

ri
)

−
∫

(rix
2ki − 2

∫
ln |x− y|dσki

ri
(y) − C)dµ(x)

≤ |C|β−κ (7.9)

Moreover, for any probability measures µ, ν, we have (Ben Arous and Guionnet, 1997, p. 525)

D(µ, σki
ri

) =
( ∫ +∞

0

1
t

∣∣∣∣ ∫
eitxd(µ− σki

ri
)
∣∣∣∣2dt)1/2

. (7.10)

so that D defines a distance on the set of probability measures. Moreover, Cauchy-Schwartz
inequality shows that

|
∫
fd(µ− ν)| =

∣∣ ∫ √
tf̂t

1√
t

∫
eitxd(µ− ν)dt

∣∣ ≤
√

2
( ∫

|t||f̂t|2dt
)1/2

D(µ, ν) (7.11)
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where we finally noticed that∫
R

dt

|t|

∣∣∣∣ ∫
eitxd(µ− ν)(x)

∣∣∣∣2 = 2
∫ ∞

0

dt

t

∣∣∣∣ ∫
eitxd(µ− ν)(x)

∣∣∣∣2 .
This completes the proof with (7.9).

7.2. Low temperature expansion. In this section we consider a special case of the previous one where
the interaction term vanishes at the minimizers of the potentials U i, as specified in Assumption
2.9(3).

Remark 7.3. • Potentials of the form Zi(X1, . . . , Xℓ) =
∏mi

j=1(Xi − xi
j)Qi(X1, . . . , Xℓ) with

polynomials Qi fulfill Assumption 2.9(3).
• Moreover, we might have generalized our result to functions U i, V i, Z which are not polyno-

mials in the sense that tightness could be proved directly in this setting without the trapping
conditions. For consistency we however restrict ourselves to polynomials functions.

Then, we prove the low temperature (namely large β) convergence of Theorem 2.10(2), which
is based on the fact that, up to rescaling, our hypothesis insures that the interaction is small with
overwhelming probability under our hypothesis so that we can use Collins et al. (2009); Guionnet
and Novak (2015).

Proof of Theorem 2.10(2): We first show that the empirical measure µ̂Xi of the eigenvalues of Xi

converges almost surely for every i ≤ ℓ. We can restrict the domain of integration to
B = ∩i≤p{µ̂N

XN
i

(Ki
β,R) = 1} ∩p+1≤i≤ℓ {µ̂N

XN
i

([−L,L]) = 1}

∩1≤j≤mi{|µ̂N
XN

i
([xi

j − η, xi
j + η]) − 1

mi
| ≤ C√

ln(β)
}

where C is finite and η > β−1/2 fixed small enough so that [xi
j − 2η, xi

j + 2η] ∩ [xi
j′ − 2η, xi

j′ + 2η] is
empty if j ̸= j′. L is chosen large enough so that the hypothesis of (η,A, I)-trapping implies that
the matrices stay uniformly bounded by L by Theorem 2.2 with probability going to one. Hence,
Theorem 7.1 asserts that QN

Vβ
(B) goes to one as N goes to infinity, provided β ≥ β0 for some finite

β0. We diagonalize the matrices XN
i = OiDiO

∗
i with unitary matrices Oi. We let N i

j be the number
of entries of Di in [xi

j − η, xi
j + η]. We let D∞

i be the matrix with N i
j entries exactly equal to xi

j :
on B, we define D∞

i to be the function of Di given by

D∞
i = f∞

i (Di), f∞
i (x) =

mi∑
j=1

xi
jχ[xi

j−η,xi
j+η](x)

where χ[a,b] is smooth, equal to one on [a, b] and zero outside [a− η, b+ η] for every real numbers
a < b. Λi = β1/2(Di − D∞

i ) is uniformly bounded on B by R
√

ln β by definition of Ki
β,R. By

Assumption 2.9, TrZi(OiD
∞
i O

∗
i ,Xic) vanishes so that

TrZi(X) = Tr(Zi(OiDiO
∗
i ,Xic) − Zi(OiD

∞
i O

∗
i ,Xic))

= β−1/2Tr
(
OiΛiO

∗
i

∫ 1

0
DXiZi(OiD

∞
i O

∗
i + αβ−1/2OiΛiO

∗
i ,Xi)

)
dα .

Consequently, since this is true for every i, we find a polynomial P β with coefficients which are
polynomials in β−1/2 and such that

TrZ((OjDjO
∗
j )1≤i≤j) = β−1/2 Tr(P β(OjD̄jO

∗
j , 1 ≤ j ≤ ℓ, OjΛ̄jO

∗
j , j ≤ p)) ,

where D̄j = Dj/L, Λ̄j = Λj/R
√

ln β have operator norm uniformly bounded by one. P β is not
a polynomial in OjD̄jO

∗
j , 1 ≤ j ≤ ℓ, but OjΛ̄jO

∗
j is a smooth function of OjDjO

∗
j so that the
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conclusions of Guionnet and Novak (2015); Figalli and Guionnet (2016) extend as follows. First,
let us define as in Guionnet and Novak (2015, Proposition 8) the following norm on polynomials in
letters (oi, o

∗
i , di, 1 ≤ i ≤ ℓ,Λi, 1 ≤ i ≤ p) so that ∥di∥∞ ≤ 1, ∥Λi∥∞ ≤ 1

∥P∥ξ =
∑

|λq|ξdeg0(q) if P =
∑

λqq

where the sum is over the monomials q of P in (oi, o
∗
i , di, 1 ≤ i ≤ ℓ,Λi, 1 ≤ i ≤ p) and dego(q) is

the total number of letters oi and o∗
i , 1 ≤ i ≤ ℓ it contains. We see that β−1/2∥P β∥1 goes to zero

when β goes to infinity. Hence, by Guionnet and Novak (2015, Corollary 4), for β large enough,
we find a function Fβ of the non-commutative law of (D̄i, Λ̄i)1≤i≤ℓ so that∫

eNβTrZ(O1D1O∗
1 ,...,OℓDℓO∗

ℓ )dO1 · · · dOℓ = eN2(β−1/2Fβ+o(1)) . (7.12)

Now, following Figalli and Guionnet (2016, Theorem 2.3 and Theorem 6.1), we see that Fβ does
not depend on all joint moments of (D̄i, Λ̄i)1≤i≤ℓ but only on those of (D̄i, Λ̄i), for 1 ≤ i ≤ ℓ

because Pβ depends only on (OjD̄jO
∗
j , 1 ≤ j ≤ ℓ, OjΛ̄jO

∗
j , j ≤ p) (rather than being a general

polynomial in (Oi, O
∗
i , Di,Λi) as in Guionnet and Novak, 2015). As a consequence, Fβ only depends

on (µ̂Di)1≤i≤ℓ. In fact our setting is similar to the setting of Figalli and Guionnet (2016) except
Λ̄j is a smooth function of D̄j and not a polynomial. Also, in Figalli and Guionnet (2016) we did
not bound uniformly these matrices by one as in Guionnet and Novak (2015), and therefore had
a second exponent in the norm. However, these modifications are minor and the results of Figalli
and Guionnet (2016) can be applied readily. We therefore conclude that∫

eNTrZ(O1D1O∗
1 ,...,OℓDℓO∗

ℓ )dO1 · · · dOℓ = eN2(β−1/2Fβ((µ̂Di
)1≤i≤ℓ)+o(1)) (7.13)

where Fβ is a smooth function of the distributions (µ̂Di)1≤i≤ℓ = (µ̂Xi)1≤i≤ℓ. Moreover, Fβ expands
as a converging series in β−1/2. o(1) is bounded uniformly on B by C/N for some finite constant C
which may depend on β. Hence, Fβ is a continuous function of (µ̂Di , 1 ≤ i ≤ ℓ) on B. We next use
(7.13) to derive a large deviation principle for the law of (µ̂Di , 1 ≤ i ≤ ℓ) under QN

Vβ
(.|B) in the same

spirit as in the proof of Figalli and Guionnet (2016, Corollary 2.4) by using the large deviations in
absence of interaction (which amounts to take the potential Z equal to zero) and using Varadhan’s
lemma (Dembo and Zeitouni, 1998, Theorem 4.3.1). In fact, under QN

β
∑

i≤p
Ui+

∑
i≥p+1 Vi

(.|B), the
matrices (Xi, 1 ≤ i ≤ ℓ), are independent and follow the beta-ensembles (7.2) with β = 2 and
potential βUi and Vi respectively, restricted to B . As a consequence of Anderson et al. (2010,
Theorem 2.6.1) we deduce that under the law QN

β
∑

i≤p
Ui+

∑
i≥p+1 Vi

(.|B), the distribution of µ̂ :=

(µ̂Xi , 1 ≤ i ≤ ℓ) satisfies a large deviation principle with speed N2 and good rate function which is
infinite unless

µi(Ki
β,R) = 1, max

j≤mi

|µi([xi
j − η, xi

j + η]) − 1
mi

| ≤ C√
ln β

, i ≤ p,

and µi([−L,L]) = 1, for p+ 1 ≤ i ≤ ℓ, and then given, up to a constant, by

IZ=0
β (µ) =

p∑
i=1

EβUi
(µi) +

ℓ∑
i=p+1

EV i(µi) .

We next consider the case where the interaction is present. It adds the term β−1/2Fβ in the density
according to (7.13). We deduce from Varadhan’s lemma that the law of µ̂ = (µ̂Xi , 1 ≤ i ≤ ℓ) under
QN

V (.|B) satisfies a large deviation principle with speed N2 and good rate function

Iβ(µ) = IZ=0
β (µ) − β−1/2Fβ(µ) − Cβ ,
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where
Cβ = lim

N→∞

1
N2 lnQN

Vβ
(B) = inf

µ
{IZ=0

β (µ) − β−1/2Fβ(µi)1≤i≤ℓ} .

Iβ is a good rate function and hence it achieves its minimal value. We claim that it admits a
unique minimizer µβ = (µβ

1 , . . . , µ
β
ℓ ). Similar questions were studied in Figalli and Guionnet (2016,

Lemma 3.1) when the potentials V i, U i are uniformly convex ( by showing that the rate function
stays strictly convex under transport maps). Here, we generalize this result by using the strict
convexity of IZ=0

β Anderson et al. (2010, Lemma 2.6.2). In fact, it can be shown as in Anderson
et al. (2010, Lemma 2.6.2) that critical points of Iβ are such that there exists constants Ci(β) so
that

βUi(x) − 2
∫

ln |x− y|dµβ
i (y) + β−1/2DiFβ[µβ](δx) ≥ Ci(β) (7.14)

with equality µβ
i almost surely. We denoted

DiFβ[µβ](ν) = lim
ϵ↓0

1
ϵ

(Fβ(µβ + 1j=iϵν) − Fβ(µβ)) .

We define similarly the Hessian D2Fβ of Fβ. We can then develop Iβ around its minimizer to find
as in Borot and Guionnet (2024, (A.3)) (see also (7.10)) that

Iβ(µ) ≥ Iβ(µβ) +
ℓ∑

i=1
D(µi, µ

β
i )2 + β−1/2

∫ 1

0
D2Fβ((1 − α)µβ + αµ)[µ− µ∗]⊗2dα

We claim that the exists a finite constant C independent of β ≥ β0 so that∫ 1

0

∣∣ ∫ 1

0
D2Fβ((1 − α)µ∗ + αµ)[µ− µβ]⊗2∣∣dα ≤ C

ℓ∑
i=1

D(µi, µ
β
i )2 .

It is then enough to take β−1/2C < 1 to conclude that there exists a unique minimizer. Indeed, by
Figalli and Guionnet (2016, Theorem 6.1), we have for ζ = ζβ ≥ 1

∣∣ ∫ 1

0
D2Fβ(µβ + αµ)[µ− µβ]⊗2dα

∣∣ ≤
ℓ∑

i=1
∥µi − µβ

i ∥2
ζ (7.15)

with ∥ν∥ζ = supk ζ
−k|ν(xk)|. We finally compare this distance with D. Observe that we can take ζ

going to infinity with β (as the main condition is that β−1/2∥P β∥ξ is bounded by say one with the
norm defined in Figalli and Guionnet, 2016, Section 6) and νi = µi − µβ

i has compact bounded by
some constant M independent of β, so that we choose ζ > M . Then we can extend fk(x) = ζ−kxk

outside of [−M,M ] as a function of the space L of C2 functions with the two first derivatives
bounded by one belonging to L2 ∩ L1 and so that ∥f∥L2 ≤ 1 and ∥f ′∥L2 ≤ 1. Hence, we can use
Plancherel and Fubini theorems to find that

∥µ− ν∥ζ ≤ sup
f∈L

|
∫
f̂t

∫
eitxd(µ− ν)(x)dt| ≤ 2 sup

f∈L

( ∫
|t||f̂t|2dt

)1/2
D(µ, ν)

where finally for every f ∈ L,∫
|t||f̂t|2dt ≤ 1

2
( ∫

|t|2|f̂t|2dt+
∫

|f̂t|2dt
)

= 1
2(∥f∥2

2 + ∥f ′∥2
L2) ≤ 1

which completes the proof of (7.15).

To deduce the convergence of the joint distribution of X = (U1D1U
∗
1 , . . . , UℓDℓU

∗
ℓ ) it is enough

to show the joint convergence of the distribution of U = (U1, . . . , Uℓ) knowing that the distributions
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of D1, . . . , Dℓ converges towards µβ
1 , . . . , µ

β
ℓ . But the law of U is absolutely continuous with respect

to Haar measure on the unitary group and with density

dPN
Vβ

(O) = 1
ZN

Vβ

eNβ− 1
2 Tr(P β((UjDjU∗

j )j≤ℓ)))dU .

We can now use Guionnet and Novak (2015, Theorem 1) to deduce that when β is large enough and
the laws of µ̂X1 , . . . µ̂Xℓ

converge towards some µβ
1 , . . . , µ

β
ℓ , the joint distribution of (OiDiO

∗
i , 1 ≤

i ≤ ℓ) converges towards a non-commutative law τVβ
whose moments are iteratively determined by

Dyson-Schwinger equations. Moreover, the moments under τVβ
expand as a converging series in

β−1/2 and τ∞ is the law of ℓ free variables, the pth first having law 1
mi

∑
δxi

j
and the ℓ− p last ones

following the minimizer µV i of the energy EV i .
□

Notice that an analogue of Corollary 6.6 should also hold in the setting of Theorem 2.10 but its
proof would necessitate to extend Guionnet and Shlyakhtenko (2014) to the case of perturbative
potentials depending on random matrices and deterministic projections, a project that we do not
pursue here.

8. Strong commutator interaction

In this section we consider the case where the strong interaction is given by a commutator.

Assumption 8.1. There exists polynomials V1 and V2 such that

Vβ(X) = −β(X1X2 −X2X1)2 + V1(X1) + V2(X2) .

Moreover, V1 and V2 go to +∞ at infinity (and therefore faster than cx2 for some c > 0).

We already know that X1 and X2 commute asymptotically when N and then β go to infinity by
Corollary 5.4, since it implies that the trace of the moments of the commutator U(X) = −(X1X2 −
X2X1)2 goes to zero. However there are many ways to insure that this is the case: for instance X1
and X2 can have asymptotically the same basis of eigenvectors but a non trivial spectrum or X1 or
X2 can converge to a multiple of the identity. In fact it turns out these two strategies have the same
small entropy: Because the eigenvalues of X1 follow a Coulomb gaz, the event {∥X1 − I∥∞ ≤ ε}
has probability of order εN2 . But similarly if we diagonalize X1 and write X2 = UDU∗ with D and
X1 commuting, and U a unitary matrix, the eigenvalues of U follow a Coulomb gas and therefore
the event {∥U −I∥∞ ≤ ε} has probability of order εN2 . As noticed by D. Shlyakhtenko in a private
communication, this implies that if we have a 3(or more)-matrix model such as

V (X1, X2, X3) = −β[X1, X2]2 − β[X1, X3]2 +W (X1, X2, X3)

then the most likely strategy is that X1 is close to a multiple of identity. We show in the sequel
that with only one commutator the situation is more interesting and the matrices in general do not
converge to a multiple of identity. In fact, if the potentials V1 and V2 have several minimizers, the
eigenvalues of the matrices X1 and X2 concentrate in a neighborhood of these minimizers with non
trivial masses. Asymptotically as N and then β go to infinity, the matrices will commute and have
“independent” non trivial spectrum.

First we consider the case where one of the potential is quadratic. We define the following
functional on the space of probability measures on R:

JV
β (µ) =

∫ ∫ (1
2(V (x) + V (y)) − ln β|x− y|2

1 + β|x− y|2
)
dµ(x)dµ(y)
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and its off diagonal version JV
β, ̸=(µ) given by

JV
β, ̸=(µ) =

∫ ∫
1x ̸=y

(1
2(V (x) + V (y)) − ln β|x− y|2

1 + β|x− y|2
)
dµ(x)dµ(y)

Proposition 8.2 (Asymptotics when one potential is quadratic). Let XN , Y N be two N×N
random Hermitian matrices with distribution:

dQN
Vβ

(X,Y ) = 1
ZN

Vβ

exp(−N Tr(−β

2 [X,Y ]2 + V (X) + Y 2

2 ))dXdY

where V is a polynomial going to +∞ at infinity and β is a non-negative real number. Then under
QN

Vβ
, the law of the eigenvalues λ1, . . . , λN of XN is given by:

QN
Vβ

(dλ) = 1
ZN

Vβ

exp(−N2JV
β, ̸=( 1

N

N∑
i=1

δλi
))dλ1 . . . dλN

(1) Moreover,

lim
N→∞

1
N2 lnZN

Vβ
= lim

N→∞

1
N2 ln

∫
RN

exp(−N2JV
β, ̸=( 1

N

N∑
i=1

δλi
))dλ1 . . . dλN

= cV
β := inf JV

β .

(2) Under QN
Vβ

(or QN
Vβ

), the law of µ̂N
X satisfies a large deviation principle with speed N2 and

good rate function µ → JV
β (µ) − cV

β . In particular µ̂N
X converges almost surely towards the

unique minimizer µV
β of JV

β .
(3) Assume that inf V = 0 and V achieves its minimal value at the real numbers {x1, . . . , xm}

such that V (x) = ci(x− xi)2ki(1 + o(1)) for some integer numbers ki ≥ 1 and positive real
numbers ci. Let k = max ki.Then, there exists a finite constant A(V ) such that for every
κ ∈ (0, 1)

lim sup 1
N1−κ

lnQN
Vβ

(∥Y ∥∞ > A(V )β− k
5(2k+1) ) < 0 . (8.1)

Proof : The fact that the law of (λ1, . . . , λN ) has distribution QN
Vβ

follows from the fact that we can
assume without loss of generality that X is diagonal as the law of Y is invariant under conjugation
by the unitary group and then

Tr(−[X,Y ]2) = Tr(−(XY − Y X)2) = 2
∑
i<j

(λi − λj)2|Yij |2 .

Therefore, the law of the eigenvalues of X is given by

dQN
Vβ

(λ) = 1
ZN

Vβ

( ∫
exp

{
−N

(
β

∑
i<j

(λi − λj)2|Yij |2 + Tr(Y
2

2 )
)}
dY

)
∆(λ)2e−N

∑
V (λi)

∏
dλi

Integrating over the entries of the matrix Y by using the Gaussian integration formula∫
e−N

(
β(λi−λj)2+a

)
|Yij |2dℜ(Yij)dℑ(Yij) = π

N
(
β(λi − λj)2 + a

) , (8.2)

we get the distribution

dQN
Vβ

(λ) = 1
ZN

β

∏
i<j

(
1 + β(λi − λj)2)−1

e−N
∑N

i=1 V (λi)
∏
i<j

|λi − λj |2
∏

dλi

with ZN
β the constant so that QN

Vβ
is a probability measure. The large deviation principle and

the convergence of the free energy are a direct consequence of a general large deviation principle
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proved by García-Zelada (2019), see also Ben Arous and Guionnet (1997) or the book Anderson
et al. (2010, Theorem 2.6.2). In fact, the new additional term can be written like exp{−N2gβ(µ̂N

X)}
with

gβ(µ) = 1
2

∫
ln(1 + β(x− y)2)dµ(x)dµ(y)

which is continuous on the space of measures supported in a common bounded set. Thus, if our
integral would be supported on a bounded set we could deduce the result from Anderson et al.
(2010, Theorem 2.6.2) and Varadhan’s lemma. The only point is therefore to deal with the growth
of ln(1 + β(x− y)2) at infinity, but this is easily balanced with the growth of potential V and the
Vandermonde. Hence, the proof of Anderson et al. (2010, Theorem 2.6.2) can easily be generalized
to this case. We leave the details to the reader.

It is classical to prove that JV
β is a good rate function Anderson et al. (2010, Lemma 2.6.1) (

Jβ differs from the usual Beta-ensemble rate function by the term gβ whose behavior at infinity is
balanced by the logarithmic entropy). We show below that it is strictly convex and therefore has
a unique minimizer. Because JV

β is a sum of the linear term µ →
∫
V dµ and J0

β , it is enough to
show that J0

β is strictly convex. This is proven in Lemma C.1.This implies the uniqueness of its
minimizer µV

β .
Let d be the distance given by

d(µ, ν) = sup{|
∫
fd(µ− ν)|}

where the supremum is taken over functions f with Lipschitz norm

∥f∥L = sup
x ̸=y

|f(x) − f(y)|
|x− y|

(8.3)

bounded by one. Define Bδ(µV
β ) = {ν : d(ν, µV

β ) < δ}. As a consequence of the uniqueness of the
minimizer of JV

β , the infimum of JV
β over the complement of Bδ(µV

β ) is positive. Thanks to the
large deviation upper bound, we deduce that for any δ > 0, there exists cδ > 0 such that for N
large enough

QN
Vβ

(
d(µ̂N

X , µ
V
β ) > δ

)
≤ e−cδN2

.

This completes the proof of Proposition 8.2(2) by Borel Cantelli’s lemma.
We finally deduce the bound on ∥Y ∥∞. By Lemma C.3, we know that there exists a finite

constant C such that for any interval Iβ of length 2εβ with ε2
ββ → ∞,

µV
β (Iβ) ≤ Cβ

1
4(2k+1) √

εβ.

We take Iβ = [x − εβ, x + εβ] for a real number x and approximate the indicator function of Iβ

by a Lipschitz function with support in [x − 2εβ, x + 2εβ] and Lipschitz norm bounded by 1/εβ.
Therefore, for any δ > 0, on d(µ̂N

X , µ
V
β ) ≤ δ, we have

µ̂N
X([x− εβ, x+ εβ]) ≤ Cβ

1
4(2k+1) √

εβ + 1
εβ
δ (8.4)

Moreover, Vβ is (η,A)-trapping for some η > 0, A finite and the trivial partition {{1}, {2}} by
Theorem 2.5. Therefore, by Theorem 2.2 we know that all the λi belong to some finite set [−Lκ, Lκ]
with probability greater than 1 − e−N1−κ for Lκ finite and κ ∈ (0, 1). Applying (8.4) to a finite
covering of [−Lκ, Lκ] with mesh εβ/2, y1 = −Lκ, yi = yi−1 + εβ/2, we see that with probability
greater than 1 − 4Lκε

−1
β (e−N1−κ + e−cδN2),

max
x∈[−Lκ,Lκ]

µ̂N
X([x− εβ

2 , x+ εβ

2 ]) ≤ max
i
µ̂N

X([yi − εβ, yi + εβ]) ≤ γβ (8.5)
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where we fixed δ = Cβ
1

4(2k+1) ε
3/2
β and put γβ = 2Cβ

1
4(2k+1) √

εβ. When (8.5) holds, if we order the
(λi)1≤i≤N , we have

min
i,j:|i−j|≥γβN

{
|λi − λj |

}
≥ εβ . (8.6)

Indeed, otherwise the point x = (λi +λj)/2 with i, j achieving the above minimum would contradict
(8.5). Next, we consider the matrix Y conditionally to the (λi)1≤i≤N satisfying (8.6). We first
observe that, under this conditional law, the Yij are independent centered Gaussian variables with
variance N−1(1 + 2β(λi − λj)2)−1. We make the following decomposition

Y = ∆ +G

where ∆ is the band matrix with entries (Yij1|i−j|≤γβN )i,j and G collects the remaining entries.
The variance of these entries is bounded from above by 1/N . We can therefore use Lemma D.1 to
find a finite positive constant c so that

P
(
∥∆∥∞ ≥ c

√
γβ

)
≤ 2
γβ
e−γβN .

On the other hand, when (8.6) holds, the entries of G have variance bounded from above by
N−1(1+2β(εβ)2)−1. This can be used to bound the tail of the largest eigenvalue of G by comparing
high moments of G by those of a GOE matrix following the proof of Guionnet and Husson (2020,
Lemma 5.6) . Indeed, by Tchebyshev’s inequality, for every α > 0,

P(∥G∥∞ ≥ (1 + 2β(εβ)2)−1/2(2 + δ)) ≤ 1
((1 + 2β(εβ)2)−1/2(2 + δ))2Nα E[TrG2Nα ]

≤ 1
(2 + δ)2Nα E[TrW 2Nα ] ≤ 2N(4/(2 + δ)2)Nα

where in the second inequality we noticed that the moment of E[TrG2Nα ] only depends on the
sum of product variances of G by Wick formula and therefore can be bounded by those of a GUE
matrix W whose entries have variance N−1. The moments of the GUE matrix W are precisely
bounded, see e.g Anderson et al. (2010, Theorem 2.1.22, see p. 24), which provides the last upper
bound. This implies that E[∥G∥∞] ≤ 3(1 + 2β(εβ)2)−1/2 for N large enough. By Anderson et al.
(2010, Theorem 2.3.5, see (2.3.10)) (observe that the entries are Gaussian and thus satisfy the
log-Sobolev inequality), ∥G∥∞ concentrates around its mean and therefore there exists finite non
negative constants c, C independent of β such that

P
(
∥G∥∞ ≥ 4

(
1 + 2β(εβ)2)−1/2)

≤ Ce−cN .

Taking εβ = β
− 1

10
8k+5

(2k+1) , we check that ε2
ββ = β

2k
5(2k+1) goes to infinity with β, and γβ and (1 +

2β(εβ)2)−1 are of the same order β− 2k
5(2k+1) . Putting these two bounds together gives a positive

finite constant C, such that for β and N large enough,

P
(
∥Y ∥∞ ≥ Cβ

− k
5(2k+1)

)
≤ Cβ

2k
5(2k+1) e−β

− 2k
5(2k+1) N . (8.7)

Finally, since this control is uniform over a set of (λi)1≤i≤N with probability of order greater than
1 − 4Lκε

−1
β (e−N1−κ + e−cδN2), we can remove the conditioning to conclude.

□

Amazingly, in the simpler case where both potentials are quadratic, the asymptotic distribution
of the matrices can be computed explicitly.
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Proposition 8.3 (Asymptotics when both potentials are quadratic). Let XN and Y N be
two random matrices following

dQN
β (X,Y ) = 1

ZN (β) exp(−N Tr(−β[X,Y ]2 + X2

2 + Y 2

2 ))dXdY.

Then under the law QN
β , the sequence of empirical distribution µ̂N

β
1
6 X,β

1
6 Y

of (β
1
6X,β

1
6Y ) is tight

almost surely. Besides, if τVβ
is an accumulation point of µ̂N

β
1
6 X,β

1
6 Y

, then τVβ
converges when

β → ∞ towards the commutative distribution of the first two coordinates of a point taken uniformly
in BR3(0, 21/4(3π)1/6). In other words, for any P ∈ C⟨X,Y ⟩, almost surely,

lim
β→∞

lim sup
N→∞

1
N

TrP (β
1
6XN , β

1
6Y N ) =

∫
BR3 (0,(3π)1/3) P (x, y)dxdydz

|BR3(0, (3π)1/3)|
and the same result holds if we replace the lim sup by a lim inf.

Remark that the uniform law on BR3(0, (3π)1/3) is in a way a 2-dimensional analog of the semi-
circular law seen as the first coordinate of a uniform point on BR2(0, 2).

Proof : This is a consequence of the previous results. We know that µ̂N

β
1
6 X,β

1
6 Y

is tight ( since

both XN and Y N have a bounded spectral norm with large probability by (8.1)) and let τVβ
be

a limit point. By the previous proposition, the distribution of x and y under τVβ
is the mini-

mizer µx2/2
β of the rate function J

x2/2
β . By the second point of Proposition C.3, we know that the

rescaling β1/6#µx2/2
β of the equilibrium measure by β1/6 is supported in [−LV , LV ]. Therefore the

distribution of (β
1
6x, β

1
6 y) under τVβ

is tight. Let τ∞ be a limit point. Moreover, −[XN , Y N ]2

is a non-negative matrix with a first moment converging to 0 at speed ln β
β by Proposition 5.5.

Therefore τVβ
(−[β

1
6x, β

1
6 y]2) = O(β− 1

3 ln β) still goes to 0 when β goes to infinity. Hence, τ∞ is
the distribution of commuting variables. Lemma C.3.4) shows that the distribution of x under
τ∞ is the probability distribution with density (2π)−1(A − x2/2)+ with A = 1

2(3π)2/3. Finally
there is only one law of two commutative variables on R2 with a distribution invariant by rotation
with a fixed marginal distribution. Indeed, the law of two commutative variables is encoded by a
probability measure P on R2. Because of the invariance by rotation of P , we see that for any vector
λ ∈ R2, ⟨λ, (x, y)⟩ has the same law that ∥λ∥2x if (x, y) follows P , which is thus uniquely defined if
the law of x is prescribed. Since the distribution of the first two coordinates of an uniform points
BR3(0, (3π)1/3) is invariant by rotation and has this marginal (2π)−1(A− x2/2)+, this must be the
distribution τ∞.

□

We finally tackle the case when none of the potentials is quadratic.

Theorem 8.4. We let V1 and V2 be two non-negative polynomials of one variable, going to +∞
at infinity. Let j = 1 or 2. Let xj

1 < xj
2 < · · · < xj

mj
be the real zeroes of Vj and assume there exists

cj
1, . . . , c

j
mj

∈ R+∗ such that, for every i ∈ {1, . . . ,mj},

Vj(x) = cj
i (x− xj

i )2 + o(x− xj
i )2

Let
dQN

Vβ
(X1, X2) = (ZN

Vβ
)−1e−N Tr(−β[X1,X2]2+V1(X1)+V2(X2))dX1dX2 .

Then, for every ε > 0, QN
Vβ

almost surely, we have

lim
β→∞

lim inf
N→∞

µ̂N
Xj

(∪1≤i≤mj [xj
i − ε, xj

i + ε]) = 1 (8.8)
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Moreover, for ε > 0 small enough so that [xj
i − ε, xj

i + ε] ∩ [xj
i′ − ε, xj

i′ + ε] is empty for i ̸= i′, we
have almost surely

lim
β→∞

lim inf
N→∞

µ̂N
Xj

([xj
i − ε, xj

i + ε]) = αj
i := (cj

i )− 1
2∑

ℓ(c
j
ℓ)− 1

2
(8.9)

and the above lim inf can be replaced by a lim sup. Besides,(2βN
π

)N(N−1)/2ZN
Vβ

= exp
(

−N2(cβ− 1
3 + o(β

−1
3 )) + o(N2)

)
where c = (3

2)
5
3π

2
3 (

∑
j(c2

j )− 1
2 )− 2

3 (
∑

j(c1
j )− 1

2 )− 2
3 . Moreover, when N and then β go to ∞, the joint

non-commutative distribution of X1, X2 converges. These variables asymptotically commute and
their spectrum become independent: for ε > 0 small enough, under QN

Vβ
, almost surely,

lim
β→∞

lim inf
N→∞

1
N

Tr(1X2∈[x2
j −ε,x2

j +ε]1X1∈[x1
ℓ
−ε,x1

ℓ
+ε]) = α2

jα
1
ℓ .

Proof : In the proof we will denote X1 = X, X2 = Y , V1 = W and V2 = V to use the same notations
as in the previous results. Moreover c2

j = cj and x2
j = xj .

Compactification : We first show that we can replace W,V by uniformly Lipschitz bounded
variation functions, up to a quadratic term. First notice that our assumption on V and W and
Theorem 2.5 implies that the potential Vβ(X,Y ) = −β[X,Y ]2 + W (X) + V (Y ) is (η,A)-trapping
for some η > 0, A finite and the trivial partition {{1}, {2}}. We may assume A ≥ 0 without
loss of generality. Therefore, Theorem 2.2 implies that the operator norms of both X and Y
stay bounded by L with overwhelming probability, with some L depending only on η and A.
As a consequence, taking M ≥ L, we can replace QN

Vβ
by QN,M

Vβ
= 1BM

QN
Vβ
/QN

Vβ
(BM ) where

BM = {∥X∥∞ ≤ M} ∩ {∥Y ∥∞ ≤ M}. On BM , we can replace V and W by Ṽ and W̃ given for
any real numbers x, y by:

Ṽ (y) = η

4y
2 + V (φM (y)) − η

4φM (y)2, W̃ (x) = η

4x
2 +W (φM (x)) − η

4φM (x)2

where φM (x) = x on |x| ≤ M and η is a positive real number. We choose φM outside of the ball
so that that φM (x)x is non negative, φM is increasing and converging to ±M ′ when x goes to ±∞
with some M ′ > M (e.g M + 1). We now wish to remove the restriction to the ball BM to consider
instead QN

Ṽβ
with Ṽβ(X,Y ) = −β[X,Y ]2 + W̃ (X) + Ṽ (Y ). To this end we need to check that we

can choose M,M ′ large enough so that QN
Ṽβ

(Bc
M ) is very small (in particular summable so that

Borel-Cantelli’s lemma applies) . It is enough to show that Ṽβ is also (η′, A′)-trapping again by
Theorem 2.2.(η′, A′) must not depend on M but can be different from (η,A) (up to take M large
enough). We have seen that the commutator is (0, 0)-trapping so we only need to check that the
functions Ṽ and W̃ are (η/2, A)-trapping. This amounts to show that for every real number x,

xṼ ′(x) = η

2x
2 + (V ′(φM (x)) − η

2φM (x))xφ′
M (x) ≥ η

2x
2 −A . (8.10)

Our choice of φM insures that this is true for |x| ≤ M since V is (η,A)-trapping. Moreover, this
also implies that for every real number x.(

V ′(φM (x)) − η

2φM (x)
)
φM (x) ≥ η

2φM (x)2 −A

where the RHS is non-negative as soon as M2 ≥ 2A/η which we assume hereafter. But, by
definition, φM (x)−1xφ′

M (x) is non-negative so that we deduce that for every real number x(
V ′(φM (x)) − η

2φM (x)
)
xφ′

M (x) ≥ 0 .

Thus, (8.10) is true also for |x| ≥ M provided A ≥ 0. Assuming this, we conclude that Ṽβ is
(η/2, A ∨ 0)-trapping so that again up to choose M slightly bigger, we conclude that for M large
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enough (depending on A and η only), QN
Ṽβ

(Bc
M ) goes to zero exponentially fast by (2.3). Finally,

observe that FV (y) = V (φM (y)) − η
4φM (y)2 and FW (y) = W (φM (y)) − η

4φM (y)2 are uniformly
Lipschitz. Moreover, they have finite total variation:∫

|F ′
V (y)|dy < ∞ and

∫
|F ′

W (y)|dy < ∞ .

Hence, we may and shall assume in the sequel that V and W are the sum of a quadratic potential
and a Lipschitz function with bounded variations. Lipschitz functions with bounded total variation
have two nice properties. First by Hoffman-Wielandt (Anderson et al., 2010, Lemma 2.1.19), if f
is Lipschitz with Lipschitz norm ∥f∥L defined in (8.3), for every N ×N Hermitian matrices X,Y ,

| Tr(f(X)) − Tr(f(Y ))| ≤ ∥f∥L

√
N

√
Tr(X − Y )2 . (8.11)

Moreover, if f is Lipschitz, it is almost surely differentiable and its total variation is then given by
∥f∥T V =

∫
|f ′(t)|dt. Then, we have Silverstein and Bai (1995, Theorem 11.42) or Bordenave et al.

(2011, (C.1)) that
| Tr(f(X)) − Tr(f(Y ))| ≤ ∥f∥T V · rank(X − Y ) . (8.12)

These two inequalities will be used repeatidly in the rest of the proof.
Lower bound : Let x1 < · · · < xm be the minimizers of V . Choose η = 1

2 mini ̸=j |xi − xj | and
εβ = min( 1

ln β , η/2). Thus 2εβ + η ⩽ mini ̸=j |xi − xj | and εβ goes to zero when β goes to infinity.
We first condition by the number of eigenvalues (λi)1≤i≤N of Y close to each of these minimizers.
For n = (n1, . . . , nm) such that

∑
ni = N , we denote by

In := ∩1≤r≤m{♯{i : |λi − xr| < εβ} = nr}.
Then for any n such that

∑
ni = N ,(2βN

π

)N(N−1)/2
ZN

Vβ
⩾ Zn

Vβ
(8.13)

where we have set :

Zn
Vβ

:=
(2βN
π

)N(N−1)/2
∫

In
e−N Tr(−β[X,Y ]2+W (X)+V (Y ))dXdY .

Next we write the integral as an integral over the eigenvalues of Y :

Zn
Vβ

=
∫

In

∏
i<j

2βN(λj − λi)2

π
e

−N(β
∑

i,j
(λi−λj)2|Xij |2+Tr W (X)+

∑
V (λi))dX

∏
i

dλi

We denote i ∼ j if for some r ∈ {1, . . . ,m} we have λi, λj ∈ [xr − εβ, xr + εβ]. We write i ≁ j
otherwise. We set

X̃ij = 1i∼jXij .

X̃ is a block diagonal matrix whose blocks on the diagonal X(1), . . . , X(m) are of size n1, . . . , nm.
We can also recover directly X(r) by writing X(r) = π∗

rXπr with πr the N × nr matrix whose
coefficients are (πr)ij = 1 iff λi is the jth eigenvalue in [xr − εβ, zr + εβ] and 0 otherwise. We will
compare the integral over X and its submatrices X(r) thanks to the following technical Lemma.
We set for (λi)1≤i≤N a vector in RN and B ⊂ {1, . . . , N}2 symmetric (i.e so that if (i, j) ∈ B, then
(j, i) ∈ B),

Zλ
β,W (B) =

∫ ∏
i<j

(ij)∈B

2βN(λj − λi)2

π
e

−N(β
∑

i,j∈B
(λi−λj)2|Xij |2+Tr W (XB))

dXB

where the integration holds over an N × N Hermitian matrix XB with null entries outside of B.
Then we claim that
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Lemma 8.5. Let W (x) = ax2 + ϑ(x) with a function ϑ with finite total variation norm ∥ϑ∥T V

and finite Lipschitz norm ∥ϑ∥L, and some a > 0. Let (λi)1≤i≤N be a vector in RN . Let η > 0
and Π be a symmetric N ×N matrix with entries in {0, 1}. We denote by S(Π) the set of indices
(i, j) so that Πi,j = 1 and assume it is included in |λi − λj | ≥ η. Then for

√
β > a, if we set

χa,ϑ(β, η) = ∥ϑ∥2
L

4(
√

β−a)
+ 1√

βη2 ,

ln
Zλ

β,W ({1, . . . , N}2)
Zλ

β,W (S(Π))
≥ −χa,ϑ(β, η)N2 . (8.14)

Moreover, let J ⊂ {1, . . . , N}. We denote SJ (Π) = S(Π) ∩ J × J . Then for
√
β > a,

ln
Zλ

β,W ({1, . . . , N}2)
Zλ

β,W (SJ (Π))
≤ χa,ϑ(β, η)N2 + 2∥ϑ∥T V N |J c| . (8.15)

Proof : We let X1
ij = Xij1i,j∈(J ×J )c and X̃ij = (X − X1)ij1Πij=1. X1 has rank at most 2|J c|.

Moreover, recall W (x) = ax2 + ϑ(x) with ϑ with bounded variations. (8.12) yields
| Trϑ(X) − Trϑ(X −X1)| ≤ 2∥ϑ∥T V |J c| (8.16)

Furthermore, because ϑ is Lipschitz, (8.11) implies

| Trϑ(X −X1) − Trϑ(X̃)| ≤ ∥ϑ∥L

√
N

(
Tr |X −X1 − X̃|2

)1/2
. (8.17)

Since Tr(X)2 = Tr(X1)2+Tr(X̃)2+Tr(X−X1−X̃)2 and for every real number x, every 0 < a <
√
β,

|ax2 + bx| ≤
√
βx2 + b2

4(
√

β−a)
we deduce that if εϑ,a,β := 2∥ϑ∥T V N

−1|J c| + ∥ϑ∥2
L

4(
√

β−a)
,

|Tr(W (X)) − Tr(W (X̃)) − aTr(X1)2| ≤
√
βTr(X −X1 − X̃)2 + εϑ,a,βN . (8.18)

Plugging this inequality in Zλ
β,W ({1, . . . , N}2) we bound it from above and below by

e−εϑ,a,βNZλ
β,W (−) ≤ Zλ

β,W ({1, . . . , N}2) ≤ eεϑ,a,βNZλ
β,W (+)

where Zλ
β,W (±) equals∫ ∏

i<j

2βN(λj − λi)2

π
e

−N(β
∑

i,j
(λi−λj)2|Xij |2+Tr(W (X̃)+a(X1)2∓

√
β(X−X1−X̃)2))

dX

We next integrate over the entries of X1 and X − X1 − X̃ which are Gaussian using the formula
(8.2). We find that

Zλ
β,W (±) =

∏
i,j∈(J ×J )c

β(λj − λi)2

β(λj − λi)2 + a

∏
i,j∈SJ (Π)c

β(λj − λi)2

β(λj − λi)2 ∓
√
β

× Zλ
β,W (SJ (Π)) .

Each term in the first product is bounded above by one because a is non-negative, whereas each
term in the second product belongs to [e

− 1√
βη2 , e

1√
βη2 ]. The result follows (note that for the lower

bound J c is chosen empty).
□

We use Lemma 8.5 with Πi,j = 1i∼j noting that when i ≁ j, |λi − λj | is greater than η. We
deduce that

Zn
Vβ

≥ e−χa,ϑ(β,η)N2
∫

In

∏
i∼j

(2βN(λj − λi)2

π

)
× exp

(
−Nβ

∑
i∼j

(λi − λj)2|Xij |2 −NTr(W (X̃)) −N
∑

V (λi)
)
dX̃

∏
i

dλi
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Then we break the block diagonal matrix X̃ into its blocks X(r) of size nr. Moreover, there is
εβ = O(xβ) so that if ci(β) = (1 + εβ)ci, for any λ ∈ [xi − εβ, xi + εβ], V (λ) ≤ ci(β)(xi − λ)2.
Therefore, we find

Zn
Vβ

≥ e−χa,ϑ(β,η)N2 ∏
r

∫
[xr−εβ ,xr+εβ ]nr

dX(r)
∏

i

dλi

∏
1≤i<j≤nr

(2βN(λj − λi)2

π

)
× exp{−Nβ

∑
1≤i<j≤nr

(λi − λj)2X(r)2
ij −NTrW (X(r)) −Ncr(β)

nr∑
i=1

(λi − xr)2}.

Now, we diagonalize the matrices X(r) with eigenvalues {µi}1≤i≤nr and integrate over the matrices
Y (r) with eigenvalues {λi − xr, 1 ≤ i ≤ nr} to obtain:

Zn
Vβ

≥ e−χa,ϑ(β,η)N2 ∏
r

∫
||Y (r)||∞<εβ

dY (r)
∏

i

dµi

∏
1≤i<j≤nr

(2βN(µj − µi)2

π

)
× exp{−Nβ

∑
i,j

(µi − µj)2|Y (r)ij |2 −Ncr(β)TrY (r)2 −N
∑

i

W (µi)}

Observe finally that the terms in the above product are strong commutator integrals as studied in
Proposition 8.2 with one quadratic potential. To compute these integrals, note that we can remove
the indicator function on the set ||Y (r)||∞ < εβ thanks to (8.1) as long as εβ ≫ β

− k
5(2k+1) with

k = max ki since this set has overwhelming probability. This is the case since εβ goes to zero
like 1/ ln β. Then, we can compute the integral over Y (r) by using again (8.2), getting, with the
notations of Proposition 8.2(1), that for N large enough,

Zn
Vβ

≥ e−χa,ϑ(β,η)N2 ∏
r

∫
exp(−n2

rJ
N
nr

W

β/cr(β),̸=( 1
nr

nr∑
i=1

δµi))
∏

i

dµi

Finally if for every r, nr/N → αr ∈]0; 1[, we get by Lemma C.3.(1) that for large-N and o(1) going
to zero with N and then β going to infinity,

Zn
Vβ

≥ e−χa,ϑ(β,η)N2 ∏
r

exp(−(1 + o(1))n2
rc

W/αr

β/cr(β))

= e−χa,ϑ(β,η)N2
e−N2(1+o(1))β− 1

3 cW

∑
r

α
2− 1

3
r cr(β)

1
3
, (8.19)

where we used the scaling property cαV
γβ = (α/γ)1/3cV

β (1 + o(β−1)). At this stage recall that cr(β)
goes to cr as β goes to infinity.

We finally bound from below the partition function ZN
Vβ

thanks to (8.13) and to this end maximize
the lower bound over (α1, · · · , αr). Observe that if ui and k are positive constant, the minimizer of
α →

∑n
1 α

1+k
i ui in the simplex is such that the αi’s are proportional to u−1/k

i and then the value
of the minimum is (

∑
i u

−1/k
i )−k.

We apply this with k = 1 − 1
3 = 2

3 and ur = cr(β)
1
3 ≃ c

1
3
r to get that the best lower bound is

taken at α∗
r proportional to c− 1

2
r . To conclude we obtained the lower bound

(2βN
π

)N(N−1)/2
ZN

Vβ
⩾ e−N2(1+o(1))β− 1

3 cW

( ∑
r

c
−1/2
r

)−2/3

. (8.20)
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Finally, recall here that the constants cr = c2
r are the convexity constants of the minimizers of

V = V2 and by Lemma C.3.(1)

cW = cV1 = (3
2)

5
3π

2
3
( ∑

j

(c1
j )−1/2)− 2

3 .

Plugging this formula into (8.20) gives the expected formula.

Upper bound : To get the corresponding upper bound, we first show that, under QN
Vβ

, the
eigenvalues of Y concentrate in a neighborhood of the minimizers {x1, . . . , xm} of V . In the sequel,
we assume without loss of generality that x1 < x‘2 < · · · < xm. We recall that Vβ is trapping
by Theorem 2.5 and Remark 2.6 so that we can restrict ourselves to the ball BM = {∥X∥∞ ≤
M, ∥Y ∥∞ ≤ M}. Next, we take ε > 0 and denote by Iε = ∩1≤i≤m[xi − ε, xi + ε]c. We take ε > 0
and set κε := inf{V (x), x ∈ Iε} > 0. For every δ > 0, we can bound from above the following
quantity:

ΛN (ε, δ) :=
(2βN
π

)N(N−1)/2
∫

{µ̂N
Y (Iε)≥δ}

e−N Tr(−β[X,Y ]2+W (X)+V (Y ))dXdY

by noticing that, since V is non-negative, TrV (Y ) ≥ Nδκε on {µ̂Y (Iε) ≥ δ}. Hence, after diago-
nalizing X, we find that ΛN (ε, δ) is bounded from above by

e−N2κεδ
∫ ∏

i<j

(2βN
π

(λj − λi)2)
e

−Nβ
∑

i,j
(λi−λj)2|Yij |2−N

∑
W (λi)dY

∏
i

dλi.

Integrating over the Yij ’s gives by (8.2) that, since W is a non-negative polynomial,

ΛN (ε, δ) ≤ e−N2κεδ
∫ ∏

i

dλie
−N

∑
W (λi) ≤ e−N2κεδ+O(N ln N) (8.21)

Hence, together with (8.20), we deduce that QN
Vβ

(µ̂N
Y (Iε) > δ) = ΛN (ε, δ)/

(2βN
π

)N(N−1)/2
ZN

Vβ
goes

to zero exponentially fast as soon as δ ≥ Cβ−1/3κ−1
ε if C is large enough (and fixed hereafter). We

therefore may assume in the sequel that µ̂N
Y (Iε) ≤ Cβ−1/3κ−1

ε . If there were o(β−1/3N) eigenvalues
inside Iε, we could just remove these eigenvalues up to a negligible cost (compared to the partition
function) and find ourselves with eigenvalues in independent quadratic wells as in the case we treated
for the lower bound. To circumvent the fact that this is not the case, we partition Iε to come back
to this situation and show that for large enough β the eigenvalues in different neighborhoods of the
minimizers {xi}1≤i≤m become independent. To this end, we fix η > 0 and ε′ > ε sufficiently small
so that the sets [xi − ε′, xi + ε′] are disjoint. For every i ∈ {1, . . . ,m}, we partition [xi − ε′, xi − ε]
and [xi + ε, xi + ε′] into intervals of width η, {[xi − ε− (ℓ− + 1)η, xi − ε− ℓ−η], [xi + ε+ ℓ+η, xi +
ε + (ℓ+ + 1)η]}0≤ℓ±≤L with L ≤ ⌊(ε′ − ε)/η⌋. Because the union of these intervals has mass
bounded above by Cβ−1/3κ−1

ε , we know that for every i ∈ {1, . . . ,m}, there must exists intervals
J+

i = [xi + ε + ℓ+i η, xi + ε + (ℓ+i + 1)η] and J−
i = [xi − ε − (ℓ−i + 1)η, xi − ε − ℓ−i η] for some

integer ℓ±i ≤ ⌊ε/η⌋ in which there are at most δε,ηN eigenvalues with δε,η = 2Cηβ−1/3κ−1
ε ε−1.

Even though ℓ±i are random, we have at most L2k choices for these numbers and therefore we
can simply optimize over their choice at the end. We hence consider these intervals fixed. We
let Vi = [xi − ε − ℓ−i η, xi + ε + ℓ+i η] and Fi = [xi + ε + (ℓ+i + 1)η, xi+1 − ε − (ℓ−i+1 + 1)η], F0 =
(−∞, x1 − ε− (ℓ−1 + 1)η] and Fm = [xm + ε+ (ℓ+m + 1)η,+∞). So Vi includes the ε neighborhood
of the minimizer xi and is included in its ε′-neighborhood. Moreover R = ∪Vs ∪ Fs ∪ J−

s ∪ J+
s . We

use Lemma 8.5 with J c = {i : λi ∈ ∪J−
s ∪ J+

s } and Π(ij) = 1i∼j where i ∼ j iff λi and λj belong
to the same Vr or the same Fr. Observe that by construction, if i ≁ j, |λi − λj | ≥ η. We then find
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that the partition function is bounded from above by(2βN
π

)N(N−1)/2
ZN

Vβ
≤

∑
ℓ+

i ,ℓ−
i ≤L

1≤i≤k

IN
Vβ

(ℓ−i , ℓ
+
i ) + e−N2κεδ+O(N ln N) (8.22)

where

IN
Vβ

(ℓ−i , ℓ
+
i ) = eN2o(ε,η,β)β−1/3

∫ ∏
i∼j

(2βN(λj − λi)2

π

)

× exp
(

−Nβ
∑
i∼j

(λi − λj)2|Xij |2 −NTr(W (X̃)) −N
∑

V (λi)
)
dX̃

∏
i

dλi

depends implicitly on the choice of ℓ−i , ℓ
+
i by the definition of ∼ and

o(ε, η, β) = β1/3(2m∥ϑ∥T V δε,η + (
√
β(η)2)−1) .

We choose ε, η so that it goes to zero: note that κε is of order ε since V is C1 so we need ηε−2

and (
√
βη2)−1β1/3 going to zero with β, so we take η = β− 1

12 +c, ε = β− 1
24 − c

2 +c′ with c, c′ > 0 small
enough. With this choice, we denote in short o(β−1) for o(ε, η, β). To estimate IN

Vβ
(ℓ−i , ℓ

+
i ) we

condition by the number of eigenvalues falling in Vi and Fi. Let In,m be the set where there are ni

eigenvalues in Vi, mi eigenvalues in Fi,
∑

(ni +mi) ≥ N − Cηβ−1/3N . Then

IN
Vβ

(ℓ−i , ℓ
+
i ) ≤ eN2β−1/3o(β−1) ∑

(n),(m)
IN

Vβ
(n,m) (8.23)

where

IN
Vβ

(n,m) =
∫

In,m

∏
i∼j

(2βN(λj − λi)2

π

)
exp

(
−Nβ

∑
i∼j

(λi − λj)2X2
ij

)
(8.24)

× exp
(

−NTr(W (X̃)) −N
∑

V (λi))
)
dX̃

∏
i

dλi .

We can next decompose X̃ in block diagonal matrices corresponding to entries with eigenvalues
either both in a Vi or in a Fi and remark that the above integral factorizes and so for Br = Vr or
Fr, we have

IN
Vβ

(n,m) = eN2β−1/3o(ε,η,β) ∏
1≤r≤k

Rnr (Vr)
∏

0≤r≤k

Rmr (Fr)

where Rnr (Br) is the integral over nr × nr Hermitian matrices with spectrum in Br given by

Rnr (Br) :=
∫
spec(Y )∈Br

∏
1≤i<j≤nr

(2βN(µj − µi)2

π

)

× exp
(

−Nβ
∑

(µi − µj)2|Yij |2 −N
∑

W (µi) −N Tr(V (Y ))
)
dY

∏
i

dµi

We can bound Rmr (Fr) exactly as in (8.21) as V is lower bounded by κε on Fr so that as mr goes
to infinity

Rmr (Fr) ≤ e−m2
r(1+o(1))κε
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On Vr, the eigenvalues of Y are at distance smaller than 2ε from xr and we can therefore approxi-
mate V by cr(ε)(x−xr)2 with some cr(ε) going to cr as ε goes to zero. We can then use Proposition
8.2 to deduce that as nr goes to infinity,

Rnr (Vr) = e
−n2

r(1+o(1))cNW/nr
2β/cr(ε)

Hence, we find

IN
Vβ

(n,m) ≤ eN2β−1/3oβ,ηe
−κε

∑
1≤i≤k

m2
i e

−
∑

1≤r≤k
α2

rc
NW/nr
2β/cr(ε)

We therefore conclude thanks to (8.22) that lim supN→∞
1

N2 ln
(2βN

π

)N(N−1)/2
ZN

Vβ
is bounded from

above by
− min∑

(γi+αi)∈[1−Cηβ−1/3,1]
{κε

∑
1≤i≤k

γ2
i +

∑
r

α2
rc

W/αr

2β/cr(ε)} + β−1/3oβ,η .

For β large enough, the above right hand side is minimized when γr = 0 as κε is of order ε ≃
β− 1

12 ≫ β− 1
3 and then the maximum over αi is the same as the one we obtained for the lower

bound which we have seen is minimum at αi = c
−1/2
i /

∑
c

−1/2
j . This proves (8.9). It also shows

that the probability that the filling fractions deviate from this maximizer decays exponentially fast
and therefore (8.8) since our previous estimates (e.g (8.23) and (8.20)) show that

QN
Vβ

(In,m) ≤
∑

ℓ−
i ,ℓ+

i ≤L

IN
Vβ

(n,m)(2βN
π

)N(N−1)/2
ZN

Vβ

≤ ecN2β−1/3(1+o(β−1))e
−κε

∑
1≤i≤k

m2
i

∏
1≤r≤k

e
−n2

rc
NW/nr
2β/cr(ε) + e−N2(κϵδ−cβ−1/3)

where δ, ε were chosen so that κϵδ − cβ−1/3 ≥ Mβ−1/3 for M as large as desired, insuring that the
last term is neglectable compared to the first.

This settles the asymptotics for the filling fractions of the eigenvalues of X = X1. We can do
exactly the same proof for the matrix Y = X2 to obtain the asymptotics of its filling fractions.
Moreover, by Corollary 5.4, for every ε > 0

lim sup
β→∞

lim sup
N→∞

QN
Vβ

( 1
N

Tr(|[X,Y ]|2) > ε) = 0

so that X and Y asymptotically commute. To get information on the joint behavior of the spectrum
of X and Y , we improve the previous upper bound to control the behavior of X̃. Now we use the
same machinery, let us call X̃(1), . . . , X̃(m) the blocks of X̃:

X̃(r) = 1Y ∈VrX̃1Y ∈Vr = 1Y ∈VrX1Y ∈Vr

where 1Y ∈Vr is the orthogonal projector on the eigenspace associated with all eigenvalues of Y
inside Vr. Indeed, by definition, provided 0 /∈ [x1

i − ε, x1
j + ε],

1
N

Tr(1Y ∈[x2
r−ε,x2

r+ε]1X∈[x1
i −ε,x1

j +ε]) = 1
N

Tr(1X̃(r)∈[x1
i −ε,x1

j +ε])

= nr

N
µnr

X̃(r)([x
1
i − ε, x1

j + ε]) ,

where nr = Tr(1Y ∈[x2
r−ε,x2

r+ε]). Then a slight modification of the bound (8.24) shows that for any
measurable set A in the set of probability measures on the real line,

QN
Vβ

(In,m ∩r µ
N
X̃(r) ∈ A) ≤ ecN2β−1/3(1+oβ,η) ∏

1≤r≤m

Rnr (Vr, A)
∏

0≤r≤m

Rmr (Fr, A)
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with

Rnr (Br, A) :=
∫
spec(Y )∈Br,µN

X̃(r)
∈A

∏
1≤i<j≤nr

(2βN(µj − µi)2

π

)
× exp

(
−Nβ

∑
(µi − µj)2|Yij |2 −N

∑
W (µi) −N Tr(V (Y ))

)
dY

∏
i

dµi

Again we can approximate V by a quadratic potential on the set Vr and use Proposition 8.2 which
shows that if A does not contains a neighborhood of µW N/nr

2β/cr(ε) then Rnr (Vr, A) will be much smaller
than Rnr,r(Vr) so that QN

Vβ
(In,m ∩r µ

nr

X̃(r) ∈ A) will go to zero (as the numerator in this probability
contains the terms Rnr (Vr) instead of the terms R̃nr (Vr, A)). As a consequence, µnr

X̃(r)([x
1
i −ε, x1

i +ε])
goes to α1

i . This completes the proof of the Theorem as we already proved that nr/N goes to α2
r .
□

Appendix A. Random matrix inequalities by flow

In this paper, many controls are based on change of variables. The most basic one is the following:
Lemma A.1 (Inequality by mapping). Let f : Rd 7→ R+ be a measurable function with finite L1

norm
∫
f(x)dx. Let X be a Rd valued random variable with distribution µ absolutely continuous with

respect to Lebesgue measure and density proportional to f . If ϕ : A → Rd is a C1 diffeomorphism
onto its image then

P(X ∈ A) ⩽ sup
x∈A

f(x)
f ◦ ϕ(x)Jϕ(x)

where Jϕ is the absolute value of the Jacobian of ϕ : Jϕ(x) = | det(∂iϕj(x))|.
Proof : If f is the density of µ (up to multiplication by a constant c)

P(X ∈ A) =
∫

A
cf(x)dx ⩽ sup

x∈A

f(x)
f(ϕ(x))Jϕ(x)

∫
A
cf(ϕ(x))Jϕ(x)dx

⩽ sup
x∈A

f(x)
f(ϕ(x))Jϕ(x)P(ϕ−1(X) ∈ A)

where we did the change of variable x → ϕ(x). The lemma follows since the Jacobian and f are
non negative. □

Change of variables were already used to derive concentration of measure, see e.g. Guionnet
and Novak (2015, Section 6.2), in the context of unitary matrices. However, this approach may be
difficult to apply in non compact manifolds as the reminders may be large. The strategy to use
flows allows to bypass this issue. Hereafter, for f : Rn 7→ Rn differentiable, we define by Diffx f the
matrix (∂xifj(x))1≤i,j≤n where x = (x1, . . . , xn). ∇x will denote the gradient with respect to the
variable x : ∇xW = (∂xiW (x))1≤i≤n for W real-valued.

Lemma A.2 (Inequality by flow). Let X be a Rd valued random variable with distribution
µ(dx) = ce−W (x)dx with W : Rd → R a C1 function going to infinity fast enough so that c−1 =∫
e−W (x)dx is finite. Assume that there exists a flow (Yx

t )x∈Rd,t∈R+ on Rd such that Yx
0 = x

and ∂tYx
t = ZY x

t
with Z. a C1 vector field from Rd into itself so that Tr DiffYx

t
ZYx

t
is bounded

uniformly in x ∈ Rd and t in a bounded set. We fix t > 0 and assume that for s ≤ t, x → Yx
s is a

diffeomorphism onto its image. Then, for any finite time t ≥ 0, any measurable subset A of Rd,

P(X ∈ A) ⩽ sup
x∈A

exp
( ∫ t

0
(⟨∇Yx

s
W (Yx

s ).ZYx
s
⟩ − Tr DiffYx

s
ZYx

s
)ds

)
where ⟨x.y⟩ is the scalar product on Rd.



Matrix Models at Low Temperature 845

Proof : This is an application of the previous Lemma with f(x) = exp(−W (x)) and ϕ(x) = Yx
t .

Because we assumed that x → Yx
s is a diffeomorphism onto its image, for any given x in a bounded

subset of Rd, Yx
t stays bounded and therefore we may assume without loss of generality that x → Zx

is uniformly Lipschitz. We find that
f(x)

f(ϕ(x)) = exp(−W (x) +W (Yx
t )) = exp(

∫ t

0
∂s(W (Yx

s ))ds)

= exp(
∫ t

0
⟨∇Yx

s
W (Yx

s ).ZYx
s
⟩ds)

Moreover, we compute the Jacobian of this change of variables by noticing that

∂t Diffx Yx
t = Diffx ∂tYx

t = Diffx ZYx
t

= DiffYx
t

ZYx
t

Diffx Yx
t

We deduce that if Diffx Yx
t is invertible, namely det Diffx Yx

t ̸= 0,

∂t det Diffx Yx
t = det(Diffx Yx

t )Tr((Diffx Yx
t )−1∂t Diffx Yx

t )
= det Diffx Yx

t Tr DiffYx
t

ZYx
t

Note that det Diffx Yx
0 = 1 ̸= 0, and thus this computation holds at least for small times s, say

until u > 0. Thus, we can solve the ODE :

det Diffx Yx
u = exp(

∫ u

0
Tr DiffYx

s
ZYx

s
ds) .

Because the RHS is uniformly bounded by assumption, we conclude that we can take u = t and
then

Jϕ(x) =
∣∣ det Diffx ϕ

∣∣ =
∣∣ det Diffx Yx

t

∣∣ = exp(
∫ t

0
Tr DiffYx

s
ZYx

s
ds)

Finally, putting things together we get:

f(x)
f ◦ ϕ(x)Jϕ(x) = exp

( ∫ t

0
(⟨∇Yx

s
W (Yx

s ).ZYx
s
⟩ − Tr DiffYx

s
ZYx

s
)ds

)
and we can apply the previous Lemma to conclude.

□

We deduce from this an inequality by flow for matrix models.

Lemma A.3 (A random matrix inequality). Let XN = (XN
1 , . . . , X

N
ℓ ) be random Hermitian

matrices with law P proportional to

exp(−N TrV (XN ))dXN .

Let XN
t be the solution to XN

0 = XN and ∂t(XN
i )t = −gi(XN

t ). Then

P(XN ∈ A) ⩽ sup
XN

0 ∈A

exp(−
∫ t

0
(N Tr DV (XN

s ).g(XN
s )− Tr ⊗ Tr(∂g(XN

s )))ds) . (A.1)

Here A.B =
∑ℓ

i=1AiBi and gi(X) = Pi(f1(X1), . . . , fℓ(Xℓ)) with self-adjoint non-commutative
polynomials P1, . . . , Pℓ and bounded functions fi : R → R which are C1 and with bounded derivative.
Moreover, we set for f C1, ∂f(X) =

∫ 1
0 f

′(αX⊗ 1 + (1 −α)1 ⊗X)dα, f(X) = (f1(X1), . . . , fℓ(Xℓ))
and with A⊗B#(C ⊗D) = AC ⊗DB,

∂g(X) =
ℓ∑

i=1
(∂XiPi)(f(X))#∂fi(Xi) . (A.2)

Finally, Di is the cyclic derivative with respect to the ith variable.
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Proof : This is again a direct application of the previous Lemma since g is continuously differentiable
with uniformly bounded derivatives so that the solution to

∂tXN
t = ZXN

t

with ZX = g(X) is such that XN
0 → XN

t is a diffeomorphism onto its image. One notices that

∂sN TrV (XN
s ) = −∇XN

s
(N TrV ).ZXN

s
= −N Tr DV (XN

s ).g(XN
s ),

whereas

Tr DiffXN
s

ZXN
s

=
ℓ∑

p=1

N∑
i,j=1

2−1i ̸=j (∂ℜ(Xp(i,j)) + i∂ℑ(Xp(i,j)))gp(X)(i, j)(XN
s )

= Tr ⊗ Tr ∂g(XN
s )

where the term ∂ℑ(Xp(i,i)) should be put to zero. Observing that (∂ℜ(Xp(i,j)) + i∂ℑ(Xp(i,j)))Xkℓ =
21i̸=j 1ij=ℓk gives the last equality and completes the proof. □

Lemma A.4. For matrices XN = (XN
1 , . . . , X

N
ℓ ) we define the following dynamic in the space of

N ×N Hermitian matrices :{ XN
i (0) = XN

i

ZN (t) = (XN
1 (t))2 + · · · + (XN

ℓ (t))2

∂tX
N
i (t) = −((ZN (t))kXN

i (t) +XN
i (t)(ZN (t))k)

Then, for any t > 0, XN
0 → XN

t is a diffeomorphism onto its image so that (A.1) extends to the
polynomial gi(X) = (

∑
X2

j )kXi +Xi(
∑
X2

j )k. Moreover, for every n, 1
N Tr(ZN (t))n is a decreasing

function of t. Furthermore, for any positive real number B such that 1
N Tr(ZN (0))k+1 > B, for

t ∈ [0, 1
N

k
k+1

],
1
N

Tr(ZN (t))k+1 ⩾ B − 4(k + 1)tN
k

k+1B
2k+1
k+1 .

Proof : Because g is locally Lipschitz, XN
t is well defined until a short time from any given initial

condition. To show it is globally well-defined it is enough to show that the spectral radius of the
solution remains bounded in time. But

∂

∂t
Tr(ZN (t))n = −2nTr(ZN (t))n+k − 2n

ℓ∑
i=1

Tr
(
XN

i (t)(ZN (t))kXN
i (t)(ZN (t))n−1)

which is non-positive since TrXAXB = Tr(B1/2XA1/2)(B1/2XA1/2)∗ is non-negative if A and B
are non-negative and X self-adjoint (recall here that ZN (t) is non-negative and XN

i (t) self-adjoint).
Therefore Tr(ZN (t))n is decreasing in t, and hence the spectral radius of the solution is bounded by
the one of the initial condition. This is enough to guarantee that XN

0 → XN
t is a diffeomorphism

onto its image and therefore extend the inequality (A.1) to this case. Besides, using Lemma 3.1 for
the second term in the above inequality, we get for sufficiently small t so that the spectral radius
of the solution remains bounded:

∂

∂t
Tr(ZN (t))k+1 ⩾ −4(k + 1) Tr(ZN (t))2k+1

⩾ −4(k + 1)(||ZN (t)||k+1
∞ )

k
k+1 Tr(ZN (t))k+1

≥ −4(k + 1)(Tr(ZN (t))k+1)
2k+1
k+1 .

As a consequence, y(t) = Tr(ZN (t))k+1 satisfies the one dimensional differential inequality

y′ ⩾ −4(k + 1)y
2k+1
k+1
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starting from y(0) ⩾ NB. Therefore, solving this differential inequality gives,

y(t) ⩾ (4kt+ y(0)− k
k+1 )− k+1

k = y(0)(1 + 4kty(0)
k

k+1 )− k+1
k .

As a consequence, if y(0) ≥ BN and t ≤ 1/N
k

k+1 , using that for x ≥ 0, (1 + x)− k+1
k ≥ 1 − k+1

k x,
we get

Tr(ZN (t))k+1 = y(t) ⩾ BN(1 + 4kt(BN)
k

k+1 )− k+1
k ≥ BN(1 − 4(k + 1)t(BN)

k
k+1 ) .

□

Appendix B. Change of variables in one-matrix models

We compute the absolute value of the Jacobian of a change of variables acting only on the
eigenvalues of matrices.

Lemma B.1 (Jacobian of a function of Hermitian matrices). Let f be a C1 function from R
to R. Let ϕ be a function from HN (C) into HN (C) acting on the eigenvalues λ = (λ1 > · · · > λN )
so that if Diag(λ) is the diagonal matrix with entries λ and U is any unitary matrix,

ϕ(U∗ Diag(λ)U) = U∗ Diag(f(λ))U .
Then, if ∆(x) =

∏
i<j(xj − xi) denotes the VanderMonde determinant, the absolute value of the

Jacobian of ϕ is

|Jϕ| =
(∆(f(λ))

∆(λ)

)2
eTr ln |f ′(X)|.

Remark B.2. In fact we only need f to be C1 in a neighborhood of the spectrum.

Proof : We recall Anderson et al. (2010, Section 2.5.2) that the map X → (Λ, Ũ) which associates to
a Hermitian matrix X its eigenvalues Λ = (λ1, . . . , λN ) and a parametrization Ũ of its eigenvectors
U = (u1, . . . , uN ) is invertible on a set WX with full Lebesgue measure and has Jacobian ∆(Λ)2 =
∆(λ)2. Moreover, it is not hard to check that Wϕ(X) = ϕ(WX) as WX basically requires the
eigenvalues to be distinct. Let h be a smooth function on the set of Hermitian matrices. Then,
with D = f(Λ),∫

WX

h(ϕ(X))|Jϕ|dX =
∫

ϕ(WX)
h(X)dX =

∫
ϕ(WX)

h(U∗DU)∆(D)2dDdU

=
∫

WX

h(U∗f(Λ)U)∆(f(Λ))2 ∏
|f ′(λi)|dΛdU

=
∫

WX

h(f(X))∆(f(Λ))2 ∏
|f ′(λi)|/∆(Λ)2dX

And we identify |Jϕ| by comparing the first and last integral. □

The main result of this section is to construct a change of variables mapping the eigenvalues
outside some interval I to the neighborhood of some point and bound its Jacobian from below.

Lemma B.3. Let I be an open set. For n ∈ {0, . . . , N} and (x1, . . . , xn) ∈ In, let HI
L(x1, . . . , xn)

be the set of X ∈ HN (C) with eigenvalues in the interior of Ic except for n of them which are equal
to (x1, . . . , xn) ∈ In. Let α be a real number and fix ε ∈ (0, 4). Then, there exists an injective map
ϕ from HI

L(x1, . . . , xn) into HN (C) such that if
X = U∗ Diag(x1, . . . , xn, λn+1, . . . , λN )U

with U unitary and λn+1, . . . , λN belongs to the interior of Ic then
ϕ(X) = U∗ Diag(x1, . . . , xn, ϕn+1, . . . , ϕN )U
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with the ϕi in ]α− ε;α+ ε[ and

Jϕ ⩾ (8N)n−N ( ε
4e

)(N+1)(N−n)
e−2(N+1) Tr ln(1+|X|1X /∈I)−2(N−n) Tr ln(1+|X|1X∈I)

As an immediate application with I = ∅ we see that there is an injective map ϕ : HN (C) → {X ∈
HN (C) : ||X − α|| < ε} such that

Jϕ ⩾ (8N)−N ( ε
4e

)N(N+1)
e−2(N+1) Tr ln(1+|X|)

A key step of the proof is the next lemma.

Lemma B.4. Let I be a bounded closed interval in R and x1, . . . , xn in R be fixed. Let 0 < η < 1.
Then, there exists y in I at distance greater than η |I|

2n from {x1, . . . , xn} such that
n∑

i=1
ln

(
|xi − y| − η

|I|
2n

)
⩾ n ln |I|(1 − η)

2e . (B.1)

More generally, for any integer number N ≥ n+ 1, there exists (xn+1, . . . , xN ) in IN−n at distance
greater than η |I|

2N from {x1, . . . , xn} and from each other such that for every j ∈ [n+ 1, N ],
j−1∑
i=1

ln
(
|xi − xj | − η

|I|
2N

)
⩾ (j − 1) ln |I|(1 − η)

2e .

Proof : Let ε = η |I|
2n and define

VI,x,ε = sup
y∈I

n∑
i=1

ln(|xi − y| − ε) .

Observe that by a simple dilatation of the space by a factor α > 0 we have VαI,αx,αε = VI,x,ε+n lnα.
We consider Y to be the random variable uniformly distributed on

E = I\
n⋃

i=1
]xi − ε;xi + ε[.

With |I| the Lebesgue measure of I and ε < |I|
2n , E has Lebesgue measure bounded below by

|I| − 2nε > 0 and so Y is well defined. We set U =
∑n

i=1 ln(|xi − Y | − ε). Since ln |x| is locally
integrable and Y is bounded (as I is), U is L1 and its expectation is bounded from below

E[U ] = 1
|E|

∫
E

n∑
i=1

ln(|xi − y| − ε)dy ⩾
n

|E|

∫ 1

−1
ln(|y|)dy ⩾

−2n
|I| − 2nε

where in the first inequality we simply did a change of variable and kept all the possible negative
values of the resulting integral. As a consequence

VI,x,ε ≥ E[U ] ≥ −2n
|I| − 2nε

But due to the scaling argument we see that

VI,x,ε = sup
α>0

{Vα−1I,α−1x,α−1ε + n lnα} ⩾ sup
α>0

{ −2nα
|I| − 2nε + n lnα}

Taking the optimal value α = (1/2)(|I| − 2nε) shows that

VI,x,ε = sup
y∈I

n∑
i=1

ln(|xi − y| − ε) ⩾ n ln |I|(1 − 2nε|I|−1)
2e = n ln |I|(1 − η)

2e .
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Finally, since y 7→
∑n

i=1 ln(|xi − y| − ε) is continuous and concave on each of the interval when
it is not equal to −∞, it achieves its maximal value on the closed set I. We take y to be such a
maximizer: it satisfies the announced statement.

To find (xn+1, . . . , xN ) observe first that we can take xn+1 = y coming from (B.1) since n ≤ N

implies that η |I|
2N ≤ η |I|

2n and

n∑
i=1

ln
(
|xi − y| − η

|I|
2N

)
⩾

n∑
i=1

ln
(
|xi − y| − η

|I|
2n

)
⩾ n ln |I|(1 − η)

2e .

We then continue inductively by changing n into n+ 1 up to N .
□

Proof of Lemma B.3. In the following, (x1, . . . , xn) are fixed and we wish to map (λn+1, · · · , λN )
to some neighborhood of α at sufficient distance from the xi’s to bound from below the associated
Jacobian. We first choose a family of points {xn+1, . . . , xN } as in Lemma B.4 with I =]α−ε;α+ε[
and η = 1/4. We fix them: they are some measurable functions of {x1, . . . , xn}. We construct ϕn+k

close to xn+k for k ∈ [1, N − n] by putting

ϕn+k = xn+k + ε

8N
λn+k

1 + |λn+k|
= xn+k + ε

8N ψ(λn+k)

with ψ(x) = x(1 + |x|)−1. Since ψ is a diffeomorphism from R into [−1, 1],

ϕ : (x1, . . . , xn, λn+1, · · · , λN ) 7→ (x1, . . . xn, ϕn+1, . . . , ϕN )

is also a diffeomorphism. We extend it to HN (C) as in Lemma B.1. Now we use Lemma B.1 to
compute the Jacobian Jϕ of ϕ which is equal to

( ∏
1⩽i⩽n

1≤k⩽N−n

|ϕn+k − xi|
|λn+k − xi|

∏
1≤k<k′≤N−n

|ϕn+k − ϕn+k′ |
|λn+k − λn+k′ |

)2
e

∑
k≤N−n

ln ε
8N(1+|λn+k|)2

.

To bound the denominator, we use the inequality ln |x− y| ⩽ ln(1 + |x|)(1 + |y|) so that∏
1⩽i⩽n

1≤k⩽N−n

|λn+k − xi|
∏

1⩽k<k′⩽N−n

|λn+k − λn+k′ | ⩽ eN Tr ln(1+|X|1X /∈I)+(N−n) Tr ln(1+|X|1X∈I)

To bound the numerator we use our construction of the xn+k: since |ϕn+k−xn+k| < ε
8N , |xi−xn+k| ≥

ε/4N for every i ̸= n+ k, we deduce that, for every k ∈ [1, N − n]:∏
i⩽n

|ϕn+k − xi|
∏

k′<k

|ϕn+k − ϕn+k′ | ⩾
∏

i⩽n+k−1
(|xn+k − xi| − ε

4N ) ⩾
( ε
4e

)(n+k−1)

where we used η|I| = 1
2ε, |I|(1−η) ≥ ε and Lemma B.4 to get the last inequality. Putting everything

together and noting that
∑

1≤k≤N−n(n+ k− 1) = 1
2(N(N − 1) −n(n− 1)) = 1

2(N −n)(N +n− 1),
ε/8 ≥ ε/4e, we get:

Jϕ ⩾ (8N)n−Ne
(

−2(N+1) Tr ln(1+|X|1X /∈I)−2(N−n) Tr ln(1+|X|1X∈I)+ 1
2 (N−n)(N+n+1) ln ε

4e

)
Finally the bound follows from 1

2(N + n+ 1) ⩽ N + 1 and ε/4e ≤ 1.
□
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Appendix C. Study of the energy functional related to the commutator model

Lemma C.1 (Energy problem without a potential). Let β be a positive real number. Define
for a measure µ on the real line the energy:

J0
β(µ) = −

∫ ∫
ln β|x− y|2

1 + β|x− y|2
dµ(x)dµ(y) .

(1) J0
β is a lower continuous strictly convex function on the set of probability measures on R

equipped with the weak topology.
(2) Let I = [a, b], a < b, be a closed non empty bounded interval. Then, there is a unique

probability measure µI
β supported on I such that

J0
β(µI

β) = inf{J0
β(µ) : µ(I) = 1} =: c|I|

β .

µI
β has no atoms and its support is the interval [a, b].

(3) For every positive real numbers α, a, we have ca
α2β = cαa

β so that cα
β = c1

α2β. Moreover, for
every real number b and any measurable subset B of I

µI
α2β(B) = µαI+b

β (α(B + b)) .

(4) The application β → c1
β is a strictly positive decreasing continuous function on (0,∞) and

2π −O(β− 1
4 ) ⩽

√
βc1

β ⩽ 2π

In particular, for any positive real number a,

ca
β = c1

a2β ∼β→+∞
2π
a
√
β
.

Proof : The lower semi-continuity of J0
β is a consequence of the monotone convergence theorem

which asserts that if φε(x, y) = ln max{ β|x−y|2
1+β|x−y|2 , ε},

J0
β(µ) = sup

ε>0
J0

β,ε(µ) with J0
β,ε(µ) = −

∫ ∫
φε(x, y)dµ(x)dµ(y) .

In fact, J0
β,ε is continuous on P(R) since φε is bounded continuous for ε > 0. This implies that J0

β

is lower semi-continuous.
For the strict convexity, the argument is similar to the one used for Beta-ensembles (Anderson

et al., 2010, Lemma 2.6.2). Let ε be a positive real number. We define the regularization Jε
β of J0

β

by setting, for any probability measure µ,

Jε
β(µ) = −

∫ ∫
ln ε+ β|x− y|2

1 + β|x− y|2
dµ(x)dµ(y)

Then, by monotone convergence theorem, for any probability measure µ,

J0
β(µ) = lim

ε→0
Jε

β(µ).
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Moreover, for 0 < α < 1, we find for any probability measure µ, ν :

(α(1 − α))−1(αJε
β(µ) + (1 − α)Jε

β(ν) − Jε
β(αµ+ (1 − α)ν))

=
∫
R2

(
ln 1 + β|x− y|2

ε+ β|x− y|2
)
d(µ− ν)(x)d(µ− ν)(y)

=
∫
R2

∫ 1

ε

da

a+ β|x− y|2
d(µ− ν)(x)d(µ− ν)(y)

=
∫
R2

∫ 1

ε

( ∫ ∞

0
exp(−(a+ β|x− y|2)t)dt

)
dad(µ− ν)(x)d(µ− ν)(y)

=
∫
R2

∫ 1

ε
da

∫ ∞

0
dt

( ∫
g∈R

e−ateig
√

tβ(x−y)dγ(g)
)
dtdad(µ− ν)(x)d(µ− ν)(y)

where γ is the standard Gaussian measure. Thanks to the regularization, we can use Fubini’s
theorem. As a consequence, we find that

(α(1 − α))−1(αJε
β(µ) + (1 − α)Jε

β(ν) − Jε
β(αµ+ (1 − α)ν))

=
∫ 1

ε

∫ ∞

0

∫
g∈R

e−at|
∫
R
eig

√
tβxd(µ− ν)(x)|2dγ(g)dtda

The right hand side is always non-negative so that Jε
β is convex for every ϵ > 0 and therefore J0

β is
convex by passing to the limit ϵ → 0. J0

β is in fact strictly convex since, if J0
β is finite at µ and ν,

J0
β(αµ+ (1 − α)ν) is also finite and

(α(1 − α))−1(αJ0
β(µ) + (1 − α)J0

β(ν) − J0
β(αµ+ (1 − α)ν))

=
∫ 1

0

∫ ∞

0

∫
R
e−at|

∫
R
eig

√
tβxd(µ− ν)(x)|2dγ(g)dtda

The RHS can only vanish if µ and ν have the same Fourier transforms almost surely which implies
µ = ν. This proves the strict convexity of J0

β .
As a consequence, J0

β achieves its minimum on P(I) at a unique probability measure µI
β. Since

J0
β(µ) is infinite if µ has an atom, µI

β has no atoms. The third point is clear as a simple change of
variable hα,b(x) = αx+ b shows that J0

β(hα,b#µ) = J0
βα2(µ) if h#µ denotes the push-forward of µ

by h. This insures by uniqueness of the minimizers that hα,b#µI
α2β = µαI+b

β and ca
α2β = cαa

β . Now
let us prove that the support of µ[0;1]

β is the whole interval [0; 1]. Since J0
β is left constant under

translation of the measure and decreases by dilatation we already know that the convex closure of
the support of µ[0;1]

β is [0; 1] (if the support was included into [a, b] with a > 0 or b < 1, we could
translate and dilate this minimizer to get a new and better minimizer). We therefore only need to
make sure that there is no hole in the support. Hereafter we denote by

ϕβ(t) := − ln β|t|2

1 + β|t|2
= ln(1 + 1

β|t|2
) (C.1)

and observe that ϕβ ≥ 0 is continuous except at 0 where it blows up. It is also strictly convex on
R. We know that there exists a constant Cβ such that µ[0;1]

β a.e. :

U(x) = 2
∫

ln 1 + β|x− y|2

β|x− y|2
dµ

[0;1]
β (y) = 2

∫
ϕβ(x− y)dµ[0;1]

β (y) = Cβ (C.2)
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and everywhere on [0; 1], U(x) ⩾ Cβ. Indeed, this can be deduced as in Anderson et al. (2010,
Lemma 2.6.2(e)) from the fact that J0

β(µ[0;1]
β + δν) ≥ J0

β(µ[0;1]
β ) for any measure ν on [0, 1] such

that µ[0;1]
β + δν is a probability measure. But U(x) is strictly convex on the complementary of the

support of µ[0;1]
β (since ϕβ is strictly convex), which is only compatible with (C.2) if the support of

µ
[0;1]
β is connected. As a consequence, the support equals [0, 1]. Moreover β → ϕβ(t) is decreasing

for every real number t. As a consequence,

β → c1
β = inf

µ∈P([0,1])
J0

β(µ) = inf
µ∈P([0,1])

∫ ∫
ϕβ(x− y)dµ(x)dµ(y)

is a decreasing function from (0,∞) into itself. c1
. is moreover continuous. Indeed, it is is lower

semi-continuous since it is decreasing. The upper semi-continuity can be checked by noticing that
for every ε ∈ [0, β)

J0
β(µ) = J0

β−ε(µ) +
∫

ln
((1 + β(x− y)2)(β − ε)

(1 + (β − ε)(x− y)2)β

)
dµ(x)dµ(y)

≥ Jβ−ε(µ) + ln(1 − ε

β
)

which implies
c1

β = J0
β(µ[0;1]

β ) ≥ J0
β−ε(µ[0;1]

β ) + ln(1 − ε

β
) ⩾ c1

β−ε +O( ε
β

) .

We next show that the function ψ(β) := (c1
β2)−1 is subadditive. To this end, we cut the interval

[0, 1] in two subintervals [0;u] and [u; 1]. Let us denote γ := µ
[0;1]
β ([0;u]), since µ[0;1]

β has no atoms
and we integrate a non-negative function,

c1
β = J0

β(µ[0;1]
β ) ⩾ J0

β(µ[0;1]
β |[0;u]) + J0

β(µ[0;1]
β |[u;1])

⩾ γ2cu
β + (1 − γ)2c1−u

β (C.3)

⩾ inf
0≤δ≤1

{δ2c1
u2β + (1 − δ)2c1

(1−u)2β} = ((c1
u2β)−1 + (c1

(1−u)2β)−1)−1 .

Therefore ψ is subbaditive since for every u ∈ [0, 1] ψ(β) ≤ ψ(βu) +ψ(β(1 −u)) . As a consequence
there exists a constant c such that c1

β2 ∼ c/β, as β goes to infinity. The aim of the rest of the proof
is to show that c = 2π, which requires extra work. As in (C.3), we find

c1
β ⩾ J0

β(µ[0;1]
β |I) ⩾ µ

[0;1]
β (I)2c

|I|
β = µ

[0;1]
β (I)2c1

|I|2β .

Therefore, we deduce that if |Iβ|2β → ∞ then

lim sup
β

µ
[0;1]
β (Iβ)√

|Iβ|
⩽ lim sup

β

√√√√ c1
β

|Iβ|c1
|Iβ |2β

= 1 . (C.4)

As a consequence, for every measurable decreasing function f : [0; 1] → R+, we have:

lim sup
β

∫ 1

0
fdµ

[0;1]
β ≤ 2

∫ 1

0
f(x) 1√

x
dx . (C.5)

Indeed it is trivially true for f(x) = 1x<t and then one can extend the result to every decreasing f
by linearity and monotone limit. We next bound c1

β from above. Thanks to (C.2), U is constant
and equal to Cβ on [0; 1]. Therefore its integral with respect to dµ[0;1]

β is the same than its integral
with respect to the uniform measure on I, from there we get the new formula for the energy:

J0
β(µ[0;1]

β ) =
∫ ∫ 1

0
ln 1 + β|x− y|2

β|x− y|2
dydµ

[0;1]
β (x) =

∫
(
∫ 1

0
ϕβ(x− y)dy)dµ[0;1]

β (x) .
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Now for any 0 < x < 1, because ϕβ is non negative,√
β

∫ 1

0
ϕβ(x− y)dy ⩽

√
β

∫
R
ϕβ(z)dz =

∫
R
ϕ1(z)dz

= [z ln z2

1 + z2 + 2 arctan(z)]∞−∞ = 2π (C.6)

Therefore c1
β ⩽ 2π√

β
and we have the upper bound in the fourth point of the proposition. We finally

prove the converse inequality and notice that for every real number x,

0 ⩽ 2π +
√
β

∫ 1

0
ln β|x− y|2

1 + β|x− y|2
dy =

√
β(

∫
R
ϕβ(x− y)dy −

∫ 1

0
ϕβ(x− y)dy)

=
√
β

∫
[0,1]c

ϕβ(x− y)dy ≤
∫ −

√
βx

−∞
ϕ1(y)dy +

∫ +∞

−
√

βx+
√

β
ϕ1(y)dy

⩽ 2π(1 ∧ ( 1√
βx

+ 1√
β(1 − x)

))

where we used that the right hand side is bounded from above by the full integral (which is equal
to 2π) and the upper bound ϕ1(x) ≤ x−2 allows to get the alternative upper bound. From this we
deduce, using (C.5) that

lim sup
β

β
1
4 (2π −

√
βc1

β) ⩽ lim sup
β

β
1
4 8π

∫ 1
2

0

(
1 ∧ 1√

βx

)
dµ

[0;1]
β

⩽ lim sup
β

β
1
4 16π

∫ 1
2

0

(
1 ∧ 1√

βx

) 1√
x
dx ≤ 32π .

□

We next consider the case where the energy functional to minimize contains a non trivial potential
with a single minimizer. More precisely, for c > 0, k ∈ N∗ and V (x) = cx2k, with βk := β

k
2k+1 , we

study the functional given for a probability measure µ on the real line by

J̃V
β (µ) := βkJ

V
β (h

β
− 1

2(2k+1)
#µ)

=
∫
cx2kdµ(x) + βk

∫ ∫
lnϕβ2

k
(x− y)dµ(x)dµ(y).

where we recall the definition of ϕβ given in (C.1) and hα(x) = αx.

Lemma C.2 (Energy problem with one well potential). Let k be an integer number, c a
positive constant and set V (x) = cx2k. Then, there exists Lk,c finite so that for L > Lk,c

inf
P([−L,L])

J̃cx2k

β = akc
1

2k+1 +O(β− 1
11

k ), (C.7)

where ak =
(
1+ 1

2k

) 4k+1
2k+1π1− 1

2k+1 . Moreover, J̃cx2k

β achieves its minimal value at a unique probability
measure νV

β . Set νV
∞(dx) = 1

2π (A−V (x))+dx with A so that νV
∞ is a probability measure. Then νV

β

converges weakly towards νV
∞ as β goes to infinity.

It is not difficult to see that the constant A can be computed:

A = A(k) = c
1

2k+1
((2k + 1)π

2k
) 2k

2k+1 . (C.8)
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Proof : We first notice that, as much as JV
β , see Proposition 8.2, J̃V

β is a good rate function which
is strictly convex and hence achieves its minimal value at a unique probability measure νV

β (which
equals h

β
− 1

2(2k+1)
#µV

β ). Our first main task is to estimate its minimum as β goes to infinity. We

proceed by a discretization of [−L,L] to fix the values of the potential and use Lemma C.1. To
this end, let m be a large integer number (to be chosen later) and cover [−L;L] by the union of
segments [zi; zi+1] of width m−1 with zi = −L+ (i+ 1)/m, −1 ⩽ i ⩽ ⌊2Lm⌋.

•Lower bound on J̃V
β . We let αm

i (β) = νV
β ([zi; zi+1]) and notice that, because ϕβ2

k
is non-

negative,

J̃V
β (νV

β ) ⩾
⌊2Lm⌋∑
i=−1

J̃V
β (νV

β |[zi;zi+1])

⩾
⌊2Lm⌋∑
i=−1

{
αm

i (β)c inf
[zi;zi+1]

z2k + (αm
i (β))2J̃0

β((αm
i (β))−1µ|[zi;zi+1])

}

⩾ (1 −O( 1
m

))
⌊2Lm⌋∑
i=−1

{
αm

i (β)cz2k
i + (αm

i (β))2βkc
1/m

β2
k

}

= (1 −O( 1
m

))
⌊2Lm⌋∑
i=−1

{
αm

i (β)cz2k
i + (αm

i (β))2m2π(1 −O((βk

m
)−1/2))

}
= (1 −O( 1

m
) −O((βk

m
)−1/2))ϕm(αm(β)) (C.9)

where

ϕm(α) =
⌊2Lm⌋∑
i=−1

{αicz
2k
i + 2πm(αi)2} .

In the third inequality, we recognized that J̃0
β = βkJ

0
β2

k
and bound these terms from below by their

infimum as well as approximate z by zi which gives an error of order 1/m, whereas for the first
equality we assumed that βk/m is large to use the fourth point of Lemma C.1.

•Upper bound on J̃V
β . Let ᾱm = (ᾱm

i )i=1,..r be the value which achieves the minimum of
the strictly convex functional ϕm on the convex set ∆ = {αi ∈ [0, 1] :

∑
αi = 1} and µ

[zi;zi+1]
β2

k
the

probability on [zi; zi+1] minimizing J̃0
β , namely J0

β2
k
. We define µm to be the probability measure

µm =:
∑

i

ᾱm
i µ

[zi;zi+1]
β2

k
.

Then, we have :

J̃V
β (νV

β ) ⩽ J̃V
β (µm) ⩽

m∑
i=1

{ᾱm
i c sup

[zi;zi+1]
z2k + (ᾱm

i )2J̃0
β(µ[zi;zi+1]

β2
k

)}

−
∑
i ̸=j

ᾱm
i ᾱ

m
j βk

∫ ∫
ln β2

k|x− y|2

1 + β2
k|x− y|2

dµ
[zi;zi+1]
β2

k
(x)dµ[zj ;zj+1]

β2
k

(y)

Our goal is to get rid of the last term. Define the function :

gi
β(y) = −βk

∫
ln β2

k|x− y|2

1 + β2
k|x− y|2

dµ
[zi;zi+1]
β2

k
(x).
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The function gi
β is positive and decreases when y goes away from [zi; zi+1]. Moreover, for y ∈

[zi; zi+1], gi
β(y) is constant by (C.2) and its value is

gi
β(y) = ak

m(β) := βkJ
0
β2

k
(µ[zi;zi+1]

β2
k

) = βkc
1
m

β2
k

= 2mπ(1 +O(βk

m
)−1/2) , (C.10)

where we again assumed that βk/m is large. This is sufficient to get a bound on our sum. Indeed,
for j > i, we get for every η ∈ [0, 1

m ],

∫
gi

β(y)dµ[zj ;zj+1]
β2

k
(y) ⩽

∫
gi

β(y)dµ[zi+1;zi+2]
β2

k
(y)

⩽
∫ zi+1+η

zi+1
gi

β(zi+1)dµ[zi+1;zi+2]
β2

k
(y) + gi

β(zi+1 + η)

⩽ µ
[0;1/m]
β2

k
([0; η])g0

β(z1) − βk ln β2
kη

2

1 + β2
kη

2 .

Now according to (C.4), µ[0;1/m]
β2

k
([0; η]) = µ

[0;1]
β2

k
/m2([0;mη]) = O((mη)1/2) as long as ηβk → ∞.

Moreover, (C.10) implies that g0
β(z1) is of order m. Therefore, we deduce that, since

∑
αm

i = 1,
when ηβk goes to infinity,∑

i ̸=j

ᾱm
i ᾱ

m
j

∫
gi

β(y)dµ[zj ;zj+1]
β2

k
(y) = O(m3/2η1/2(1 + (βk

m
)−1/2)) + β−1

k η−2)

We finally choose m, η so that η = m−5,m ∈ [⌊β
1

11
k ⌋, β1/5−c

k ] for some c > 0. With this choice,
together with (C.9), we have proved

ϕm(αm(β)) +O(β− 1
11

k ) ⩽ J̃V
β (νV

β ) ⩽ ϕm(ᾱm) +O(β− 1
11

k ) (C.11)

•Computation of the infimum. We next compute ϕm(ᾱm) and show that αm(β) − ᾱm goes
to zero. Since ᾱm minimizes ϕm on {αi ∈ [0, 1] :

∑
i αi = 1}, it satisfies the equations of its critical

points: the indices Sm := {i : ᾱm
i > 0} are equal to {i : Am − cz2k

i > 0} and for i ∈ Sm

cz2k
i + 2πmᾱm

i = Am

where Am is a constant. Hence, the minimizer of ϕm is given by

ᾱm
i = 1

2πm(Am − cz2k
i )+

where Am is the only positive solution to∑
i

1
2πm(Am − cz2k

i )+ = 1 .

Note that ∣∣ ∑
i

1
2πm(Am − cz2k

i )+ − 1
2π

∫
[−L,L]

(A− cx2k)+dx
∣∣ ≤ cL2k 1

m

so that Am goes to A solution of
1

2π

∫
[−L,L]

(A− cx2k)+dx = 1

as m goes to infinity. If L > Lk = (A(k)
c )

1
2k the solution is independent of L and equals A(k)

defined in (C.8). Hence, Am is uniformly bounded and if L is greater than Lk, the measure
1x∈[−L,L](A − cx2k)+dx is independent of L. We assume this is the case hereafter. The limit as
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m goes to infinity of
∑
ᾱm

i δzi is the measure νV
∞(dx) = (2π)−1(A(k) − cx2k)+dx. Plugging this

formula in ϕm we see that

inf ϕm =
m∑

i=1
{ 1

2πm(Am − cz2k
i )+cz

2k
i + 1

4πm(Am − cz2k
i )2

+} = F (V ) + o(m−1) (C.12)

with o(m−1) going to zero as m (namely β) goes to infinity and

F (V ) =
∫
cx2kνV

∞(dx) + π

∫
dνV

∞(x)
dx

dνV
∞(x) =

(
1 + 1

2k
) 4k+1

2k+1π1− 1
2k+1 c

1
2k+1 .

To show that the same limit applies for ϕm(ᾱm) and complete the proof of (C.7) we show that
αm(β) − ᾱm go to zero. Indeed, for any sequence αm

i on the simplex:
ϕm(αm) − ϕm(ᾱm)

=
∑

i

(αm
i − ᾱm

i )(cz2k
i + 2πmᾱm

i ) +
∑

i

πm(αm
i − ᾱm

i )2

=
∑

i

(αm
i − ᾱm

i )Am +
∑

i/∈Sm

αm
i (cz2k

i −Am) +
∑

i

πm(αm
i − αm

i )2

⩾
∑

i

πm(αm
i − αm

i )2 = πm∥αm − ᾱm∥2
2

where we used that the first term vanish as
∑
αm

i =
∑
ᾱm

i and that the second is positive by
definition of Sm. Therefore (C.11) implies that

πm∥αm(β) − ᾱm∥2
2 ⩽ O(β− 1

11
k ) .

This allows us to bound the Wasserstein distance W1(µ, ν) = sup∥f∥L+∥f∥∞≤1
∣∣ ∫
fd(µ−ν)

∣∣ between
the corresponding measures:

W1(
∑

i

ᾱm
i δzi ,

∑
i

αm
i (β)δzi) ⩽

√
2mL∥αm(β) − ᾱm∥2 ≤ O(β− 1

22
p ).

Finally :

W1(νV
∞, ν

V
β ) ⩽W1(νV

∞,
∑

i

ᾱm
i δzi) +W1(

∑
i

ᾱm
i δzi ,

∑
i

αm
i (β)δzi) +W1(

∑
i

αm
i (β)δzi , ν

V
β )

and the first and last term are bounded by O(m−1) = O(β− 1
11

k ). Hence, W1(νV
∞, ν

V
β ) = O(β− 1

22
k ).

□

We finally consider the case when the potential has several minimizers.

Lemma C.3 (Energy problem with a potential). Let V : R → R be a continuous functions
such that lim|x|→∞ V (x) = +∞ and V achieves its minimum value (equal to zero) exactly on the
finite set x1, . . . , xm with V (x) = ci(x − xi)2ki(1 + O(|x − xi|)) near xi for each i ∈ {1, . . .m} for
some positive integers ki. We set k = max ki and for a measure µ, we recall that

JV
β (µ) =

∫ (1
2(V (x) + V (y)) − ln β|x− y|2

1 + β|x− y|2
)
dµ(x)dµ(y) .

We define βk = β
k

2k+1 and γk = β
− 1

2(2k+1) . Then:
(1) JV

β is a lower continuous strictly convex function on the set P(R) of probability measures
on the real line. It achieves its minimum value at a unique probability measure µV

β and
there exists a constant 0 < cV < ∞ such that

cV
β := inf JV

β = β−1
k cV + o(β−1

k ) .
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The constant cV satisfies the scaling property cαV = α
1

2k+1 cV for every α > 0. Besides we
have an explicit expression for cV :

cV =
(
1 + 1

2k
) 4k+1

2k+1π1− 1
2k+1 (

∑
j:kj=k

c
−1/(2k)
j )

1
2k+1 −1

(2) There exists a constant LV < ∞ such that for every β > 1, µV
β is compactly supported in

S(LV ) :=
⋃m

i=1
{xi + β

−k
(2ki)(2k+1) [−LV ;LV ]}

Moreover, for every interval Iβ of length |Iβ| such that |Iβ|2β → ∞ then

µV
β (Iβ) = O(β

1
4(2k+1) )

√
|Iβ|.

(3) There exists a constant 0 < C < ∞ such that for every i:

lim
β→∞

µV
β (xi + β

−k
(2ki)(2k+1) [−LV ;LV ]) = 1ki=kC

−1c
− 1

2k
i

Remark C.4. As a special case of interest we get that if all global minima of V are quadratic
(k = ki = 1) then the minimizer has its support with endpoints at distance of order β− 1

6 of the
minima of V and inf JV

β is of order β− 1
3 .

Proof : The existence and uniqueness of the minimizer µV
β of JV

β follows from Proposition 8.2. We
next estimate cV

β . We will assume without loss of generality that 0 minimizes V and that near 0,
V (x) = cx2k(1 + o(1)) with c > 0. Recall that µI

β denotes the minimizer of Jβ on P(I). We have
for every γ > 0

cV
β ⩽ JV

β (µ[−γ;γ]
β ) ⩽ cγ2k(1 + o(γ)) + c2γ

β ≤ cγ2k(1 + o(γ)) + c1
4γ2β

where we used Lemma C.1(3) and o(γ) goes to zero with γ. Recalling that c1
4γ2β ≃ π/γ

√
β by

Lemma C.1(4), and taking γ = γk, we get

cV
β ≤ O(β−1

k ) . (C.13)

Let us now prove that the support of a minimizer of JV
β is concentrated in a neighborhood of the

minima of V . Let µ be a measure such that there exists z in the support of µ such that V (z) > 2Lβ−1
k

for some constant L to be chosen later. Choose ε such that V > Lβ−1
k on Iε

z := [z − ε, z + ε] and
define µz = µ(Iε

z )−1µ|Iε
z
. We set:

µt = µ+ t(λγk
− µz)

with λγk
the uniform measure on [−γk, γk]. µt is a probability measure for t ∈ [0, µ(Iε

z )] and µ0 = µ.
Besides

∂tJ
V
β (µt)|t=0 =

∫
V d(λγk

− µz) + 2
∫
ϕβ(x− y)dµ(x)d(λγk

− µz)(y)

⩽ sup
u∈[−γk,γk]

{V (u)} − Lβ−1
k + 2 sup

u∈[−γk,γk]

∫
ϕβ(u− y)dλγk

(y)

where we again used that ϕβ is non-negative. It is easy to see that the supremum in the last
term is achieved at u = 0 and then by similar computations as in (C.6) that this term is at most
of order O(β−1

k ). Since the first term has the same order of magnitude, we conclude that there
exists a finite constant LV such that if L ≥ LV the above right hand side is non-positive. Then,
µ cannot be the minimizer of JV

β . Hence, the support of µV
β is included in S(LV ) :=

⋃m
i=1Si(LV )
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with Si(LV ) = {xi + β
−k

(kpi)(2k+1) [−LV ;LV ]}. These intervals are disjoint for β large enough. We let
αi

β = µV
β (Si(LV ). Therefore, we get the complementary lower bound to (C.13) by using again that

ϕβ and V are non-negative:

cV
β ⩾

∑
i

inf
µ∈P(Si(LV ))

J0
β(αi

βµ)

= (1 + o(β−1))
∑

i

(αi
β)2 2π

LV
√
ββ

− k
2ki(2k+1)

(C.14)

Let us define αi
β = µV

β (xi + β
−k

(2ki)(2k+1) [−LV ;LV ]). Then, where we finally used Lemma C.1(4).
We notice that for i such that ki = k√

ββ
− k

2ki(2k+1) = β
k

2k+1 = βk

whereas for i such that ki < k,
√
ββ

− k
2ki(2k+1) ≪ βk. Since we have seen in (C.13) that cV

β is at
most of order β−1

k we conclude that for i such that ki < k, αi
β goes to zero with β (it is in fact

bounded by β( k
ki

−1) k
4(2k+1) ) and also that 0 < lim inf βkc

V
β ⩽ lim supβkc

V
β < ∞, i.e.

cV
β ≍ β−1

k . (C.15)

This allows us to complete the proof of Lemma C.3 (2) and show that µV
β can not concentrate too

much on small intervals. Indeed, let Iβ be a sequence of intervals of Lebesgue measure |Iβ| such
that |Iβ|2β → ∞, then, since V and ϕβ are non-negative

cV
β ⩾ J0

β(µV
β |Iβ

) = µV
β (Iβ)2c

|Iβ |
β

and therefore by Lemma C.1(4) we get

µV
β (Iβ) ⩽

√√√√ cV
β

c1
|Iβ |2β

=
√
O(β− p

2k+1
√
β|Iβ|) = O(β

1
4(2k+1) )

√
|Iβ|.

We next complete the proof of the first point of Lemma C.3, as well as its third and fourth points.
First notice that for µ so that µ(

⋃r
i=1Si(LV )) = 1∣∣JV

β (µ) −
∑

i

J
ci(x−xi)2ki

β (µ|Si(LV ))
∣∣ ⩽ O( 1

β
) +O(max

i
β

−k(2ki+1)
(2ki)(2k+1) ) = O(β−1/2)

Indeed neglecting the interaction term gives an error of order β−1 and replacing in the i th well
V by ci(x − xi)2ki gives an error of order β

−k(2ki+1)
(2ki)(2k+1) whose maximal value is obtained for ki = k.

Therefore,
inf JV

β = inf{
∑

i

J
ci(x−xi)2ki

β (αiµi)} +O(β−1/2)

where in the above sum we take the infimum on α in the simplex ∆ = {α ∈ [0, 1]m :
∑
αi = 1} and

µi is a probability measure supported on Si(LV ). We expect the minimizing measure to be given
by να−1

i ci(x)2ki

β translated by xi. However, we need to make sure that αi does not go to zero with β
to use Lemma C.2. To do so, for ϵ > 0 small we set Tϵ = {i : αi ≥ ϵ}, and ∆ϵ = ∆ ∩i∈Tϵc {αi = 0},

inf{
∑

i

J
ci(x−xi)2ki

β (αiµi)} ≤ inf
α∈∆ϵ

{
∑
i∈Tϵ

J
ci(x−xi)2ki

β (αiµi)}

and since JV
β is non-negative, we also have

inf{
∑

i

J
ci(x−xi)2ki

β (αiµi)} ≥ inf
α∈∆

{
∑
i∈Tϵ

J
ci(x−xi)2ki

β (αiµi)} (C.16)
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To match the lower bound with the upper bound, we rescale (αi, i ∈ Tϵ) by setting α̃i = αi/σ with
σ =

∑
i∈Tϵ

αi. Notice that since σ ≤ 1 and V is non-negative,

J
ci(x−xi)2ki

β (αiµi) = J
ci(x−xi)2ki

β (σα̃iµi) ≥ σ2J
ci(x−xi)2ki

β (α̃iµi) .
But by definition σ ≥ 1 −mϵ so we conclude when ϵ < 1/m from (C.16) that

inf{
∑

i

J
ci(x−xi)2ki

β (αiµi)} ≥ (1 − rϵ)2 inf
α̃∈∆ϵ

{
∑
i∈Tϵ

J
ci(x−xi)2ki

β (α̃iµi)} .

Then, factorizing the masses αi, and using that αi goes to zero if ki < k so that i is then in Tϵ for
β large enough, gives for β large by Lemma C.2,

inf JV
β = (1 + o(ϵ))

(
inf{

∑
i∈Tϵ

α2
i J

ci
αi

(x−xi)2k

β (µi) : α ∈ ∆ϵ} +O(β−1/2)
)

= (1 + o(ϵ))β−1
k inf{

∑
i∈Tϵ

α
2− 1

2k+1
i (akc

1
2k+1
i +O(β− 1

11
k )) : α ∈ ∆ϵ} .

Finally, we see that the above infimum is taken at α∗
i = c

− 1
2k

i /
∑

i c
− 1

2k
i and we can take ϵ smaller

than minα∗
i yielding the first point of the lemma:

inf JV
β = (1 + o(β−1))β−1

k

(
ak(

∑
j:kj=k

c
−1/(2k)
j )

1
2k+1 −1 +O(β− 1

11
k )

)
The expression for cV and its scaling property cαV = α

1
2k+1 cV is a trivial consequence from this

formula. Moreover, our proof shows that {α∗
i }1≤i≤m is the limit of the mass of the neighborhood of

the minimizers {xi}1≤i≤r since it is the unique minimizer of the above approximation of the energy.
This proves the third point of the Lemma.

□

Appendix D. Rough control on the operator norm of Gaussian band matrices

Lemma D.1. If XN is a Hermitian matrix with Gaussian independent centered entries with vari-
ance uniformly bounded by K and such that XN

ij = 0 if |i− j| > uN , then with probability greater
than 1 − 2

ue
−uN

∥XN ∥∞ ⩽ CK
√
uN

for some universal constant C.

Proof : We first decompose the matrix XN as a sum of 2uN × 2uN matrices. Define aN
k = ⌊kuN⌋

and by induction (with convention aN
−1 = −∞) define for k ⩾ 0,

AN,k
ij = XN

ij (1aN
k
⩽i,j<aN

k+2
− 1aN

k−1⩽i,j<aN
k+1

)+ .

In other words, AN,k is the square submatrix of XN centered at aN
k+1 and with size ⌊2uN⌋ + 1 to

which we removed its right down square submatrix. Since AN,k
ij has non zero coefficients only in a

block of size at most 2uN + 1 we deduce from Vershynin (2018, Corollary 4.4.8) that

P(∥AN,k∥ ⩾ CK(
√

2uN + t)) ⩽ 4e−t2

Now, by definition, we have
XN = AN +BN

with
AN = AN,0 +AN,2 + · · · +AN,2⌊(2u)−1⌋+2, BN = AN,1 +AN,3 + · · · +AN,2⌊(2u)−1⌋+3
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Moreover AN is made of disconnected blocks coming from each AN,2k

P (∥AN ∥∞ ⩾ CK(
√

2uN + t)) = P(sup
k

∥AN,2k∥∞ ⩾ CK(
√

2uN + t))

= 1 −
∏
k

(1 − P(∥AN,2k∥∞ ⩾ CK(
√

2uN + t))) ≤ 1
u
e−t2

The same result holds for BN and therefore the result follows for XN = AN +BN . Taking t =
√
uN

allows to conclude.
□
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