ALEA, Lat. Am. J. Probab. Math. Stat. 23, 985-1000 (2026)
DOI: 10.30757/ALEA .v23-36

Biased Random Walk on the Tree of Self-Avoiding Walks:
Phase Transition

Cong Bang Huynh and Vincent Beffara

Faculty of Information Technology, Industrial University of Ho Chi Minh City, Vietnam

Univ. Grenoble Alpes, CNRS, Institut Fourier, F-38000 Grenoble, France
E-mail address: huynhcongbangdhsp@gmail. com

Univ. Grenoble Alpes, CNRS, Institut Fourier, F-38000 Grenoble, France

E-mail address: vincent.beffara@univ-grenoble-alpes.fr

Abstract. We consider the biased random walk on a tree constructed from the set of finite self-
avoiding walks on a lattice (self-avoiding tree), and use it to construct probability measures on
infinite self-avoiding walks. The limit measure (if it exists) obtained when the bias converges to its
critical value is conjectured to coincide with the weak limit of the uniform SAW. In this paper,
we prove that the critical value of the biased random walk on the self-avoiding tree is equal to
the inverse of the connective constant of the lattice. Along the way, we describe the relationship
between the biased random walk on the self-avoiding tree and the percolation on the lattice.
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1. Introduction

An n-step self-avoiding walk (SAW) (or a self-avoiding walk of length n) in a regular lattice L
(such as the integer lattice Z?2, triangular lattice T, hexagonal lattice, etc) is a nearest neighbor path
v = (70,71, - - -, 7n) that visits no vertex more than once. Self-avoiding walks were first introduced
as a lattice model for polymer chains (see Flory, 1953); while they are very easy to define, they are
extremely difficult to analyze rigorously and there are still many basic open questions about them
(see Madras and Slade, 2013, Chapter 1).

Let ¢, be the number of SAWs of length n starting at the origin. The connective constant of L,
which we will denote by p, is defined by

Cp = ;/H'O(”) when n — oo.

The existence of the connective constant is easy to establish from the sub-multiplicativity relation
Cntm < CnCm, from which one can also deduce that ¢, > p” for all n; the existence of p was first
observed by Hammersley and Morton (1954). Nienhuis (1982) gave a prediction that for all regular
planar lattices, ¢, = u”na“(l) where a = %, and this prediction is known to hold under the
assumption of the existence of a conformally invariant scaling limit, see e.g. Lawler et al. (2004).

We are interested in defining a natural probability measure on the set SAW, of infinite self-
avoiding walks (i.e., nearest-neighbors paths ()~ visiting no vertex more than once, see Sec-
tions 3.2 and 4). Such a measure was constructed before in the half-plane case as the weak limit
of the uniform measures on finite self-avoiding walks, relying on results by Kesten (see Madras and
Slade, 2013; Kesten, 1963), and it is part of our goal to investigate whether that measure and our
construction are related.

1.1. The model. In this paper, we consider a one-parameter family of probability measures on
SAWoo, denoted by (Py), ., defined informally as follows (see Section 2.3 for a formal definition).
Let Tz2 be the tree whose vertices are the finite self-avoiding walks in the plane starting at the
origin o := (0,0), where two such vertices are adjacent when one walk is a one-step extension of the
other. We will call this tree the self-avoiding tree on Z?. Denoting by H the upper-half plane in Z?
and by Q the first quadrant, defined as

H:={(z,y) €Z*:y >0} and Q:={(z,y) €Z*:x >0 andy > 0},

one can construct the self-avoiding trees T and 7g accordingly, and all the constructions below can
be extended to these cases in a natural fashion which we will not make explicit in this introduction.

Then, consider the continuous-time biased random walk of parameter A > 0 on 72, which from
a given location jumps towards the root with rate 1 and towards each of its children vertices with
rate A. Note that the parameter A in this definition of the biased random walk corresponds to 1/\
in the definition given by Lyons (1990). If A is such that the walk is transient, its path determines
an infinite branch in 72 which can be seen as a random infinite self-avoiding walk w$°; we will
denote by IP’%2 the law of w®, omitting the mention of Z? in the notation when it is clear from the
context, and call it the limit walk with parameter A.

The idea of seeing the self-avoiding walk as a dynamical object is very natural, and not new;
it seems that the biased walk on the “self-avoiding tree” was first considered, mostly for A < A,
by Berretti and Sokal (1985) (see also Sokal, 1996; Randall, 1994) as a Monte-Carlo method to
estimate connective constants and sample finite-size self-avoiding paths uniformly. The model was
discussed informally by one of the authors of the present paper (VB) with V. Sidoravicius and W.
Werner a number of years ago, as a failed attempt to understand conformal invariance of the SAW
model in the scaling limit, and in particular a proof of Theorem 1.1 was obtained at that time but
never written down; one of our informal goals here is to revive this line of thought: even though the
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question of SAW proper still seems out of reach, the link with critical percolation (cf. Section 4.2)
could be a promising direction for further research.

1.2. Main results. It is well-known that there exists a critical value A, = \.(7z2) such that if A > A.
the biased random walk is transient and if A < A. it is recurrent (see Lyons, 1990, Theorem 4.3). In
the general case of biased random walk on a tree, the recurrence or transience of the random walk
at the critical point depends in subtle ways on the structure of the tree. The value of A, on the
other hand is easier to determine: indeed, Lyons (1990) proved that it coincides with the reciprocal
of the branching number of the tree (For background on branching numbers and trees in general, we
provide the definition of this quantity in the next section. We also refer the reader to Furstenberg,
1970 and Lyons and Peres, 2016 for further details). The following theorem gives the critical value
for self-avoiding trees.

Theorem 1.1. Let Ty2, Tu, Tg be the self-avoiding trees defined as above, respectively in the plane,
half-plane and first quadrant. Then,

Ae(Taz) = Aol Tat) = AelT) = ;

where i is the connective constant of lattice Z? as defined above.

This is a direct consequence of Proposition 3.9 below. Notice that it is clear from the definition
that p is the growth rate of T;2; there are rather large classes of trees, including 72, for which the
branching and growth coincide (for instance, this holds for sub- or super-periodic trees, cf. below,
or for typical supercritical Galton-Watson trees), but none of the classical results seem to apply to

T or Tg.

1.3. Organization of the paper. The paper is structured as follows. In Section 2, we review some
basic definitions on graphs, trees, branching number and growth rate of a tree, as well as a few
classical results about random walks on trees. Then Section 3 provides some background on self-
avoiding walks and the self-avoiding trees, and some properties of the limit walks are obtained in
Section 4.

2. Notation and basic definitions

2.1. Graphs and trees. In this section, we review some basic definitions; we refer the reader to the
book Lyons and Peres (2016) for a more developed treatment. A graph is a pair G = (V, E') where
V is a set of vertices and E is a symmetric subset of V' x V (i.e if (v,u) € E then (u,v) € E),
called the edge set, containing no element of the form (v,v). If (v,u) € E, then we call v and p
adjacent or neighbors and we write v ~ y. For any vertex v € V, denote by deg v the number of its
neighbours. A path in a graph is a sequence of vertices, any two consecutive of which are adjacent.
A self-avoiding path is a path which does not pass through any vertex more than once. For any
(v,u) € V x V, the distance between v and g is the minimum number of edges among all paths
joining v and p, denoted d(v, u). A graph is connected if, for each pair (v, u) € V x V, there exist a
path starting at v and ending at pu. A connected graph with no cycles is called a tree. A morphism
from a graph G; to a graph Gs is a mapping ¢ from V(Gy) to V(Ga) such that the image of any edge
of G; is an edge of Ga. A locally finite tree is a tree in which every vertex has finite degree, meaning
that the number of its neighbors is finite. We will always consider trees to be rooted by the choice
of a vertex o, called the root.

Let 7 = (V, E) be an infinite, locally finite, rooted tree with set of vertices V' and set of edges
E. Let o be the root of T. For any vertex v € V' \ {0}, denote by v~! its parent (we also say that
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v is a child of v=1), i.e. the neighbor of v that is at the shortest distance from o. For any v € V,
let |v| be the number of edges in the unique self-avoiding path connecting v to o and call |v| the
generation of v. In particular, we have |o| = 0. Denote by T, the set of all vertices of T that are at
generation n.

If a vertex has no child, it is called a leaf. For any edge e € E denote by e~ and et its endpoints
with |eT| = |e7| + 1, and define the generation of an edge as |e| = |eT|. We define an order
on V(T) as follows: if v, € V(T), we say that v < p if the simple path joining o to u passes
through v. For each v € V(T), we define the subtree of T rooted at v, denoted by T", where
V(T") :={p e V(T) : v < p} and E(T") = E(T)lv1v)xv(17)-

An infinite simple path starting at o is called a ray. The set of all rays, denoted by 07T, is called
the boundary of T. The set 7 UJT can be equipped with a metric that makes it a compact space,
see Furstenberg (1970).

In the remaining part of this paper, we consider only infinite, locally finite and rooted trees with
root o.

2.2. Branching and growth.

Definition 2.1. Let 7 be an infinite, locally finite and rooted tree. An E-cutset (resp. V-cutset)
in 7 is a set m of edges (resp. vertices) such that, for any infinite self-avoiding path (v;),, started
at the root, there exists an ¢ > 0 such that [v;_1,1;] € m (resp. v; € 7). In other words, an E-cutset
(resp. V-cutset) is a set of edges (resp. vertices) separating the root from infinity. We use II to
denote the set of E-cutsets.
Definition 2.2. Let 7 be an infinite, locally finite and rooted tree.

e The branching number of T is defined by:

br(T) = sup {/\ >1: in% ATl > O} .
TE
ecm

e We define also
gr(T) = limsup | T,|"/™  and gr(T) = liminf 1TV

In the case gr(T) = gr(T), the growth rate of T is defined by their common value and
denoted by gr(T).

Remark 2.3. It follows immediately from the definition of branching number that if 77 is a subtree
of T, then br(T") < br(T).
Proposition 2.4 (Lyons, 1990). Let T be a tree, then br(T) < gr(T).

In general, the inequality in Proposition 2.4 may be strict: The 1-3 tree (see Lyons and Peres,

2016, page 4) is an example for which the branching number is 1 and the growth rate is 2. There
are classes of trees however where branching and growth match.

Definition 2.5. The tree 7 is said to be spherically symmetric if degv depends only on |v/|.
Theorem 2.6 (Lyons, 1990, Lyons and Peres, 2016, page 82). For every spherically symmetric tree
T, br(T) = gr(T).

Definition 2.7. Let N > 0: an infinite, locally finite and rooted tree 7 with root o is said to be:

o N-sub-periodic if for every v € V(T), there exists an injective morphism f : 7% — 7/
with |f(v)| < N.

o N-super-periodic if for every v € V(T), there exists an injective morphism f : 7 — 77(°)
with f(0) € TV and |f(0)| — |v| < N.
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Theorem 2.8 (see Furstenberg, 1967). Let T be an infinite, locally finite and rooted tree that is
either N-sub-periodic, or N -super-periodic with gr(T) < oo. Then the growth rate of T exists and

gr(T) =br(T).

2.3. Random walks on trees. Let T be a tree, we now define the discrete-time biased random walk
on 7. Working in discrete time will make some of the arguments below a little simpler, at the cost
of a slightly heavier definition here — notice though that the definition of the measure Py and the
main results of the paper are not at all affected by this choice.

Let A > 0: the biased walk RW), with bias A on 7 is the discrete-time Markov chain on the
vertex set of T with transition probabilities given, at a vertex x # o with k children, by

ﬁ if ¢ is the father of x,
pa(z,y) == 1+¢k/\ if 3 is a child of x,
0 otherwise.

If the root has k > 0 children, then py (o, x) is 1/k if  is a child of 0 and 0 otherwise. The degenerate
case T = {o} where the root has no child will not occur in our context, so we will silently ignore
it. We also allow ourselves to consider the cases A € {0, 00}, with the natural convention that RWj
remains stuck at the root and that RW,, always moves away from the root (to a uniformly chosen
child), getting stuck whenever it reaches a leaf.

Definition 2.9. Let G = (V, F) be a graph, and ¢ : E — R := (0,400) be labels on the edges,
referred to as conductances. Equivalently, one can fix resistances by letting r(e) := 1/c(e). The pair
(G, c) is called a network. Given a subset K of V, the restriction of ¢ to the edges joining vertices
in K defines the induced sub-network (Gk,c|x). The random walk on the network (G,c) is the
discrete-time Markov chain on V with transition probabilities proportional to the conductances.

Given a network (7,¢) on a tree, let w(0) be the sum of the conductances of the edges incident
to the root, and denote by T'(0) the first return time to the origin by the walk. Following Lyons
and Peres (2016) (page 25), we can define the effective conductance of the network by

Ce(T) = 7(0)Ce(T), (2.1)

where C,(T) := P[T(0) = +oc]. The reciprocal R.(T) of the effective conductance is called the
effective resistance.

We will be particularly interested in the case where the conductances are chosen exponentially in
the distance to the root, more precisely if for every edge e = (x,y) where x is the parent of y we let
c(e) = M|, because in that case the random walk on the network is exactly the same process as the
random walk RW) defined earlier. We will use the following notation many times in what follows.

Notation 2.10. For every parameter A > 0, assign to every edge e = (x,y), where x is the parent of y,
conductance A*l we denote by C(\, T) (resp. R(\, T)) the effective conductance (resp. resistance)
of the associated network. Moreover, if v is a child of the root o of T, we write C (A, T,v) for the
probability of the event that the random walk RW) on T, started at the root (i.e Xog = o), visits v

at its first step (i.e X; = v) and never returns to the root.

Theorem 2.11 (Rayleigh’s monotonicity principle, see Doyle and Snell, 1984). Let T be an infinite
tree with two assignments, ¢ and ¢, of conductances on T with ¢ < ¢ (everywhere). Then the
effective conductances are ordered in the same way: Co(T) < Cu(T).

Corollary 2.12. Let 7,7’ be two infinite trees; we say that 7 C 7T if there exists an injective
morphism f : 7 — 7. If this holds, then for every A > 0, C(A\,T) < C(\, 7).

In the case of spherically symmetric trees, the equivalent resistance is explicit:
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Proposition 2.13 (see Lyons and Peres, 2016). Let T be spherically symmetric cmd (c(e)) be
conductances that are themselves constant on the levels of T. Then Re(T) = 3,54 cnlﬁ\’ where ¢y,
is the conductance of the edges going from level n — 1 to level n.

Proposition 2.14 (see Lyons and Peres, 2016, Theorem 2.3, page 27). Random walk on an infinite
connected network is transient iff the effective resistance from any of its vertices to infinity is finite.

The following corollaries are the consequences of Proposition 2.13 and Proposition 2.14:

C’orollary 2.15. Let T be a spherically symmetric tree. Then RW) is transient if and only if
>on xT] < 00

Corollary 2.16. Let T be a spherically symmetric tree. The effective conductance C(A,T) is a
continuous function on (\¢, +00).

Theorem 2.17 (Nash-Williams criterion, see Nash-Williams, 1959). If (m,,n > 0) is a sequence of
patrwise disjoint finite E-cutsets in a locally finite network G, then

-1

23 (Xw) -
ecTy

In particular, if Z(Zeenn c(e))_1 = 400, then the random walk associated to this family of con-

ductances (c(e),e € E(T)) is recurrent.

We end this subsection by stating a classical theorem relating the recurrence or transience of
RW,), to the branching of the underlying tree:
Theorem 2.18 (see Lyons, 1990). Let T be an infinite, locally finite and rooted tree. If A < br(T)
then RWy 1is recurrent, whereas if A > W’ then RWy 1is transient. The critical value of biased
random walk on T is therefore A\e(T) 1= ﬁ.

3. Self-avoiding walks

The main goal of this section is to prove Theorem 1.1 (Section 3.3).

3.1. Walks and bridges. In this section, we review some definitions on the self-avoiding walk, bridges
and connective constant (see Madras and Slade, 2013). Denote by ¢, the number of self-avoiding
walks of length n, starting at the origin on the considered graph. If G is transitive, the sequence
ck " converges to a constant when n goes to infinity. This constant is called the connective constant

of G.

Definition 3.1. An n-step bridge in the plane Z? (or upper half-plane H) is an n-step self-avoiding
walk (SAW) ~ such that

Vi=1,2,...,n, 72(0) <2(i) < y2(n)

where ~2(i) is the second coordinate of (7). Denote by b, the number of all n-step bridges with
~v(0) = o. By convention, set by = 1.

We have b4y, > by, - by, hence we can define

up = lim byn —supb"

n—-+o0o

Moreover, b, < pp < p™.
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We define a notion of concatenation of paths. If y! = [y1(0),...,v}(m)] and 42 = [4%(0), ..., 7% (n)]
are two SAWs, we define v' ©+? to be the (m + n)-step walk (which is not necessarily self-avoiding)
as

’yl 6972 = [0771(1)7 s 7/71(m)7
vHm) +92(1) = 7%(0),.. ., 7 (m) + 7 (n) = 7*(0)].

Similarly, we can define y! @~2 @ - - @ ~*.

Definition 3.2. Given a bridge v of length n, we call v an irreducible bridge if it cannot be
decomposed into two shorter bridges. In other words, there do not exist two bridges v and 2 such
that v = 71 @ 2. The set of all irreducible bridges is denoted by iSAW.

3.2. Kesten’s measure. For this section, we refer the reader to Kesten (1963) and Dyhr et al. (2011)
for a more precise description. Denote by SAW., the set of all self-avoiding walks on the plane
72 or upper half-plane H (its discrete counterpart Z x Z, ). In this section, we review the Kesten
measure, which is a probability measure on the set of infinite self-avoiding paths in the half-plane
constructed from finite bridges. Denote by B (resp. I) the set of bridges (resp. irreducible bridges)
starting at the origin. Denote by p, the number of irreducible bridges starting at the origin, of
length n.

Theorem 3.3 (KKesten, 1963, Theorem 5). We have the following formula:
+oo
n=1 K
Remark 3.4. An obvious consequence of this equality is that ) B¢l < o is finite for B < 1 /.

Let us now define the Kesten measure on the SAW, in the half-plane. We fix 5 < i and denote
by Q? the probability measure on I defined by

B 5Iw|

Q)=

,w e L

where Zg = > Bll. By Theorem 3.3 and Remark 3.4, Zg is finite and thus Q" is a probability
measure on [.
Let k£ > 1, we consider the product space I*¥ and define the product probability measure Qf on

k-tuples of bridges; we also write Qg for the measure on finite self-avoiding paths defined as

3 B Qf(wl,...,wk) fy=w ®uw?a- - ¢uwk, (wi)i<k€}lk

Qk (v) = . -
0 otherwise.

The measure ng on the set of infinite self-avoiding paths is defined in the same way as the product

measure on the bridge decomposition, or equivalently as the projective limit of the Qf . From the

definition, We directly obtain the following property from the definition of the S-Kesten measure

and the notion of bridges (which touch the line Z x 0 only at step 0):

Fact 3.5. Under the -Kesten measure, the infinite self-avoiding walk, denoted by w?’ﬁ , almost
surely avoids the line Z x 0 after time 0.
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3.3. Proof of Theorem 1.1 in the case of Tz2 and Tg.

Notation 3.6. Consider the self-avoiding walks in the lattice Z? starting at the origin. We construct
a tree Tz2, which is called self-avoiding tree, from these self-avoiding walks. The vertices of Tz2 are
the finite self-avoiding walks and two such vertices joined when one path is an extension by one
step of the other. Formally, denote by €2, the set of self-avoiding walks of length n starting at the
origin and V := Uz:é Q. Two elements x,y € V are adjacent if one path is an extension by one
step of the other. We then define 772 = (V, E). In the same way, we can define other self-avoiding
trees Tw, Tg, where H is a half-plane and Q is a quarter-plane.

Remark 3.7. Note that each vertex (resp. a ray) of T2 (or Tg, Tg) is a finite self-avoiding path
(resp. an infinite self-avoiding path). Moreover, it is easy to see that the number of vertices at
generation n of Tz (or Ty, Tg) is the number of self-avoiding walks of length n in Z? (resp. H, Q).

Notation 3.8. Kesten (1963) proved that all bridges in a half-plane can be decomposed into a
sequence of irreducible bridges in a unique way. Throughout this paper, when considering such a
decomposition, we adopt the convention that consecutive irreducible bridges share endpoints, so
that the concatenation is performed without any additional translation.

An infinite self-avoiding path starting at the origin is called “m-good” if it possesses a decompo-
sition into irreducible bridges of length at most m. Denote by G,, the set of infinite self-avoiding
paths which are m-good, and let 7™ be the subtree of 772, which we will refer to as the m-good
tree, spanning the vertex set

V(T™) :={w € V(Tz2) : there exists v € G, such that 7| ,)= w}.
Proposition 3.9. Let Ty and Tg be defined as above. Then,
gr(Tzz) = br(Tz2) = gr(Ta) = br(Tu) = p,
where (v is the connective constant of the lattice Z2.

Proof: As explained in the introduction, there are rather large classes of trees, including 72, for
which the branching and growth coincide (for instance, this holds for sub- or super-periodic trees,
or for typical supercritical Galton-Watson trees), but none of the classical results seem to apply to
T or Tg.

Fix any vertex v of Tz2. It can be regarded as a self-avoiding walk of length ¢, starting at the
origin of the plane and ending at some point A. Furthermore, any self-avoiding walk of length ¢+ &
that extends the previous self-avoiding walk can be regarded as a self-avoiding walk of length k
starting at the origin. Hence, there exists an injective morphism from 7/, into 7z2. This implies
that Tz2 is a sub-periodic tree. By Theorem 2.8 and the definition of connective constant, we have

gr(Tzz) = br(Tzz) = p. (3.1)
By the Hammersley-Welsh theorem (see Hammersley and Welsh, 1962), there exists a constant B
and ng € N such that for any n > ng, ¢, < b, e?V™ from which we obtain
1
p < lim (by)» < gr(Tu) < gr(Tz2) = p. (3:2)
n—oo

Hence, gr(Tg) = p (as already mentioned in Kesten, 1963) and, by Proposition 2.4,
br(Ta) < p. (3.3)
Let b,(Lm) be the number of bridges of length n which possess a decomposition into irreducible

bridges of length at most m. Recall that (7™),, is the number of vertices of 7™ at generation n.
Then for any n > 0, we have

(T, | = 0. (3-4)
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Note that 7™ is also a subtree of Ty, so that by Remark 2.3 we have
br(T™) < br(Tm). (3.5)

On the other hand, 7™ is m-super-periodic (because from any of its vertices, one can complete the
current irreducible bridge in at most m steps after which every self-avoiding path in 7" provides
a possible continuation), so we can apply Theorem 2.8 to obtain the existence of gr(7™) and the
equality

br(T™) = gr(T™). (3.6)
We use (3.5) and (3.6) to obtain, for any m > 0,
or(Ta) = gr(T™). (3.7)

It remains to prove that lim,, ,- gr(7™) = p. Noting that the concatenation of two bridges is
itself a bridge, we see that the sequence (b,) is super-multiplicative: for any m,n,

bipn > b by and B> bl pm), (3.8)
implying the existence of y y
— 1im (pm) " = (m)) "
P = nh_{glo <bn ) = sup (bn ) . (3.9)

Fix € > 0: by (3.2) there exists mg such that for all m > my,
1

’M = (bm)m

As we already mentioned (see Notation 3.8), all bridges in a half-plane can be decomposed into

a sequence of irreducible bridges in a unique way. Therefore each bridge of length m possesses a
decomposition into irreducible bridges of length at most m. Hence, for any m > my,

by = b™). (3.11)

Combining (3.8), (3.9), (3.10) and (3.11), We obtain that, for any m > mg and for any positive
integer k,

<e (3.10)

s NN .- 1
i > () > (05)") ™ = (G4 = () > = e (3.12)
1/¢
Moreover, by (3.9), the sequence (bgm)) / converges to fi,, hence
. m). 1/km
Jim (b " =

Using this observation, (3.4) and (3.12), for any m > mg, we have p > gr(7T™) > pm > 1 — € and
then,

ILHI gr(T™) = p. (3.13)
Combining (3.3), (3.7) and (3.13) leads to br(Tm) = u. O

Theorem 1.1 in the case of Tz2 and Ty is a consequence of Theorem 2.18 and Proposition 3.9.

3.4. Proof of Theorem 1.1 in the case of Tg. In this section, we prove Theorem 1.1 in the case
of Tg. Before presenting the proof, we first introduce some definitions concerning bridges in the
quarter-plane (Q) and in a strip.

Definition 3.10. A strip of width ¢, denoted by By, is a subgraph of H bounded by two vertical
lines {Nz = a} and {Nz = b}, where b —a = {.

Fix an origin O at a corner vertex of By, as shown in Figure 3.1, and let v be a finite self-avoiding
path starting at O. We say that ~ is a self-avoiding path in the strip By if for any 0 < k < ||, we
have v(k) € By; we define the self-avoiding tree 7p, from the self-avoiding paths from O in By as in
Notation 3.6.
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A bridge (resp. an irreducible bridge) in By or in Q is defined in the same way as in the
half-plane; see Figure 3.1 for an example of a bridge in a strip. Note that every bridge in a strip is
also a bridge in the quarter-plane Q.

Let bY denote the number of bridges of length n in Q, and let pg) denote the number of bridges

of length n starting at the origin in the strip By. Let u(¢) be the connective constant of the strip
By. Grimmett and Li (2018) proved an extension of the result of Hammersley and Welsh (1962),
known as the Bridge Theorem, for a class of quasi-transitive graphs under certain conditions. By
applying the Bridge Theorem, Lindorfer (2018) showed that:

p(t) = lim (p0)", (3.14)
and that
u(Z2) = Tim u(0), (3.15)
l—00

Since By C Q, this implies that:

w(Q) = u(Z?) = p. (3.16)
[ ]
0]
- ; -

FIGURE 3.1. A bridge in a strip By

Lemma 3.11 (The subadditivity property). For ¢,n positive natural numbers, denote by p%) the
number of bridges of length n starting at the origin in the strip By. Then, for any f,n, m,k € N*,

20 2¢ k

Phom > PP and pi) > (o))"
Proof: Divide the (vertical) strip Bgy into two small strips B}, Bf of width ¢ (see Figure 3.2).
Consider 71,9 two bridges in the strip Bt}, of length m and n respectively, and concatenate ~; and
~2 to obtain a new bridge v12 := 1 @ 2 of length m + n in the strip Bsy (see Figure 3.2 again).
This is an injection, and hence for any ¢,n, m € N*,

pCD > pd) pl¥

which is the first claim of the lemma.



Biased Random Walk on the Tree of Self-Avoiding Walks 995

",’123(\’}12:;”

B J \ " Yio(|12l)

B B

FIGURE 3.2. A concatenation of 3 bridges in B}.

[ —

FI1GURE 3.3. A decomposition of a bridge in By starting at the origin into irreducible
bridges contained in By.

Given a third bridge 73 in Bl} of length ¢, we build a bridge 123 of length m + n + ¢ in By as
follows (see Figure 3.2):
723 = Y12 D3 if v12(|m2l) € B}
M2z =72 ®S(y3)  if ma(lnel) € B,

where S denotes the reflection across the vertical line going through (0,0). This is again an injection,
so for any ¢,n,m,q € N*,

(20) 0 () (¢
Prgmiq = D4 00 o).
By iterating the same construction, we obtain the second claim of the lemma, which completes the
proof. O

Proposition 3.12. Denote by br(7Tp,) the branching number of Tp,. Then,
lim br(7p,) = K,
{—00

where i is again the connective constant of Z2.
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Proof: The following argument is very close in spirit to the proof of Proposition 3.9. Recall that an
infinite self-avoiding path starting at the origin in By is m-good if it possesses a decomposition into
irreducible bridges of length at most m. Denote by G,,(By) the set of infinite, m-good self-avoiding
paths in By. Let ’Tgf) be the subtree of Tp,, which we will refer to as the m-good tree, spanning

V(TE(}T)) = {w € V(Tp,) : there exists v € Gy (By) such that 7)o, = w}

(i.e., the tree formed of all finite self-avoiding paths in B, that can be extended into an infinite,
m-good path).

Denote by pg’m) the number of bridges of length n in By, starting at the origin, which possess a
decomposition into irreducible half-plane bridges of length at most of length at most m, all of which
are contained in By. Figure 3.3 illustrates the decomposition of a bridge of By into irreducible half-
plane bridges contained in By. Note that each irreducible bridge in the decomposition is a bridge
contained in By, but is not necessarily a bridge starting at the origin of By. Recall that pq(f ) is the

number of bridges of length n in By starting at the origin of By, and that ('TE(;T))n denotes the set

of vertices of Té;n) at generation n. Then for any n > 0, we have

‘ (TB(T))J > plfm). (3.17)
By using Lemma 3.11, for any £, m,n, k we have:
¢ k 0,m mh K
G =) and pGT = (pEm)” (3.18)

We know (see Notation 3.8) that all bridges in a half-plane can be decomposed into a sequence
of irreducible bridges in a unique way; therefore each bridge in By of length m possesses a unique
decomposition into irreducible half-plane bridges contained in By of length at most m. Hence, for
any m, ¢ > 0,

i) = pli™. (3.19)
Fix € > 0, by (3.15), there exists £y such that for any ¢ > ¢y,
> p(20) > p—e. (3.20)
1
Moreover, since p(2¢) = li_>m (p%%))", then there exists ng such that for any n > ng:
1
(2" > u(20) - (3.21)
Hence by (3.18), (3.19), (3.20) and (3.21),
1 1 1
4£,7L n n)\n n
(P ™)™ = P2) = ()7 2 p(20) — € > - 2e. (3.22)
Therefore for ¢ > ¢y and m > my(¢), we have
gr(TE") > - 2e. (3.23)

On the other hand, noting that by construction, ng) is (m + 4¢)-super-periodic and has finite
growth, we can use Theorem 2.8 to get:

gr(TéZZ)) exists and gr(T]éZ)) = br(TéZ)). (3.24)
Since TESZZ) C TB,,, by using (3.23), (3.24) and Proposition 2.4 we obtain for any ¢ > /y:
p=br(Tp,,) 21— 2e, (3.25)

where we used Tp,, C Tu for the first inequality. Therefore, the sequence (br(7g,)),~,; converges
towards p when ¢ goes to infinity. B U
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Proposition 3.13. Let Tg be defined as above. Then,
gr(To) = br(Tg) = p,

where (v is the connective constant of the lattice Z2.

Proof: Since the connective constant of Q is equal to p (by 3.16), it follows that

gr(Te) = b (3.26)
On the other hand, for every ¢, we have T, C Tg, which implies
br(Ts,) < br(Tg). (3.27)
Using (3.27), (3.26), and Proposition 3.12, we obtain
p=gr(To) = br(Tg) = u, (3.28)

which completes the proof of the proposition.

O

«

Theorem 1.1 in the case of Tg is then a direct consequence of Theorem 2.18 and Proposition 3.13

4. The biased walk on the self-avoiding tree

Before concluding this paper, we briefly discuss the connection between percolation and the biased
random walk on the self-avoiding tree. This section serves to introduce the concept of the limit
walk, which will be studied in detail in future investigations. The results obtained in the previous
sections allow us to define a family of probability measures on the set of infinite self-avoiding walks.

4.1. The limit walk. Let X € [0, 400] and consider the biased random walk RW) on T where T = Ty
or T = Tz2. For A > A, the biased random walk is transient so almost surely, the random walk does
not visit 7 anymore after a sufficiently large time. We can then define the limit walk, as denoted
by w§° in the following way:

T; € 7; }

(a1
W (?) = z; = .
x (@) ! {Hno,Vn>n0:xn€ J*i

where w$® is a random ray. Denote by ]P’If\}I the law of ws® in the upper half-plane H and ]P’%2 the law

of w{® in the plane Z2. We can see ]P’If\]I (respectively ]P’%Q) as a probability measure on SAW, in the
half-plane (respectively the plane).

For what follows, it will be useful to have the following definition: removing all the finite branches
of Tr (where R is a regular lattice), leads to a new tree without leaves, which we will denote by %R-

4.2. The case A = +oo and percolation. First, we review some definitions of percolation theory.
Percolation was introduced by Broadbent and Hammersley in 1957 (see Broadbent and Hammersley,
1957). For p € [0,1], we consider the triangular lattice T, a site of T is open with probability p
or closed with probability 1 — p, independently of the others. This can also be seen as a random
colouring (in black or white) of the faces of hexagonal lattice T* dual to T. Denote by T% the upper
half-plane version of the hexagonal lattice T*. Denote by ﬁi the self-avoiding tree constructed

from the self-avoiding walks in T7% . Let 7~Hy*+ denote the version of ﬁ: obtained by removing its
leaves.

We define the exploration curve as follows (see Werner, 2009, Section 6.1.2 for more details). We
partition the hexagonal faces on the boundary (T ) into two subsets: 07 (T% ), consisting of the
faces on the left side of the origin o, and 9 (T? ), consisting of the faces on the right side of o (see
Figure 4.4). The hexagons in 0~ (T?.) are colored black, while those in 0+ (T% ) are colored white.
In addition, the hexagons inside T?% are colored independently at random: black with probability
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p and white with probability 1 — p. We then define the exploration curve ~? starting from o,
which separates the black component connected to 0~ (T% ) from the white component connected
to 9 (T% ). Then the exploration curve 7 is a self-avoiding walk on the vertices and edges of the
hexagonal lattice T* (see Figure 4.4).

FIGURE 4.4. The hexagons on the right side of origin (i.e 9 (T%)) are colored in
white and the hexagons on the left side of origin (i.e 97(T7)) are colored in black.

We can define the interface v? in an equivalent, dynamical way, informally described as follows.
At each step, 7P considers its three neighboring vertices on the hexagonal lattice, one of which is
occupied by the previous step of v*. For the next step, 7P randomly selects one of the remaining
neighbors that has not yet been visited. If only one such neighbor exists, it is chosen deterministi-
cally. If two are available, then the right neighbor is chosen with probability p and the left neighbor
with probability 1 — p.

We know that there exists p. € [0, 1] such that, for p < p., there is almost surely no infinite cluster,
while for p > p., there is almost surely an infinite cluster. This parameter is called the critical point.
It is well known that the critical point of site percolation on the triangular lattice equals % The
lower bound for the critical point was first established by Harris (1960). A corresponding result for
bond percolation on the square lattice was later obtained by Kesten (1980), and the case of the

triangular lattice follows by a similar argument.

In the case A = 400, by the same argument as Huynh (2021) one can reinterpret the second

1/2

construction of the critical exploration curve /< as the limit walk w* on ’Erjr. This is very useful

because every feature of the curve '/2 is also one for w™ and can therefore be restated in terms of the
biased walk on the self-avoiding tree. One of these properties is that 7'/2 almost surely reaches the
boundary infinitely many times, which follows from Russo-Seymour-Welsh type arguments (Russo,
1978).

In Huynh (2021), the author proved the Russo-Seymour—Welsh property for a biased random

walk with reinforcement by using a coupling between the limit walk and the exploration curve /2
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of critical Bernoulli percolation. This coupling implies that the limit walk in the reinforced case
almost surely reaches the boundary infinitely many times. In a future work, the authors will show
that this property remains valid for the biased random walk without reinforcement, RW), for all
A> A\, = L.

“w

4.3. Open question. This raises a natural question: does the law of the limit walk w$® converge to
that of w™ as A — oo? The authors strongly conjecture that this is the case; however, we have not
been able to provide a proof so far.
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