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Abstract. We study a non-directed polymer model in random environments. The polymer is
modeled by a simple symmetric random walk S on Zd with d ¥ 2, and the random environment
is modeled by i.i.d. random variables whose tail probability decays polynomially. The interaction
between the polymer and the random environment is captured by a Gibbs transform: at time N ,
the law of S is tilted by the factor expp°xPRN

pβωx � hqq, where RN is the range of S up to time
N , β ¥ 0 is the inverse temperature, and h P R is an external field. By appropriately tuning
β � βN and h � hN , we establish the phase diagram, analyze the fluctuations of S under the
Gibbs transform, and derive the scaling limits of the (logarithmic) partition function. This paper
is a follow-up work of Berger et al. (2022b). The main novelty and challenge arise from tuning the
external field h, which brings in various range penalties, unlike in Berger et al. (2022b), where h is
fixed and serves only as a centering term for the random environment.

1. Introduction

In this paper, we study a non-directed polymer model, which describes an interaction between
the polymer chain and the random environment (also referred to as disorder). Specifically, each
time the polymer chain visits a new site, it receives energy from the disorder and penalty from the
external field. These competing effects jointly influence its configuration. We model the polymer
by a simple symmetric random walk on Zd and model the random environment by a family of i.i.d.
random variables. A precise definition of the model will be provided in Section 1.1.

The non-directed polymer model was originally introduced in Huang (2019). It is closely related
to two classical models: the random walk penalized by its range (see Donsker and Varadhan, 1979)
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and the directed polymer model (see Comets, 2017; Zygouras, 2024). In the former, the law of the
random walk is tilted solely by a deterministic external field, without the presence of a random
environment. Our model may therefore be viewed as a disordered perturbation of that framework.
In the directed polymer model, by contrast, the walk interacts with the environment at every time
step—though, due to the directedness constraint, each time-space site is visited at most once. In
our setting, however, the walk only interacts with the environment the first time it visits a new site
(in the spirit of the excited random walk studied in Benjamini and Wilson, 2003 or more generally
the cookie random walk studied in Zerner, 2005).

In the first study of the non-directed polymer model (Huang, 2019), the weak coupling limits
for the partition function were established under the assumption that the random environment
admits finite exponential moments. More recently, the one-dimensional case has been analyzed in
detail in Berger et al. (2022a); Bouchot (2024a). For dimensions d ¥ 2, under heavy-tailed random
environments and a fixed external field h, the model was investigated in Berger et al. (2022b), where
the scaling limits for the (logarithmic) partition function were established. In this work, we extend
the results of Berger et al. (2022b) by allowing the external field to vary with time, i.e., h � hN ,
while still considering dimensions d ¥ 2 and heavy-tailed random environments.

1.1. Definition of the model. Let S :� pSnqn¥0 be a simple symmetric random walk on Zd starting
at the origin, where d ¥ 2. The probability and the expectation of S are denoted by P and E
respectively. The range of S up to time N is denoted by RN � RN pSq :� tS0, S1, � � � , SNu, which
is the set of distinct sites visited by the random walk up to time N .

Let ω :� pωxqxPZd be a family of i.i.d. random variables independent of S. The probability and
the expectation of ω are denoted by P and E respectively. Throughout this paper, we assume that
ω has a heavy-tailed distribution. Specifically, we assume that

Ppω ¡ tq � pt�α and Ppω   �tq � qt�α, as t Ñ �8, (1.1)
where p, q ¡ 0, and α P p0, dq (for a discussion about the range of α, see Section 2.4). Additionally,
if α ¡ 1, we assume that Erωs � 0.

The polymer measure at time N is defined via a Gibbs transform

dPω,h
N,β

dP pSq :� 1
Zω,h

N,β

exp
� ¸

xPRN

pβωx � hq
�
� 1

Zω,h
N,β

exp
� ¸

xPRN

βωx � h|RN |
�

, (1.2)

where β ¥ 0 is the inverse temperature, h ¥ 0 is an external field and

Zω,h
N,β � E

�
exp

� ¸
xPRN

βωx � h|RN |
��

(1.3)

is the partition function, which ensures that Pω,h
N,β is a probability measure.

Let us comment on the assumptions in (1.1) and the condition h ¥ 0:

 The requirement q ¡ 0 is not essential, and our results are expected to remain valid even

when q � 0. Indeed, in random polymer models, polymer chains are intended to gain energy from
the disorder. Hence, the right tail of ω plays a primary role, encouraging the polymer chain to
explore. Assuming q ¡ 0 provides better control of the left tail of ω. In particular, it simplifies
the proof of Theorem 2.3 (see the penultimate paragraph in Section 5) and allows us to obtain the
sharp asymptotics in (B.4). Note that if q � 0, then ω ¥ 0, and the exponent in (1.2) should be
replaced by

°
xPRN

pβpωx �Erωxs1tα¡1uq � hq as in Berger et al. (2022b). In that work, ω ¥ 0 and
the exponent was defined by

°
xPRN

βpωx � hq (note that h is in the bracket, different from (1.2)),
where h was either negligible or chosen as h � Erωxs1tα¡1u.

 As seen from (1.2), environments with large positive energies are attractive to the random

walk. At the same time, the external field h ¥ 0 penalizes trajectories with a long range, thereby
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encouraging the walk to fold. This leads to a competition between the attractive effect of random
environments (we call it energy gain) and the penalizing effect of the external field (we call it range
penalty). If h   0, then both effects encourage the random walk to explore, making the walk more
likely be super-diffusive and resulting in a less rich phase diagram. We refer to Berger et al. (2022a)
for the case h   0 in dimension d � 1.

We further allow both β and h to vary with N . Specifically, we set

βN � β̂N�γ , hN � ĥN�ζ (1.4)

for constants β̂, ĥ ¡ 0 and γ, ζ P R. To simplify notation, we write PN � Pω,hN
N,βN

, EN � Eω,hN
N,βN

and ZN � Zω,hN
N,βN

when there is no ambiguity. Note that when γ, ζ ¡ 0, this corresponds to the
weak-coupling limit (or the intermediate disorder region) of the model, first studied in Alberts
et al. (2014) for the directed polymer model and later extended to various disordered systems in
Caravenna et al. (2017). Following Berger et al. (2022a), we also include the case γ, ζ   0, in which
the coupling strength increases with N .

In this paper, we investigate the scaling limits of log ZN or ZN (under appropriate centering),
as well as the end-to-end exponent ξ of S under PN . Informally, the end-to-end exponent is
characterized by

EEω
N r max

1¤n¤N
|Sn|s � N ξ,

and a precise definition will be given in Definition 2.1. These scaling limits and the exponent ξ
naturally depend on d, α, γ and ζ. In Section 2.4, we provide a heuristic analysis to elucidate the
interplay among these parameters and to establish the phase diagrams of the model. This heuristic
analysis is pivotal to our paper.

1.2. Main contributions. Let us highlight our contributions in this paper.

 First, we establish the complete phase diagrams for the non-directed polymer model for d ¥ 2

and α P p0, d
2q Y pd

2 , dq, extending those obtained in Berger et al. (2022b). The behavior of the
model differs significantly between the cases α P p0, d

2q and α P pd
2 , dq. For α P pd

2 , dq, we identify
six regions in the phase diagram, labeled by R1–R6, whereas for α P p0, d

2q, there are five regions,
with the region R2 absent, see Section 2.1.

We characterize all phases for α P p0, d
2q and most phases for α P pd

2 , dq by determining the scaling
limits of log ZN or ZN . In particular, the region R1 corresponds to the diffusive regime, and the
regions R2 and R3 correspond to super-diffusive regimes (as studied in Berger et al., 2022b), while
the regions R4, R5, and R6 are sub-diffusive regimes that do not appear in Berger et al. (2022b)
(see Section 2 for details).

 Second, we identify a new phase transition between the regions R4 and R5 when the range

penalty and the entropy cost for sub-diffusive paths are balanced. This phenomenon does not occur
in the one-dimensional disordered model studied in Berger et al. (2022a); Bouchot (2024a), nor in
high-dimensional homogeneous models with a fixed external field, as considered in Donsker and
Varadhan (1979); Bolthausen (1994); Ding et al. (2020b); Berestycki and Cerf (2021).

While the scaling limit of log ZN in the region R5 is consistent with earlier results in Berger et al.
(2022a); Schmock (1990); Donsker and Varadhan (1979), the corresponding result in the region R4
is new. Moreover, in the region R4, we establish the sharp asymptotics |RN | � Er|RN |s � OpNq
under PN (see Theorem 2.2), revealing an interesting phenomenon: a suitably weak range penalty
induces the random walk to fold, yet does not promote frequent self-intersections. In this regime,
the entropy cost of self-intersections is too large to be compensated by a range penalty of insufficient
strength.

 Third, we identify further phase transitions in the region R1, which were not observable in

Berger et al. (2022b) due to the lack of a varying external field therein. In particular, the centered



892 Niccolò Torri and Ran Wei

and rescaled partition function may converge to a deterministic limit (see (2.6) and (2.11)), in
which the effect of the random environment does not appear in the first order fluctuation of log ZN ,
as is also the case in the regions R4, R5 and R6. This naturally motivates the study of higher-order
asymptotics and fluctuations of the partition function, as carried out in Bouchot (2024a).

 Finally, we develop a strategy to control the entropy cost associated with the range of S when

the range penalty is sufficiently strong (in particular, when ζ   γ � d�α
α , see Figures 2.1 and 2.2).

This is achieved by comparing the entropy cost of a specific class of random walk configurations
with a quantity derived from Hammersley’s last-passage percolation (see Lemma 4.1, Theorem A.2
and Proposition A.3; see also Berger and Torri, 2021). These technical estimates are novel and
may be of independent interest.

1.3. Organization of the paper. The remainder of the paper is organized as follows. In Section 2,
we state our main results, present the heuristics, and provide some discussion, conjectures, and
relevant notation. In Section 3, we prove Theorem 2.2. In Section 4, we prove Theorem 2.5 and
establish a key technical result, Lemma 4.1, which controls the energy gain associated with the
range. In Section 5, we prove Theorem 2.3, again relying on Lemma 4.1. In Section 6, we discuss
the end-to-end exponent ξ and the remaining part in the region R5 for α P pd

2 , dq. Some technical
estimates are collected in Appendix A. Finally, we sketch the proofs for Theorems 2.6-2.11 in
Appendix B, which are straightforward adaptations of the arguments in Berger et al. (2022b).

2. Main results

In this section, we state our main results concerning the scaling limits of log ZN or ZN (recall the
definition of ZN below (1.4)) and the end-to-end exponent ξ in each regime. We then present the
heuristics underlying the phase diagrams, which play a central role in the paper. We also provide
further discussion and conjectures related to our results. Finally, we collect notation that will be
used throughout the paper.

2.1. Phase diagram. In this paper, we restrict our attention to the case α   d (see Section 2.4 for
the reason). Below, we introduce the phase diagrams and describe the regions as functions of the
parameters γ, ζ, α and d. As will become clear in Section 2.4, where the heuristics is presented, we
need to consider the phase diagrams separately for the cases α P �0, d

2
�

and α P �d
2 , d

�
.


 For α P pd
2 , dq, the phase diagram is composed by 6 regions:

(1) R1 �
!
pζ, γq : ζ ¡ 1, γ ¡ d

2α

)
,

(2) R2 �
!
pζ, γq : ζ ¡ 0, d�α

α   γ  
�

2α�d
2α ζ � d�α

α

	
^ d

2α

)
,

(3) R3 �
!
pζ, γq : γ   ζ ^ 0� d�α

α

)
,

(4) R4 �
!
pζ, γq : ζ P p2

d , 1q, γ ¡ ζ
�

1^ 2α�d
2α

	
� d�α

α

)
,

(5) R5 �
!
pζ, γq : ζ P p�1, 2

dq, γ ¡ ζ
�

1^ 2α�d
2α

	
� d�α

α

)
,

(6) R6 �
!
pζ, γq : ζ   �1, γ ¡ ζ � d�α

α

)
.

The regions R2 and R3 correspond to super-diffusive regimes, while R4, R5 and R6 correspond to
sub-diffusive regimes, and R1 corresponds to the diffusive regime. Note that the region R4 exists
only for d ¥ 3. The corresponding phase diagram is shown in Figure 2.1.

 For α P p0, d

2q, we have the following 5 regions (the region R2 disappears):

(1) R1 �
!
pζ, γq : ζ ¡ 1, γ ¡ d�α

α

)
,

(2) R3 �
!
pζ, γq : γ   ζ ^ 0� d�α

α

)
,
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ζ

γ

p1, d
2α q

R1

γ � 2α�d
2α ζ � d�α

α
R2

p0, d�α
α q

γ � ζ � d�α
α

R3

ζ � 2
d

R4

p�1, d
α � 2q

R5

R6

R1 : ξ � 1
2

R2 : ξ � αp1�γq
2α�d

R3 : ξ � 1

R4 : ξ � ζ
2 P p

1
d , 1

2 q

R5 : ξ � 1�ζ
d�2 P p0, 1

d q

R6 : ξ � 0

Figure 2.1. The phase diagram for α P p d
2 , dq (illustrated for the representative case d � 3, α � 2).

The small region below the dashed line within R5 remains unresolved.

(3) R4 �
!
pζ, γq : ζ P p2

d , 1q, γ ¡ d�α
α

)
,

(4) R5 �
!
pζ, γq : ζ P p�1, 2

dq, γ ¡ ζ ^ 0� d�α
α

)
,

(5) R6 �
!
pζ, γq : ζ   �1, γ ¡ ζ � d�α

α

)
.

The corresponding phase diagram is shown in Figure 2.2.

ζ

γ

p1, d�α
α q

R1

p0, d�α
α q

γ � ζ � d�α
α

R3

p 2
d , d�α

α q

R4

p�1, d
α � 2q

R5

R6

R1 : ξ � 1
2

R3 : ξ � 1

R4 : ξ � ζ
2 P p

1
d , 1

2 q

R5 : ξ � 1�ζ
d�2 P p0, 1

d q

R6 : ξ � 0

Figure 2.2. The phase diagram for α P p0, d
2 q (illustrated for the representative case d � 3, α � 5

4 ).

Before stating our main results, we first provide a rigorous definition of the end-to-end exponent ξ.
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Definition 2.1. We say that pSnq0¤n¤N has end-to-end fluctuations rN under PN , if for any ε ¡ 0,
there exists some η P p0, 1q, such that for N large enough,

P

�
PN

�
max

0¤n¤N
|Sn| P rη, η�1srN

	
¡ 1� ε

	
¡ 1� ε.

If rN is of the form N ξ, then ξ is the end-to-end exponent.

We then study the exponent ξ and the non-trivial scaling limits of log ZN or ZN according to
the phase diagrams in Figures 2.1 and 2.2. To avoid overly technical complications, we exclude all
boundary cases and restrict our analysis to the interior of each region.

Our results for the regions R4, R5, and R6 are new. In these regions, the energy gain is negligible,
and the random walk is sub-diffusive. Inspired by the ideas in Berger and Torri (2019a); Berger
et al. (2022a,b), we perform a delicate comparison between the energy gain and the range penalty,
and show that ZN is comparable to Zω,hN

N,βN�0, where the latter is the partition function of the
corresponding homogeneous model. It is known from Donsker and Varadhan (1979) that

log Zω,hN
N,βN�0 � max

pSnq0¤n¤N

trange penalty� entropy costu.

Hence, the appropriate scaling factor for log ZN is N�p1�2ξq for ξ P p0, 1
2q (see the discussion of the

sub-diffusive entropy cost in Section 2.4), and the scaling limit is given by a limiting variational
problem, which admits an explicit solution in Donsker and Varadhan (1979) (at least for ξ P �0, 1

d

�
).

We will state the results for the regions R4, R5, and R6 in Section 2.2.
The regions R1, R2, and R3 were studied in depth in Berger et al. (2022b), where the external

field h is fixed and serves as a centering term for ω. In our setting, a straightforward comparison
shows that the external field hN is negligible in the regions R2 and R3, and thus the results from
Berger et al. (2022b) apply directly. In contrast, the region R1 exhibits a richer phase diagram.
In particular, we identify an additional phase transition in R1, depending on the influence of the
energy gain and the range penalty on higher-order terms of ZN . The proof proceeds by adapting
the corresponding arguments in Berger et al. (2022b). For completeness, we restate the results for
the regions R1, R2, and R3 in Section 2.3, along with a sketch of the proofs in Appendix B.

2.2. Main results in the regions R4, R5 and R6. We now state our results for the regions R4, R5
and R6.

In the region R4, the random walk tends to fold, while still having enough space to extend. This
region exists only when the dimension satisfies d ¥ 3. It is well known that for d ¥ 3 (see Dvoretzky
and Erdös, 1951),

γd :� lim
NÑ8

1
N

Er|RN |s ¡ 0. (2.1)

We then have the following result.

Theorem 2.2. Let α P p0, dq and pζ, γq P R4. In particular, this requires d ¥ 3. Then for
ξ � ζ

2 P p1
d , 1

2q, we have that

lim
NÑ8

1
N1�2ξ

log ZN � �ĥγd in P-probability,

where γd ¡ 0 is given in (2.1), and for any δ ¡ 0, PN

��� |RN |
N � γd

��   δ
� NÑ8ÝÑ 1 in P-probability.

In the region R5, the random walk tends to fold and is expected to fill a sub-diffusive ball
(see Bolthausen, 1994; Ding et al., 2020b; Berestycki and Cerf, 2021). We state our results by
considering three cases separately, as the analysis differs across these cases.

Theorem 2.3. If any one of the following conditions holds:
(1) α P p0, dq and pζ, γq P R5 with γ ¡ ζ � d�α

α ,
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(2) α P p0, d
2q and pζ, γq P R5 with γ ¡ d�α

α ,
(3) α P rd

2 , dq and pζ, γq P R5 with γ ¥ d
2α ,

then for ξ � 1�ζ
2�d , we have the following convergence in P-probability

lim
NÑ8

1
N1�2ξ

log ZN � lim
NÑ8

1
N1�2ξ

log Zω,hN
N,βN�0 � �cdpĥq :� �ĥ

2
d�2

�d� 2
2

	�2λ1
d

	 d
d�2

, (2.2)

where λ1 is the principal Dirichlet eigenvalue of � 1
2d∆ in the ball with unit volume in Rd centered

at the origin, and the explicit expression for cdpĥq was derived in Donsker and Varadhan (1979).

Remark 2.4. Taking the union of cases (1)-(3) in Theorem 2.3, we observe that for α P p0, d
2q, (see

Figure 2.2), the scaling limit of log ZN has been identified throughout the entire region R5. In
contrast, for α P pd

2 , dq, (see Figure 2.1), there remains a small sub-region of R5 where the problem
is unresolved, where 0   ζ   2

d and 2α�d
2α ζ � d�α

α   γ ¤ pζ � d�α
α q ^ d

2α . The techniques in this
small part could be very sophisticated and we will discuss some possible approaches at the end of
this paper in Section 6.

In the region R6, the range penalty is so strong that the random walk is confined to two points,
and we have the following result.
Theorem 2.5. Let α P p0, dq and pζ, γq P R6. Then

lim
NÑ�8

N ζ log ZN � lim
NÑ�8

N ζ log ZN p|RN | � 2q � �2ĥ in P-probability (2.3)

and PN p|RN | � 2q NÑ8ÝÑ 1 in P-probability.

2.3. Extended results in the regions R1, R2 and R3. In this section, we extend the results in Berger
et al. (2022b) to our setting, corresponding to the regions R1, R2 and R3.

The region R1 is the diffusive regime, in which the scaling limits of log ZN or ZN depend crucially
on the relationship between α and d. We state these results separately in Theorems 2.6–2.8.
Theorem 2.6. Let α P p2 _ d

2 , dq (in particular d ¥ 3) and pζ, γq P R1 (see Figure 2.1). Then
pSnq0¤n¤N has end-to-end fluctuations of order N ξ under PN with ξ � 1

2 . Without loss of gener-
ality, we assume that VarPpωq � 1. Take aN � N1{4 for d � 3, aN � plog Nq1{2 for d � 4, and
aN � 1 for d ¥ 5. Then as N Ñ8,

1
aN βN

�
ZN �E

�
ep

1
2 β2

N�hN q|RN |
�	 pdqÝÑ

#
N p0, σ2

dq, for d � 3, 4,

X , for d ¥ 5,
(2.4)

where N p0, σ2
dq is a centered Gaussian distribution with an explicit variance σ2

d and

X :�
¸

xPZd

ωxPpx P R8q � E
� ¸

xPR8

ωx

�
, (2.5)

which is a well-defined random variable.
The above theorem is a counterpart to equation (2.7) in Berger et al. (2022b, Theorem 2.12).

The main modification is that, in (2.4), we adopt a different centering for ZN due to the presence
of the external field hN .
Theorem 2.7. Let α P pd

2 , 2q (in particular d � 2, 3) and pζ, γq P R1 (see Figure 2.1). Then
pSnq0¤n¤N has end-to-end fluctuations of order N ξ under PN with ξ � 1

2 and we have the following
scaling limits for ZN .
(i) If ζ P p1, γ � dpα�1q

2α q, then
1

hN Er|RN |s log ZN
PÝÑ �1. (2.6)
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(ii) If ζ ¡ γ � dpα�1q
2α , then setting vN � log N for d � 2 and vN � ?

N for d � 3, we have that
vN

βN N
d

2α

log ZN
pdqÝÑ W, (2.7)

where
W :�

»
Rd�R

ωfpxqpP � ηqpdx, dwq (2.8)

is a well-defined random variable with

fpxq :�
#³8

}x}2{2 u�1e�udu, if d � 2,

2λd

³1
0 ρdpu, xqdu, if d � 3,

(2.9)

a Poisson point process P with intensity measure ηpdx, dωq � αp1tω¡0uq1tω 0u |ω|�p1�αqdxdω, λd �
PpSn � 0,@n ¥ 1q, and the Gaussian kernel ρdpt, xq � p2πt{dq�d{2 expp�d}x}2{2tq.

The above theorem is a counterpart to equation (2.8) in Berger et al. (2022b, Theorem 2.12).
Note that we find a new phase transition along the critical line ζ � γ� dpα�1q

2α . The phase described
in (2.6) is new, where the range penalty dominates the energy gain in the higher order terms of ZN .

Theorem 2.8. Let α P p0, d
2q and pζ, γq P R1 (see Figure 2.2). Then pSnq0¤n¤N has end-to-end

fluctuations of order N ξ under PN with ξ � 1
2 and we have the following scaling limits of ZN .

(i) If α P p d
d�2 , d

2q (in particular d ¥ 5, α ¡ 1), then
1

βN

�
ZN �E

�
e�hN |RN |

�	 pdqÝÑ X , (2.10)

where X has been defined in (2.5).
(ii) If α   p d

d�2 ^ d
2q (in particular α   2) and α � 1, then we have the following.

(iia) If ζ P p1, γ � dpα�1q
2α q, then we have that

1
hN Er|RN |s log ZN

PÝÑ �1. (2.11)

(iib) If ζ ¡ γ � dpα�1q
2α , then setting vN � log N for d � 2 and vN � N

d
2�1 for d ¥ 3, we have

that
vN

βN N
d

2α

log ZN
pdqÝÑ W, (2.12)

where W has been defined in (2.8).

The above theorem is a counterpart to Berger et al. (2022b, Theorem 2.15). As in Theorem 2.6,
the centering for ZN in (2.10) is modified due to the presence of the external field hN . We also
note that, in the case α P p0, d

2q, the statement of our results is much simpler than that in Berger
et al. (2022b, Theorem 2.15). Since we restrict attention to the interior of the region R1, where
limNÑ8 N pd�αq{αβN � 0, the key quantity T̂β in Berger et al. (2022b, Theorem 2.2, Proposition
2.5, Theorem 2.15) satisfies T̂β � T̂0 � 0, P-a.s.. Consequently, there is no need to emphasize the
conditioning on the event tT̂β � 0u as in Berger et al. (2022b, Theorem 2.15).

Remark 2.9. It is natural to ask whether, in (2.4) and (2.10), one can obtain convergence to a
deterministic limit by replacing the scaling factor with hN Er|RN |s, as in (2.6) and (2.11). Although
this problem is tractable, we choose not to pursue it in detail for the following two reasons.

First, such an approach would require a comparison between hN Er|RN |s and aN βN in (2.4),
analogous to the comparison between hN Er|RN |s and βN Nd{2α carried out in (2.6) and (2.11)
(see Appendix B for details). However, the factor aN has different expressions depending on the
dimension d, and a case-by-case analysis would lead to rather lengthy statements of the results.
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Second, to obtain a deterministic limit with scaling factor hN Er|RN |s, one would need to in-
troduce different centering terms that do not depend on hN . This would result in an unnatural
comparison with the existing formulations in (2.4) and (2.10).

Given that we have already identified additional phase transitions in Theorem 2.7 and case (ii)
of Theorem 2.8, we consider the formulations in (2.4) and (2.10) to be sufficient.

The region R2 corresponds to a super-diffusive regime, where the energy gain and the entropy
cost are balanced. We have the following result.

Theorem 2.10. Let α P pd
2 , dq and pζ, γq P R2 (see Figure 2.1). Then pSnq0¤n¤N has end-to-end

fluctuations of order N ξ under PN , where ξ � αp1�γq
2α�d P p1

2 , 1q. Additionally, as N Ñ 8, we have
the following convergence in distribution to a well-defined random variable,

1
N2ξ�1 log ZN

pdqÝÑ Tβ̂ :� sup
sPD,Entpsq �8

 
β̂πpsq � Entpsq(. (2.13)

Here πpsq :� °
px,ωqPP ω1txPsr0,1su, where P is the Poisson point process introduced in Theorem 2.7

and
D :� ts : r0, 1s Ñ R

d : sp0q � 0. s is continuous and a.e. differentiableu, (2.14)
and

Entpsq :� d

2

� » 1

0
}s1ptq}dt

	2
. (2.15)

The above theorem coincides with Berger et al. (2022b, Theorem 2.7).
The region R3 corresponds to a super-diffusive regime, where the energy gain dominates. We

have the following result.

Theorem 2.11. Let α P p0, dq and pζ, γq P R3 (see Figures 2.1 and 2.2). Then pSnq0¤n¤N has
end-to-end fluctuations of order N under PN , and as N Ñ 8, we have the following convergence
in distribution to a well-defined random variable,

1
βN Nd{α log ZN

pdqÝÑ T̂8 :� sup
sPD,Êntpsq �8

πpsq. (2.16)

Here
Êntpsq :� inf

φPΦ

» 1

0
Jdpps � φq1ptqqdt, (2.17)

where Jdp�q is a rate function obtained by

Jdpxq :� � lim
NÑ8

1
N

log PpSN � txN uq (2.18)

and
Φ :� tφ : r0, 1s ontoÝÑ r0, 1s : φ is non-decreasing and a.e. differentiableu. (2.19)

The above theorem is a special version of Berger et al. (2022b, Theorem 2.2, Proposition 2.4).
Since we restrict attention to the interior of the region R3, where limNÑ8 N pd�αq{αβN � 8, the
condition T̂8 ¡ 0 in Berger et al. (2022b, Proposition 2.4) always holds.

2.4. Heuristics. In this section, we discuss how the phase diagrams in Section 2.1 are heuristically
derived. We restrict our attention to the case α   d, where α is the exponent in (1.1). The reason
is that the effects of the random environment differ substantially between the cases α   d and
α ¡ d, and therefore require different approaches.

When α   d, the tail of ω is sufficiently heavy that the main contribution to
°

xPRN
ωx is

dominated by a few exceptionally large random variables. In contrast, when α ¡ d, the lighter tail
implies that the sum is determined collectively by many moderate-valued random variables. The
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case α ¡ d presents significant technical challenges and remains largely open (see also Berger et al.,
2022b, Section 2.5.4).

We now provide a heuristic analysis of the scales of the energy gain from the random environment,
the range penalty induced by the external field, and the entropy cost associated with super-diffusive
or sub-diffusive paths. We also note that here we exclude the case α � d

2 , since it is critical (see
the phase transition between Figures 2.1 and 2.2), and a more delicate analysis is required. We
will specify in the proofs (see Sections 3–5) when the case α � d

2 is included. Recall that ξ is the
end-to-end exponent.

(1) For α   d, by the heavy-tailed property, we have that
°

xPRN
ωx � Ndξ{α. Hence, the

energy gain
°

xPRN
βN ωx is of order Ndξ{α�γ .

(2) The scale of the range penalty depends on whether ξ   1
d or ξ ¡ 1

d .
(2a) If ξ   1

d ¤ 1
2 , that is, the random walk folds itself in a sub-diffusive ball and fills it

(see Berestycki and Cerf, 2021; Ding et al., 2020b), then |RN | � Ndξ and the range
penalty is of order Ndξ�ζ .

(2b) If ξ ¡ 1
d , then the walk has enough space to stretch regardless of folding. In this case,

we expect that |RN | � N and the range penalty is of order N1�ζ .
(3) Finally, by classical large deviation estimates, the entropy cost is of order

(3a) expp�N1�2ξq in the sub-diffusive regime (i.e., ξ P r0, 1
2q);

(3b) expp�N2ξ�1q in the super-diffusive regime (i.e., ξ P p1
2 , 1s).

We now analyze the behavior of the polymer and establish the phase diagram through the
competition among the energy gain, the range penalty, and the entropy cost.

Case I (entropy cost dominates) In this case, the random walk is diffusive, so ξ � 1
2 ¥ 1

d . There
is no additional entropy cost, and both the energy gain and the range penalty are negligible. In
particular, this requires that the exponents of the energy gain and the range penalty be negative,
namely,

d

2α
� γ   0 ùñ γ ¡ d

2α
and 1� ζ   0 ùñ ζ ¡ 1. (2.20)

We refer to this region as R1 in the phase diagrams.
Case II (entropy cost-energy gain balance) In this case, the random environment encourages

the polymer to explore, leading to a super-diffusive behavior with ξ P p1
2 , 1q. By comparing the

exponents of the energy gain, the range penalty, and the entropy cost, we obtain
dξ

α
� γ � 2ξ � 1 ùñ ξ � αp1� γq

2α� d
, (2.21)

and
dξ

α
� γ � 2ξ � 1 ¡ 1� ζ ùñ γ   2α� d

2α
ζ � d� α

α
. (2.22)

At the boundary points ξ � 1
2 and ξ � 1, we have that

ξ � 1
2 ùñ γ � d

2α
, ζ ¡ 1 and ξ � 1 ùñ γ � d� α

α
, ζ ¡ 0. (2.23)

We refer to this region as R2 in the phase diagrams.
Case III (energy gain dominates) In this case, we have ξ � 1, and the boundary γ � d�α

α , ζ ¡ 0
remains the same as in Case II (see (2.23)). However, the conditions (2.21) and (2.22) are replaced
by

d

α
� γ ¡ 1 ùñ γ   d� α

α
and d

α
� γ ¡ 1� ζ ùñ γ   ζ � d� α

α
, respectively. (2.24)

We refer to this region as R3 in the phase diagrams.
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Case IV (entropy cost-range penalty balance) In this case, the range penalty forces the random
walk to fold, leading to a sub-diffusive behavior with ξ P p0, 1

2q. Since 0   1
d ¤ 1

2 , we distinguish
between two sub-cases, namely ξ P p0, 1

dq and ξ P p1
d , 1

2q.
For ξ P p1

d , 1
2q, which occurs only when the dimension d ¥ 3, a comparison of the exponents

yields
1� ζ � 1� 2ξ ùñ ξ � ζ

2 , (2.25)
and

1� ζ � 1� 2ξ ¡ dξ

α
� γ ùñ γ ¡ d� 2α

α
ξ � 1 � d� 2α

2α
ζ � 1. (2.26)

At the boundary points ξ � 1
d and ξ � 1

2 , we have that

ξ � 1
d
ùñ ζ � 2

d
, γ ¡ d� 2α� dα

dα
and ξ � 1

2 ùñ ζ � 1, γ ¡ d

2α
. (2.27)

We refer to this region as R4 in the phase diagrams.
For ξ P p0, 1

dq, similarly, we have that

dξ � ζ � 1� 2ξ ùñ ξ � 1� ζ

d� 2 , (2.28)

and

dξ � ζ � 1� 2ξ ¡ dξ

α
� γ ùñ γ ¡ pd� 2αqp1� ζq

αpd� 2q � 1 � d� 2α

αpd� 2qζ �
dp1� αq
αpd� 2q . (2.29)

At the boundary points ξ � 0 and ξ � 1
d , we have that

ξ � 0 ùñ ζ � �1, γ ¡ ζ and ξ � 1
d
ùñ ζ � 2

d
, γ ¡ d� 2α� dα

dα
. (2.30)

We refer to this region as R5 in the phase diagrams.
Case V (range penalty dominates) In this case, we have ξ � 0, and the boundary ζ � �1, γ ¡ ζ

remains the same as in the region R5 (see (2.30)). However, the conditions (2.28) and (2.29) are
replaced by

ζ   �1 and γ ¡ ζ, respectively. (2.31)
We refer to this region as R6 in the phase diagrams.
Case VI (energy gain-range penalty balance) In this case, the entropy cost is negligible, so

ξ P p0, 1q. Similar to Case IV, we distinguish among three sub-cases, namely ξ P p0, 1
dq, ξ P p1

d , 1
2q

and ξ P p1
2 , 1q.

For ξ P p0, 1
dq, we have that

dξ

α
� γ � dξ � ζ ùñ ξ � αpζ � γq

dpα� 1q ,

which implies #
ζ � 1�α

α   γ   ζ, if α ¡ 1,

ζ � 1�α
α ¡ γ ¡ ζ, if α   1.

A comparison of the exponents yields

dξ

α
� γ � dξ � ζ ¡ 1� 2ξ ùñ

#
γ   2α�d

αpd�2qζ � dp1�αq
αpd�2q , if α ¡ 1,

γ ¡ 2α�d
αpd�2qζ � dp1�αq

αpd�2q , if α   1.

For ξ P p1
d , 1

2q, we have that
dξ

α
� γ � 1� ζ ùñ ξ � α

d
p1� γ � ζq, (2.32)
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which implies

ζ � 1� α

α
¤ γ ¤ ζ � d� α

α
. (2.33)

A comparison of the exponents yields

dξ

α
� γ � 1� ζ ¡ 1� 2ξ ùñ

#
ζ � 1�α

α   γ   ζ � d�2α
2α ,

γ ¡ d�2α
2α ζ � 1.

Finally, for ξ P p1
2 , 1q, we still have (2.32) and (2.33). A comparison of the exponents yields

dξ

α
� γ � 1� ζ ¡ 2ξ � 1 ùñ

#
ζ � d�2α

2α   γ   ζ � d�α
α ,

γ   2α�d
2α ζ � d�α

α .

However, as will be suggested by the analysis below, the regime corresponding to the energy
gain–range penalty balance does not occur, as it is dominated by other regimes. Therefore, we do
not assign a separate label (such as Rn) to this case.

The regions identified above exhibit some overlap. Evidence from existing studies (in particular,
Berger et al., 2022a, Comment 2(c)) suggests that, in overlapping regions, those in which the
range penalty is non-negligible are always dominated, due to the well-posedness of the limiting
variational problem for the logarithmic partition function. This observation is also supported by
our main results (see Sections 2.2 and 2.3). We now examine the overlapping cases in light of this
principle.

 By a straightforward (albeit somewhat tedious) comparison, we observe that the boundaries

γ � 2α�d
2α ζ � d�α

α of the region R2 and γ � ζ � d�α
α of the region R3 are the top-leftmost among

all candidate boundaries arising from overlapping regions. Consequently, these boundaries confine
the regions in which the range penalty is non-negligible to their minimal extent. As a result, the
regime corresponding to the energy gain–range penalty balance also disappears.

 Comparing the conditions γ   d�α

α in Case III and γ ¡ d
2α in Case I, we note that d�α

α ¡
d

2α ðñ α   d
2 . Hence, when α P p0, d

2q, the region R2 disappears, and the boundary between the
regions R1 and R3 is given by γ � d�α

α .

2.5. Further comments and conjectures. To conclude Section 2, we present several comments and
conjectures concerning our model and results.
(1) About the end-to-end exponent ξ. Recall the end-to-end exponent ξ from Definition 2.1.
Following the approach in Berger et al. (2022b), we are able to identify the end-to-end fluctuations
in the regions R1, R2, and R3, where the contribution of the range penalty to the leading-order
term of ZN is negligible. In the region R6, we show that ξ � 0 (in fact, we prove the stronger result
that PN p|RN | � 2q NÑ8ÝÑ 1 in P-probability).

However, we are unable to rigorously verify that the candidate exponents ξ � 1�ζ
d�2 P p0, 1

dq in the
region R5 and ξ � ζ

2 P p1
d , 1

2q in the region R4 satisfy Definition 2.1. To establish this, one needs to
show that the dominant contribution to ZN comes from paths with MN � N ξ (see Section 6 for a
more detailed discussion). In this paper, we bypass this difficulty by directly comparing ZN with
its homogeneous counterpart Zω,hN

N,βN�0.

(2) About the regions R4 and R5. The regions R4 and R5 correspond to sub-diffusive regimes,
which are comparable to the homogeneous counterpart of our model, namely, the random walk
penalized by its range. This homogeneous model was first introduced in Donsker and Varadhan
(1979) and has been extensively studied in recent years (see Bolthausen, 1994; Berestycki and Cerf,
2021; Ding et al., 2020b,a, 2021). In that setting, βN � 0 and hN � ĥ (corresponding to the case
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γ � �8 and ζ � 0 in our model), i.e., there is no random environment and hence the partition
function is deterministic.

The properties of the homogeneous model are now well understood. First,

Zω,hN�ĥ
N,βN�0 � expp�cdpĥqp1� op1qqN d

d�2 q, as N Ñ8, (2.34)

where cdpĥq is given in (2.2). Second, under PN , the range RN is asymptotically a ball of radius
rdN

1
d�2 (corresponding to the special case ζ � 0 in the region R5) with no holes, where rd is explicit,

and the distribution of the center of the ball has also been characterized. Moreover, a local limit
theorem and large deviations for SN under PN have also been established.

We obtain the same asymptotics (2.34) for our model in the region R5 (see Theorem 2.3). It is
therefore natural to investigate this region in greater depth and compare it with the homogeneous
model. In particular, one may ask the following questions.

(2a) Is the range RN also asymptotically a ball of radius rdN
1�ζ
d�2 with no holes? We conjecture

that this is the case. However, it is not straightforward to verify this by directly adapting
the methods in Berestycki and Cerf (2021); Ding et al. (2020b), due to the presence of the
random environment and the need for a rigorous characterization of the radius and the
absence of holes, analogous to Definition 2.1.

(2b) If the answer to (2a) is affirmative, then how can one characterize the center ON of the
ball? It is known that, in the homogeneous model, the rescaled ON admits a random limit
(see, e.g., Bouchot, 2024b; Schmock, 1990; Ding et al., 2020b). In our model, however,
whether the scaling limit of ON is random should depend on the strength of the disorder.
If the disorder does not influence the second-order term of log ZN , then the behavior of ON

should be comparable to that in the homogeneous model. Otherwise, the scaling limit of
ON is expected to be non-random for a given ω, in the sense that ON is determined by the
random environment so as to maximize the energy gain within the ball.

(2c) A question related to (2b) is to study the higher-order fluctuations of log ZN , in particular,
the fluctuations of 1

N2ξ�1 log ZN � cdpĥq, where �cdpĥq is given in (2.2).
These questions have been addressed in dimension d � 1 in Bouchot (2024a). However, they become
significantly more challenging in dimensions d ¥ 2, due to the geometric complexity of the range
of S.

In the region R4, we obtain different asymptotics in Theorem 2.2, identifying a new phase
transition that cannot be observed when hN is fixed. Since it is expected that, in this region, the
random walk has enough space to stretch so that |RN | � N , it becomes more difficult to formulate
a tractable problem concerning the geometry of RN , as in the region R5. In particular, it seems
impossible to define a natural notion of the center of RN , and thus questions (2a)–(2b) are no
longer well-defined.

We may conjecture that, if the random environment influences the second-order term of log ZN ,
then it encourages the random walk to visit regions with large energy gain (but still within the
scale N ξ ! ?

N) and induces a perturbation in the distribution of S, making it less symmetric
under PN . Nevertheless, it remains open how to characterize this asymmetry in a tractable way.

Another direction is to study the fluctuation of 1
N1�2ξ log ZN � ĥγd, where γd is given in (2.1),

in analogy with question (2c) above.
(3) About the region R1. In the region R1, we identify new phase transitions in (2.6)–(2.7) and
(2.11)–(2.12). Since this is the diffusive regime, it is natural to ask whether there are differences
in the finer behavior of the random walk S across these phases. Note that for the one-dimensional
case, it was proved in Berger et al. (2022b) that throughout the entire diffusive regime,

lim
NÑ8

dTVpPN , Pq � 0, in P-probability, (2.35)
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where dTVp�, �q denotes the total variation distance. We expect that the same result also holds
in higher dimensions. Consequently, any perturbation from the random environment or the range
penalty to the distribution of S should not be observable at the diffusive scale

?
N .

In the phase corresponding to (2.7) and (2.12), the random environment dominates the leading-
order term of log ZN . However, in view of (2.35), we expect that it can only induce a mild
perturbation in the distribution of S. As in the region R4, the range RN is not a ball without
holes, and its geometry is not transparent. We therefore conjecture that the effect of the random
environment is limited to inducing a mild asymmetry in S.

In contrast, in the phase corresponding to (2.6) and (2.11), the range penalty dominates the
leading-order term of log ZN . Since the range penalty is homogeneous, we expect that the symmetry
of S under PN is preserved. However, it may still have a mild confining effect on the range RN .
Hence, one may investigate the appropriate scaling limit or fluctuations of Er|RN |s � EN r|RN |s,
which should be stochastically positive, in order to quantify this effect.

2.6. Notations.

 We will sometimes consider Zω,hN

N,βN�0 and Zω,hN�0
N,βN

, where the former is the partition function
of the homogeneous model, and the latter is the partition function without range penalty
studied in Berger et al. (2022b). We also use the notation ZN pAq :� Ere

°
xPRN

pβN ωx�hN q
1As.


 We define MN � MN pSq :� max1¤n¤N }Sn}, which represents the maximal distance from
the origin reached by the random walk up to time N , where } � } denotes the Euclidean
norm.


 Let Mprq
k denote the k-th largest value among the random variables pωxqxPZd with x P Λr,

where Λr :� tx P Zd : }x} ¤ ru is the Euclidean ball with radius r.

 We may also relabel the random environment in the ball Λr using order statistics, which we

denote by pMprq
i , Yprq

i q|Λr|
i�1 . Here pYprq

i q|Λr|
i�1 is a random permutation of Λr, where Yprq

i P Λr

denotes the location of the i-th largest random variables ωx with x P Λr.

 When restricted to the ball Λr, the energy gain associated with a set ∆ � Zd is defined by

Ωrp∆q :�
|Λr |̧

i�1
Mprq

i 1tYprq
i P∆u. (2.36)

3. Proof for Theorem 2.2

In the region R4, recall that we have d ¥ 3, 2
d   ζ   1 and ξ � ζ

2 . Furthermore, if α P pd
2 , dq,

then γ ¡ 2α�d
2α ζ � d�α

α and if α P p0, d
2q, then γ ¡ d�α

α . In particular, the critical case α � d
2 can

be included, where d�α
α � d

2α .
We first establish an upper bound for 1

N1�2ξ log ZN . By Hölder’s inequality, for any ε ¡ 0,

ZN ¤
�

Zω,p1�εqhN

N,βN�0

	 1
1�ε

�
Zω,hN�0

N, 1�ε
ε

βN

	 ε
1�ε

. (3.1)

Taking logarithm and dividing it by N1�2ξ, we have that
1

N1�2ξ
log ZN ¤ 1

p1� εqN1�2ξ
log Zω,p1�εqhN

N,βN�0 � ε

p1� εqN1�2ξ
log Zω,hN�0

N, 1�ε
ε

βN
. (3.2)

Similarly, we have the following lower bound. By Hölder’s inequality, for any ε P p0, 1q,
Zω,p1�εqhN

N,βN�0 ¤
�

ZN

	1�ε�
Zω,hN�0

N,� 1�ε
ε

βN

	ε
,

that is,

ZN ¥
�

Zω,p1�εqhN

N,βN�0

	 1
1�ε

�
Zω,hN�0

N,� 1�ε
ε

βN

	� ε
1�ε

. (3.3)
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Taking logarithm and dividing it by N1�2ξ, we have that

1
N1�2ξ

log ZN ¥ 1
p1� εqN1�2ξ

log Zω,p1�εqhN

N,βN�0 � ε

p1� εqN1�2ξ
log Zω,hN�0

N,� 1�ε
ε

βN
. (3.4)

We now show that the second terms on the right-hand sides of (3.2) and (3.4) are negligible
(Step 1), and that the correct asymptotics are given by the first terms (Step 2).

Step 1. We show that for any δ P R, log Zω,hN�0
N,δβN

� opN1�2ξq in P-probability. Note that we are
in the setting of Berger et al. (2022b), since hN � 0. Hence, many computations in Berger et al.
(2022b, Section 7) can be directly applied here. We consider three cases separately.

Case 1. For d
2   α   d and d�α

α   γ   d
2α , the partition function falls in the region B in Berger

et al. (2022b). Hence, by Berger et al. (2022b, Theorem 2.7),

1
N2ξ1�1 log Zω,hN�0

N,δβN
converges in distribution to a non-trivial limit with ξ1 � αp1� γq

2α� d
.

Note that in the region R4, we have that ξ � ζ
2 . Therefore, since γ ¡ 2α�d

2α ζ � d�α
α ,

1� 2ξ � p2ξ1 � 1q �1� ζ �
�2αp1� γq

2α� d
� 1

	
� 2αγ � p2α� dqζ � 2pα� dq

2α� d

¡ 1
2α� d

�
2α

�2α� d

2α
ζ � d� α

α

	
� p2α� dqζ � 2pα� dq

	
� 0.

Hence, 1
N1�2ξ log Zω,hN�0

N,δβN
ÝÑ 0 in P-probability as N Ñ8.

Case 2. For d
2 ¤ α   d and γ ¥ d

2α , the partition function falls in the region C in Berger et al.
(2022b) (the boundary between the regions B and C in Berger et al., 2022b is included). We adapt
the approaches in Berger et al. (2022b, Section 7), where the correct scaling for log Zω,hN�0

N,δβN
is

determined, except for α P t2, d
2u. Our treatment here is simpler since we only need some upper

bounds.
First, we truncate the random environment ω by kN � β�1

N

?
log log N and denote rωx :�

ωx1t|ωx|¤kN u. Our truncation is slightly different from that in Berger et al. (2022b) since we include
the cases α P t2, d

2u. We show that |Zω,hN�0
N,δβN

� Zrω,hN�0
N,δβN

| NÑ8ÝÑ 0 in P-probability so that we can
then work on Zrω,hN�0

N,δβN
.

With AN � log log log N , we follow the ideas in Berger et al. (2022b, Lemma 7.1, Lemma 7.4)
to show that

(1) Zω,hN�0
N,δβN

pMN ¥ AN

?
NAN q NÑ8ÝÑ 0 in P-probability.

(2) Zrω,hN�0
N,δβN

pMN ¥ AN

?
NAN q NÑ8ÝÑ 0 in P-probability.

(3) |Zω,hN�0
N,δβN

pMN ¤ AN

?
NAN q � Zrω,hN�0

N,δβN
pMN ¤ AN

?
NAN q| NÑ8ÝÑ 0 in P-probability.

This completes the truncation procedure.
For (1), we in fact have

P

�
Zω,hN�0

N,δβN

�
MN ¥ AN

a
NAN

� ¡ e�cA3
N

	
¤ cA�ν

N ,

where we use that δβN N
d

2α ¤ C. This estimate is identical to Berger et al. (2022b, Proposition 6.1),
with N ξ replaced by

?
NAN , and we therefore omit the proof (see also equation (7.4) in Berger

et al., 2022b).
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To prove (2), denote λN � logErexppδβN rω0qs. By Cauchy-Schwarz inequality,

E

�
Zrω,hN�0

N,δβN

�
MN ¥ AN

a
NAN

�� � E
�
eλN |RN |

1tMN¥AN

?
NAN u

�
¤ E

�
e2λN |RN |

� 1
2 P

�
MN ¥ AN

a
NAN

� 1
2 .

By Berger et al. (2022b, Lemma C.1), we have that |λN | ¤ eδβN kN βα^2
N (see equation (7.9) in

Berger et al., 2022b). Recall that d ¥ 3 in the region R4, and we have that

|λN ||RN | ¤ ec
?

log log N N1� d
2α
pα^2q NÑ8ÝÑ 0 (3.5)

by d ¡ α and d ¥ 3. The estimate then follows by the classical large deviation principle of MN .
Finally, we prove (3). By a union bound and γ ¥ d

2α , we have that,

P

�
Zω,hN�0

N,δN βN

�
MN ¤ AN

a
NAN

� � Zrω,hN�0
N,δN βN

�
MN ¤ AN

a
NAN

�	
�

¸
}x}¤AN

?
NAN

Pp|ω|x ¥ kN q ¤ C
�
AN

a
NAN

�d�
Nγ

a
log log N

��α NÑ8ÝÑ 0,

where C ¡ 0.
Then we turn to Zrω,hN�0

N,δβN
. By a polynomial chaos expansion (see also equation (7.11) in Berger

et al., 2022b), we have that, with εx :� exppδβN rωx � λN q � 1,

Zrω,hN�0
N,δβN

� E
�
eλN |RN |

�
�

¸
k¥1

¸
px1,��� ,xkqPpZdqk

xi�xj ,i�j

� k¹
i�1

εxi

	
E
�
eλN |RN |

1tpx1,��� ,xkqPRN u
�

�: E
�
eλN |RN |

�
�YN .

For d ¥ 3, it has been shown by (3.5) that limNÑ8 EreλN |RN |s � 1, and by equation (7.14) in
Berger et al. (2022b) and the choice of kN , ErpYN q2s ¤ CecβN kN βα^2

N N
NÑ8ÝÑ 0 since d ¡ α and

d ¥ 3. Hence, 1
N1�2ξ log Zrω,hN�0

N,δβN

NÑ8ÝÑ 0 in P-probability, simply due to 1� 2ξ ¡ 0.

Case 3. For 0   α   d
2 and γ ¡ d�α

α ¡ d
2 , then all the computations for Case 2 carries over here

without any changes, since the partition function still falls in the region C in Berger et al. (2022b).
Step 2. We show the convergence in Theorem 2.2 by showing that for any ϑ ¡ 0,

lim
NÑ�8

1
N1�2ξ

log Zω,ϑhN
N,βN�0 � �ϑĥγd.

The result then follows by taking N Ñ 8 and then taking ε Ñ 0 in (3.2) and (3.4), where ϑ is
1� ε and 1� ε respectively.

For the lower bound, since fpxq � e�x is convex, by Jensen’s inequality, we have that

Zω,ϑhN
N,βN�0 � E

�
e�ϑhN |RN |

�
¥ e�ϑhN Er|RN |s. (3.6)

The lower bound then follows by ξ � ζ
2 and (2.1).

For the upper bound, we write

Zω,ϑhN
N,βN�0 � e�ϑhN Er|RN |sE

�
e�ϑhN p|RN |�Er|RN |sq

�
and then we only need to show that Ere�ϑhN p|RN |�Er|RN |sqs is negligible. Recall that in the region
R4, d ¥ 3. By van den Berg et al. (2001, Theorem 1), we have the following large deviation principle
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for |RN |: for any δ ¡ 0,

lim
NÑ8

1
N1� 2

d

log P
�
|RN | �Er|RN |s ¤ �δN

	
� �κ, (3.7)

where κ � κpd, δq ¡ 0 is explicit. Set

GN,δ :�
!
|RN | �Er|RN |s ¤ �δN

)
�

!
e�ϑhN p|RN |�Er|RN |sq ¥ eδϑĥN1�ζ

)
. (3.8)

Note that e�ϑhN p|RN |�Er|RN |sq ¤ eϑĥN1�ζ . Thus, for any δ ¡ 0, there exists some κ1 ¡ 0, such that

E
�
e�ϑhN p|RN |�Er|RN |sq

�
� E

�
e�ϑhN p|RN |�Er|RN |sq

1Gc
N,δ

�
�E

�
e�ϑhN p|RN |�Er|RN |sq

1GN,δ

�
¤ eδϑĥN1�ζ � eϑĥN1�ζ

e�κ1N
1� 2

d ¤ eδĥN1�ζ � e�κ1N
1� 2

d ,

for N is large enough, since 1� 2
d ¡ 1� ζ in the region R4 by ζ ¡ 2

d . Hence,

lim sup
δÑ0

lim sup
NÑ8

1
N1�2ξ

E
�
e�ϑhN p|RN |�Er|RN |sq

�
¤ lim sup

δÑ0
lim sup

NÑ8
1

N1�ζ
log

�
eδĥN1�ζ�e�κ1N

1� 2
d
	
� 0,

and the upper bound follows.

Finally, we show that PN

��� |RN |
N � γd

��   δ
� NÑ8ÝÑ 1 in P-probability. For any δ ¡ 0,

ZN � ZN

���|RN | � γdN
��   δN

	
� ZN

�
|RN | � γdN ¤ �δN

	
� ZN

�
|RN | � γdN ¥ δN

	
. (3.9)

Note that ZN p|RN | � γdN ¥ δNq ¤ e�pγd�δqĥN1�ζ Zω,hN�0
N,βN

and by Cauchy-Schwarz inequality,�
ZN

�
|RN | � γdN ¤ �δN

		2
¤ Zω,2hN

N,βN�0

�
|RN | � γdN ¤ �δN

	
Zω,hN�0

N,2βN
¤ e�κ1N

1� 2
d Zω,hN�0

N,2βN
.

We have already shown that for any ε P p0, δq, with P-probability arbitrarily close to 1,

log Zω,hN�0
N,βN

� opN1�ζq (see Step 1) and ZN ¡ expp�pγd � εqĥN1�ζq (by (3.6)).

Hence, dividing the both sides of (3.9) by ZN , we show that by 1� 2
d ¡ 1� ζ,

PN

���� |RN |
N

� γd

���   δ
	
¥ 1� e�pδ�εqĥN1�ζ � e�

1
2 κ1N

1� 2
d NÑ8ÝÑ 1.

4. Proof for Theorem 2.5

In the region R6, recall that ζ   �1 and γ ¡ ζ � d�α
α . We write

ZN � ZN p|RN | � 2q � ZN p|RN | ¥ 3q. (4.1)
Note that the critical case α � d

2 can also be included.
For the first term,

ZN p|RN | � 2q � expp�2hN q
ḑ

k�1

¸
j��1

eβN pω0�ωjek
qP

�
RN � t0, jeku

�
,

where ek is a d-dimensional vector with the k-th element being 1 and other elements being 0.
Note that PpRN � t0, jekuq � p1{2dqN for all k, j above. By ζ   �1, we get that

lim
NÑ8

N ζ log ZN p|RN | � 2q � �2ĥ, in P-probability, (4.2)

since by γ ¡ ζ � d�α
α , there exists some ε ¡ 0, such that by a union bound and (1.1),

P

�
βN

�
|ω0| �

ḑ

k�1
p|ωek

| � |ω�ek
|q
	
¡ N�ζ�ε

�
  CdN�αpγ�ζ�εq NÑ8ÝÑ 0.



906 Niccolò Torri and Ran Wei

Then we show that the second term in (4.1) is negligible. By (4.2), it suffices to show that

lim
NÑ�8

P

�
ZN p|RN | ¥ 3q ¡ e�

5
2 ĥN�ζ

	
� 0. (4.3)

Recall MpAN q
1 and MN from Section 2.6, where MpAN q

1 denotes the largest value among the random
variables pωxqxPZd with |x| ¤ AN and MN :� max1¤n¤N }Sn}. We choose AN � N1�α

d
NÑ8ÝÑ 8

and split the partition function as follows

ZN p|RN | ¥ 3q ¤ ZN p|RN | ¥ 3, MN ¤ AN q � ZN pMN ¡ AN q. (4.4)

For the first term above,

ZN p|RN | ¥ 3, MN ¤ AN q �
Ņ

k�3
ZN p|RN | � k, MN ¤ AN q ¤

Ņ

k�3
e�kĥN�ζ�kβ̂N�γMpAN q

1 .

We have that by a large deviation estimate of heavy-tailed random variables (see Berger and Torri,
2019b, Lemma 5.1),

P

�
MpAN q

1 ¡ ĥ

6β̂
Nγ�ζ

	
¤
�

cĥ,β̂Nγ�ζA
� d

α
N

	�α
� cN�αpγ�ζ� d�α

α
q NÑ8ÝÑ 0. (4.5)

Therefore, with P-probability close to 1,

ZN p|RN | ¥ 3, MN ¤ AN q ¤
Ņ

k�3
e�k 5

6 ĥN�ζ ¤ e�
5
2 ĥN�ζ

. (4.6)

We then turn to ZN pMN ¡ AN q in (4.4). We have that

P

�
ZN pMN ¡ AN q ¡ e�

5
2 hN

	
� P

�
E
�
e

βN
°

xPRN
ωx�hN |RN |� 5

2 hN
1tMN¡AN u

� ¡ 1
	

¤ P
�

Zω, 1
2 hN

N,βN
pMN ¡ AN q ¡ 1

	
.

(4.7)

We show that the last probability above converges to 0 as N Ñ 8. By the crucial Lemma 4.1
below, we will show in a while that

lim
NÑ8

P

�
Zω, 1

2 hN

N,βN
pMN ¡ AN q ¥ Zω, 1

4 hN

N,βN�0pMN ¡ AN q
	
� 0. (4.8)

Then we can conclude our claim for (4.7) by a trivial bound,

Zω, 1
4 hN

N,βN�0pMN ¡ AN q ¤ e�
1
4 ĥN

�ζ�1�α
d ! 1.

Now (4.3) follows by (4.4), (4.6), (4.7) and (4.8). Furthermore, by (4.1)

1 � PN p|RN | � 2q � ZN p|RN | ¥ 3q
ZN

,

where the second term is bounded by expp�1
4 ĥN�ζq with P-probability close to 1 as N Ñ 8.

Hence, PN p|RN | � 2q Ñ 1 as N Ñ8 in P-probability.
It remains to prove (4.8). To this end, we require the crucial Lemma 4.1, which follows from the

analysis of last passage percolation with a prescribed range (see Section A) and allows us to control
the energy gain within a given box and for a given range. We first state and prove the lemma, and
then use it to establish (4.8).
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Lemma 4.1. Recall Ωrp∆q from Section 2.6. If γ ¡ ζ � d�α
α , AN ¤ N , then for any ε P p0, 1q and

p ¡ 1, there exists a constant C � Cd,p,ε ¡ 0, such that

logpp N
AN

q¸
k�0

BN,ķ

j�0
P

�
max

SPAj,k

Ωpk�1AN
pRN pSqq ¡ ε2pk�j hN

βN
AN

�
¤ Cplog NqpN�ζ�γ� d�α

α q� αd
α�d , (4.9)

where
BN,k :� logp

� |ΛpkAN
|

AN
^ N

pkAN

	
(4.10)

and Aj,k � Aj,kpp, Nq :� MpppkAN , pjq (see (A.2)), that is,

Aj,k �
!

S : MN pSq P rpkAN , pk�1AN s, |RN pSq| P rpkpjAN , pk�1pj�1AN s
)

. (4.11)

Proof : By taking r � pkAN and s � pj in Proposition A.3, the probability in (4.9) is smaller than
logpp N

AN
q¸

k�0

BN,ķ

j�0
C
�

ε2 hN

βN
A

1� d
α

N pp1�
d
α
qk
	� αd

α�d ¤ C log N
�

ε2 hN

βN
N1� d

α

	� αd
α�d

, (4.12)

where we have used that BN,k ¤ Cd log N and
logpp N

AN
q¸

k�0
p

dpd�αq
α�d

k ¤ Cp

� N

AN

	 dpd�αq
α�d

.

□

Proof for (4.8): We first decompose Zω, 1
2 hN

N,βN
pMN ¡ AN q and Zω, 1

4 hN

N,βN�0pMN ¡ AN q by

Zω, 1
2 hN

N,βN
pMN ¡ AN q �

logpp N
AN

q¸
k�0

BN,ķ

j�0
Zω, 1

2 hN

N,βN
pAj,kq,

Zω, 1
4 hN

N,βN�0pMN ¡ AN q �
logpp N

AN
q¸

k�0

BN,ķ

j�0
Zω, 1

4 hN

N,βN�0pAj,kq,

for some p ¡ 1, where BN,k is defined in (4.10).
Then by a union bound and (4.9), we obtain that the probability in (4.8) is bounded from above

by
logpp N

AN
q¸

k�0

BN,ķ

j�0
P

�
Zω, 1

2 hN

N,βN
pAj,kq ¥ Zω, 1

4 hN

N,βN�0pAj,kq
�

¤
logpp N

AN
q¸

k�0

BN,ķ

j�0
P

�
� 1

2pk�jhN AN � βN max
SPAj,k

Ωpk�1AN
pRN pSqq ¡ �1

4pk�j�2hN AN

�

¤
logpp N

AN
q¸

k�0

BN,ķ

j�0
P

�
max

SPAj,k

Ωpk�1AN
pRN pSqq ¡ 1

4p2� p2qpk�j hN

βN
AN

�
¤Cplog NqpN�ζ�γ� d�α

α q� αd
α�d Ñ 0, as N Ñ8,

(4.13)

where ε � 1
2
a

2� p2 when 1   p   ?
2 and we have used that γ ¡ ζ � d�α

α in the region R6.
□
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5. Proof for Theorem 2.3

Let us begin this section by observing that, using the Donsker-Varadhan argument (Donsker and
Varadhan, 1979, although the authors only treated the case hN � ĥ), for ζ   2

d (i.e. ξ P p0, 1
dq), we

obtain that

Zω,hN
N,βN�0 � exp

�
� cdpĥqN

d�2ζ
2�d p1� op1q

	
. (5.1)

Recall that d�2ζ
2�d � 1 � 2ξ in the region R5. This yields the following convergence for the

homogeneous partition function

lim
NÑ8

1
N1�2ξ

log Zω,hN
N,βN�0 � cdpĥq.

Our strategy is therefore to show that ZN and Zω,hN
N,βN�0 are comparable. Note that the critical case

α � d
2 can be included in cases (1) and (3).

Proof for the case (1) of Theorem 2.3: In this case, we have that γ ¡ ζ� d�α
α . The proof is similar

to that for Theorem 2.5. Let AN � N1�α
d . We write

ZN � ZN pMN ¤ AN q � ZN pMN ¡ AN q. (5.2)

Recall MpAN q
1 and MN from Section 2.6. We also use mpAN q

1 to denote the smallest value among
the random variables ωx with }x} ¤ AN . Note that PpMpAN q

1 ¤ 0q � Ppω ¤ 0q|ΛAN
| NÑ8ÝÑ 0, and

similarly PpmpAN q
1 ¥ 0q NÑ8ÝÑ 0. Hence, for the first term above, we have that with P-probability

close to 1,

ZN pMN ¤ AN q �
¸
k¥1

ZN pMN ¤ AN , |RN | � kq
$''&''%
¤

¸
k¥1

e�khN�kβN MpAN q

1 PpMN ¤ AN , |RN | � kq,

¥
¸
k¥1

e�khN�kβN mpAN q

1 PpMN ¤ AN , |RN | � kq.

Moreover, since the right-tail asymptotics of MpAN q
1 and the left-tail asymptotics of mpAN q

1 differ
by at most a constant factor (see (1.1)), it follows that, for any ε ¡ 0, we have estimates analogous
to (4.5):

max
"
P

�
mpAN q

1   �ε
hN

βN

	
,P

�
MpAN q

1 ¡ ε
hN

βN

	*
¤ cpNγ�ζA

� d
α

N q�α Ñ 0, as N Ñ �8.

Therefore, with P-probability close to 1,

Zω,p1�εqhN

N,βN�0 pMN ¤ AN q ¤ ZN pMN ¤ AN q ¤ Zω,p1�εqhN

N,βN�0 pMN ¤ AN q. (5.3)

For the second term in (5.2), we are going to show that with P-probability close to 1,

Zω,p1�εqhN

N,βN�0 pMN ¡ AN q ¤ ZN pMN ¡ AN q ¤ Zω,p1�εqhN

N,βN�0 pMN ¡ AN q. (5.4)
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The strategy is similar to that used in the proof of (4.8), and we will again apply Lemma 4.1. Take
p � 1� ε

10 ¡ 1. By a union bound (see (4.10), (4.11) and (4.13)),

P

�
ZN pMN ¡ AN q ¡ Zω,p1�εqhN

N,βN�0 pMN ¡ AN q
	

¤
logpp N

AN
q¸

k�0

BN,ķ

j�0
P

�
ZN pAj,kq ¡ Zω,p1�εqhN

N,βN�0 pAj,kq
	

¤
logpp N

AN
q¸

k�0

BN,ķ

j�0
P

�
max

SPAj,k

Ωpk�1AN
pRN pSqq ¡ ε2pk�j hN

βN
AN

�
,

(5.5)

where we have used that 1� p2p1� εq ¡ ε2 for ε sufficiently small. Then it follows by Lemma 4.1
that (5.5) tends to 0 as N Ñ8.

Similarly, noting that

P

�
ZN pAj,kq   Zω,p1�εqhN

N,βN�0 pAj,kq
	
¤ P

�
min

SPAj,k

Ωpk�1AN
pRN pSqq   �ε2pk�j hN

βN
AN

�

¤ P
�

max
SPAj,k

�Ωpk�1AN
pRN pSqq ¡ ε2pk�j hN

βN
AN

�
,

where we have used that p2�p1�εq   �ε2 for ε sufficiently small. Note that under our assumption
(1.1), the right-tail asymptotics of �ω and ω differ by at most a constant factor. Hence, the same
argument as in (5.5) also yields

lim
NÑ8

P
�

ZN pMN ¡ AN q ¡ Zω,p1�εqhN

N,βN
pMN ¡ AN q

	
� 1.

Using (5.3), (5.4) and (5.1), by sending N Ñ8 first and then sending ε Ñ 0, we obtain (2.2). □

Proof for the cases (2) and (3) of Theorem 2.3: The proof is identical to that for Cases 2 and 3 in
Theorem 2.2, since the corresponding ranges of γ coincide. We apply Hölder’s inequality and then
treat Zω,hN

N,βN�0 and Zω,hN�0
N,βN

separately. The details are then omitted. □

Remark 5.1. For α P pd
2 , dq and pζ, γq P R5 with γ P pd�α

α , d
2αq, the approach for the case 1 in

Theorem 2.2 does not work. If we require 1 � 2ξ ¡ 2ξ1 � 1 with ξ � 1�ζ
d�2 and ξ1 � αp1�γq

2α�d , then
we should have γ ¡ 2α�d

αp2�dqζ � d2�αd�d
αp2�dq , which is not always true in the region R5. In particular,

considering the boundary between the regions R5 and R2 in Figure 2.1, we have that 2α�d
2α ζ� d�α

α ¡
2α�d

αp2�dqζ � d2�αd�d
αp2�dq if and only if ζ ¡ 2

d , which exactly happens in the region R4.

6. Discussion of the remaining part in the region R5 and the end-to-end exponent ξ

We begin by discussing the remaining part of the region R5, where α P pd
2 , dq, ζ P p0, 2

dq, and
2α� d

2α
ζ � d� α

α
  γ ¤ ζ � d� α

α
.

In view of the current approach in the region R5, we show that the energy gain is negligible
compared to the range penalty uniformly over all configurations of the random walk. However, this
approach breaks down when γ ¤ ζ � d�α

α , since the range penalty is no longer sufficiently strong
(see also Remark 5.1).

More precisely, the range penalty attains its maximum when |RN | � N , in which case the largest
energy gain that can be absorbed by the range penalty is of order N1�ζ . This suggests that we
require N�γ� d

α ! N1�ζ (with ξ � 1), i.e., γ ¡ ζ � d�α
α .
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Such a region also arises in the one-dimensional model. In Berger et al. (2022a), this difficulty
is overcome by splitting the range of MN � max1¤n¤N }Sn} into two parts and treating each part
with a different method. When MN is small, the energy gain can still be controlled by the range
penalty; when MN is large, it must instead be controlled by the entropy cost.

Inspired by the choice of parameters in Berger et al. (2022a,b), the threshold separating the two
parts above should be of order N1� ζ

2 (see the heuristics below). Then we write

ZN

�
MN ¤ BN ξ

	
¤ ZN � ZN

�
MN   AN1� ζ

2

	
� ZN

�
MN ¥ AN1� ζ

2

	
¤ ZN

�
MN   AN1� ζ

2

	
� Zω,hN�0

N,βN

�
MN ¥ AN1� ζ

2

	
,

(6.1)

where A, B ¡ 0 are large but fixed constants. Note that 1� ζ
2 ¡ ξ since

1� ζ

2 � ξ � 2p1� dq � p4� dqζ
2p2� dq ¡ 2d2 � 8

2dp2� dq ¥ 0

by ζ   2
d and d ¥ 2. By Ding et al. (2020b, Theorem A), it is known that for the homogeneous

model, Pω,hN
N,βN�0pMN ¤ BN ξq can be made arbitrarily close to 1 by choosing B and N large.

Consequently, Zω,hN
N,βN�0 � Zω,hN

N,βN�0pMN ¤ BN ξq. Hence, to treat the remaining part of the region
R5, it suffices to show that

(a) ZN pMN ¤ BN ξq � Zω,hN
N,βN�0pMN ¤ BN ξq,

(b) ZN pMN   AN1� ζ
2 q � Zω,h

N,βN�0pMN   AN1� ζ
2 q,

(c) Zω,hN�0
N,βN

pMN ¥ AN1� ζ
2 q is negligible.

We start by part(c). Let ξ1 � 1 � ζ
2 . Since ζ P p0, 2

dq, we have ξ1 P p1
2 , 1q, so the event

tMN ¥ AN ξ1u corresponds to a super-diffusive behavior. Note that γ ¡ 2α�d
2α ζ � d�α

α . It follows
that dξ1

α � γ   2ξ1 � 1, that is, the energy gain is dominated by the entropy cost. By applying
Berger et al. (2022b, Proposition 6.1) to ξ1, we obtain that uniformly in N , there exist constants
c1, c2, ν ¡ 0, such that for any A ¥ 1,

P

�
Zω,hN�0

N,βN

�
MN ¥ AN1� ζ

2

	
¥ e�c1AN1�ζ

	
¤ c2A�ν .

Hence, by taking A large, with P-probability close to 1,

Zω,hN�0
N,βN

�
MN ¥ AN1� ζ

2

	
¤ e�c1AN1�ζ

.

Since 1� ζ ¡ 1� 2ξ by ζ   2
d , Zω,hN�0

N,βN
pMN ¥ AN1� ζ

2 q is negligible.
While part (c) is tractable, parts (a) and (b) are substantially more challenging due to the

geometric complexity of the range RN , as we illustrate below.
First, we may write

ZN

�
MN   AN1� ζ

2

	
� ZN

�
MN ¤ BN ξ

	
� ZN

�
MN P �BN ξ, AN1� ζ

2
�	

.

Here B ¡ 2rd, where rd is an explicit constant such that rdN ξ is the typical radius of RN under
the homogeneous polymer measure (see again Ding et al., 2020b, Theorem A). Note that the first
term on the right-hand side corresponds to part (a), and we expect to show that the second term
is also negligible.

A classical approach is the method of decomposition by layers (see Berger and Torri, 2019a;
Berger et al., 2022b), whereby we decompose the partition function as follows:

ZN

�
MN P �BN ξ, AN1� ζ

2
�	 � lnpA

B
N1� ζ

2�ξq¸
k�0

ZN

�
MN P �2kBN ξ, 2k�1BN ξ

�	
. (6.2)
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We now analyze each term in the summation above at a heuristic level.

(1) The energy gain is of order exptp2k�1BN ξq d
α u under the condition MN ¤ 2k�1BN ξ.

(2) The entropy cost arises from two sources: the sub-diffusive or super-diffusive behavior of
the random walk, and the atypical configuration of its range. We analyze these together
with the range penalty.
(2a) Note that ξ   1

2   1� ζ
2 . Thus, the random walk is sub-diffusive for small k such that

2kBN ξ ! ?
N , and super-diffusive for large k such that 2kBN ξ " ?

N .
(2b) Concerning the range of the walk, a so-called droplet phenomenon may occur (see

Bolthausen, 1994): the walk occasionally visits a site atypically far away, and then
return to its main folded region. The length of the droplet plays a crucial role. If it
is much shorter than Ndξ, then the range penalty is still of order Ndξ�ζ . However, if
it is much longer, for instance of order Nϑ with 1 ¥ ϑ ¡ dξ, then the range penalty
should be of order Nϑ�ζ . Furthermore, in the latter case, it is unclear whether the
range consists of a main folded region together with a single droplet, or of multiple
connected folded regions. In these two scenarios, the entropy cost is expected to be
significantly different.

To compare the energy gain, the range penalty, and the entropy cost analyzed above, the main
challenge lies in estimating the entropy cost arising from atypical paths of the random walk. One
possible approach is to decouple the range penalty and the energy gain by Hölder’s inequality as in
(3.1), and then apply large deviation estimates for the events tMN ¥ 2kBN ξu or the range RN with
droplets under the homogeneous polymer measure. However, the existing results (see Sznitman,
1995a,b; van den Berg et al., 2001; Fukushima, 2008; Ding et al., 2020a) appear insufficient for our
purposes. In particular, we require uniform and sufficiently sharp estimates depending on k and B
in order to show that (6.2) is negligible. At present, we do not see a clear approach to tackle this
problem.

Fundamental difficulties also arise in part (a), corresponding to the term ZN pMN ¤ BN ξq. To
show that the energy gain is negligible, we may apply Hölder’s inequality as in (3.1) and (3.3) to get

ZN pMN ¤ BN ξq ¥ Zω,p1�εqhN

N,βN�0 pMN ¤ BN ξq 1
1�ε Zω,hN�0

N,� 1�ε
ε

βN
pMN ¤ BN ξq� ε

1�ε , (6.3)

ZN pMN ¤ BN ξq ¤ Zω,p1�εqhN

N,βN�0 pMN ¤ BN ξq 1
1�ε Zω,hN�0

N, 1�ε
ε

βN
pMN ¤ BN ξq ε

1�ε . (6.4)

We shall show that the second factors on the right-hand side of (6.3) and (6.4) are of order N
dξ
α
�γ .

However, the strategy in Berger et al. (2022b, Lemma 6.2) does not apply here, since the random
walk therein is supper-diffusive, whereas in our case ξ   1

2 . Hence, a sharp estimate of the entropy
cost arising from sub-diffusivity is required.

We note that some special cases can be treated. In particular, by the weak symmetrization
inequality (see Gut, 2005) and the Fuk–Nagaev inequality (Nagaev, 1979), one can show that

P

� ¸
}x}¤ℓ

|ωx| ¡ T
	
¤ CℓdT�pα^2q (a logarithmic correction is needed for α � 2).

Then for α   2, by (2.29), a very rough bound yields

P

�
Zω,hN�0

N,δβN

�
MN ¤ BN ξ

� ¡ eεN1�2ξ
	
¤ P

�
δβN

¸
}x}¤BNξ

|ωx| ¡ εN1�2ξ
	
¤ CεNdξ�αp1�γ�2ξq

� CN
�αpγ� d�2α

αp2�dq
ζ� dp1�αq

αp2�dq
q NÑ8ÝÑ 0,

but this does not work for α ¡ 2.
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From the above analysis, one can see that a key step is to show that ZN pMN ¡ BN ξq is negligible.
As a byproduct, this would also provide a rigorous characterization of the end-to-end exponent ξ
given in Definition 2.1.

In summary, if one can choose a suitable probability measure (either the original measure P
or the polymer measure PN ) and establish corresponding deviation estimates for MN and |RN |,
then it appears promising to resolve the remaining part of the region R5. Such results would
simultaneously allow us to identify the end-to-end fluctuations in the sense of Definition 2.1, as in
Berger et al. (2022b).
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Appendix A. Control on the last passage percolation with a given range

Recall the notation MN , pMprq
i , Yprq

i q and Ωrp∆q from Section 2.6. For m P N, p ¡ 1 and s ¥ 1,
let

Lmpr, sq � Lp
mpr, sq :� max

!
|∆| : ∆ � Υpprq

m XRN pSq, S P Mpr, sq
)

, (A.1)

where Υprq
m :� tYprq

i , 1 ¤ i ¤ mu is the set of m different sites taken uniformly on Λr and

Mpr, sq � Mppr, sq :�
!

S : MN pSq P rr, prs, |RN pSq| P rrs, p2rss
)

, (A.2)

Remark A.1. Let us observe that in the definition of Lmpr, sq we only consider the cardinality of a
finite set ∆. In the sequel, it is convenient to look at ∆ as an ordered set. For this purpose, we
pick at random a trajectory S P Mpr, sq with ∆ � Υpprq

m XRN pSq, so that any set ∆ is associated
with an unique random walk trajectory S. Therefore, if ∆ � tx1, . . . , xnu, then we order the points
x1, . . . , xn according to S, that is, x1 is the first point visited by S, x2 the second one and so on.
We stress the fact that the only important point is that ∆ is ordered according to a random walk
trajectory, in order to control its entropy, see (A.5) and (A.6).

The following result gives us a control on Lmpr, sq.
Theorem A.2. For any fixed p ¡ 1, there exists a constant c ¡ 0 which depends only on p and
the dimension d, such that for any m P N, r, s ¥ 1 and 1 ¤ k ¤ |Λpr|,

P

�
Lmpr, sq ¥ k

	
¤

�
c s m1{d

k

�dk

. (A.3)

In particular, for any b P r0, ds there exists a constant c � cpd, b, pq such that for any m P N and
r, s ¡ 0,

E

��
Lmpr, sq

psm1{dq ^m

�b�
¤ c. (A.4)

Proof : We first introduce an entropy for any ordered px1, � � � , xnq by

Entppx1, � � � , xnqq :� d

2

� ņ

k�1
}xk � xk�1}

	2
(A.5)
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with the convention x0 being the origin (see Berger et al., 2022b). According to Remark A.1,
for any ∆ we have associated an unique random walk trajectory S such that ∆ � RN pSq and
the points of ∆ are ordered according to S. Then, we can write ∆ � px1, � � � , xnq, and we have°n

i�1 }xi � xi�1} ¤ Cd|RN pSq| ¤ Cdp2rs by the configuration of the simple random walk. Hence,
by setting B � d

2C2
dp4prsq2,

Lmpr, sq � max
!
|∆| : ∆ � Υpprq

m XRN pSq, S P Mpr, sq, Entp∆q ¤ B
)

¤ LpBq
m � LpBq

m,p,r :� max
!
|∆| : ∆ � Υpprq

m , Entp∆q ¤ B
)

.
(A.6)

Finally, by Berger et al. (2022b, Theorem A.1), we have that

P

�
Lmpr, sq ¥ k

	
¤ P

�
LpBq

m ¥ k
	
¤

�cB1{2m1{d

rk

	dk
,

and (A.4) follows by Berger et al. (2022b, Corollary A.2). □

Then we have the following control on the energy gain associated with the range RN , which is
analogous to Berger et al. (2022b, Lemma A.3).

Proposition A.3. Let Mpr, sq be as in (A.2), then there exists a constant C ¡ 0 such that for
any t ¡ 0, p ¡ 1 and s ¥ 1,

P

�
max

SPMpr,sq
ΩrpRN pSqq ¡ r

d
α st

�
¤ Ct�

αd
α�d . (A.7)

Proof : For S P Mpr, sq and p ¡ 1, we have that (for simplicity, we omit t�u),

ΩrpRN pSqq �
logp |Λr|¸

i�1

pi�1̧

j�pi�1

Mprq
j 1tYprq

j PRN pSqu ¤
logp |Λr|¸

i�1
Mprq

pi�1Lpipr, sq,

where we use that Mprq
pi�1 ¥ Mprq

j for j ¥ pi�1 and
°

j¤pi 1tYprq
j PRN pSqu � |Υprq

pi XRN | ¤ Lpipr, sq.
Then the probability in (A.7) is bounded by

logp |Λr|¸
i�1

P

�
Mprq

pi�1Lpipr, sq ¡ Cp�ip 1
α
� 1

d
�2δqr

d
α st

�
,

for some sufficiently small δ ¡ 0 since α   d with C � �°8
i�1 p�ip 1

α
� 1

d
�2δq��1.

We then bound the above probability by
logp |Λr|¸

i�1

�
P

�
Mprq

pi�1 ¡ Ct1�ηp�
i
α
�iδr

d
α

	
�P

�
Lpipr, sq ¡ tηp

i
d
�iδs

	�
. (A.8)

Since PpM|Λr|
ℓ ¡ Qq ¤ pℓ 1

α r�
d
α Qq�αℓ by standard large deviation estimates of heavy-tailed random

variables (see Berger and Torri, 2019b, Lemma 5.1), the first sum is smaller than

C

logp |Λr|¸
i�1

p�iδαpi
t�αpip1�ηq ¤ Ct�αp1�ηq.

The second sum is controlled by Markov’s inequality and (A.4) with b � d, so that it is smaller
than

logp |Λr|¸
i�1

t�dηp�idδ ¤ Ct�dη.

In such a way (A.7) is bounded by Cpt�αp1�ηq � t�dηq, which is optimized by taking η � α
α�d . □
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Appendix B. Extending known results in the regions R1, R2 and R3

We now explain how to adapt the approaches in Berger et al. (2022b) to prove the results in the
regions R1, R2 and R3.

B.1. Region R1. We start by Theorem 2.7 and the case (ii) of Theorem 2.8. First note that by the
same application of Hölder’s inequality as (3.1) and (3.3), we have that for any ε ¡ 0,�

Zω,p1�εqhN

N,βN�0

	 1
1�ε

�
Zω,hN�0

N,� 1�ε
ε

βN

	� ε
1�ε ¤ ZN ¤

�
Zω,p1�εqhN

N,βN�0

	 1
1�ε

�
Zω,hN�0

N, 1�ε
ε

βN

	 ε
1�ε

, (B.1)

and �
Zω,hN�0

N,p1�εqβN

	 1
1�ε

�
Zω,� 1�ε

ε
hN

N,βN�0

	� ε
1�ε ¤ ZN ¤

�
Zω,hN�0

N,p1�εqβN

	 1
1�ε

�
Zω, 1�ε

ε
hN

N,βN�0

	 ε
1�ε

. (B.2)

In view of equations (2.8) and (2.11) in Berger et al. (2022b), we know that the proper scaling for
log Zω,hN�0

N,βN
is vN{pβN Nd{2αq. On the other hand, by ζ ¡ 1,

Zω,hN
N,βN�0 � 1 � E

�
e�hN |RN | � 1

�
� �hN Er|RN |s,

which is the proper scaling for log Zω,hN
N,βN�0. We then compare 1{phN Er|RN sq and vN{pβN N

d
2α q,

and we have that
vN

hN Er|RN |s
βN N

d
2α

� CNγ�ζ� dpα�1q
2α , (B.3)

which provides the threshold ζ � γ� dpα�1q
2α in Theorem 2.7 and in the case (ii) of Theorem 2.8. The

results then follow by taking logarithms in (B.1) and (B.2), sending N Ñ 8, and finally sending
ε Ñ 0.

Then we turn to Theorem 2.6 and the case (i) of Theorem 2.8. The treatment (B.1) and (B.2)
does not work well here, due to the non-trivial centering. We follow the approach in Berger et al.
(2022b, Section 7.1).

First, we truncate the random environment by rω :� ω1t|ω|¤kN u with kN � Nγ�ε and ε ¡ 0 small
enough. Let λN :� logErexppβN rωqs. Then we have that

|λN | � βN k1�α
N plog kN q1tα�1,2u for α P p0, 2s and |λN | � 1

2β2
N �OpβN k1�α

N log kN q for α P p2, dq,
(B.4)

by kN βN
NÑ8ÝÑ 0, Taylor expansion and the assumption (1.1).

Since Zω,hN
N,βN

¤ Zω,hN�0
N,βN

and Zrω,hN
N,βN

¤ Zrω,hN�0
N,βN

, by the method in Berger et al. (2022b, Lemma
7.1), we can work on Zrω,hN

N,βN
. Perform a polynomial chaos expansion and we have that (also see

equation (7.11) in Berger et al., 2022b)

Zrω,hN
N,βN

� E
�
epλN�hN q|RN |

�
�

¸
xPZd

εxE
�
epλN�hN q|RN |

1txPRN u
�
�YN , (B.5)

where εx � exppβN rωx�λN q�1 with Erεxs � 0 and Erpεxq2s ¤ Cpβ2
NErprωxq2s�λ2

N q, in particular,

E
�pεxq2

� ¤ CβN k1�α
N for α P p0, 2q and E

�pεxq2
� ¤ Cβ2

N for α P p2, dq, (B.6)

and YN is the higher order term, given by

YN :�
¸
k¥2

¸
px1,��� ,xkqPpZdqk
xi�xj ,i,j�1,��� ,k

� k¹
i�1

εxi

	
E
�
epλN�hN q|RN |

1tpx1,��� ,xkqPRN u
�
. (B.7)
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As equation (7.14) in Berger et al. (2022b), and noting that hN |RN | � N1�ζ NÑ8ÝÑ 0, we still have

lim
NÑ8

1
a2

N β2
N

E
��

YN

�2� � 0.

Then we work on (2.4) in Theorem 2.6. For the centering term, note that, since α ¡ 2 and by
(B.4), a comparison with the first term in (B.5) yields

E
����epλN�hN q|RN | � ep

1
2 β2

N�hN q|RN |
����

aN βN
¤ C

|λN � 1
2β2

N |N
aN βN

¤ C
Nk1�α

N log kN

aN

!βα�1
N N1�δ

aN
� N�pα�1qγ�1�δ

aN
, where aN :�

$'&'%
N

1
4 , if d � 3,?
log N, if d � 4,

1, if d ¥ 5,

(B.8)

and δ ¡ 0 can be chosen sufficiently small. The above quantity tends to 0 as N Ñ8 since γ ¡ d
2α

and α ¡ 1. In particular, by writing γ � d
2α � pα� 1qδ1 with δ1 ¡ 0, we have that on the exponent

of the numerator, �pα � 1qγ � 1 � �d
2 � d

2α � 1 � δ1   1 � d
2 � d

4 � δ1 � 1 � d
2 � δ1. It suffices to

choose δ   δ1.
For the second term in (B.5), we rewrite it as¸

xPZd

εxE
��

epλN�hN q|RN | � 1q1txPRN u
�
�

¸
xPZd

εxPpx P RN q. (B.9)

When α ¡ 2, |λN | � 1
2β2

N . If ζ ¥ 2γ, then hN � OpλN q, and the case is identical to equation (7.16)
in Berger et al. (2022b). If ζ   2γ, then λN � ophN q, and for the first term of (B.9), we have that
by ζ ¡ 1, its second moment is bounded above by

β2
N h2

N N2Er|RN XR1
N |s

a2
N β2

N

¤ N2�2ζ

a2
N

�

$'&'%
?

N, if d � 3,

log N, if d � 4,

cd, if d ¥ 5,

NÑ8ÝÑ 0.

The convergence of the second term in (B.9) to X was established in Berger et al. (2022b, Sec-
tion 7.2).

The treatment of (2.10) in Theorem 2.8 is analogous to that of (2.4) above, and we only need
to adjust the centering term. Noting that for α ¡ d

d�2 ¡ 1, we have that

E
����epλN�hN q|RN | � e�hN |RN |

����
βN

¤ |λN |N
βN

¤ N�pα�1qγ�1�δ ¤ N� d
2� d

2α
�1�δ1 ¤ N�δ1 NÑ8ÝÑ 0,

where we used that γ ¡ d
2α . The treatment of all other terms in (B.5) is identical to that for (2.4).

The end-to-end fluctuations in the region R1 can be shown by the same method in Berger et al.
(2022b, Section 7.3).

B.2. Regions R2 and R3. By the trivial bound �|RN | ¥ �N , we have that

Zω,hN�0
N,βN

e�ĥN1�ζ ¤ ZN ¤ Zω,hN�0
N,βN

.

Then in the region R2, by taking logarithm of eĥN1�ζ and dividing it by N2ξ�1, we have that

N1�ζ�p2ξ�1q � N2�ζ� 2αp1�γq
2α�d � N

2α
2α�d

pγ� 2α�d
2α

ζ� d�α
α

q NÑ8ÝÑ 0.
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Similarly, in the region R3, we have that

N1�ζ

βN N
d
α

� N1�ζ�γ� d
α � Nγ�ζ� d�α

α
NÑ8ÝÑ 0.

Hence, in the regions R2 and R3, the range penalty is negligible, and the approaches in Berger
et al. (2022b) can be adapted here without changes. The end-to-end fluctuations in the regions R2
and R3 can also be shown by the same method in Berger et al. (2022b, Section 5.4, Section 6.2).
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