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Abstract. We study the frog model on Z with particle-wise random geometric lifetimes: each
particle has a survival parameter π ∈ (0, 1) sampled i.i.d., whose density near 1 satisfies fπ(u) ∼
(1−u)β−1L

(
(1−u)−1

)
with β > 0, and L slowly varying. This strictly extends the Beta(α, β) case.

Let η denote the common law of the i.i.d. initial number of particles {ηx}x∈Z. Using a percolation
comparison and sharp one-particle displacement tails, we obtain a universal threshold at β = 1

2 . If
β > 1

2 and E(η) < ∞, extinction occurs almost surely. If β < 1
2 and P(η = 0) < 1, survival has

positive probability. At the boundary β = 1
2 we give sharp criteria: extinction if E(η) < ∞ and

8 lim supn→∞ L(n
2) < 1/E(η); survival if P(η = 0) < 1 and

√
2 lim infn→∞ L(n

2) > 1/E(η). These
results recover the Carvalho–Machado threshold for Beta laws and show that only the exponent β
governs the phase transition, while L impacts the critical regime.

1. Introduction

Interacting particle systems that combine random motion with local activation rules have provided
deep insights into the probabilistic mechanisms underlying epidemic propagation, rumor dynamics,
and branching structures in random environments. Among these, the frog model, introduced in the
late 1990s and subsequently developed by Alves et al. (2002), has become one of the most studied
frameworks. The dynamics are straightforward: particles sit on the vertices of a connected graph;
those at the root begin active while all others are inactive. Active particles perform independent
simple symmetric random walks, and any inactive particle encountered is immediately activated,
itself beginning a random walk and perpetuating the mechanism. The central question is whether
the system survives, meaning that active particles persist indefinitely, or whether it eventually dies
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out. This binary outcome masks a remarkable richness of behavior, shaped by the geometry of the
graph, the distribution of initial particles, and the stochastic laws governing activation and death.

The model exhibits contrasting behaviors across different settings. On trees and higher-dimen-
sional lattices, it has been shown that the frog model undergoes genuine phase transitions, with
survival depending on critical parameters that can often be computed or bounded (Fontes et al.,
2004; Lebensztayn et al., 2005; Gallo and Pena, 2023). On Zd with d ≥ 2, phase transitions
occur depending on the number of initial particles per site (Alves et al., 2002). On homogeneous
trees, upper and lower bounds for the critical probability have been refined in a sequence of works
(Lebensztayn et al., 2005; Lebensztayn and Utria, 2019, 2020). These results established the frog
model as a fertile ground for investigating survival phenomena analogous to those of percolation and
branching processes. In sharp contrast, on Z with geometric lifetimes governed by a fixed parameter
p, extinction occurs almost surely under mild assumptions, and no non-trivial survival is possible.
This rigidity has motivated the study of variations designed to recover survival, including models
with drifted random walks or spatially varying survival parameters (Bertacchi et al., 2014; Gantert
and Schmidt, 2009).

A breakthrough in this direction was recently provided by Carvalho and Machado (2026), who
considered a version of the frog model on Z with a random survival parameter. In their formulation,
each particle has a survival probability π drawn independently from a distribution on (0, 1), and its
lifetime is geometric with parameter determined by this realization. Focusing on the Beta family
π ∼ Beta(α, β), they proved a sharp threshold at β = 1

2 : extinction for β > 1/2 and survival with
positive probability for β < 1/2, with the behavior at the boundary case β = 1/2 depending on α
and on the initial configuration.

The present work extends this phenomenon to a broad and natural class of survival distributions
whose densities satisfy, near the right endpoint,

fπ(u) ∼ (1− u)β−1 L
( 1

1− u

)
(u ↑ 1), (1.1)

where β > 0 and L is slowly varying at ∞. This class contains the Beta family as a special case
(L ≡ constant) and also accommodates a wide range of heterogeneous right tails. We show that the
extinction–survival dichotomy depends only on the exponent β: if β > 1

2 the process dies out, while
if β < 1

2 it survives with positive probability. In the critical regime β = 1
2 , the outcome hinges on

the quantities lim infn→∞ L(n
2) and lim supn→∞ L(n

2), and on the initial configuration.
Recent work has pursued related extensions in different directions. In a closely related setting,

Ramírez-González et al. (2026) consider the frog model on Z with simple symmetric random walks
and particle-wise random survival parameters whose common density satisfies (1.1), but replace
geometric lifetimes by discrete Weibull lifetimes. Under the same assumption on the survival-
parameter density, Ramírez-González and Machado (2026) study the frog model on Z with particle-
wise random discrete Weibull lifetimes and biased nearest-neighbour random walks, thus changing
both the conditional lifetime law and the underlying motion. On a different class of graphs, Garcia
et al. (2026) consider geometric lifetimes with a fixed survival parameter and α-biased random walks
on free products of complete graphs, deriving sufficient conditions for almost sure extinction and
survival with positive probability.

The remainder of the paper is organized as follows. Section 2 introduces some definitions for
the model and states the main results, whose proofs are presented in Section 3. Section 4 is
devoted to examples: Section 4.1 presents concrete families of survival–parameter laws satisfying
condition (1.1), together with their parameter β and slowly varying factor L; Section 4.2 provides
an example of a case that falls in the inconclusive regime of the main theorem, where we can still
prove results regarding survival; Section 4.3 gives an extensive list of distributions for odds satisfying
(2.2).
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2. Definitions and main results

This section introduces the formal setup of the frog model on Z with particle-wise random survival
parameters. We specify the initial configuration, the independent random walks, and the geometric
lifetimes determined by a common random variable π ∈ (0, 1). The analysis focuses on survival-
parameter laws whose densities satisfy condition (1.1), where β > 0 and L is slowly varying at
infinity. This class strictly extends the Beta family and captures a broad range of regularly varying
right tails.

We then introduce the notions of survival and extinction of the system. The main result estab-
lishes a sharp phase transition governed solely by the exponent β. When β > 1/2, the process be-
comes extinct almost surely under mild moment assumptions on the initial particle counts, whereas
for β < 1/2 the system survives with positive probability whenever the initial configuration is not
identically zero. The critical case β = 1/2 requires a refined analysis involving the limits of L(n2)
and the expectation of the initial distribution. These definitions and asymptotic conditions form
the basis for the proofs presented in Section 3.

2.1. Model and notation. Let N = {1, 2, 3, . . . } and N0 = N ∪ {0}. We say that a function L :
(0,+∞) → (0,+∞) is regularly varying with index ρ at infinity if

lim
x→∞

L(λx)

L(x)
= λρ, for every λ > 0;

moreover, L is called slowly varying at infinity if ρ = 0. We say that f(x) ∼ g(x) as x → ∞ when
limx→∞ f(x)/g(x) = 1; the notation is used analogously for other limits, such as x ↓ 0 or x ↑ 1.

We now define the frog model on Z in a formal way. For each x ∈ Z, let ηx ∈ N0 be the initial
number of particles at x. Particles are indexed by (x, i) with 1 ≤ i ≤ ηx. The families

{ηx}x∈Z, {πx,i}x∈Z, i∈N, {(Sx,i
n )n∈N0}x∈Z, i∈N

are mutually independent, where {ηx}x∈Z and {πx,i}x∈Z, i∈N are i.i.d. sequences, and {(Sx,i
n )n∈N0}x,i

is a family of independent simple symmetric random walks on Z with Sx,i
0 = x; the variables

πx,i ∈ (0, 1) have common law π (with density fπ when π is absolutely continuous).
Given πx,i = p, the lifetime Lx,i ∈ N0 is geometric with tail

P(Lx,i ≥ k | πx,i = p) = pk, k ∈ N0.

Conditional on {πx,i}, the lifetimes {Lx,i} are independent of {ηx} and of the walks {(Sx,i
n )n∈N0}

(and of each other).
At time 0 all particles at the origin are active and all others are inactive. Each active particle

evolves as follows: before each step it dies with probability 1 − πx,i; if it survives, it takes one
step of its simple symmetric random walk. Whenever an active particle visits a site, all particles
present there become active and evolve independently by the same rules. We denote this system by
FM(Z, π, η), where π is the common law of the survival parameters and η is the law of the initial
number of particles per vertex.

2.2. Survival and extinction. This section formalizes the notions of survival and extinction for the
frog model on Z. We work under the framework introduced in Section 2.1, where particle lifetimes
are determined by a survival parameter with density exhibiting the asymptotic form (1−u)β−1L((1−
u)−1) as u ↑ 1.

The main theorem presented here establishes a sharp dichotomy governed by the exponent β.
When E(η) < ∞ and β > 1/2, extinction occurs almost surely. In contrast, if β < 1/2 and the
initial configuration is not almost surely empty, the process survives with positive probability. The
critical case β = 1/2 requires additional conditions on the slowly varying function L(n2) and the
expected number of initial particles.
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Definition 2.1. A realization of FM(Z, π, η) survives if at all times there exists at least one active
particle; otherwise it dies out.

Theorem 2.2. Assume that the survival-parameter law π has density satisfying condition

fπ(u) ∼ (1− u)β−1 L
( 1

1− u

)
(u ↑ 1), (2.1)

with β > 0 and L slowly varying at ∞. Then:
(i) If E(η) <∞ and either

• β > 1
2 , or

• β = 1
2 and 8 lim sup

n→∞
L(n2) <

1

E(η)
,

then
P
[
FM(Z, π, η) survives

]
= 0.

(ii) If P(η = 0) < 1 and either
• β < 1

2 , or

• β = 1
2 and

√
2 lim inf

n→∞
L(n2) >

1

E(η)
(with 1/E(η) := 0 when E(η) = ∞),

then
P
[
FM(Z, π, η) survives

]
> 0

Remark 2.3. In particular, π ∼ Beta(α, β) satisfies condition (2.1), with L ≡ 1/B(α, β). When
β = 1

2 , item (i) becomes B(α, 12) > 8E(η) and item (ii) becomes B(α, 12) <
√
2E(η). This improves

the results in Carvalho and Machado (2026).

Remark 2.4. The following consequences are immediate from the proof of Theorem 2.2. Let U ∈
(0, 1), β > 0, and L be a slowly varying function.

• If fπ(u) ≤ (1− u)β−1 L
(

1
1−u

)
for all u ∈ [U, 1), then Theorem 2.2 (i) holds.

• If fπ(u) ≥ (1− u)β−1 L
(

1
1−u

)
for all u ∈ [U, 1), then Theorem 2.2 (ii) holds.

2.3. Heavy-tailed odds. Recall that π can be interpreted as the (random) probability that a particle
survives at any given instant of time. In this section, we shift our focus from probabilities to odds
by setting

X :=
π

1− π
∈ (0,∞),

and concentrate on cases where X is heavy-tailed. The inverse relation is then given by

π =
X

1 +X
∈ (0, 1).

Proposition 2.5. Let X be a non-negative random variable with density fX(t) such that

fX(t) ∼ t−(β+1)LX(t) (t→ ∞) (2.2)

for some constants β > 0 and a function LX slowly varying at infinity. Then, the random variable
π := X

1+X has a density and

fπ(u) ∼ (1− u)β−1LX

( 1

1− u

)
(u ↑ 1).
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Therefore, Proposition 2.5 complements Theorem 2.2 by providing results on survival or extinction
through the odds distribution. Moreover, one can also note that condition (2.2) is equivalent to fX
being regularly varying with index ρ = −(β + 1) at infinity.

We now state a transfer principle showing that regularly varying tails are stable under multipli-
cation by an independent factor possessing a moment slightly above the tail index. Specifically, if
fX(t) = t−(β+1)LX(t), t > 0, where LX is slowly varying at infinity and bounded on every interval
(0,M ], M > 0, and Y ≥ 0 is absolutely continuous and independent of X, with E[Y β+ε] < ∞ for
some ε > 0, then the product Z := XY retains the same tail index β and carries over the slowly
varying factor LX . The representation fX(t) = t−(β+1)LX(t) entails no loss of generality, since every
regularly varying density fX with index −(β+1) admits this decomposition with LX(t) := tβ+1fX(t)
slowly varying at infinity; boundedness on the intervals (0,M ] is the only additional local regularity
assumption. The precise statement is as follows.

Proposition 2.6. Let X have density fX satisfying

fX(t) = t−(β+1)LX(t), t > 0, (2.3)

for some β > 0, where LX is slowly varying at infinity and bounded on every interval (0,M ], M > 0.
Let Y ≥ 0 be absolutely continuous and independent of X and suppose there exists ε > 0 such that
E[Y β+ε] <∞. Define Z := XY . Then, as z → ∞,

fZ(z) ∼ z−(β+1) LZ(z), (2.4)

with slowly varying factor
LZ(z) := E[Y β]LX(z)

3. Proofs

This chapter contains the proofs of the main results stated in Section 2. The analysis relies on
sharp asymptotic estimates for the maximal displacement of a single particle during its lifetime, to-
gether with a percolation-style comparison that translates these estimates into survival or extinction
of the full system.

3.1. Survival and extinction. For a particle i initially at z ∈ Z, define the maximal one–sided and
two–sided displacements during its lifetime:

D→z,i := max
0≤n≤Lz,i

(
Sz,i
n − z

)
, D←z,i := max

0≤n≤Lz,i

(
z − Sz,i

n

)
,

D∗z,i := max
0≤n≤Lz,i

(
|Sz,i

n − z|
)
= D→z,i ∨D←z,i.

By homogeneity, write D→ and D∗ for generic copies. A key identity (see Lebensztayn et al., 2005,
Lemma 2.1 below) is the exact conditional tail

P
(
D→ ≥ n | π = p

)
=
(1−√1− p2

p

)n
, n ∈ N, (3.1)

and, by symmetry,

P(D→ ≥ n) = P(D← ≥ n) ≥ 1
2 P(D

∗ ≥ n), n ∈ N. (3.2)

We rely on a percolation comparison that translates survival/extinction into sharp asymptotics
for D→ and D∗. We will use Proposition 1.2 in Carvalho and Machado (2026), which states that

If E(η) <∞ and

lim sup
n→∞

nP(D∗ ≥ n) ≤ 2 lim sup
n→∞

nP(D→ ≥ n) <
1

2E(η)
,
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then P
[
FM(Z, π, η) survives

]
= 0. Conversely, if

lim inf
n→∞

nP(D→ ≥ n) >
1

E(η)
(with 1/E(η) := 0 when E(η) = ∞),

then P
[
FM(Z, π, η) survives

]
> 0.

By (3.1) and integrating over π, the decisive quantity becomes

nP(D→ ≥ n) =

∫ 1

0
n
(1−√

1− x2

x

)n
fπ(x) dx, (3.3)

whenever π has density fπ; for upper bounds we also use

In :=

∫ 1

0
n
(1−√

1− x

x

)n
fπ(x) dx, (3.4)

exploiting
√
1− x2 ≥

√
1− x, and for lower bounds

Jn :=

∫ 1

0
n
(1−√

1− x2

x

)n
fπ(x) dx. (3.5)

So, to conclude Theorem 2.2 (i), it suffices to show that

β > 1
2 : In −−−→

n→∞
0, hence lim sup

n→∞
nP(D∗ ≥ n) = 0; (3.6)

β = 1
2 : lim sup

n→∞
In ≤ 2 lim sup

n→∞
L(n2), (3.7)

thus lim sup
n→∞

nP(D∗ ≥ n) ≤ 4 lim sup
n→∞

L(n2).

Likewise, we prove Theorem 2.2 (ii) by showing that

β < 1
2 : lim inf

n→∞
Jn = ∞, hence lim inf

n→∞
nP(D→ ≥ n) = ∞; (3.8)

β = 1
2 : lim inf

n→∞
Jn ≥

√
2 lim inf

n→∞
L(n2), (3.9)

thus lim inf
n→∞

nP(D→ ≥ n) ≥
√
2 lim inf

n→∞
L(n2).

Proof of Theorem 2.2: Assume that for some β > 0,

fπ(u) ∼ (1− u)β−1L
( 1

1− u

)
(u ↑ 1). (3.10)

Then, for every ε ∈ (0, 1) there exists ηε ∈ (0, 1) such that for all u ∈ (1− ηε, 1),

(1− ε) (1− u)β−1L
( 1

1− u

)
≤ fπ(u) ≤ (1 + ε) (1− u)β−1L

( 1

1− u

)
. (3.11)

Proof of Theorem 2.2 (i): For n ∈ N, define

In :=

∫ 1

0
n
(1−√

1− x

x

)n
fπ(x) dx.

Note that
1−

√
1− x

x
=

1

1 +
√
1− x

,

hence, defining

Kn(x) := n
(
1 +

√
1− x

)−n
,

we have In =
∫ 1
0 Kn(x) fπ(x) dx.
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Fix ε ∈ (0,min{1, β}) and let ηε ∈ (0, 1) as in (3.11). Split

In = An +Bn, An :=

∫ 1−ηε

0
Kn(x)fπ(x) dx, Bn :=

∫ 1

1−ηε
Kn(x)fπ(x) dx. (3.12)

For x ∈ (0, 1− ηε],
√
1− x ≥ √

ηε, hence

0 ≤ Kn(x) ≤ nρn, ρ :=
1

1 +
√
ηε

∈ (0, 1). (3.13)

Therefore, 0 ≤ An ≤ nρn, which tends to 0.
Now, for x ∈ (1 − ηε, 1), set s =

√
1− x (i.e., x = 1 − s2, dx = −2s ds), then let t = ns (so

dt = nds). Without any approximation,

Bn =

∫ √ηε
0

2n s (1 + s)−n fπ(1− s2) ds

=
2

n

∫ n
√
ηε

0
t
(
1 +

t

n

)−n
fπ

(
1− t2

n2

)
dt.

Let A > 1, and δ ∈ (0, 1) be fixed, and let XL(A, ε) ≥ 1 be the constant provided by Lemma 5.4
when applied to the slowly varying function L. By decreasing ηε, if necessary, we may assume that

√
ηε ≤ min

{
δ,

1√
XL(A, ε)

}
.

Since
log(1 + x) ≥ x

1 + x
, x ≥ 0,

for 0 ≤ t ≤ n
√
ηε we have (

1 +
t

n

)−n
≤ exp

{
− t

1 + t/n

}
≤ e−t/(1+δ).

Moreover, for 0 < t ≤ n
√
ηε,

1− t2

n2
∈ (1− ηε, 1),

and hence, by (3.11),

fπ

(
1− t2

n2

)
≤ (1 + ε)

( t2
n2

)β−1
L
(n2
t2

)
.

For all sufficiently large n, n2 ≥ XL(A, ε), and, for 0 < t ≤ n
√
ηε,

n2

t2
≥ 1

ηε
≥ XL(A, ε).

Therefore, Lemma 5.4, applied to L, gives

L
(n2
t2

)
≤ Amax{t2ε, t−2ε}L(n2).

Combining these estimates, we obtain

0 ≤ Bn ≤ 2

n

∫ n
√
ηε

0
t
(
1 +

t

n

)−n
(1 + ε)

( t2
n2

)β−1
L
(n2
t2

)
dt

≤ 2(1 + ε)An1−2βL(n2)

∫ n
√
ηε

0
t2β−1max{t2ε, t−2ε}e−t/(1+δ) dt

≤ 2(1 + ε)ACε,β,δ n
1−2βL(n2),

(3.14)
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where

Cε,β,δ :=

∫ ∞
1

t2(β+ε)−1e−t/(1+δ) dt+

∫ 1

0
t2(β−ε)−1e−t/(1+δ) dt.

Since ε < β, the constant Cε,β,δ is finite.
If β > 1

2 , then, since L is slowly varying,

n1−2βL(n2) −→ 0 as n→ ∞.

Therefore, by (3.12) and (3.14),

0 ≤ In ≤ nρn + 2(1 + ε)ACε,β,δ n
1−2βL(n2). (3.15)

Since nρn → 0, it follows that
lim
n→∞

In = 0.

If β = 1
2 , then (3.12) and (3.14) yield

lim sup
n→∞

In ≤ 2(1 + ε)ACε,1/2,δ lim sup
n→∞

L(n2).

For fixed δ ∈ (0, 1), the Dominated Convergence Theorem gives

lim
ε↓0

Cε,1/2,δ =

∫ ∞
0

e−t/(1+δ) dt = 1 + δ.

Indeed, for 0 < ε ≤ ε0 < 1/2, the two integrands are dominated by t2ε0e−t/(1+δ) on [1,∞) and
t−2ε0e−t/(1+δ) on (0, 1], respectively. Letting ε ↓ 0 and A ↓ 1, and then δ ↓ 0, we obtain

lim sup
n→∞

In ≤ 2 lim sup
n→∞

L(n2).

Thus, (3.6) and (3.7) hold, and item (i) follows.
□

Proof of Theorem 2.2 (ii):
For n ∈ N, define Rn(x) := n

(
1−
√
1−x2

x

)n, and

Jn :=

∫ 1

0
Rn(x) fπ(x) dx.

For x ∈ (0, 1), set s =
√
1− x2 (so x =

√
1− s2 and dx = − s√

1−s2 ds). Then

Jn =

∫ 1

0
n
( 1− s√

1− s2

)n s√
1− s2

fπ
(√

1− s2
)
ds.

Making the scaling t = ns (so ds = dt/n and t ∈ (0, n)) leads to

Jn =
1

n

∫ n

0
t

(
1− t

n√
1− t2

n2

)n
1√

1− t2

n2

fπ

(√
1− t2

n2

)
dt. (3.16)

We now seek suitable bounds for each factor in the integrand. For s ∈ (0, 1), define

r(s) :=
1− s√
1− s2

∈ (0, 1).

By Lemma 5.1 (iii) lims↓0
− log r(s)

s = 1. By the definition of limit, for any ε ∈ (0, β) ⊂ (0, 1/2], there
exists δε,1 ∈ (0, 1) such that

∣∣− log r(s)
s − 1

∣∣ < ε for all s ∈ (0, δε,1]. Hence

(1− ε) s ≤ − log r(s) ≤ (1 + ε) s, s ∈ (0, δε,1].
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Exponentiating yields e−(1+ε)s ≤ r(s) ≤ e−(1−ε)s for all s ∈ [0, δε,1]. Taking again s = t/n, we
deduce

e−(1+ε)t ≤

(
1− t

n√
1− t2

n2

)n

= r
( t
n

)n
≤ e−(1−ε)t, t ∈ (0, nδε,1]. (3.17)

Moreover, for any fixed t > 0, the bounds in (3.17) can be made arbitrarily close to e−t, and
choosing n large enough so that t < nδε,1 ensures that the inequality holds. Consequently, we have
the pointwise convergence

lim
n→∞

r
( t
n

)n
= e−t. (3.18)

Next, we bound fπ(
√
1− s2) for s near 0. Note that by Lemma 5.1 (ii), we have, as s ↓ 0,

1−
√
1− s2 =

s2

2
+O(s4) =

s2

2
(1 +O(s2)).

Applying Lemma 5.1 (i) gives (1 −
√
1− s2)β−1 = 2 1−βs2β−2(1 + O(s2)) as s ↓ 0. Therefore, for

every ε ∈ (0, β), there exists δε,2 ∈ (0, δε,1] such that

(1− ε) 2 1−β s2β−2 ≤
(
1−

√
1− s2

)β−1
, s ∈ (0, δε,2].

Combining this with equations (5.1) and (3.11) in which u =
√
1− s2, we conclude that there

exists δ∗ε ∈ (0, δε,2] such that

(1− ε)3 2 1−β s2β−2L
( 1

s2

)
≤ fπ

(√
1− s2

)
, s ∈ (0, δ∗ε ]. (3.19)

Now define

Dn :=
1

n

∫ nδ∗ε

0
t

(
1− t

n√
1− t2

n2

)n
1√

1− t2

n2

fπ

(√
1− t2

n2

)
dt (3.20)

and note that Dn ≤ Jn.
By Potter’s bound (5.2) from Lemma 5.4, for every A > 1 there exists X = X(A, ε) ≥ 1 such

that, for all sufficiently large n,

L
(n2
t2

)
≥ A−1min{t2ε, t−2ε}L(n2)

whenever

n2 ≥ X(A, ε) and
n2

t2
≥ X(A, ε).

Now fix T > 0. For all sufficiently large n ∈ N,

T ≤ nδ∗ε , n2 ≥ X(A, ε), and
n2

T 2
≥ X(A, ε).

Thus, for every t ∈ (0, T ],
n2

t2
≥ n2

T 2
≥ X(A, ε),

and consequently

L
(n2
t2

)
≥ A−1min{t2ε, t−2ε}L(n2).

Combining this estimate with (3.20) and (3.19), we obtain
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Dn ≥ n1−2β
∫ T

0
t

(
1− t

n√
1− t2

n2

)n
1√

1− t2

n2

(1− ε)3 2 1−βt2β−2L
(n2
t2

)
dt

≥ (1− ε)3A−12 1−β n1−2βL(n2)

∫ T

0
t

(
1− t

n√
1− t2

n2

)n
1√

1− t2

n2

t2β−2 min{t2ε, t−2ε}dt

Additionally, for t ∈ [0, T ],

1 ≤ 1√
1− t2

n2

≤ 1√
1− T 2

n2

−−−→
n→∞

1,

and by (3.17) there exists N ∈ N such that, if n ≥ N ,

t

(
1− t

n√
1− t2

n2

)n
1√

1− t2

n2

t2β−2min{t2ε, t−2ε} ≤ 2e−(1−ε)tt2β−1min{t2ε, t−2ε}, t ∈ [0, T ].

Moreover, 2e−(1−ε)tt2β−1min{t2ε, t−2ε} is integrable on [0, T ], and by (3.18) the hypotheses of
the Dominated Convergence Theorem are satisfied. Therefore,∫ T

0
t

(
1− t

n√
1− t2

n2

)n
1√

1− t2

n2

t2β−2 min{t2ε, t−2ε}dt −−−→
n→∞

∫ T

0
e−tt2β−1 min{t2ε, t−2ε} dt.

Then,

lim inf
n→∞

Dn ≥ (1− ε)3A−1 2 1−β
(∫ T

0
t2β−1e−t min{t2ε, t−2ε} dt

)
lim inf
n→∞

n 1−2βL(n2).

Note that the previous equation holds for every T > 0, ε ∈ (0, β), and A > 1. Additionally,
min{t2ε, t−2ε} ≤ 1, t > 0, and t2β−1e−t is integrable on [0, T ]. Hence, using Jn ≥ Dn and then
letting ε ↓ 0 in the preceding bound, the Dominated Convergence Theorem yields

lim inf
n→∞

Jn ≥ A−1 2 1−β
(∫ T

0
t2β−1e−t dt

)
lim inf
n→∞

n 1−2βL(n2).

Finally, letting T → ∞ and A ↓ 1 yields

lim inf
n→∞

Jn ≥ 21−βΓ(2β) lim inf
n→∞

n 1−2βL(n2).

Therefore, {
lim infn→∞ Jn = ∞, if β < 1

2 ,

lim infn→∞ Jn ≥
√
2 lim infn→∞ L(n

2), if β = 1
2 .

(3.21)

Thus, (3.8) and (3.9) hold, and item (ii) follows.
□

3.2. Results regarding odds. This section develops auxiliary results concerning the odds variable
which provides an alternative parametrization of the survival law.

The proofs rely on change-of-variables arguments and on uniform convergence theorems for reg-
ularly varying functions. These results ensure that heavy-tailed behavior is stable under natural
transformations and confirm that the exponent β continues to govern the asymptotics relevant to
the frog model.
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Proof of Proposition 2.5: Let π := X
1+X . By the change-of-variables theorem, π admits a density

given by fπ(u) := fX
(
u/(1− u)

)
/(1− u)2. For t = u

1−u we have (1− u) = 1/(1 + t) and

fπ(u)

(1− u)β−1 LX

(
1

1−u
) =

fX(t) (t+ 1)β+1

LX(t+ 1)
=

(
fX(t) tβ+1

LX(t)

)
LX(t)

LX(t+ 1)

(
1 + 1/t

)β+1
. (3.22)

Since LX is slowly varying at infinity, we have LX(t) ∼ LX(t + 1), and therefore, by (2.2), the
expression in (3.22) converges to 1 as t ↑ ∞. This completes the proof, since u ↑ 1 as t ↑ ∞.

□

Proof of Proposition 2.6: Let Z := XY . By the change–of–variables theorem, consider

T : (0,∞)× (0,∞) → (0,∞)× (0,∞), T (x, y) = (z, y) with z = xy.

For y > 0 the inverse map is T−1(z, y) = (z/y, y), and the Jacobian determinant is

det ∂(x,y)
∂(z,y) =

1

y
.

If X and Y are independent with densities fX and fY , then the joint density of (Z, Y ) is

fZ,Y (z, y) =
1

y
fX

(z
y

)
fY (y), y > 0.

Integrating out y > 0 yields the density of Z:

fZ(z) =

∫ ∞
0

1

y
fX

(z
y

)
fY (y) dy, z > 0.

Define the rescaled integrand

Hz(y) :=
1

y

fX(z/y)

z−(β+1) LX(z)
, y > 0, (3.23)

so that
fZ(z)

z−(β+1) LX(z)
=

∫ ∞
0

Hz(y) fY (y) dy = E[Hz(Y )] .

By (2.3), for each fixed y > 0,

fX(z/y)

z−(β+1) LX(z)
=

fX(z/y)

(z/y)−(β+1) LX(z/y)︸ ︷︷ ︸
=1

·yβ+1 · LX(z/y)

LX(z)︸ ︷︷ ︸
−→ 1

(z → ∞).

Hence, by (3.23),
Hz(y) −−−→

z→∞
yβ for every y > 0. (3.24)

Fix δ ∈
(
0,min{1, β, ε}

)
andC > 1. By Potter’s bounds for regularly varying functions (see

Bingham et al., 1987, Thm. 1.5.6), there exists tδ,C > 0 such that

fX(tu)

fX(t)
≤ C u−(β+1)+δ, u ≥ 1, t ≥ tδ,C . (3.25)

Take z ≥ z0 := tδ,C . With t = z and u = 1/y, we obtain

fX(z/y)

z−(β+1)LX(z)
=
fX(z/y)

fX(z)
≤ C yβ+1−δ, 0 < y ≤ 1. (3.26)

Moreover, define
g(z) := fX(z)zβ+1+δ = zδLX(z), z > 0.
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Then g is regularly varying with index δ. Since LX is bounded on every interval (0,M ], so is g.
Hence, the Uniform Convergence Theorem (see, e.g., Bingham et al., 1987, Thm. 1.5.2) yields that,
for every b > 0,

sup
λ∈(0,b]

∣∣∣∣g(λz)g(z)
− λδ

∣∣∣∣ −−−→z→∞
0.

In particular, taking b = 1, given η > 0, there exists z1 := z1(η) > 0 such that, if z ≥ z1, then

g(λz)

g(z)λδ
≤ 1 + ηλ−δ, λ ∈ (0, 1].

Therefore, for z ≥ z1 and y > 1, taking λ = 1/y, we obtain

fX(z/y)

z−(β+1)LX(z)
=
fX(z/y)

fX(z)

= yβ+1 g(z/y)

g(z)y−δ

≤ yβ+1
(
1 + ηyδ

)
, y > 1.

(3.27)

Dividing by y (cf. (3.23)) yields the uniform bound

0 ≤ Hz(y) ≤ Cyβ−δ1(0,1](y) + yβ
(
1 + ηyδ

)
1(1,∞)(y), z ≥ z0 ∨ z1. (3.28)

Let

G(y) := Cyβ−δ1(0,1](y) + yβ
(
1 + ηyδ

)
1(1,∞)(y).

Since δ < β,

yβ−δ ≤ 1, 0 < y ≤ 1.

Moreover, since δ < ε and E[Y β+ε] <∞, we have

E[Y β+δ] <∞.

Consequently, E[G(Y )] <∞, and

0 ≤ Hz(Y ) ≤ G(Y ), z ≥ z0 ∨ z1.

Therefore, the Dominated Convergence Theorem gives

fZ(z)

z−(β+1)LX(z)
= E[Hz(Y )] −−−→

z→∞
E[Y β].

Hence, (2.4) follows.
□

4. Examples

This chapter presents examples that illustrate the scope of the main theorem and clarify how the
parameter β and the slowly varying function L arise in concrete settings. These cases demonstrate
that the exponent β alone determines the phase transition, while L influences only the boundary
behavior. The examples also show that a wide range of probabilistic models naturally fit into the
framework developed in the previous sections.
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4.1. Distributions satisfying the main condition. This section lists representative survival-parameter
distributions whose densities satisfy condition (2.1).

The examples include elementary choices, such as power-law densities, as well as distributions
obtained through transformations of Gamma variables. These explicit computations illustrate how
diverse families of distributions fall within the scope of the general asymptotic condition used in
Theorem 2.2.

Example 4.1. Let β > 0 and define, for u ∈ (0, 1),

fπ(u) = β(1− u)β−1.

Then, fπ satisfies condition (2.1), with the explicit choices

β as given, L((1− u)−1) ≡ β.

Example 4.2. LetX ∼ Gamma(α, λ1) and Y ∼ Gamma(β, λ2) be independent, with shapes α, β > 0
and (rate) parameters λ1, λ2 > 0. Define

π :=
X

X + Y
∈ (0, 1).

We shall prove that π has density, for 0 < u < 1,

fπ(u) =
Γ(α+ β)

Γ(α)Γ(β)

λα1λ
β
2 u

α−1(1− u)β−1(
λ2 + (λ1 − λ2)u

)α+β
.

Therefore,

fπ(u) ∼
Γ(α+ β)λβ2

Γ(α)Γ(β)λβ1
(1− u)β−1 (u ↑ 1).

Thus, fπ fits condition (2.1), with the explicit choices

β as given, L((1− u)−1) ≡ Γ(α+ β)λβ2

Γ(α)Γ(β)λβ1
.

Moreover, for λ1 = λ2, this reduces to the case where π ∼ Beta(α, β).

Proof : Let

π =
X

X + Y
∈ (0, 1), V = X + Y ∈ (0,∞).

By independence,

fX,Y (x, y) = fX(x)fY (y) =
λα1
Γ(α)

xα−1e−λ1x λβ2
Γ(β)

yβ−1e−λ2y 1(0,∞)2(x, y).

Consider the bijection T : (0,∞)2 → (0, 1)× (0,∞) defined by

(u, v) = T (x, y) :=
(

x
x+y , x+ y

)
, so that (x, y) = (uv, (1− u)v).

The support maps as (x, y) ∈ (0,∞)2 ⇐⇒ (u, v) ∈ (0, 1)× (0,∞).
The Jacobian determinant of the inverse map (u, v) 7→ (x, y) equals

J(u, v) = det

(
∂x/∂u ∂x/∂v

∂y/∂u ∂y/∂v

)
= det

(
v u

− v 1− u

)
= v.
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For u ∈ (0, 1) and v > 0,

fπ,V (u, v) = fX,Y (uv, (1− u)v) |J(u, v)|

=
λα1
Γ(α)

(uv)α−1e−λ1uv λβ2
Γ(β)

(
(1− u)v

)β−1
e−λ2(1−u)v |v|

=
λα1λ

β
2

Γ(α)Γ(β)
uα−1(1− u)β−1 vα+β−1 e−{λ2+(λ1−λ2)u} v.

Set
A(u) := λ2 + (λ1 − λ2)u so that A(u) > 0 for u ∈ (0, 1).

Integrating fπ,V (u, v) in v,

fπ(u) =

∫ ∞
0

fπ,V (u, v) dv

=
λα1λ

β
2

Γ(α)Γ(β)
uα−1(1− u)β−1

∫ ∞
0

vα+β−1e−A(u)v dv.

Using the gamma integral
∫∞
0 vk−1e−av dv = Γ(k)a−k (valid for a, k > 0) with k = α + β and

a = A(u), we obtain

fπ(u) =
λα1λ

β
2

Γ(α)Γ(β)
uα−1(1− u)β−1 Γ(α+ β)

(
A(u)

)−(α+β)

=
Γ(α+ β)

Γ(α)Γ(β)

λα1λ
β
2 u

α−1(1− u)β−1(
λ2 + (λ1 − λ2)u

)α+β
, 0 < u < 1,

which is the claimed density.
□

Example 4.3. The generalized Beta distribution of the first kind has density

fπ(u; a, b, c) =
c

B(a, b)
uac−1 (1− uc)b−1, 0 < u < 1,

with a, b, c > 0. As u ↑ 1, uac−1 → 1 and 1− uc ∼ c(1− u), hence

fπ(u) ∼
c b

B(a, b)
(1− u)b−1.

Therefore, fπ satisfies condition (2.1), with

β = b, L((1− u)−1) ≡ c b

B(a, b)
.

4.2. Inconclusive regime. Here we give an example where the conditions of Theorem 2.2 and Re-
mark 2.4 are not satisfied, and yet we may find conclusions about survival.

Let
L(x) := (log x)sin(log log x) = exp

(
(log log x) sin(log log x)

)
, x > 1.

By Lemma 5.5, L is slowly varying at infinity. Consider π such that

fπ(u) ∼ (1− u)−1/2 L
(
(1− u)−1

)
as u ↑ 1.

Again by Lemma 5.5,

lim inf
x→∞

L(x) = 0 and lim sup
x→∞

L(x) = ∞,

so Theorem 2.2 and Remark 2.4 are inconclusive in this regime.
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From the proof of Theorem 2.2 and inequalities (3.7) and (3.9), we obtain

√
2 ≤ lim inf

n→∞

nP(D→ ≥ n)

L(n2)
≤ lim sup

n→∞

nP(D→ ≥ n)

L(n2)
≤ 2 (4.1)

Moreover, by Lemma 5.6,

lim inf
n→∞

nP(D→ ≥ n) log
( 1

P(D→ ≥ n)

)
≥ 1√

2
.

Let FW(N,R) denote the firework process with the number of stations given by N and the radii
given by R (see Bertacchi and Zucca, 2013). As observed in Carvalho and Machado (2026), when
Nz = ηz and Rz,i = D→z,i, the process FW(N,R) is dominated by FM(Z, π, η) in the sense that

P[FW(N,R) percolates] ≤ P[FM(Z, π, η) survives].

Assuming P(η > n) ∼ c n−1 for some c > 0, Corollary 3.3 (3) of Bertacchi and Zucca (2013)
yields survival whenever c >

√
2.

4.3. Odds satisfying the conditions. Table 4.1 compiles examples of densities satisfying the tail
condition (2.2). Precisely, each entry provides a random variable X with fX(t) ∼ t−(β+1)LX(t) as
t→ ∞. Proposition 2.5 implies that for π := X/(1 +X),

fπ(u) ∼ (1− u)β−1 LX

( 1

1− u

)
(u ↑ 1).

Parameter supports are indicated in the first column; the corresponding values of β and the slowly
varying factor LX appear in the remaining columns.

Table 4.1. Examples of densities with regularly varying tails: fX(t) ∼ t−(β+1)LX(t)
as t→ ∞.

Family (parameters) Representative pdf fX(t) β LX(t)

Pareto I (xm > 0, α > 0) αxα
m t−(α+1) 1{t≥xm} α αxα

m

Lomax (Pareto II) (α > 0, λ > 0) α
λ
(1 + t/λ)−(α+1) α αλα

Generalized Pareto (ξ > 0, σ > 0) σ−1
(
1 + ξt/σ

)−1/ξ−1
1/ξ ξ−(1/ξ+1) σ1/ξ

Beta prime (a > 0, b > 0) B(a, b)−1 ta−1(1 + t)−(a+b) b B(a, b)−1

F (d1 > 0, d2 > 0) B
(

d1
2
, d2

2

)−1(
d1
d2

)d1/2
td1/2−1

×
(
1 + d1

d2
t
)−(d1+d2)/2

d2/2 B
(

d1
2
, d2

2

)−1(
d2
d1

)d2/2

Burr XII (c > 0, k > 0) c k tc−1(1 + tc)−(k+1) ck ck

Inverse–Gamma (a > 0, b > 0) baΓ(a)−1 t−(a+1)e−b/t a baΓ(a)−1e−b/t

Fréchet (α > 0) α t−(α+1)e−t−α

α α e−t−α

|Sµ|, where Sµ is standard symmetric
µ-stable (µ ∈ (0, 2))

(no closed form; known tail) µ
2µΓ(µ) sin(πµ/2)

π

Log–Pareto (α > 0, ρ ∈ R) Cα,ρ t
−(α+1)(log t)ρ 1{t≥e} α Cα,ρ(log t)

ρ

Notes. The indicator 1{·} is shown only when the support differs from t > 0 (Pareto I, Log–Pareto). B(·, ·) is the
Beta function; Γ(·) the Gamma function; Γ(s, x) the upper incomplete gamma function. For Log–Pareto,

Cα,ρ = αρ+1/Γ(ρ+ 1, α).
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5. Auxiliary results

Appendix 5 collects several analytic estimates used throughout the proofs in Section 3. These
include Taylor-type expansions, square-root and logarithmic approximations, and bounds for slowly
varying functions such as Potter estimates and uniform convergence results.

Lemma 5.1. (i) Let γ ∈ R and define φ(x) = (1+x)γ for x > −1. Fix any δ ∈ (0, 1). Then, there
exists a constant C = C(γ, δ) > 0 such that∣∣(1 + x)γ −

(
1 + γx

)∣∣ ≤ C x2 for all |x| ≤ δ.

Equivalently,
(1 + x)γ = 1 + γx+O(x2) (x→ 0).

If θ = θ(s) → 0 as s→ 0, then

(1 + θ(s))γ = 1 + γ θ(s) +O
(
θ(s)2

)
.

In particular, if θ(s) = O(sk) for some k > 0, then

(1 + θ(s))γ = 1 + γ θ(s) +O(s2k).

(ii) There exist δ ∈ (0, 1) and C > 0 such that, for all s with |s| ≤ δ,∣∣∣ (1−√1− s2
)
− 1

2 s
2
∣∣∣ ≤ C s4.

Equivalently,
1−

√
1− s2 = 1

2 s
2 +O(s4) (s→ 0).

(iii) Let r(s) :=
1− s√
1− s2

for s ∈ (−1, 1). There exist δ ∈ (0, 1) and K > 0 such that, for all

|s| ≤ δ, ∣∣log r(s) + s
∣∣ ≤ K |s|3.

Equivalently, log r(s) = −s+O(s3) as s→ 0.

Proof : Proof of (i): Let x ∈ [−δ, δ] we have 1 + x ≥ 1− δ > 0, hence φ is C2 there with

φ′(x) = γ(1 + x)γ−1, φ′′(x) = γ(γ − 1)(1 + x)γ−2.

By Taylor’s theorem with Lagrange remainder at 0,

(1 + x)γ = φ(0) + φ′(0)x+
φ′′(ξx)

2
x2 = 1 + γx+

γ(γ − 1)

2
(1 + ξx)

γ−2 x2,

for some ξx between 0 and x. Since (1 + ξ)γ−2 is continuous on [−δ, δ],
M := sup

|ξ|≤δ

∣∣(1 + ξ)γ−2
∣∣ <∞,

and hence ∣∣(1 + x)γ − (1 + γx)
∣∣ ≤ |γ(γ − 1)|

2
M x2 =: C(γ, δ)x2.

Proof of (ii): Consider φ(x) :=
√
1− x on x ∈ [0, 1). Then

φ(0) = 1, φ′(x) = −1
2(1− x)−1/2, φ′′(x) = −1

4(1− x)−3/2.

By Taylor’s theorem with Lagrange remainder at 0, for any x ∈ [0, δ2] we have

φ(x) = φ(0) + φ′(0)x+
φ′′(ξx)

2
x2 = 1− 1

2x+
−1

4(1− ξx)
−3/2

2
x2 = 1− 1

2x− 1
8(1− ξx)

−3/2x2,

for some ξx ∈ (0, x). Rearranging,

1−
√
1− x = 1

2 x+ 1
8(1− ξx)

−3/2 x2.
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Fix δ ∈ (0, 1); then for all x ∈ [0, δ2] we have (1− ξx)
−3/2 ≤ (1− δ2)−3/2. Hence,∣∣∣ (1−√

1− x
)
− 1

2x
∣∣∣ ≤ 1

8
(1− δ2)−3/2 x2 =: C0 x

2.

Finally, set x = s2 to obtain, for |s| ≤ δ,∣∣∣ (1−√1− s2
)
− 1

2 s
2
∣∣∣ ≤ C0 s

4,

which proves the claim with C = C0.
Proof of (iii): Write log r(s) = ϕ(s) + ψ(s) with

ϕ(s) := log(1− s), ψ(s) := −1
2 log(1− s2).

On [−δ, δ] ⊂ (−1, 1), ϕ is C3 with

ϕ(0) = 0, ϕ′(s) = −(1− s)−1, ϕ′′(s) = −(1− s)−2, ϕ′′′(s) = −2(1− s)−3.

Taylor’s theorem with Lagrange remainder at 0 yields

ϕ(s) = ϕ(0) + ϕ′(0)s+ 1
2ϕ
′′(0)s2 + 1

6ϕ
′′′(ξs)s

3 = −s− 1
2s

2 +Rϕ(s),

for some ξs between 0 and s, with

|Rϕ(s)| =
|ϕ′′′(ξs)|

6
|s|3 ≤ 2

6
(1− δ)−3 |s|3 =: C1 |s|3.

Define χ(x) := −1
2 log(1− x) on [0, δ2]. Then, χ is C3 with

χ(0) = 0, χ′(x) = 1
2(1− x)−1, χ′′(x) = 1

2(1− x)−2, χ′′′(x) = (1− x)−3.

Taylor at 0 gives

χ(x) = 1
2x+ 1

4x
2 +Rχ(x), |Rχ(x)| ≤

sup[0,δ2] χ
′′′

6
x3 ≤ (1− δ2)−3

6
x3.

Now take x = s2. Then

ψ(s) = χ(s2) = 1
2s

2 + 1
4s

4 +Rχ(s
2), |Rχ(s

2)| ≤ C2 |s|6, C2 :=
1
6(1− δ2)−3.

Summing ϕ and ψ,

log r(s) =
(
−s− 1

2s
2 +Rϕ(s)

)
+
(
1
2s

2 + 1
4s

4 +Rχ(s
2)
)
= −s+

(
Rϕ(s) +Rχ(s

2) + 1
4s

4
)
.

Hence ∣∣log r(s) + s
∣∣ ≤ |Rϕ(s)|+ |Rχ(s

2)|+ 1
4 |s|

4 ≤ C1|s|3 + C2|s|6 + 1
4 |s|

4 ≤ K |s|3,

for all |s| ≤ δ, with K := C1 +
1
4δ + C2δ

3. □

Lemma 5.2. Let L be slowly varying at ∞. Then, as s ↓ 0,

L
( 1

1−
√
1− s2

)
L
( 1

s2

) −→ 1.

Proof : For s ∈ (0, 1),

1−
√
1− s2 =

(1−
√
1− s2)(1 +

√
1− s2)

1 +
√
1− s2

=
s2

1 +
√
1− s2

.

Hence
1

1−
√
1− s2

=
1 +

√
1− s2

s2
= λs xs, xs :=

1

s2
−−→
s↓0

∞, λs := 1 +
√
1− s2 ∈ (1, 2).
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Since L is slowly varying at ∞, the Uniform Convergence Theorem (see, e.g., Bingham et al.,
1987, Thm. 1.2.1) yields that for every compact K ⊂ (0,∞),

sup
λ∈K

∣∣∣∣∣L(λx)L(x)
− 1

∣∣∣∣∣ −−−→x→∞
0.

Apply this with K = [1, 2], x = xs and λ = λs to obtain: for every ε > 0 there exists δε ∈ (0, 1)
such that for all s ∈ (0, δε), ∣∣∣∣L(λsxs)L(xs)

− 1

∣∣∣∣ =
∣∣∣∣∣L
(

1
1−
√
1−s2

)
L
(

1
s2

) − 1

∣∣∣∣∣ < ε.

This proves the claim. □

Remark 5.3. By Lemma 5.2, for every ε ∈ (0, 1), there exists δε ∈ (0, 1) such that for all s ∈ (0, δε),

(1− ε)L
( 1

s2

)
≤ L

( 1

1−
√

1− s2

)
≤ (1 + ε)L

( 1

s2

)
. (5.1)

Lemma 5.4. Let L be slowly varying at ∞. Then, for every ε > 0 and every A > 1 there exist
X = X(A, ε) ≥ 1 and n0 = n0(A, ε) ∈ N such that, for all n ≥ n0 and all t > 0 with

n2 ≥ X and
n2

t2
≥ X

(
equivalently 0 < t ≤ n/

√
X
)
,

A−1 min{t2ε, t−2ε}L(n2) ≤ L
(n2
t2

)
≤ A max{t2ε, t−2ε}L(n2). (5.2)

In particular, if t ∈ (0, 1], one obtains the one–sided form

A−1 t2ε L(n2) ≤ L
(n2
t2

)
≤ At−2ε L(n2) (n sufficiently large). (5.3)

Moreover, for every compact interval 0 < a ≤ t ≤ b <∞,

sup
t∈[a,b]

∣∣∣∣∣L
(
n2/t2

)
L(n2)

− 1

∣∣∣∣∣ −−−→n→∞
0, (5.4)

that is, the convergence is uniform on compact sets of t.

Proof : By Potter’s bound for slowly varying functions, for every ε > 0 and every A > 1, there exists
X = X(A, ε) ≥ 1 such that, for all x, y ≥ X,

L(y)

L(x)
≤ Amax

{(y
x

)ε
,
(y
x

)−ε}
.

Applying the same bound with x and y interchanged gives

L(x)

L(y)
≤ Amax

{(
x

y

)ε

,

(
x

y

)−ε}
= Amax

{(y
x

)ε
,
(y
x

)−ε}
.

Since L is positive, taking reciprocals yields
L(y)

L(x)
≥ A−1min

{(y
x

)ε
,
(y
x

)−ε}
.

Consequently, for all x, y ≥ X,

A−1min

{(y
x

)ε
,
(y
x

)−ε}
≤ L(y)

L(x)
≤ Amax

{(y
x

)ε
,
(y
x

)−ε}
. (5.5)

See Bingham et al. (1987, Theorem 1.5.6).
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Apply (5.5) with x = n2 and y = n2/t2. The stated size conditions ensure x, y ≥ X(A, ε), and we
obtain (5.2). If, in addition, t ∈ (0, 1], then min{t2ε, t−2ε} = t2ε and max{t2ε, t−2ε} = t−2ε, which
yields (5.3) once n is large enough so that n2 ≥ X(A, ε).

Finally, (5.4) follows from the Uniform Convergence Theorem for slowly varying functions (see,
e.g., Bingham et al., 1987, Thm. 1.2.1). This completes the proof. □

Lemma 5.5. Let

L(x) := (log x)sin(log log x) = exp
(
(log log x) sin(log log x)

)
, x > e.

Then, L is a slowly varying function with

lim inf
x→∞

L(x) = 0 and lim sup
x→∞

L(x) = ∞.

Proof : Fix λ > 0 and set u(x) := log log x and

δ(x) := u(λx)− u(x) = log

(
log(λx)

log x

)
= log

(
1 +

log λ

log x

)
.

Since log λ
log x → 0 as x→ ∞, there exists x0 such that for x ≥ x0,

|δ(x)| ≤ 2| log λ|
log x

≤ 1.

Write logL(x) = g(u(x)) with g(u) := u sinu. By the mean value theorem,∣∣g(u(x) + δ(x))− g(u(x))
∣∣ = |g′(ξx)| |δ(x)|,

for some ξx between u(x) and u(x) + δ(x), where

g′(u) = sinu+ u cosu, so |g′(ξx)| ≤ 1 + ξx ≤ 2 + u(x) for x ≥ x0.

Hence, for x ≥ x0,∣∣∣∣log L(λx)L(x)

∣∣∣∣ = ∣∣g(u(λx))− g(u(x))
∣∣ ≤ (2 + log log x

) 2| log λ|
log x

−−−→
x→∞

0.

Therefore, L(λx)
L(x) → 1, i.e., L is slowly varying at infinity.

For k ∈ N set

tk :=
π

2
+ 2πk, sk :=

3π

2
+ 2πk, xk := exp(exp tk), yk := exp(exp sk).

Then, u(xk) = tk and u(yk) = sk, hence

L(xk) = exp
(
tk sin tk

)
= exp(tk) −−−→

k→∞
∞, L(yk) = exp

(
sk sin sk

)
= exp(−sk) −−−→

k→∞
0,

which proves the claim. □

Lemma 5.6. Let

Gn := nP(D→ ≥ n) log
( 1

P(D→ ≥ n)

)
, n ∈ N.

Assume there exist 0 < A− ≤ A+ <∞ such that

0 < A− ≤ lim inf
n→∞

nP(D→ ≥ n)

L(n2)
≤ lim sup

n→∞

nP(D→ ≥ n)

L(n2)
≤ A+ <∞, (5.6)

where L(x) is as defined in Lemma 5.5. Then:

A−
2

≤ lim inf
n→∞

Gn.
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Proof : Fix n ≥ 2 and set

ℓn := log(n2) = 2 log n, un := log ℓn = log(2 log n), tn := sinun ∈ [−1, 1].

Then, L(n2) = etnun . Define

Hn := − log
(L(n2)

n

)
L(n2) = etnun

(
log n− tnun

)
.

A direct identity gives

Gn = anHn − an L(n
2) log an, an :=

nP(D→ ≥ n)

L(n2)
. (5.7)

From (5.6), for every ε > 0 there exists Nε such that, for n ≥ Nε,

an ≤ A+ + ε and | log an| ≤ Cε, (5.8)

for some finite Cε.
For n ∈ N, define

hn(t) := etun
(
log n− tun − log an

)
, t ∈ [−1, 1].

Then
h′n(t) = une

tun
(
log n− tun − 1− log an

)
.

Since un = log(2 log n) = o(log n) and | log an| ≤ Cε, there is N ′ε such that, for n ≥ N ′ε and
t ∈ [−1, 1],

log n− tun − 1− log an ≥ log n− un − 1− Cε > 0.

Thus, t 7→ hn(t) is strictly increasing on [−1, 1] for all n large, and hence

hn(tn) ≥ hn(−1) = e−un
(
log n+ un − log an

)
. (5.9)

Since Gn = anhn(tn) by (5.7), (5.9) yields

Gn ≥ an e
−un
(
log n+ un − log an

)
.

Using eun = 2 log n and un/ log n→ 0,

log n+ un
eun

=
1

2
+

un
2 log n

=
1

2
+ o(1).

Moreover, from (5.8), we obtain

|an log an|
eun

≤ (A+ + ε)Cε

2 log n
−−−→
n→∞

0.

Hence

lim inf
n→∞

Gn ≥ 1

2
lim inf
n→∞

an ≥ A−
2
.

□
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