4 o P /
ALEA, Lat. Am. J. Probab. Math. Stat. 23, 889-917 (2026) /Ayb_? ‘S
DOI: 10.30757/ALEA .v23-33 /¥ A é{'\

Non-directed polymers in random environments with
range penalties: the high-dimensional case

Niccolo Torri and Ran Wei

MODAL’X, Université Paris Nanterre, 92000 Nanterre, France.

E-mail address: ntorri@parisnanterre.fr

Department of Financial and Actuarial Mathematics, Xi’an Jiaotong-Liverpool University, 111 Ren’ai Road,
Suzhou, Jiangsu Province, 215123, China.

E-mail address: ran.wei@xjtlu.edu.cn

Abstract. We study a non-directed polymer model in random environments. The polymer is
modeled by a simple symmetric random walk S on Z? with d > 2, and the random environment
is modeled by i.i.d. random variables whose tail probability decays polynomially. The interaction
between the polymer and the random environment is captured by a Gibbs transform: at time N,
the law of S is tilted by the factor exp(}.,er, (Bwsz — h)), where Ry is the range of .S up to time
N, B = 0 is the inverse temperature, and h € R is an external field. By appropriately tuning
8 = By and h = hy, we establish the phase diagram, analyze the fluctuations of S under the
Gibbs transform, and derive the scaling limits of the (logarithmic) partition function. This paper
is a follow-up work of Berger et al. (2022b). The main novelty and challenge arise from tuning the
external field h, which brings in various range penalties, unlike in Berger et al. (2022h), where h is
fixed and serves only as a centering term for the random environment.

1. Introduction

In this paper, we study a non-directed polymer model, which describes an interaction between
the polymer chain and the random environment (also referred to as disorder). Specifically, each
time the polymer chain visits a new site, it receives energy from the disorder and penalty from the
external field. These competing effects jointly influence its configuration. We model the polymer
by a simple symmetric random walk on Z% and model the random environment by a family of i.i.d.
random variables. A precise definition of the model will be provided in Section 1.1.

The non-directed polymer model was originally introduced in Huang (2019). It is closely related
to two classical models: the random walk penalized by its range (see Donsker and Varadhan, 1979)
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and the directed polymer model (see Comets, 2017; Zygouras, 2024). In the former, the law of the
random walk is tilted solely by a deterministic external field, without the presence of a random
environment. Our model may therefore be viewed as a disordered perturbation of that framework.
In the directed polymer model, by contrast, the walk interacts with the environment at every time
step—though, due to the directedness constraint, each time-space site is visited at most once. In
our setting, however, the walk only interacts with the environment the first time it visits a new site
(in the spirit of the excited random walk studied in Benjamini and Wilson, 2003 or more generally
the cookie random walk studied in Zerner, 2005).

In the first study of the non-directed polymer model (Huang, 2019), the weak coupling limits
for the partition function were established under the assumption that the random environment
admits finite exponential moments. More recently, the one-dimensional case has been analyzed in
detail in Berger et al. (2022a); Bouchot (2024a). For dimensions d > 2, under heavy-tailed random
environments and a fized external field h, the model was investigated in Berger et al. (2022b), where
the scaling limits for the (logarithmic) partition function were established. In this work, we extend
the results of Berger et al. (2022b) by allowing the external field to vary with time, i.e., h = hy,
while still considering dimensions d = 2 and heavy-tailed random environments.

1.1. Definition of the model. Let S := (Sy)n=0 be a simple symmetric random walk on Z¢ starting
at the origin, where d = 2. The probability and the expectation of S are denoted by P and E
respectively. The range of S up to time N is denoted by Ry = Ry (S) := {So, S1,---,Sn}, which
is the set of distinct sites visited by the random walk up to time N.

Let w := (wy)yeze be a family of i.i.d. random variables independent of S. The probability and
the expectation of w are denoted by P and [E respectively. Throughout this paper, we assume that
w has a heavy-tailed distribution. Specifically, we assume that

Plw>t)~pt™ and P(w< —t)~qt™ %, ast— +o, (1.1)

where p,q > 0, and a € (0,d) (for a discussion about the range of «, see Section 2.4). Additionally,
if @ > 1, we assume that E[w] = 0.
The polymer measure at time N is defined via a Gibbs transform
dPy 1 1
76 «-— -
B (9= mexp( > (Bux — h)) = o exp > Bws — bR |, (1.2)

TER N N,B TER N

where [ = 0 is the inverse temperature, h > 0 is an external field and

exp ( > B - h|RN|)] (13)

T€R N

7h p—
vaﬁ =E

is the partition function, which ensures that PLXT,% is a probability measure.

Let us comment on the assumptions in (1.1) and the condition h > 0:

e The requirement ¢ > 0 is not essential, and our results are expected to remain valid even
when g = 0. Indeed, in random polymer models, polymer chains are intended to gain energy from
the disorder. Hence, the right tail of w plays a primary role, encouraging the polymer chain to
explore. Assuming ¢ > 0 provides better control of the left tail of w. In particular, it simplifies
the proof of Theorem 2.3 (see the penultimate paragraph in Section 5) and allows us to obtain the
sharp asymptotics in (B.4). Note that if ¢ = 0, then w > 0, and the exponent in (1.2) should be
replaced by >} . (B(wy — Elwg]1ia=1)) — h) as in Berger et al. (2022b). In that work, w = 0 and
the exponent was defined by >, e . S(ws —h) (note that h is in the bracket, different from (1.2)),
where h was either negligible or chosen as h = E[w,] 1413

e As seen from (1.2), environments with large positive energies are attractive to the random
walk. At the same time, the external field A > 0 penalizes trajectories with a long range, thereby
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encouraging the walk to fold. This leads to a competition between the attractive effect of random
environments (we call it energy gain) and the penalizing effect of the external field (we call it range
penalty). If h < 0, then both effects encourage the random walk to explore, making the walk more
likely be super-diffusive and resulting in a less rich phase diagram. We refer to Berger et al. (2022a)
for the case h < 0 in dimension d = 1.

We further allow both 8 and h to vary with N. Specifically, we set
By =BN~Y, hy=hN"¢ (1.4)

for constants 3,7 > 0 and v,¢ € R. To simplify notation, we write Py = P‘X;hﬁ]]\;, Ey = E‘]’JV’E;

and Zy = Z;"Vhﬁf;’v when there is no ambiguity. Note that when ~,( > 0, this corresponds to the
weak-coupling limit (or the intermediate disorder region) of the model, first studied in Alberts
et al. (2014) for the directed polymer model and later extended to various disordered systems in
Caravenna et al. (2017). Following Berger et al. (2022a), we also include the case v, < 0, in which
the coupling strength increases with N.

In this paper, we investigate the scaling limits of log Zy or Zy (under appropriate centering),
as well as the end-to-end exponent & of S under Py. Informally, the end-to-end exponent is
characterized by

w ~ N¢
EE [ max [S]] ~ V¥,

and a precise definition will be given in Definition 2.1. These scaling limits and the exponent &
naturally depend on d,a,y and {. In Section 2.4, we provide a heuristic analysis to elucidate the
interplay among these parameters and to establish the phase diagrams of the model. This heuristic
analysis is pivotal to our paper.

1.2. Main contributions. Let us highlight our contributions in this paper.

e First, we establish the complete phase diagrams for the non-directed polymer model for d > 2
and a € (0,%) U (4,d), extending those obtained in Berger et al. (2022h). The behavior of the
model differs significantly between the cases a € (0, %) and a € (%, d). For a € (%l,
six regions in the phase diagram, labeled by R1—Rg, whereas for a € (0, g), there are five regions,
with the region Ry absent, see Section 2.1.

We characterize all phases for a € (0, %) and most phases for a € (4, d) by determining the scaling
limits of logZy or Zy. In particular, the region R; corresponds to the diffusive regime, and the
regions R and R3 correspond to super-diffusive regimes (as studied in Berger et al., 2022b), while
the regions R4, Rs, and Rg are sub-diffusive regimes that do not appear in Berger et al. (2022b)
(see Section 2 for details).

e Second, we identify a new phase transition between the regions R4 and Rs when the range
penalty and the entropy cost for sub-diffusive paths are balanced. This phenomenon does not occur
in the one-dimensional disordered model studied in Berger et al. (2022a); Bouchot (2024a), nor in
high-dimensional homogeneous models with a fixed external field, as considered in Donsker and
Varadhan (1979); Bolthausen (1994); Ding et al. (2020b); Berestycki and Cerf (2021).

While the scaling limit of log Z in the region Rj is consistent with earlier results in Berger et al.
(2022a); Schmock (1990); Donsker and Varadhan (1979), the corresponding result in the region Ry
is new. Moreover, in the region Ry, we establish the sharp asymptotics |[Ry| &~ E[|Rn|] = O(N)
under Py (see Theorem 2.2), revealing an interesting phenomenon: a suitably weak range penalty
induces the random walk to fold, yet does not promote frequent self-intersections. In this regime,
the entropy cost of self-intersections is too large to be compensated by a range penalty of insufficient
strength.

e Third, we identify further phase transitions in the region R;, which were not observable in
Berger et al. (2022b) due to the lack of a varying external field therein. In particular, the centered

d), we identify
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and rescaled partition function may converge to a deterministic limit (see (2.6) and (2.11)), in
which the effect of the random environment does not appear in the first order fluctuation of log Z ,
as is also the case in the regions Ry, R5 and Rg. This naturally motivates the study of higher-order
asymptotics and fluctuations of the partition function, as carried out in Bouchot (2024a).

¢ Finally, we develop a strategy to control the entropy cost associated with the range of S when
the range penalty is sufficiently strong (in particular, when ¢ < v — d?Ta, see Figures 2.1 and 2.2).
This is achieved by comparing the entropy cost of a specific class of random walk configurations
with a quantity derived from Hammersley’s last-passage percolation (see Lemma 4.1, Theorem A.2
and Proposition A.3; see also Berger and Torri, 2021). These technical estimates are novel and
may be of independent interest.

1.3. Organization of the paper. The remainder of the paper is organized as follows. In Section 2,
we state our main results, present the heuristics, and provide some discussion, conjectures, and
relevant notation. In Section 3, we prove Theorem 2.2. In Section 4, we prove Theorem 2.5 and
establish a key technical result, Lemma 4.1, which controls the energy gain associated with the
range. In Section 5, we prove Theorem 2.3, again relying on Lemma 4.1. In Section 6, we discuss
the end-to-end exponent £ and the remaining part in the region R5 for a € (%, d). Some technical
estimates are collected in Appendix A. Finally, we sketch the proofs for Theorems 2.6-2.11 in

Appendix B, which are straightforward adaptations of the arguments in Berger et al. (2022D).

2. Main results

In this section, we state our main results concerning the scaling limits of log Zx or Zx (recall the
definition of Zy below (1.4)) and the end-to-end exponent ¢ in each regime. We then present the
heuristics underlying the phase diagrams, which play a central role in the paper. We also provide
further discussion and conjectures related to our results. Finally, we collect notation that will be
used throughout the paper.

2.1. Phase diagram. In this paper, we restrict our attention to the case v < d (see Section 2.4 for
the reason). Below, we introduce the phase diagrams and describe the regions as functions of the
parameters v, (,« and d. As will become clear in Section 2.4, where the heuristics is presented, we

need to consider the phase diagrams separately for the cases o € (0, %) and o € (%, d).

e For av e (%, d), the phase diagram is composed by 6 regions:

) B ={7):¢> 1> &,

(2) Ry = «w><>o——<v<(“dc+ e) AL,
(3) Rs=14(¢,M): 7 <¢A0+ 920

(4) Ri=1{(G): Ce Gy > (14 2550) 4+ e,
(5) Rs = @m><e<12>v>qlAhd)+%%}
(6) Ro = {(C.7): ¢ < —Ly >+ 42 ).

The regions Ry and Rj3 correspond to super-diffusive regimes, while R4, Rs and Rg correspond to
sub-diffusive regimes, and R; corresponds to the diffusive regime. Note that the region R4 exists
only for d = 3. The corresponding phase diagram is shown in Figure 2.1.

e For a € (0, %), we have the following 5 regions (the region Ry disappears):

(1) By ={(¢): ¢ > 1,y > 452,
(%1%={KWPW<CA0+%%}
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Ry :
Ry :
Rs -
Ry :
Rs:
R :

FIGURE 2.1. The phase diagram for o € (£,d) (illustrated for the representative case d = 3, a = 2).

The small region below the dashed line within Rs remains unresolved.

(3) Ra={(¢): Ce 1)y > L2,
(4) Bs = {(C): Ce (137> 0+t
(5) Ro = {(¢1): ¢ < =17 > C+ 452 ).

The corresponding phase diagram is shown in Figure 2.2.

FIGURE 2.2. The phase diagram for « € (0, ) (illustrated for the representative case d = 3, = %)
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Before stating our main results, we first provide a rigorous definition of the end-to-end exponent &.
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Definition 2.1. We say that (S, )o<n<n has end-to-end fluctuations r under Py, if for any € > 0,
there exists some 7 € (0, 1), such that for N large enough,
]P(PN< max_|Sy| € [77,77_1]7“]\/> >1-— 5) >1-—c.

os<n<N

If 7n is of the form N¢, then ¢ is the end-to-end exponent.

We then study the exponent £ and the non-trivial scaling limits of logZy or Zy according to
the phase diagrams in Figures 2.1 and 2.2. To avoid overly technical complications, we exclude all
boundary cases and restrict our analysis to the interior of each region.

Our results for the regions R4, Rs, and Rg are new. In these regions, the energy gain is negligible,
and the random walk is sub-diffusive. Inspired by the ideas in Berger and Torri (2019a); Berger
et al. (2022a,b), we perform a delicate comparison between the energy gain and the range penalty,
and show that Zy is comparable to Z‘]”V%]IVV _o» Where the latter is the partition function of the
corresponding homogeneous model. It is known from Donsker and Varadhan (1979) that

log ZTV%JX, _o~ max {range penalty — entropy cost}.
’ (Sn)osn<N
Hence, the appropriate scaling factor for log Zy is N=(1=28) for ¢ € (0, %) (see the discussion of the
sub-diffusive entropy cost in Section 2.4), and the scaling limit is given by a limiting variational
problem, which admits an explicit solution in Donsker and Varadhan (1979) (at least for £ € (O, é))
We will state the results for the regions R4, R5, and Rg in Section 2.2.

The regions Ry, Ra, and R3 were studied in depth in Berger et al. (2022b), where the external
field h is fixed and serves as a centering term for w. In our setting, a straightforward comparison
shows that the external field hy is negligible in the regions Ro and Rs, and thus the results from
Berger et al. (2022b) apply directly. In contrast, the region R; exhibits a richer phase diagram.
In particular, we identify an additional phase transition in R;, depending on the influence of the
energy gain and the range penalty on higher-order terms of Zy. The proof proceeds by adapting
the corresponding arguments in Berger et al. (2022b). For completeness, we restate the results for
the regions Ry, Ro, and R3 in Section 2.3, along with a sketch of the proofs in Appendix B.

2.2. Main results in the regions R4, Rs and Rg. We now state our results for the regions R4, Rs
and Rﬁ.

In the region Ry, the random walk tends to fold, while still having enough space to extend. This
region exists only when the dimension satisfies d > 3. It is well known that for d > 3 (see Dvoretzky
and Erdos, 1951),

. 1
V4 = J\lfl_r)noo NEHRNH > 0. (2.1)
We then have the following result.
Theorem 2.2. Let o € (0,d) and ((,v) € Ry4. In particular, this requires d > 3. Then for

¢ = % € (3, 3), we have that

. 1 » . .
A}gnoo N1z logZpy = —hvyg in P-probability,

where vq > 0 is given in (2.1), and for any 6 > 0, PN(‘% — Vd‘ < 6) N2y i P-probability.

In the region Rs;, the random walk tends to fold and is expected to fill a sub-diffusive ball
(see Bolthausen, 1994; Ding et al., 2020b; Berestycki and Cerf, 2021). We state our results by
considering three cases separately, as the analysis differs across these cases.

Theorem 2.3. If any one of the following conditions holds:
(1) a€(0,d) and (¢,7) € Rs withy > ( + %22,
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(2) ae (0,
(3) aelg,

9) and (¢,7) € Ry with v > &2
d) and (¢,v) € Rs with v >

then for £ = —g, we have the following convergence in P-probability
1 h 2 ~ 2 rd 42\ 2\ ot
J\PLDOO NI logZy = hm | N log Z; e—o = —cCa(h) := @ (T)( y ) . (2.2)
where \1 s the principal Dirichlet eigenvalue of — A in the ball with unit volume in R¢ centered

at the origin, and the explicit expression for cd(h) was derived in Donsker and Varadhan (1979).

Remark 2.4. Taking the union of cases (1)-(3) in Theorem 2.3, we observe that for a € (0, %), (see
Figure 2.2), the scaling limit of logZx has been identified throughout the entire region Rj. In
contrast, for o € (4,d), (see Figure 2.1), there remains a small sub-region of R5 where the problem

is unresolved, where 0 < ( < % and 20‘ dC +40 oy < (CH djTo‘) A %. The techniques in this

small part could be very sophisticated and we Wlll discuss some possible approaches at the end of
this paper in Section 6.

In the region Rg, the range penalty is so strong that the random walk is confined to two points,
and we have the following result.

Theorem 2.5. Let o € (0,d) and ((,v) € Rs. Then

lim N¢logZy = im NClog Zn(|Ry| = 2) = =2k in P-probability (2.3)
N—+00 N—+00

and PN(|RN| = 2) M=% in P-probability.

2.3. Eatended results in the regions R1, Ry and Rs. In this section, we extend the results in Berger
et al. (2022b) to our setting, corresponding to the regions R;, Re and R3.

The region R; is the diffusive regime, in which the scaling limits of log Z 5 or Z depend crucially
on the relationship between o and d. We state these results separately in Theorems 2.6-2.8.

Theorem 2.6. Let o € (2 v %l,d) (in particular d = 3) and ((,7) € Rll (see Figure 2.1). Then

(Sn)o<n<n has end-to-end fluctuations of order N& under Py with & = 5- Without loss of gener-
ality, we assume that Varp(w) = 1. Take ay = NY* for d = 3, ay = (log N)Y? for d = 4, and
any =1 ford>=5. Then as N — o0,

1 142 _ 4 [N(0,02), for d = 3,4,
Zin — B @A) Ryl (), d 2.4
aNBN( N [e " ]) X, ford=5 ( )

where N'(0,02) is a centered Gaussian distribution with an explicit variance o and

Xi= > w,P(xeRy) :E[ > wx], (2.5)

zeZd T€R

which is a well-defined random variable.

The above theorem is a counterpart to equation (2.7) in Berger et al. (2022b, Theorem 2.12).
The main modification is that, in (2.4), we adopt a different centering for Zx due to the presence
of the external field hy.

Theorem 2.7. Let o € (27 2) (in particular d = 2,3) and (¢,7) € R1 (see Figure 2.1). Then

(Sn)o<n<n has end-to-end fluctuations of order N¢ under Py with & = 5 and we have the following
scaling limits for Zy .

() If C e (1, + X1y then

1 P
————logZy — —1. 2.6
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(i) If ¢ > v + %, then setting vy = log N for d = 2 and vy = VN for d = 3, we have that
(d)

UN

7 logZn — W, (2.7)
ByNia
where
W= wf(x)(P —n)(dx,dw) (2.8)
RIxR
is a well-defined random variable with
—-1_—u ; —
(a) = {S"M SOV S, (29)
24 SO pa(u, z)du, if d =3,

a Poisson point process P with intensity measure n(dz, dw) = apte>0 glw<oi|u| -+ dzdw, Ay =
P(S, # 0,Yn > 1), and the Gaussian kernel py(t,z) = (2t/d)~4? exp(—d|z||?/2t).

The above theorem is a counterpart to equation (2.8) in Berger et al. (2022b, Theorem 2.12).

Note that we find a new phase transition along the critical line ( = v+ (a U The phase described
in (2.6) is new, where the range penalty dominates the energy gain in the hlgher order terms of Zy.

Theorem 2.8. Let a € (0, 7) and ((,7) € Rl (see Figure 2.2). Then (Sp)o<n<n has end-to-end
fluctuations of order N& under Py with & = 5 and we have the following scaling limits of Zy .
(i) Ifa € (dd27 2) (in particular d =5, a > 1), then

Btv (zn - B[e RI]) 1D &, (2.10)
where X has been defined in (2.5).
(il) If @ < (%5 A %) (in particular a < 2) and o # 1, then we have the following.

(ila) If (e (1,y + (a 1)) then we have that

1 P
710 Zy — —1. 2.11

(iib) If > v + ( ) then setting vy = log N for d = 2 and vy = N5l for d = 3, we have
that

UN

BNNQQ
where W has been defined in (2.8).

S logZy 2w, (2.12)

The above theorem is a counterpart to Berger et al. (2022b, Theorem 2.15). As in Theorem 2.6,
the centering for Zy in (2.10) is modified due to the presence of the external field hy. We also
note that, in the case a € (0, ¢), the statement of our results is much simpler than that in Berger
et al. (2022b, Theorem 2.15). Since we restrict attention to the interior of the region R;, where
limpy e N@=2V/2g8y = 0, the key quantlty 7’5 in Berger et al. (2022b, Theorem 2.2, Proposition
2.5, Theorem 2.15) satisfies 723 =7 =0, P-as.. Consequently, there is no need to emphasize the
conditioning on the event {75 = 0} as in Berger et al. (2022h, Theorem 2.15).

Remark 2.9. It is natural to ask whether, in (2.4) and (2.10), one can obtain convergence to a
deterministic limit by replacing the scaling factor with AxyE[|Ry]], as in (2.6) and (2.11). Although
this problem is tractable, we choose not to pursue it in detail for the following two reasons.

First, such an approach would require a comparison between hyE[|Ry|] and ayfy in (2.4),
analogous to the comparison between hyE[|Ry|] and Sy N%2* carried out in (2.6) and (2.11)
(see Appendix B for details). However, the factor ay has different expressions depending on the
dimension d, and a case-by-case analysis would lead to rather lengthy statements of the results.
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Second, to obtain a deterministic limit with scaling factor AyE[|Rx|], one would need to in-
troduce different centering terms that do not depend on hpy. This would result in an unnatural
comparison with the existing formulations in (2.4) and (2.10).

Given that we have already identified additional phase transitions in Theorem 2.7 and case (ii)
of Theorem 2.8, we consider the formulations in (2.4) and (2.10) to be sufficient.

The region Rs corresponds to a super-diffusive regime, where the energy gain and the entropy
cost are balanced. We have the following result.

Theorem 2.10. Let a € (%,d) and ((,v) € Ra (see Figure 2.1). Then (Syp)o<n<n has end-to-end

fluctuations of order N under Py, where & = % € (%, 1). Additionally, as N — oo, we have

the following convergence in distribution to a well-defined random variable,

log Z N HON 5 sup {Bw(s) — Ent(s)}. (2.13)

26—1
N N%-L seD,Ent(s)<+oo

Here (s) := Z(:c,w)ep wlzes0,1]), where P is the Poisson point process introduced in Theorem 2.7
and

D:={s:[0,1] = R?: 5(0) = 0. s is continuous and a.e. differentiable}, (2.14)
and
Ent(s f |s"(¢ Hdt . (2.15)
The above theorem coincides with Berger et al. (2022b, Theorem 2.7).

The region Rj3 corresponds to a super-diffusive regime, where the energy gain dominates. We
have the following result.

Theorem 2.11. Let a € (0,d) and (¢,y) € R3 (see Figures 2.1 and 2.2). Then (Sp)o<n<n has
end-to-end fluctuations of order N under Py, and as N — o, we have the following convergence
in distribution to a well-defined random variable,

@), 4
vz 08 Zy = T = sup 7(s). (2.16)
Bn N seD,Ent(s)<+00
Here .
Ent(s) := inf J Ja((s 0 @) (t))dt, (2.17)
peD
where J4(+) is a rate function obtained by
. 1
Ji(z) = _]\}linoo Nlog P(Sy = |zN]) (2.18)
and
@ = {p:[0,1] 28 [0,1] : ¢ is non-decreasing and a.e. differentiable}. (2.19)

The above theorem is a special version of Berger et al. (2022b, Theorem 2.2, Proposition 2.4).
Since we restrict attention to the interior of the region Rz, where limy_,o N@=®/28y = oo, the
condition 75, > 0 in Berger et al. (2022b, Proposition 2.4) always holds.

2.4. Heuristics. In this section, we discuss how the phase diagrams in Section 2.1 are heuristically
derived. We restrict our attention to the case a < d, where « is the exponent in (1.1). The reason
is that the effects of the random environment differ substantially between the cases a < d and
« > d, and therefore require different approaches.

When a < d, the tail of w is sufficiently heavy that the main contribution to erRN wy is
dominated by a few exceptionally large random variables. In contrast, when « > d, the lighter tail
implies that the sum is determined collectively by many moderate-valued random variables. The
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case o > d presents significant technical challenges and remains largely open (see also Berger et al.,
2022b, Section 2.5.4).

We now provide a heuristic analysis of the scales of the energy gain from the random environment,
the range penalty induced by the external field, and the entropy cost associated with super-diffusive
or sub-diffusive paths. We also note that here we exclude the case a = g, since it is critical (see
the phase transition between Figures 2.1 and 2.2), and a more delicate analysis is required. We
will specify in the proofs (see Sections 3-5) when the case a = % is included. Recall that £ is the

end-to-end exponent.
(1) For a < d, by the heavy-tailed property, we have that erRN wy ~ N%/* Hence, the
energy gain >, . = Bnwy is of order N défo—y
(2) The scale of the range penalty depends on whether £ < é or £ > é.
(2a) If € < & < 1, that is, the random walk folds itself in a sub-diffusive ball and fills it
(see Berestycki and Cerf, 2021; Ding et al., 2020b), then |Ry| ~ N% and the range
penalty is of order N% ¢,
(2b) If € > é, then the walk has enough space to stretch regardless of folding. In this case,
we expect that |Rx|~ N and the range penalty is of order N1—¢.
(3) Finally, by classical large deviation estimates, the entropy cost is of order
(3a) exp(—N'~2¢) in the sub-diffusive regime (i.e., £ € [0, %)),
(3b) exp(—N%~1) in the super-diffusive regime (ie., e (3,1]).
We now analyze the behavior of the polymer and establish the phase diagram through the
competition among the energy gain, the range penalty, and the entropy cost.

Case I (entropy cost dominates) In this case, the random walk is diffusive, so £ = % > é. There
is no additional entropy cost, and both the energy gain and the range penalty are negligible. In
particular, this requires that the exponents of the energy gain and the range penalty be negative,
namely,
d d
— —v<0 = y>— and 1-(<0 = (>1. (2.20)
2a 2a

We refer to this region as R; in the phase diagrams.

Case II (entropy cost-energy gain balance) In this case, the random environment encourages

the polymer to explore, leading to a super-diffusive behavior with £ € (%, 1). By comparing the

exponents of the energy gain, the range penalty, and the entropy cost, we obtain

d a(l —7)
D=9 -1 = 2.21
ST EA—l = (=, (2.21)
and p J p
20 — _
& g is1-¢ sy 2l A (2.22)
o 2a «a
At the boundary points £ = % and £ = 1, we have that
1 d d—
f=- = q=-—(>1 and €=1= ry=2"2¢>0. (2.23)
2 2a o}

We refer to this region as Ry in the phase diagrams.

Case III (energy gain dominates) In this case, we have £ = 1, and the boundary v = d?Ta, (>0
remains the same as in Case II (see (2.23)). However, the conditions (2.21) and (2.22) are replaced
by

d d d—
——fy>1:’y<7a and ——’y>1—§=>fy<(+7a, respectively.  (2.24)
e o o @

We refer to this region as R3 in the phase diagrams.
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Case IV (entropy cost-range penalty balance) In this case, the range penalty forces the random
walk to fold, leading to a sub-diffusive behavior with £ € (0, ) Since 0 < 1 < 1, we distinguish
between two sub-cases, namely ¢ € (0, 1) and ¢ € (3, 3).

For £ € (l l), which occurs only When the dimension d > 3, a comparison of the exponents

d’ 2
yields
1-C=1-2 = ¢=§, (2.25)
and d d+2 d+2
1—§=1—2§>§—7:7> L ;rao‘c—L (2.26)
At the boundary points £ = é and £ = %, we have that
1 2 d+2a —da 1 d
_! _ 2 greazae nd f=- =1 = 2.2
(=7 = ¢=27> 7o and =5 = (=17> (2.27)
We refer to this region as R4 in the phase diagrams.
For € € (0, é), similarly, we have that
14+¢
—1-2 =TS 2.2
dE—C=1-2 — £= —, (2:28)
and
d¢ (d+2a)(1+¢) d+ 2« d(1 — «)
dE—(=1-2> = — > —1= . 2.29
§=¢ ¢ a T a(d +2) a(d+2)<+a(d+2) (2.29)

At the boundary points £ = 0 and £ = é, we have that

2 d+ 2o — do
> —

E=0 = (=-1,y>( and §=$:>§:g,fy o (2.30)

We refer to this region as R5 in the phase diagrams.

Case V (range penalty dominates) In this case, we have £ = 0, and the boundary ( = —1,v > ¢
remains the same as in the region R (see (2.30)). However, the conditions (2.28) and (2.29) are
replaced by

(<—1 and ~ >, respectively. (2.31)

We refer to this region as Rg in the phase diagrams.

Case VI (energy gain-range penalty balance) In this case, the entropy cost is negligible SO
€ € (0,1). Similar to Case IV, we distinguish among three sub-cases, namely £ € (0, ) e (d, 2)
and € € (3,1).

For £ € (0, 1), we have that

ﬁ_,y de — g*:}f_(i_w

which implies

(+E2<vy<(  ifa>1,
(+2>y>¢( ifa<l

A comparison of the exponents yields

d y< B+ NS ifa>1,
L yma>1-2x— G R
>a(d+2g+a(d+2), if a < 1.

For £ € (4, 3), we have that

X s = =200, (2.32)
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which implies

C<y<cq (2.33)

A comparison of the exponents yields
d—2q

d + 2wy <+ B2
5—7—1—C>1—2§:>{C d+2aC7 “F e

Finally, for £ € (3,1), we still have (2.32) and (2.33). A comparison of the exponents yields

d C+ %5522 <y < ¢+ L2
a—’Yzl—C>2§—1:>{ < Zo—dc g doa “

However, as will be suggested by the analysis below, the regime corresponding to the energy
gain—range penalty balance does not occur, as it is dominated by other regimes. Therefore, we do
not assign a separate label (such as R,,) to this case.

The regions identified above exhibit some overlap. Evidence from existing studies (in particular,
Berger et al., 2022a, Comment 2(c)) suggests that, in overlapping regions, those in which the
range penalty is non-negligible are always dominated, due to the well-posedness of the limiting
variational problem for the logarithmic partition function. This observation is also supported by
our main results (see Sections 2.2 and 2.3). We now examine the overlapping cases in light of this
principle.

e By a straightforward (albeit somewhat tedious) comparison, we observe that the boundaries
v = 20‘ dC + —a of the region Ry and v = ( + d & of the region R3 are the top-leftmost among
all Candldate boundarles arising from overlapping reg10ns Consequently, these boundaries confine
the regions in which the range penalty is non-negligible to their minimal extent. As a result, the
regime corresponding to the energy gain-range penalty balance also disappears.

o Comparing the conditions v < dTTa in Case III and v > % in Case I, we note that d?Ta >
% <= « < §. Hence, when a € (0, ) the region Ry disappears, and the boundary between the

e

regions R and R3 is given by v = d—

2.5. Further comments and conjectures. To conclude Section 2, we present several comments and
conjectures concerning our model and results.

(1) About the end-to-end exponent {. Recall the end-to-end exponent £ from Definition 2.1.
Following the approach in Berger et al. (2022b), we are able to identify the end-to-end fluctuations
in the regions R1, Ry, and R3, where the contribution of the range penalty to the leading-order
term of Zy is negligible. In the region Rg, we show that £ = 0 (in fact, we prove the stronger result

that Py (|Ry| = 2) M2 in P- probability).

However, we are unable to rigorously verify that the candidate exponents £ = Cllig e (0, ) in the

region R5 and & = C e (3 3 2) in the region R4 satisfy Definition 2.1. To establish this, one needs to
show that the dommant contribution to Zy comes from paths with My ~ N¢ (see Section 6 for a
more detailed discussion). In this paper, we bypass this difficulty by directly comparing Zy with
its homogeneous counterpart Z ]\;},LBIXT 0

(2) About the regions Ry and Rj. The regions R4 and Rj correspond to sub-diffusive regimes,
which are comparable to the homogeneous counterpart of our model, namely, the random walk
penalized by its range. This homogeneous model was first introduced in Donsker and Varadhan
(1979) and has been extensively studied in recent years (see Bolthausen, 1994; Berestycki and Cerf,
2021; Ding et al., 2020b,a, 2021). In that setting, Sy = 0 and hy = h (corresponding to the case
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v = +00 and ¢ = 0 in our model), i.e., there is no random environment and hence the partition
function is deterministic.
The properties of the homogeneous model are now well understood. First,

Z5MN R« exp(—ca(h)(1 + 0(1))NT7), as N — oo, (2.34)

A~

where c4(h) is given in (2.2). Second, under Py, the range Ry is asymptotically a ball of radius

rqlN ¥z (corresponding to the special case ¢ = 0 in the region Rj5) with no holes, where ry is explicit,
and the distribution of the center of the ball has also been characterized. Moreover, a local limit
theorem and large deviations for Sy under Py have also been established.

We obtain the same asymptotics (2.34) for our model in the region Rs (see Theorem 2.3). It is
therefore natural to investigate this region in greater depth and compare it with the homogeneous
model. In particular, one may ask the following questions.

(2a) Is the range Ry also asymptotically a ball of radius ry4 N s with no holes? We conjecture
that this is the case. However, it is not straightforward to verify this by directly adapting
the methods in Berestycki and Cerf (2021); Ding et al. (2020b), due to the presence of the
random environment and the need for a rigorous characterization of the radius and the
absence of holes, analogous to Definition 2.1.

(2b) If the answer to (2a) is affirmative, then how can one characterize the center On of the
ball? It is known that, in the homogeneous model, the rescaled Oy admits a random limit
(see, e.g., Bouchot, 2024b; Schmock, 1990; Ding et al.; 2020b). In our model, however,
whether the scaling limit of Oy is random should depend on the strength of the disorder.
If the disorder does not influence the second-order term of log Zy, then the behavior of On
should be comparable to that in the homogeneous model. Otherwise, the scaling limit of
On is expected to be non-random for a given w, in the sense that Oy is determined by the
random environment so as to maximize the energy gain within the ball.

(2¢) A question related to (2b) is to study the higher-order fluctuations of log Zy, in particular,
the fluctuations of # log Z + c4(h), where —cq(h) is given in (2.2).

These questions have been addressed in dimension d = 1 in Bouchot (2024a). However, they become
significantly more challenging in dimensions d > 2, due to the geometric complexity of the range
of S.

In the region R4, we obtain different asymptotics in Theorem 2.2, identifying a new phase
transition that cannot be observed when hy is fixed. Since it is expected that, in this region, the
random walk has enough space to stretch so that |Ry| & N, it becomes more difficult to formulate
a tractable problem concerning the geometry of Ry, as in the region Rs. In particular, it seems
impossible to define a natural notion of the center of Ry, and thus questions (2a)-(2b) are no
longer well-defined.

We may conjecture that, if the random environment influences the second-order term of log Zy,
then it encourages the random walk to visit regions with large energy gain (but still within the
scale N¢ « 4/N) and induces a perturbation in the distribution of S, making it less symmetric
under Py . Nevertheless, it remains open how to characterize this asymmetry in a tractable way.

Another direction is to study the fluctuation of ﬁ log Zn + h7yg, where 74 is given in (2.1),
in analogy with question (2c) above.

(3) About the region R;. In the region R;, we identify new phase transitions in (2.6)—(2.7) and
(2.11)—(2.12). Since this is the diffusive regime, it is natural to ask whether there are differences
in the finer behavior of the random walk S across these phases. Note that for the one-dimensional
case, it was proved in Berger et al. (2022b) that throughout the entire diffusive regime,

]\}im drv(Py,P) =0, in P-probability, (2.35)
—00
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where drv(-,-) denotes the total variation distance. We expect that the same result also holds
in higher dimensions. Consequently, any perturbation from the random environment or the range
penalty to the distribution of S should not be observable at the diffusive scale v/N.

In the phase corresponding to (2.7) and (2.12), the random environment dominates the leading-
order term of logZy. However, in view of (2.35), we expect that it can only induce a mild
perturbation in the distribution of S. As in the region Ry, the range Ry is not a ball without
holes, and its geometry is not transparent. We therefore conjecture that the effect of the random
environment is limited to inducing a mild asymmetry in S.

In contrast, in the phase corresponding to (2.6) and (2.11), the range penalty dominates the
leading-order term of log Z . Since the range penalty is homogeneous, we expect that the symmetry
of S under P is preserved. However, it may still have a mild confining effect on the range Ry.
Hence, one may investigate the appropriate scaling limit or fluctuations of E[|Rx|] — Ex[|RnN]],
which should be stochastically positive, in order to quantify this effect.

2.6. Notations.

e We will sometimes consider Zy; ﬁ _pand , where the former is the partition function
of the homogeneous model, and the latter is the partition function without range penalty
studied in Berger et al. (2022b). We also use the notation Zy(A) := E[eZIERN(ﬂNwthN)I[A].

o We define My = My (S) := maxi<n<n |Snl|, which represents the maximal distance from
the origin reached by the random walk up to time N, where || - | denotes the Euclidean
norm.

o Let M,(:) denote the k-th largest value among the random variables (wy),ez¢ With x € A,
where A, := {z € Z? : ||z|| < r} is the Euclidean ball with radius r.

¢ We may also relabel the random environment in the ball A, using order statistics, which we
denote by (MZ(-T),YZ(T))‘A " Al

Here (Y(r)) '] is a random permutation of A,, where YET) €A,
denotes the location of the i-th largest random variables w, with z € A,.
e When restricted to the ball A,, the energy gain associated with a set A c Z¢ is defined by

|Ar|
Q,(A) = Y M1 ¥ ear (2.36)
i=1 ‘
3. Proof for Theorem 2.2

In the region Ry, recall that we have d > 3, % <(<land¢= % Furthermore, if o € (g,d),

then v > 20‘ d( + d; and if a € (0, ), then v > djTO‘. In particular, the critical case o = % can
be included, Where =2 = %.
We first establish an upper bound for Nl o7 log Zy. By Hoélder’s inequality, for any ¢ > 0,
Zor < (2300 ) (20 ) (3.1
Taking logarithm and dividing it by N'=2¢, we have that
1 1 w,(14+e)hN € w,hn=0
ﬂlOgZN < mlogzNﬁNZO + mlng 1+5B (32)

Similarly, we have the following lower bound. By Hoélder’s inequality, for any € € (0,1),

w,(1=e)h e whn=0 \°

that is,

£

1 __£
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Taking logarithm and dividing it by N'=2¢, we have that

1 1 w,(1—e)hn

=0
N1 082y = Zy i

g
ANz 82N a0 — o e 2y (3.4)

We now show that the second terms on the right-hand sides of (3.2) and (3.4) are negligible
(Step 1), and that the correct asymptotics are given by the first terms (Step 2).

Step 1. We show that for any ¢ € R, log Z“K;gg;o = o(N'7%) in P-probability. Note that we are

in the setting of Berger et al. (2022b), since hy = 0. Hence, many computations in Berger et al.
(2022b, Section 7) can be directly applied here. We consider three cases separately.

Case 1. For % < «a < dand djTa << %, the partition function falls in the region B in Berger
et al. (2022b). Hence, by Berger et al. (2022b, Theorem 2.7),

a(l—7)

log Z‘j{,’}g converges in distribution to a non-trivial limit with ¢ = 5
a J—

1
N25’ 1

Note that in the region R4, we have that & = % Therefore, since v > 2a d( 4 d=a

1-26— (26 —1)=1—(~ (20‘22__2) - 1) e <2a2—ad_)ﬁd+ 2(a —d)

(2@(2a_dC+ d—a) — (2a—d)§+2(a—d)> =0.

>
2a o

200 — d

Hence log Zﬁ,}gg =0 — 0 in P-probability as N — oo.

aNl NI1I-2&

Case 2. For ¢ 5 Sa<dandy = 2 , the partition function falls in the region C in Berger et al.
(2022Db) (the boundary between the regions B and C in Berger et al., 2022b is included). We adapt

the approaches in Berger et al. (2022b, Section 7), where the correct scaling for log Z‘f\;gg;o is

determined, except for a € {2, %} Our treatment here is simpler since we only need some upper
bounds.

First, we truncate the random environment w by ky = B&ly/log log N and denote @, :=
Wz L, |<ky)- Our truncation is slightly different from that in Berger et al. (2022b) since we include

the cases a € {2,4}. We show that |Z°]‘Qf;gN0 — Z‘X[ggNo

then work on Z?J\;}gg;o.
With Ay = logloglog N, we follow the ideas in Berger et al. (2022b, Lemma 7.1, Lemma 7.4)

to show that
w,h
(1) Zg O (My

| N%oo

0 in P-probability so that we can

> ANV NAp) N=%0 in P-probability.
(2) Z“]Q}gg O(My > ANvNAyN) 25 0 in P-probability.
(3) 1Z55 - (My < AnV/NAN) — Z355 " (My < Any/NAy)| =5 0 in P-probability.

This completes the truncation procedure.
For (1), we in fact have

P(Z3/55, (My = Ayy/NAy) > =) < eay,

where we use that 5BNN% < C. This estimate is identical to Berger et al. (2022b, Proposition 6.1),
with N¢ replaced by v/NAy, and we therefore omit the proof (see also equation (7.4) in Berger
et al., 2022b).
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To prove (2), denote Ay = log E[exp(08nTp)]|. By Cauchy-Schwarz inequality,

B 2355 (My 2 Any/NAx) | = BT o v |

1
< E[62AN\RN\]2P(MN > AN\/M)%~

By Berger et al. (2022b, Lemma C.1), we have that [A\y| < e9NEN 3372 (see equation (7.9) in
Berger et al., 2022b). Recall that d > 3 in the region R4, and we have that

|)\N||RN| < ec\/loglogNle%(a/\Q) N:‘;O 0 (3'5)

by d > a and d > 3. The estimate then follows by the classical large deviation principle of My.
Finally, we prove (3). By a union bound and v > %, we have that,

P (250 (M < Axy/NA) # Z35050 (My < Avy/NAY) )
= Y Pl > k) < C(Any/NAR) (N Toglog V) 2,

Hx||<AN\/NAN

where C' > 0. N
Then we turn to Z‘f\;ggio. By a polynomial chaos expansion (see also equation (7.11) in Berger
et al., 2022b), we have that, with e, := exp(dBn&, — An) — 1,

I R (O ST

k=1 (@1, zk)e(Zd)k i=1
T AT AT

— E[e)‘NmN‘] +Yn.

For d > 3, it has been shown by (3.5) that limy_. E[e*¥R~1] = 1, and by equation (7.14) in
Berger et al. (2 )‘?Qb) and the choice of ky, E[(Yn)?] < CecﬁNkNﬂaAQN N2 0 since d > o and
d = 3. Hence, N1 =2 log Z‘f\,]}g 0 N2 0 in - probability, simply due to 1 —2& > 0.

Case 3. For 0 < a < g and v > d_—a > d , then all the computations for Case 2 carries over here
without any changes, since the partltlon functlon still falls in the region C in Berger et al. (2022b).

Step 2. We show the convergence in Theorem 2.2 by showing that for any 9 > 0,
1 w ﬁhN . 7
Nl_l)rfrloo NI % log Z'y = —0hy.

The result then follows by taking N — oo and then taking ¢ — 0 in (3.2) and (3.4), where 9 is
1+ ¢ and 1 — ¢ respectively.
For the lower bound, since f(x) = e~ is convex, by Jensen’s inequality, we have that

Z N = E[ 19hN|72N|] > ¢~ IhNE[IRN], (3.6)

The lower bound then follows by & = and (2.1).
For the upper bound, we write

Z5 | = e—ﬂhNE[mNuE[e—ﬁhNaRN\—E[\RNu)]
PN =

and then we only need to show that E[e —OhN(IRN[-E[|RN]]) ] is negligible. Recall that in the region
Ry, d = 3. By van den Berg et al. (2001, Theorem 1), we have the following large deviation principle
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for |[Ry|: for any 6 > 0,

lim
N—>w N

logP(|RN| E[|Ry]] < —5N) — (3.7)
where k = k(d,d) > 0 is explicit. Set
G5 = {[R| ~ E[[Ry[] < 0N } = {e= M (RNIZBIRND 5 (0RNTE, (3.8)
Note that e~ v(RNI=E[RN]) < eIANIC, Thus, for any ¢ > 0, there exists some s’ > 0, such that
E[e—ﬂhN(WN\—E[\RN\])] - E[e—ﬂhN(WN\—EHRN\])]1g1cw] + E[e—ﬁhw(|RN|—E[|RN\])ﬂg]w]
< SORN'TC eﬁsz“Ce—m’Nl_% < ShN'S _{_e—n’Nl_E’

for N is large enough, since 1 — = > 1 — ¢ in the region R4 by ¢ > 3 Hence,

_ sarl—2
log( OANIE | o= N d) =0,

< lim sup lim sup

lim sup lim sup
550  Now N

1
el
50  Noow NI7%
and the upper bound follows.

e_ﬁmmm—E[mNu)]

R

Finally, we show that P N(‘T — ’yd‘ < 5) N2 1 in P-probability. For any § > 0,

Zy = ZN(HRN| —aN| < 6N) + zN(|7eN| — N < —5N) + ZN<|RN| vaN = 5N) (3.9)

Note that Zy(|Rn| —vaN = 0N) <e —(ya+8)hN1= Czw hzv 0 and by Cauchy-Schwarz inequality,

(Zn (IR | = 7al < —5N)) < Z (IRw| =l < —0N )z 0 < eV gl
We have already shown that for any € € (0,6), with [P-probability arbitrarily close to 1,
log Zw hN 0= o(N'"™) (see Step1) and Zy > exp(—(yq +e)hN'"S) (by (3.6)).
Hence, d1v1d1ng the both sides of (3.9) by Zy, we show that by 1 — % >1-(,

o 1 1-2
(T <5) 51ttt v

4. Proof for Theorem 2.5

In the region Rg, recall that ( < —1 and v > ¢ + djTa. We write

Zn =ZN(|RNy| =2)+ZN(RN]| = 3). (4.1)

d

Note that the critical case oo = 5 can also be included.

For the first term,

d
N(RN| =2) = exp(=2hy) Y| Y eVt P(Ry = {0, jex}),
k=1j=%1

where ej, is a d-dimensional vector with the k-th element being 1 and other elements being 0.
Note that P(Ry = {0,jex}) = (1/2d)Y for all k, j above. By ¢ < —1, we get that

lim NClog Zn(|Rn| = 2) = —2h, in P-probability, (4.2)

since by v > ¢ + 9=2, there exists some ¢ > 0, such that by a union bound and (1.1),

1P<5N(|w0| + 2(|Wek.| + |w,8k|)> > NCE) < ON ) Nop

k=1
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Then we show that the second term in (4.1) is negligible. By (4.2), it suffices to show that

—3AN—CY _
i IP(ZN(|RN| 3) > e 5 )_0. (4.3)

Recall M(AN ) and M n~ from Section 2.6, where M(AN ) denotes the largest value among the random
variables (wy),eze With |z| < Ay and My := maxi<p<n |Sp|. We choose Ay = N4 N2 o
and split the partition function as follows

ZN(|'RN| = 3) < ZN(|RN| >3, My < AN) + ZN(MN > AN). (4.4)

For the first term above,

N N

2 AT— Anr— (AN)

Zxn(Ry| =3, My < Ay) = D) Zn(IRy| = k, My < Ay) < Y, e BNV HRONTIMEE
k=3 k=3

We have that by a large deviation estimate of heavy-tailed random variables (see Berger and Torri,
2019b, Lemma 5.1),

P (MAY) < iNy_g < (e NTCATA) Y eN—a(—(=52%) Now (4.5)
1 6 = %5 N ' '

Therefore, with [P-probability close to 1,

N ~
Zn(Ry| = 2 TREANTC o3V (4.6)

We then turn to Zy(My > An) in (4.4). We have that

]P(ZN(MN > An) > e_%hN) = P(E[eﬁN Yacr y wx_hN‘RN|+ghN]l{MN>AN}] > 1) wn
<]1>(z“ hN(MN>AN)>1> '

We show that the last probability above converges to 0 as N — oo. By the crucial Lemma 4.1
below, we will show in a while that

w, h w h
lim IP(z WMy > Ax) = Zog i (M > AN)) = 0. (4.8)

N—w

Then we can conclude our claim for (4.7) by a trivial bound,

alR

whN

ZNB 70(MN > AN) _7EN7C+17 <« 1.

Now (4.3) follows by (4.4), (4.6), (4.7) and (4.8). Furthermore, by (4.1)

1= Py(Ry| = 2) + 22RNZD)

N
where the second term is bounded by exp(—%ﬁ]\f —¢) with P-probability close to 1 as N — oo.
Hence, Py (|Rn| =2) — 1 as N — oo in P-probability.

It remains to prove (4.8). To this end, we require the crucial Lemma 4.1, which follows from the
analysis of last passage percolation with a prescribed range (see Section A) and allows us to control
the energy gain within a given box and for a given range. We first state and prove the lemma, and
then use it to establish (4.8).
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Lemma 4.1. Recall Q,.(A) from Section 2.6. If v > C—i— a2 Ay < N, then for any € € (0,1) and
p > 1, there exists a constant C' = Cyp . > 0, such that

10gp(%) By " B ,

P max R+l A (Rn(S)) > 62pk+j7NAN < C(logN)(NﬁCJr’yiTa)ir‘Fd, (4.9)

im0 o\ " B

where A |

o PP AN N
By := log, ( Ax A pk’AN) (4.10)
and Ajr = Ajr(p, N) := Mp(p*An,p?) (see (A.2)), that is,

Ajp = {8 Mu(S) € " Aw, 1 An], RN (S) € [P/ A, o9 AN] . (4)

Proof: By taking r = p* Ay and s = p/ in Proposition A.3, the probability in (4.9) is smaller than

IOgP(AN)BN;C

__ad __ad
2 Z C( N pl ) T ClogN<52’LNN1*%) o (4.12)
i BN
where we have used that By < Cgqlog N and
1 N
ng(AN) d(dia)k N d(;;;)
Z p a+d < CP(T
k=0 N
O
1 1
Proof for (4.8): We first decompose Z(}JV’,%?VN(MN > Apn) and Z?JV”‘E?VN:O(MN > An) by
. log,(41-) By s .
Znjy (My > An) = Zy g (Ajk),
k=0 j=0
log,(41-) By
w,zh w,7h
Zy ,BNN oMy > Ap) ZN746NN:0(A],;€),
k=0 7=0

for some p > 1, where By, is defined in (4.10).
Then by a union bound and (4.9), we obtain that the probability in (4.8) is bounded from above

10 p(%) BN,k 1h lh
w, s w, 7
1P<ZN QﬂNN (Ajk) = ZN%NN—O(Ach))

< k=0  j=0 IP( - %pk-i'thAN + BN Joax Qri14, (RN(9)) > _ipk+j+2hNAN> s
s 1 2y, i N

) =0 ]Z;) P(;ggx ey (Ry(8)) > 7(2—p7)p 5NAN>

<C(log N)(N ¢ d:a)faaifd_)o 2 N > o,

g
where € = %4/2 2 when 1 < p < 4/2 and we have used that v > ¢ + d 2 in the region Rg.
O
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5. Proof for Theorem 2.3

Let us begin this section by observing that, using the Donsker-Varadhan argument (Donsker and
Varadhan, 1979, although the authors only treated the case hy = h), for { < % (i.e. €€ (0, é)), we
obtain that

ZN ) = exp ( el MNTE (1 + 0(1)) (5.1)

Recall that % = 1 — 2¢ in the region Rs. This yields the following convergence for the

homogeneous partition function

1 .
hm L i log ZN/} —o = ca(h).

Our strategy is therefore to show that Zy and Z;‘Q%JXT _o are comparable. Note that the critical case

a = 4 can be included in cases (1) and (3).

Proof for the case (1) of Theorem 2.3: In this case, we have that v > ( + djTa. The proof is similar
to that for Theorem 2.5. Let Ay = N'7d. We write

ZNZZN(MNSAN)+ZN(MN>AN). (5.2)

Recall l\/IgAN ) and M ~ from Section 2.6. We also use mgAN ) to denote the smallest value among

the random variables w, with ||z|| < Ax. Note that IP(M(AN) <0) = P(w < 0)Mnv! A28 0, and

similarly P(mgAN ) > 0) =%

close to 1,

0. Hence, for the first term above, we have that with P-probability

Zy(My < Ay) = Y Zn(My < Ay, |Ry| = k)

k>1
(AN)
< Z e~ khn+EBN MY P(My < An,|Rn| = k),
k21 (An)
. 2 e RN HRENTT DN < A [Ri| = k).
k>1

Moreover, since the right-tail asymptotics of MgAN ) and the left-tail asymptotics of mgAN ) differ

by at most a constant factor (see (1.1)), it follows that, for any £ > 0, we have estimates analogous

o (4.5):

_d
max {IP(mgAN) < - ZJNV> IP(M(AN) > 8;1)} < e(N7CAG")™ -0, as N — +oo.

Therefore, with [P-probability close to 1,
Zia o (My < Aw) < Zy(My < Aw) < 255,50 (My < A). (5.3)
For the second term in (5.2), we are going to show that with P-probability close to 1,

Z3GTNY (My > An) < Zn(My > An) < Z55 720N (My > Aw). (5.4)
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The strategy is similar to that used in the proof of (4.8), and we will again apply Lemma 4.1. Take
p=1+ 15 > 1. By a union bound (see (4.10), (4.11) and (4.13)),

<ZN(MN>AN)>ZN(/3 &) (MN>AN))

log AL

P

< i P(Zw () > 230,57 (4,) 59

=0

E

.

HMZ

ZA

where we have used that 1 — —¢) > ¢2 for ¢ sufficiently small. Then it follows by Lemma 4.1
that (5.5) tends to 0 as N —
Similarly, noting that

hn
( max Q k+1AN(RN(S)) g2phti BNAJ\[)a

y h
P(ZN(Aj,k) < Z]\;7(61;i)élN (Aj,k:)) < 1P( min Q k14, (RN(5)) < —e2phti Bg AN)

SE.A] k

hy
< — k+j
< P(Sréljufk Qprr14, (RN(S)) > € ’p BNAN>7

where we have used that p? — (1+¢) < —&? for ¢ sufficiently small. Note that under our assumption
(1.1), the right-tail asymptotics of —w and w differ by at most a constant factor. Hence, the same
argument as in (5.5) also yields

lim P(ZN(MN > An) > Z55 M (M > AN)) ~ 1.

Using (5.3), (5.4) and (5.1), by sending N — oo first and then sending € — 0, we obtain (2.2). O

Proof for the cases (2) and (3) of Theorem 2.3: The proof is identical to that for Cases 2 and 3 in
Theorem 2.2, since the corresponding ranges of v coincide. We apply Hoélder’s inequality and then

treat Z‘}JV}EX[ _o and Z‘}JV},LB]X] =0 separately. The details are then omitted. O
Remark 5.1. For a € (%,d) and ((,7v) € Rs with v € (%‘1,%) the approach for the case 1 in
Theorem 2.2 does not work. If we require 1 — 2¢ > 2¢' — 1 with € = 3£ and ¢/ = O‘Qaid), then

d+2
23 +Z ¢+ dizﬁdégd, which is not always true in the region R5. In particular,

considering the boundary between the regions R5 and R» in Figure 2.1, we have that 23—;‘1( + d?TO‘ >

2a—d d?—ad+d
a(2+d) C + a(2+d)

we should have ~ >

if and only if ¢ > %, which exactly happens in the region Ry.

6. Discussion of the remaining part in the region R; and the end-to-end exponent ¢

We begin by discussing the remalnlng part of the region Rj5, where o € ( d), ¢ € (0, ) and

200 — C + <+ d—«
2a o

In view of the current approach in the region Rj;, we show that the energy gain is negligible

compared to the range penalty uniformly over all configurations of the random walk. However, this

approach breaks down when v < ( + d?TO‘, since the range penalty is no longer sufficiently strong
(see also Remark 5.1).

More precisely, the range penalty attains its maximum when |Ry| = N, in which case the largest

energy gain that can be absorbed by the range penalty is of order N'=¢. This suggests that we

. — _;,_i 1— . _ . d—
require N™7 o « N17¢ (with € = 1), i.e., v > ¢ + ==
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Such a region also arises in the one-dimensional model. In Berger et al. (2022a), this difficulty
is overcome by splitting the range of My = maxj<,<n | S| into two parts and treating each part
with a different method. When My is small, the energy gain can still be controlled by the range
penalty; when M}y is large, it must instead be controlled by the entropy cost.

Inspired by the choice of parameters in Berger et al. (2022a,b), the threshold separating the two

parts above should be of order N -5 (see the heuristics below). Then we write

Zy(My < BNY) < Zy = Zy (My < AN'TH) & 2y (M > AN'H)
(6.1)
SZy (MN < ANl*%) + ZIN (MN > ANP%),

where A, B > 0 are large but fixed constants. Note that 1 — % > £ since
1_§_€: 2(1+d) — (4 +d) - 2d? — 8

2 2(2+4d) 2d(2+d)

by ¢ < % and d = 2. By Ding et al. (2020b, Theorem A), it is known that for the homogeneous
model, P‘X,%JXI oMy < BN¢) can be made arbitrarily close to 1 by choosing B and N large.

=0

Consequently, Z‘]‘Q%f;’v Y Z;‘(,}g;’v _o(My < BN §). Hence, to treat the remaining part of the region
R5, it suffices to show that

() Zn(My < BN) ~ Zi5 _o(My < BNY),

(b) Zy(My < AN'"3) ~ Z3, _((My < AN'73),

(c) Z‘X,’%]]VVZO(MN > Aleé) is negligible.

We start by part(c). Let & =1 — % Since ¢ € (0,2), we have ¢ € (3,1), so the event

{My = AN 5/} corresponds to a super-diffusive behavior. Note that v > %C + d?TO‘. It follows

that %/ — v < 2¢ — 1, that is, the energy gain is dominated by the entropy cost. By applying
Berger et al. (2022b, Proposition 6.1) to &', we obtain that uniformly in N, there exist constants
c1,c2,v > 0, such that for any A > 1,

P(Zy 70 (My 2 ANYE) 3 eV ) <,
Hence, by taking A large, with IP-probability close to 1,

= _s _ 1-¢
25" (M > AN'T3) < ot

Since 1 — ¢ > 1—2€ by ¢ < 2, Z{"N="(My > AN'"3) is negligible.
While part (c) is tractable, parts (a) and (b) are substantially more challenging due to the
geometric complexity of the range Ry, as we illustrate below.

First, we may write
ZN<MN < ANI‘%) = ZN<MN < BN§) + ZN<MN € (BNE,ANl—%)>.

Here B > 2r;, where rg is an explicit constant such that r4N¢ is the typical radius of Ry under
the homogeneous polymer measure (see again Ding et al.; 2020b, Theorem A). Note that the first
term on the right-hand side corresponds to part (a), and we expect to show that the second term
is also negligible.

A classical approach is the method of decomposition by layers (see Berger and Torri, 2019a;
Berger et al., 2022b), whereby we decompose the partition function as follows:

ln(%N“%*g)
Zy(Mye (BNSAN'S)) = % Zw(My e [2°BNE 2 BNY)). (6.2)
k=0
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We now analyze each term in the summation above at a heuristic level.

(1) The energy gain is of order exp{(QkHBN’E)%} under the condition My < 2¥1BN¢.

(2) The entropy cost arises from two sources: the sub-diffusive or super-diffusive behavior of
the random walk, and the atypical configuration of its range. We analyze these together
with the range penalty.

(2a) Note that £ < % <1- % Thus, the random walk is sub-diffusive for small £ such that
28 BN¢ « /N, and super-diffusive for large k such that 28BN¢ » +/N.

(2b) Concerning the range of the walk, a so-called droplet phenomenon may occur (see
Bolthausen, 1994): the walk occasionally visits a site atypically far away, and then
return to its main folded region. The length of the droplet plays a crucial role. If it
is much shorter than N%_ then the range penalty is still of order N%~¢. However, if
it is much longer, for instance of order NV with 1 > ¥ > d¢, then the range penalty
should be of order NY=¢. Furthermore, in the latter case, it is unclear whether the
range consists of a main folded region together with a single droplet, or of multiple
connected folded regions. In these two scenarios, the entropy cost is expected to be
significantly different.

To compare the energy gain, the range penalty, and the entropy cost analyzed above, the main
challenge lies in estimating the entropy cost arising from atypical paths of the random walk. One
possible approach is to decouple the range penalty and the energy gain by Holder’s inequality as in
(3.1), and then apply large deviation estimates for the events { My > 2¥ BN¢} or the range Ry with
droplets under the homogeneous polymer measure. However, the existing results (see Sznitman,
1995a,b; van den Berg et al., 2001; Fukushima, 2008; Ding et al., 2020a) appear insufficient for our
purposes. In particular, we require uniform and sufficiently sharp estimates depending on k and B
in order to show that (6.2) is negligible. At present, we do not see a clear approach to tackle this
problem.

Fundamental difficulties also arise in part (a), corresponding to the term Zy(My < BN¢). To
show that the energy gain is negligible, we may apply Holder’s inequality as in (3.1) and (3.3) to get

Zn(My < BN¢) > Z3%5 90V (My < BN sz“hN—S (My < BN9)” (6.3)
Zn(My < BN®) < Z5G 0 (My < BN =22 hlfi;g (My < BN€)Te=. (6.4)

We shall show that the second factors on the right-hand side of (6.3) and (6.4) are of order N it
However, the strategy in Berger et al. (2022b, Lemma 6.2) does not apply here, since the random
walk therein is supper-diffusive, whereas in our case & < % Hence, a sharp estimate of the entropy
cost arising from sub-diffusivity is required.

We note that some special cases can be treated. In particular, by the weak symmetrization
inequality (see Gut, 2005) and the Fuk—Nagaev inequality (Nagacv, 1979), one can show that

P Z lws| > T) < Crir=(@12) (4 logarithmic correction is needed for o = 2).

lzll<¢

Then for a < 2, by (2.29), a very rough bound yields

P(Z55 (My < BNS) > e ) <P(08y )] fwal > eN'7) < o209
el <BNE

d+2a d(l—«
— oN O~ eET) C*Tx(zﬂf)) Now 0,

but this does not work for a > 2.
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From the above analysis, one can see that a key step is to show that Zx(My > BN¢) is negligible.
As a byproduct, this would also provide a rigorous characterization of the end-to-end exponent &
given in Definition 2.1.

In summary, if one can choose a suitable probability measure (either the original measure P
or the polymer measure Py) and establish corresponding deviation estimates for My and |Ry]|,
then it appears promising to resolve the remaining part of the region Rs. Such results would
simultaneously allow us to identify the end-to-end fluctuations in the sense of Definition 2.1, as in
Berger et al. (2022b).
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Appendix A. Control on the last passage percolation with a given range

Recall the notation My, (MZ(-T),YET)) and Q,(A) from Section 2.6. For me N, p > 1 and s > 1,
let

Lin(r,s) = L2, (r, s) := max {|A|: A=TE) ARN(S), S € M(r, s)}, (A1)
where T\ = {Yz(-r), 1 < i < m} is the set of m different sites taken uniformly on A, and
M(r,s) = My(r,s) := {5: My(S) € [r,pr], [Rn(S)| € [Ts,p%]}, (A.2)

Remark A.1. Let us observe that in the definition of L,,(r, s) we only consider the cardinality of a
finite set A. In the sequel, it is convenient to look at A as an ordered set. For this purpose, we

pick at random a trajectory S € M(r,s) with A = TE) A Rn(S), so that any set A is associated
with an unique random walk trajectory S. Therefore, if A = {z1,...,z,}, then we order the points
x1,...,Ty according to S, that is, x; is the first point visited by S, x5 the second one and so on.

We stress the fact that the only important point is that A is ordered according to a random walk
trajectory, in order to control its entropy, see (A.5) and (A.6).

The following result gives us a control on L,,(r, s).

Theorem A.2. For any fized p > 1, there exists a constant ¢ > 0 which depends only on p and
the dimension d, such that for any me N, r,s =1 and 1 < k < |Ayr,

dk
1/d
P(Lm(r,s) > k) < (CST]: ) )

In particular, for any b € [0,d] there exists a constant ¢ = c(d,b,p) such that for any m € N and

r,s >0,
b

Proof: We first introduce an entropy for any ordered (z1,--- ,zy) by

(A.3)

E

n

Ent (21, ) i= 9( )l — i)’ (A.5)

2 k=1
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with the convention zy being the origin (see Berger et al., 2022b). According to Remark A.1,
for any A we have associated an unique random walk trajectory S such that A ¢ Ry(S) and
the points of A are ordered according to S. Then, we can write A = (z1,--- ,x,), and we have
S @i — zic1] < Ca|RN(S)] < Cap?rs by the configuration of the simple random walk. Hence,
by setting B = %Cgp4(rs)2,

Lyn(r, 5) = max {|A|: A =T®) A RN(S),S e M(r,s), Ent(A) < B}

(A.6)
< LB — Lv(f’;,’r = max{|A|: A c TP Ent(A) < B}.
Finally, by Berger et al. (2022b, Theorem A.1), we have that
BY/2m1/dN dk
P(Ln(rs) > k) <P(LP > k) < ()",
r
and (A.4) follows by Berger et al. (2022b, Corollary A.2). O

Then we have the following control on the energy gain associated with the range Ry, which is
analogous to Berger et al. (2022b, Lemma A.3).

Proposition A.3. Let M(r,s) be as in (A.2), then there exists a constant C' > 0 such that for
anyt>0,p>1ands =1,

P (Ser/r\l/la()és) Q (RN (5)) > rist) < Ot ata, (A.7)

Proof: For S € M(r,s) and p > 1, we have that (for simplicity, we omit |-]),

Ing‘A'r" pi—1 ) Ing‘A7'| ")
Q. (Rn(S)) = 21 Zﬁle Lyery(s)) < Z; ML Ly (r, s),

Jj=p’ i=
where we use that M;:),l > ME-T) for j > p*~! and 2j<p H{Yg”eRN(S)} = |T](;;) NRy| < Lyi(r,s).
Then the probability in (A.7) is bounded by

togy |Ar| 11 d
Z P (MS;)_lei(r, s) > Cp {a—a2)pa 3t>,
i=1

for some sufficiently small § > 0 since o < d with C' = (Z;ilp_i(é_%_%))*l.

We then bound the above probability by

log,, [Ar| _ _
Z <IP (Mg)_l > Ctl_”p_éﬂ‘;r%) + ]P(l_pi (r,s) > t”péﬂ‘ss)). (A.8)
i=1

Since IP’(M‘ZAT| > Q) < (Eér_%Q) — by standard large deviation estimates of heavy-tailed random
variables (see Berger and Torri, 2019b, Lemma 5.1), the first sum is smaller than
log,, [Ar] . ‘
C 2 p*ifsaplt*apl(l*n) < Or—=n)
i=1
The second sum is controlled by Markov’s inequality and (A.4) with b = d, so that it is smaller
than

log,, [Ar|
i=1
In such a way (A.7) is bounded by C(t=*(1=") 4 =) wwhich is optimized by taking 1 = 2t U
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Appendix B. Extending known results in the regions R;, R, and Rj

We now explain how to adapt the approaches in Berger et al. (2022b) to prove the results in the
regions R;, Re and Rs.

B.1. Region Ry. We start by Theorem 2.7 and the case (ii) of Theorem 2.8. First note that by the
same application of Holder’s inequality as (3.1) and (3.3), we have that for any € > 0,

1 5 1 £
1—e)hn \ T—¢ w,hny=0 T 1 1+e)hy \ T+e whny=0 \T+e
(Z0 ) (2, )T <z = (2 T (e )T B
and
Zw hN 0 lig Zw’_%hN - Z < thN 0 1~1F5 Zw71745r5hN 15? B2
( N,(1- EWN) ( N8y =0 ) N\( 1+s)ﬁN) ( N,ﬁN:o) : (B.2)

In view of equations (2.8) and (2.11) in Berger et al. (2022h), we know that the proper scaling for
log Z" = is vy /(By N¥?%). On the other hand, by ¢ > 1,
7h -
ZN -0~ 1= E[e iR 1] ~ —hNE[[Ryl],

- . 4
which is the proper scaling for log Z“]Q”hé]\ifzo. We then compare 1/(hnE[|Ry]) and vn/(BnN 2a),
and we have that

hNE[IRNI]
ﬁNN 2a

which provides the threshold { = v+ (a L in Theorem 2.7 and in the case (ii) of Theorem 2.8. The
results then follow by taking logamthms in (B.1) and (B.2), sending N — o0, and finally sending
e — 0.

Then we turn to Theorem 2.6 and the case (i) of Theorem 2.8. The treatment (B.1) and (B.2)
does not work well here, due to the non-trivial centering. We follow the approach in Berger et al.
(2022b, Section 7.1).

First, we truncate the random environment by & := wl <y} With ky = N77° and € > 0 small
enough. Let Ay := log E[exp(fn®)]. Then we have that

d(a 1)

~CONY " o (B.3)

IAn| ~ Bnky *(logkn)He=12 for a € (0,2] and |Ay| = fﬁN + O(Brky *logky) for a € (2,d),
B.4)

by knBn Nog 0, Taylor expansion and the assumption (1.1).

Since Zy/¥ < ZN 0 and ZYY < Z3" 70, by the method in Berger et al. (2022h, Lemma
7.1), we can work on VA% %f;’v . Perform a polynomial chaos expansion and we have that (also see
equation (7.11) in Berger et al., 2022D)

Z%ng;fv - E[e()\N—hN)|RN|] + Ed 5xE[e(>\N—hN)|RN\H{x€RN}] +Yy, (B.5)

TE€Z
where &, = exp(By&, — An) — 1 with E[e;] = 0 and E[(e,)?] < C(BLE[(&2)?] + %), in particular,
E[(sz)z] < OBnky“ for a € (0,2) and E[(sz)2] < CB3; for a € (2,d), (B.6)

and Yy is the higher order term, given by

Yaoe XY ([T B[ R ] B.7)

k=22 (g1, xp)e(zd)k =1
xzirjﬂﬂz]w 7k
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N—w

As equation (7.14) in Berger et al. (2022b), and noting that hy|Ry| = N1=¢ =" 0, we still have
1 2

Then we work on (2.4) in Theorem 2.6. For the centering term, note that, since @ > 2 and by
(B.4), a comparison with the first term in (B.5) yields

AN—hN)R 183 —hn)IR
EHe( N N)‘ N|_e(2/BN N)‘ N‘H |)\N_%ﬁ]2V|N <CNk]1V—alogkN

<C <
an BN anBn an
1 o B.8
504—1N1+5 N—(a—l)’y+1+5 N1, if d = 3, ( )
- . where ay = { y/log N,  ifd=4,
N o 1, itd>s5,

and § > 0 can be chosen sufficiently small. The above quantity tends to 0 as N — oo since v > %
and « > 1. In particular, by writing v = % + (a — 1) with ¢’ > 0, we have that on the exponent
of the numerator, —(a —1)y+1=-9+ L +1-¢ <1-94+ 9§ =1-9 ¢ It suffices to
choose § < ¢'.

For the second term in (B.5), we rewrite it as

D ng[(euN—hN)mm _ 1)1{I€RN}] + 3 e,Px e Ry). (B.9)

x€Z4 reZd

When a > 2, [Ay] ~ %6]2\, If { = 2, then hy = O(\y), and the case is identical to equation (7.16)
in Berger et al. (2022b). If ¢ < 27, then Ay = o(hy), and for the first term of (B.9), we have that
by ¢ > 1, its second moment is bounded above by

N if d =3
2h3AN2E[|Rn 0 R} N2 ’ ’ 5
P = HB N RNl o x{logN, ifd=4, N2,
NEN N Cds if d > 5,

The convergence of the second term in (B.9) to X was established in Berger et al. (2022b, Sec-

tion 7.2).
The treatment of (2.10) in Theorem 2.8 is analogous to that of (2.4) above, and we only need
to adjust the centering term. Noting that for a > 7% > 1, we have that

EHe()\N*hN)\RM — e~ hnIRN| H

AN|N d, d
< | N| < N—(a—l)')/"rl-‘r(; < N_§+ﬂ+1_6l < N_6’ N"OOO

Bn By b ’
where we used that v > %. The treatment of all other terms in (B.5) is identical to that for (2.4).

The end-to-end fluctuations in the region Ry can be shown by the same method in Berger et al.
(2022b, Section 7.3).

B.2. Regions Ry and Rs3. By the trivial bound —|RN| > —N, we have that

whN—O —hN w,hny=0
Z < Z )
ZNﬁN NX4Npy -

Then in the region Ry, by taking logarithm of PN and dividing it by N?~1, we have that

2a(1 )

Nl—C—(2§—1) N2 (e — N2a (=5

2a—d ¢— d—a) N-—o
2a «@ e

0.
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Similarly, in the region R3, we have that
N1=¢

ByN&

Hence, in the regions R and R3, the range penalty is negligible, and the approaches in Berger

et al. (2022b) can be adapted here without changes. The end-to-end fluctuations in the regions Ry
and R3 can also be shown by the same method in Berger et al. (2022b, Section 5.4, Section 6.2).

— NICHE = N N,
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