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Abstract. We derive explicit representations for the (Siegmund) dual and the inverse flow of gen-
eralized Ornstein-Uhlenbeck processes whenever these exist. It turns out that the dual and the
process corresponding to the inverse stochastic flow are again generalized Ornstein-Uhlenbeck pro-
cesses. Further, we observe that the stationary distribution of the dual process provides information
about the hitting time of zero of the original process.

1. Introduction

Half a century ago Siegmund (1976, Thm. 1) characterized when a [0, oo]-valued Markov process
has a so-called dual [0, 0o]-valued Markov process. According to his results, under mild regularity
assumptions, the relevant conditions on the Markov process are stochastic monotonicity and right-
continuity of the associated tail function in the starting value. In this paper, we shall not work
with [0, oo]-valued Markov processes but with generalized Ornstein—Uhlenbeck processes, which
are particular R-valued time-homogeneous Markov processes. In analogy to Siegmund’s original
definition, given an R-valued (universal) time-homogeneous Markov process (X} ):>0 (where X§ =
x € R denotes the starting value), another R-valued (universal) time-homogeneous Markov process
(Y")e>0 (with starting value Yy = y € R) will be called (Siegmund) dual to (X7)¢>o, if

PXF>y)=PY!<z), 0<t<oo, 2,y €ER, (1.1)

ie. P(X; > y|Xo =x) =P(Y; < z|Yp = v).

Note that, similar to the notation in Oksendal (2003, Def. 7.1.1 f.) or Oksendal and Sulem (2007,
Def. 1.21), in the following and as above, we denote by (X} );>0 the time-homogeneous universal
Markov process (X¢)¢>o started in z, i.e. P(X} € B) = P, (X € B) = P(X; € B| Xy = ) for all
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B € B(R),t > 0. Also note that the definition of Siegmund duality in (1.1) is a special case of more
general dualities of Markov processes; see Jansen and Kurt (2014) for an overview.

The duality relation (1.1) is widely known and commonly used in applied probability, as it provides
a powerful tool to link hitting probabilities and asymptotic behavior of dual processes. To illustrate
this, let (Y}Y)i>0 be dual to (X);>0 and consider 7(y) := inf{t > 0: ¥}Y < 0} and assume that
(YY)1>0 is absorbed when it first becomes non-positive. Then, under suitable regularity conditions,

P(r(y) < 00) = lim P(Y? < 0) ‘=) lim P(X? > y) = P(X >y) Vy >0,
t—o0 t—o0
where X is a random variable whose law is given by the limiting distribution of (X?);>0, provided
it exists.

This relationship has been used to determine entrance and exit laws or behaviour at reflecting
barriers in the context of birth-death chains (see e.g. Cox and Rosler, 1984; Dette et al., 1997,
Diaconis and Fill; 1990; Huillet, 2010; Huillet and Martinez, 2011), in actuarial mathematics and
mathematical finance (Asmussen, 1995; Asmussen and Albrecher, 2010; Asmussen and Sigman, 1996;
Goffard and Sarantsev, 2019; Kolokoltsov, 2015), as well as in game theory (Lorek, 2017, 2018) and
population genetics (Cordero et al., 2025; Foucart, 2019; Foucart and Vidmar, 2024; Kukla and
Mohle, 2018; Mohle, 2018), just to mention a few. In the setting of interacting particle systems
Siegmund duality has been exhaustively studied, see e.g. Liggett (1985) for a textbook reference.
An analysis of Siegmund duality for multidimensional processes was carried out in Blaszczyszyn
and Sigman (1999); Kolokoltsov and Lee (2013), where the first reference discusses set-valued dual
processes and the latter uses a generator approach for Siegmund duality based on Pareto ordering.
A recent reference for applications of (1.1) in physics is Guéneau and Touzo (2024).

In this paper, we treat Siegmund duality for the above mentioned setting of (time-homogeneous)
Markov processes with state space R. In particular, we consider solutions of the stochastic differ-
ential equation (SDE)

V¥ = V& dU; +dLy, V§ =u, (1.2)

for a general bivariate driving Lévy process (U, Lt)e>0. Assuming that U does not admit jumps of
size —1, these solutions are known as generalized Ornstein-Uhlenbeck (GOU) processes and they can
be expressed explicitly; see Behme et al. (2011, Thm. 2.1). We use this fact to prove in Section 3,
Theorem 3.5, that the dual of a GOU process (V;*)¢>0, if existent, is again a GOU process, namely
a process (RY);>o solving an SDE of the form (1.2). We furthermore discuss the relation between
hitting probabilities and stationary distributions of the dual pair of GOU processes. As it turns
out, see Corollary 3.6 below, the appearing (causal) stationary distribution of the dual GOU process
coincides with the non-causal stationary distribution of the original GOU process. When L is a
subordinator and U only has jumps of size > —1, then (V;*);>( can also be viewed as a [0, co)-valued
Markov process when only x > 0 is allowed, while the derived dual GOU process (RY)¢>0 on all
of R is driven by the negative of a SlAlbordinator, hence becomes also negative, even when y > 0.
Hence, the Siegmund dual process (RY)i>o of (V*)i>0, @ > 0, viewed as an [0, oo]-valued process
(i.e. as in the original setting of Siegmund, 1976), must be different from the Siegmund dual GOU
process (RY)i>0, viewed as a Markov process on R (i.e. as defined above). In Proposition 3.8 we
clarify the relation between R and R.

Note that despite the fact that GOU processes are known to be Feller processes as long as
U has no jumps of size —1, see Behme and Lindner (2015); Kiithn (2018), the approach via the
dual generator provided in Kolokoltsov (2011) is not fully applicable in the present setting. This is
partly due to the fact that in Kolokoltsov (2011), the analysis is restricted to processes with bounded
coefficients (although it is stated that this can be dropped), which does not hold for GOU processes.
Moreover, the assumptions made in Kolokoltsov (2011) to guarantee stochastic monotonicity and
hence existence of a dual process would imply that only positive jumps of the Lévy process U are
admissible. This however is not necessary as we shall see in Lemma 2.5 below.
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As it is often the case for dual processes, there is an intrinsic relation between time-reversal of
a Markov process (more precisely, the stochastic process induced by the inverse stochastic flow)
and its dual process; see e.g. Diaconis and Fill (1990); Nagasawa (1964). In case of processes
with continuous paths, this connection follows easily, as the time-reversed process shifted along
the vertical axis provides a version of the Siegmund dual process; see e.g. Sigman and Ryan
(2000). However, path continuity is not a necessary condition, as, e.g. the duality relation of the
Cramér-Lundberg risk process absorbed in ruin and the M/G/1-queue workload process described
in Example 2.6 below can be proved via a time-reversion argument; see Asmussen and Albrecher
(2010, Chapter II1.2). Motivated by this, we turn our attention to the inverse flow of GOU processes
in Section 4 and prove in Theorem 4.1 that the process associated with the inverse stochastic flow
is again a GOU process and, moreover, that it provides a version of the dual GOU process.

This study of time inverted GOU processes is very timely and of particular interest by itself, as
time-reversals of OU processes are fundamental for the most prominent denoising diffusion models
in image generation; see e.g. Croitoru et al. (2023). Recent studies, such as Yoon et al. (2023),
outline the potential of (time inverted) jump diffusions in this context, and GOU processes are a
natural candidate to pursue this approach.

2. Preliminaries

General information regarding Lévy processes can be found e.g. in Bertoin (1996); Brockwell and
Lindner (2024); Sato (1999), and for stochastic integration we refer to Protter (2003).

2.1. Generalized Ornstein-Uhlenbeck processes. Throughout, let (Uy, Lt)t>0 be a bivariate Lévy pro-
cess with characteristic triplet (yy,r,Xu,r,vu,) for some location parameter vy € R2, a non-
O’%] oU,L
ou,L 0%

on R?\ {0}. Then the characteristic function of (Uy, Lt)i>0 at (z,y)T € R? is given by

negative definite Gaussian covariance matrix Xy 7, = < ) € R?*2 and a Lévy measure VUL

Ee!(*Urtule) = exp {t <i($7 ybL — (@,y)Su(e,y)T/2

+/ (@@= 1 —i(z, )2 1 <1y) VU,L(dZ)> },
R2\{0}

where the superscript T denotes transposition. The marginal location parameters and the marginal
jump measures of U = (Up)s>0 and L = (L¢)¢>0 are denoted by vy, vr, vu, and vy, respectively.

For any cadlag process Z we denote by Z;_ the left-hand limit of Z at time t € (0,00), set
Zo_ = Zy, and write AZ; = Zy — Z;_ for its jumps. Throughout, we make the assumption

vy L({—1} xR) =0, i.e. AUy # —1 for allt > 0, (2.1)

when considering the SDE (1.2), as it implies that the unique solution is of the form as stated in
Lemma 2.1 below.
Recall that the stochastic exponential (£(U)t)¢>0 of (Us)i>o is the unique solution of the SDE

dEWU) =EWU)—dUy, E(U)g =1,
which can be expressed explicitly by the Doléans-Dade formula (see Protter, 2003, Thm. I1.37) as
EW) ==t TT (1 + AU)e ™2, t>0. (2.2)
0<s<t

From this it follows that £(U); # 0 for all ¢ under Assumption (2.1), while £(U); > 0 for all ¢ if
and only if AU; > —1 for all ¢.
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Lemma 2.1 (Behme et al., 2011, Prop. 3.2). Under Assumption (2.1), the solution (Vi¥)i>o of
(1.2), called the generalized Ornstein-Uhlenbeck (GOU) process, is unique and given explicitly by

Vit =EU), (a; + gt d775>, t>0. (2.3)

(0,t]
Hereby, (E(U)t)t>0 is the stochastic exponential of (Us)i>0 and n = (n:)e>0 is the Lévy process given
by
AUAL,
=1L — — — t>0. 2.4
Ui t Z 1+ AUS Ou,L, = ( )

0<s<t

Observe that if U and L are independent, then AU;AL; = 0 for any ¢t > 0 and oy,r, = 0, hence
n = L by (2.4). This is particularly the case if Uy = —\t is chosen deterministically and we refer to

the resulting GOU process
V;a) — e—)\t <Jf +/ e)\S d773>
(0,¢]

as Lévy-driven Ornstein-Uhlenbeck process.
If the Assumption (2.1) is strengthened to

vy r((—oo,—1] x R) =0, i.e. AUy > —1 for all t > 0, (2.5)
then £(U); > 0 for all ¢ and one can define another Lévy process § = (&)i>0 by & = —log E(U):
for all ¢ > 0, resulting in the more common explicit representation of a GOU process as
VE=e <$ +/ et dns), t>0. (2.6)
(0,1]

If additionally L is a subordinator, then also 1 is a subordinator, since in this case oy, = 0 and
An, = ALy/(1 + AUy). Further, due to (2.6), in this case the resulting GOU process started in
some z > 0 only takes values in (0, 00).

Given the bivariate Lévy process (£,7), the process (U, L) can be recovered via

— _Afs — 2
(Ut> = < St 2gesil N LT ALl 2) . >0, (2.7)
L, N+ D pcs<i(€70% = 1)Ans —tog,

see Behme et al. (2011, Eq. (1.3)).

Throughout the paper, let F = (F;);>0 denote the augmented natural filtration of (Uy, Lt)>0,
and note that by Behme and Lindner (2015, Thm. 3.1) (see also Kiihn, 2018), (V;¥);>0 is a rich
Feller process and hence a Markov process with respect to F.

Our exposition will further rely on the following lemmata.

Lemma 2.2 (Behme et al., 2011, Lemma 3.1). Suppose (2.1) is satisfied, then for everyt >0,

EU  \a E(U )
EWU): f(O,t] E(U) = dns f(O,t] EWU)s—dLs )"
Lemma 2.3 (Behme et al.,, 2011, Lemma 3.4 or Karandikar, 1991, Thm. 1). Assume (2.1) and let
W = (Wi)i>0 be defined by

2
(AU:) t>0.

Wy = —Ut+02Ut+ Z HTU, =

0<s<t

Then W is a Lévy process satisfying
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and its characteristic triplet (yw, 0%y, vw) is given by

- 2 1 | d
W 7U+0U+/R<Z flel<ty — T35 Mezmy2y Jru(da),

o2, = 0%, and vy = F(vy) (the image measure) for

—x
14z
Consider (2.3) with an arbitrary, not necessarily deterministic starting random variable Vj, i.e.

F:R\{-1} 5> R\ {-1}, z+—

IACES 5(U)t(vo + s dns>, t>0. (2.8)

(0,4]
In Behme et al. (2011) it was examined under which conditions Vj can be chosen such that (Vtvo)tzo
is stationary. Here, (V;Y?);>¢ is called stationary if its finite-dimensional distributions are shift-
invariant. The distribution of Vj is then called a stationary distribution of (Vi*)i>0. The stationary
distribution is clearly an invariant distribution of the Markov process (V;*)¢>o.

Lemma 2.4 (Behme et al.; 2011, Thm. 2.1 and its proof). Assume (2.1).
(a) Suppose that limy_oo E(U); = 0 almost surely. Then a finite random variable Vi can be
chosen such that (Vtvo)tzo defined by (2.8) is stationary if and only if the limit

/ EWU)s—dLs := lim EWU)s—dLs (2.9)

(0,00) 7o J (0]
exists almost surely and is finite. In that case, the stationary distribution is unique, given
by the law of (2.9), and it is the limit distribution of (Vi¥)i>0 ast — oo for arbitrary z € R.
The stationary process (Vtvo)tzo in this case is also unique in distribution and the starting
random variable Vy is independent of (U, Lt)¢>0.

(b) Suppose that lim;_,oo E(U); T = 0 almost surely. Then a finite random variable Vi can be
chosen such that (Vtvo)tzo defined by (2.8) is stationary if and only if the limit

—/ EU) L dyy = — lim [ €)= dis, (2.10)
(0.0)

t—o00 (O,t]

exists almost surely and is finite. In that case, the stationary solution is unique and given by
VYo = —£U), f(t Oo)(S(U)t)_l dns. In particular Vi (and hence the stationary distribution)
is unique and given by (2.10).

The stationary solution (V;"?);>o obtained in (a) is called causal, since there Vp is independent of
(Ut, Lt)t>0 (equivalently, of (Ug,m:)t>0), and the distribution of Vj is then called a causal stationary
distribution. On the other hand, Vj obtained in case (b) is not independent of (U, L) (unless Vj
degenerates to a constant), which is why we refer to the solution (Vtvo)tzo and the distribution of Vj
in case (b) as non-causal stationary solution/distribution. Observe that the stationary distribution
is the limit distribution of (V*);>¢ for arbitrary z € R in the causal case, while this is in general
not true in the non-causal case.

Necessary and sufficient conditions for almost sure convergence of the so-called exponential func-
tionals f(o,oo)g(U)s— dLs and —f(O’OO)E(U)S__l dns have been obtained by Erickson and Maller
(2005), conditions for the almost sure convergence of £(U); or £(Uy)~! to 0 in Doney and Maller
(2002), and all these results are summarised in Behme et al. (2011, Thm. 3.5 — Cor. 3.7). Further,
as shown in Behme et al. (2011, Thm. 2.1), if neither £(U); nor £(U); ! converges almost surely to
0 as t — 00, and neither U nor L is the zero-process, then choices of V{; making (Vtvo)tzo stationary
exist only in degenerate cases, namely if there exists k € R\ {0} such that almost surely

k-Ug=—L;, t>0. (2.11)
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As shown in Behme et al. (2011, proof of Thm. 2.1), Equation (2.11) for k # 0 is equivalent to

(U)s—dLs =k(1 —&(U)y) for each t >0, (2.12)
(0,¢]
and the strictly stationary solution is then indistinguishable from the constant process V; = k.
Distributional properties of exponential functionals, i.e. of the stationary distributions of GOU
processes, are widely studied, see e.g. Carmona et al. (1997); Paulsen (1993); Yor (2001) for early
studies in this field providing concrete examples under specific assumptions on the driving Lévy
processes, Behme (2015); Behme and Lindner (2015) for results in a broader context, or the recent
review Minchev and Savov (2026). For example, when U is a standard Brownian motion, then
E(U); = Y+ /2 converges almost surely to 0 and it follows from the results of Erickson and Maller
(2005) that f(o,oo) E(U)s— dLs converges almost surely to a finite random variable if and only if |L;]
has finite log-moment.
Lastly, as this is of interest in the study of duality, we add the following lemma concerning
stochastic monotonicity of GOU processes.

Lemma 2.5. Suppose that (2.1) is satisfied. Then the GOU process (V;*)i>o solving (1.2) is stochas-
tically monotone (in the sense that the mapping x — P(V;* > y) is non-decreasing in x € R for any
y€R and t >0) if and only if (2.5) is satisfied.

Proof: First assume (2.5), i.e. AU, > —1 for all t. By (2.2) we have E(U); > 0 for all t > 0 and
hence for fixed ¢ the mapping

z— VE=EU); (x + / st dns)
(0,¢]

is an increasing, affine function in . Thus, for z; < 29 and y € R we have {V;"* >y} C {V;** >y},
and therefore

PV > y) <PV, > y),

thus proving stochastic monotonicity.

For the converse implication, assume that U has jumps of size < —1 with positive probability, then
P(EU): < 0) > 0 by (2.2). Now if (V;*)¢>0 were stochastically monotone, then for all fixed z,y € R
and ¢t > 0 we would have

BV > y) < lim B(V; > )

Z—00

= lim P(E(U)t (z + 00 EWU) 1 dn3> >y, E(U); > 0)

+ lim P(S(U)t <z + st dns> >, E(U); < 0)
(0.4]

= P(E(U); > 0).

In particular
1= lim P(VF>y) <PEU)>0)<1,

Yy——00

for x € R and ¢ > 0, which is a contradiction. Hence (V;*):>0 cannot be stochastically monotone. [

2.2. Hitting probabilities. As described in the introduction, Siegmund’s duality is often used to
match ruin probabilities, i.e. hitting probabilities of the negative half line, with stationary distri-
butions of the dual processes. To further illustrate this connection, consider the following example
which falls in the setting of GOU processes and motivates our considerations in Corollary 3.7.
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Ezample 2.6. Assume that (Y}Y)i>0 = (RY)i>0 is a Cramér-Lundberg risk process absorbed in ruin.
This process can be defined by

R = (y+ Ki) Ljer(yyy, 6y 20,

where
Nt
Ky=ct—>» S,  7(y)=inf{t>0:y+K, <0},
i=1

for some premium rate ¢ > 0, a Poisson process (IV¢);>0 of claim arrivals, and i.i.d. strictly positive
claim sizes {S;,7 € N} independent of (N¢)¢>0. The time 7(y) is the ruin time. In this case, it is
well-known that (RY);>o is dual in the original sense of Siegmund (1976) (i.e. (1.1) holds for all
z,y,t >0, not z,y € R) to the M/G/1-queue workload process (X[);>0 = (V;*)i>0 defined by

N
Vi =a+ ZSZ- — /(Oﬂ cliyasoy ds, z,t >0,
i=1 ,

see Prabhu (1961) for the earliest reference on this relation, or Asmussen and Albrecher (2010,
Chapter II1.2) for a textbook treatment. (Actually, apart from Asmussen, 1995, Example 3.5,
where no proof is given, in most references equation (1.1) is only verified for the case y > 0 and
x = 0. However, the proof given in Asmussen and Albrecher, 2010, Chapter II1.2 can be easily
adapted for general z,y > 0). Thus, in the present situation, the ruin probability can be written as

P(r(y) < o0) = lim P(R! < 0) = lim P(V > y) =B(V > y),

where V' is a generic random variable whose law is given by the limiting distribution of the dual
process (V,?);>0 which is assumed to exist and to have no atom at y, cf. Asmussen and Albrecher
(2010, Chapter II1.2).

Hence, in this situation, duality allows to transform the hitting (or ruin) probability of (RY):>¢
into the cdf of the stationary distribution of (V;*);>0, and vice versa. This fact has been used to
derive various results in both risk theory and queueing theory; see Asmussen and Albrecher (2010,
Chapter VIL.7) and references therein. Embedding the Cramér-Lundberg process (RY);>o into an
investment market whose dynamics are driven by a Lévy process, say (W:)i>0, yields a capital
process that is often referred to as Paulsen’s risk model (Paulsen, 1993). This is a risk process
(R!)t>0 whose dynamics are described by the SDE

dR} = R} dW,+dK;, t>0, Rj=y, (2.13)
which turns out to be of the form (1.2).

Assuming that the driving processes have finite jump activity, in Paulsen (1993) the solution of
(2.13) is studied and also an expression for its ruin probability is derived. This result of Paulsen
has been generalized to the setting of this paper in Bankovsky and Sly (2009) and then reads as
follows.

Proposition 2.7 (Bankovsky and Sly, 2009, Thm. 4). Suppose that (2.5) is satisfied and consider
the GOU process (Vi¥)i>o solving (1.2). Assume that lim;_,oo E(U); Y = 0 almost surely and that
the integral f(o 1l (S'(U);1 dns converges almost surely as t — oo to a non-degenerate finite random

variable f(o 00) EWU); L dn, with distribution function H. Let 7(z) = inf{t > 0,V;® < 0}. Then

P(7(z) < 00) E[H(=V{,))|T(z) < o] = H(-z), z =0,

where E[-|7(x) < oo] is interpreted as 0 if P(7(x) < o0) = 0.
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3. The dual of the generalized Ornstein-Uhlenbeck process

Having established the necessary background we now turn to our main results, which will be
presented in this and in the forthcoming Section 4. In particular, we will characterize when GOU
processes have a dual process, and show that GOU processes are self-dual in the sense that the dual
process (when existent) is again a GOU process. Similar phenomena have already been observed in
special settings for some [0, oo]-valued Markov processes, see e.g. Asmussen (1995, Example 3.5).

3.1. Siegmund duality on R. For the ease of exposition, let us recall the definition of Siegmund-
duality on the whole real line, as it was given at the beginning of the introduction.

Definition 3.1. Let (X7):>0 and (YY);>0 be (universal) time-homogeneous Markov processes on

R, where x,y € R. Then (YY);>0 is said to be dual (in the sense of Siegmund) to (X[ )i>o if for all
z,y €R

P(X; >y) =P/ <x), 0<t<oo. (3.1)

Before we treat duality for GOU processes, let us study some general consequences of the defini-

tion. Note that it follows immediately from (3.1) that if (V}Y);>0 is dual to (X])>0, then (=X )i>0 is

dual to (=Y;Y)¢>0. However, duality as defined is not necessarily a symmetric relation as illustrated
by the following example.

Example 3.2. Let (N¢)¢>0 be a homogeneous Poisson process (or any other non-trivial subordinator)
and define the time-homogeneous Markov processes (X[ );>0 and (Y}Y)i>0 by

Xx* .’L', Xg:x207 Yyi y? Yi)y:yzoa
r — V¢ =< min{y + V¢ =1y <0.
t Ny, XE 0, ¢ in{y + N;,0}, Y =y<0

Then it follows immediately that

1 >
P(XF > ) = { fe=uh e

=P(Y! <),
P(N: <z —y), $<0} ¥ <)

and hence (Y}Y);>0 is dual to (X¥)¢>¢ in the sense of Definition 3.1. However we note that for y < 0
PV > 0) = B(y+ Ny 2 0) £0 = P(X? < ),
and hence (X[);>0 is not dual to (V})i>o.

Remark 3.3. From the definition, one can easily derive conditions for symmetry of the duality
relation as follows.

(1) Suppose that (YV}Y);>0 is dual to (X]);>0. Then a necessary and sufficient condition for
(X7)t>0 to be dual to (Y,Y);>q is that

PX=y) =PY!=2) Vz,yeR, t>0, (3.2)

as is easily seen from (3.1).

(2) Provided that (Y,Y);>0 is dual to (X)¢>0, a sufficient (but not necessary) condition for (3.2)
to hold is that P(X} > y) is continuous as a function in z for each fixed y € R and ¢ > 0,
and continuous as a function in y for each fixed z € R and t > 0.

Remark 3.4. As is the case in the original setting of Siegmund duality in Siegmund (1976), where
[0, oo]-valued Markov processes were considered, it is trivial from (3.1) that a necessary condition
for an R-valued Markov process (X[);>o to have a dual process as described in Definition 3.1 is
that the function z — P(X} > y) is nondecreasing and right-continuous for all y € R and ¢ > 0.

The next theorem characterises when a dual of a GOU process (V;*);>0 exists and shows that
then the dual is again a GOU process (RY);>0, and that then (V*);>¢ is also dual to (RY);>0.
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Theorem 3.5. Assume (2.1) and let (V7)i>0 be the GOU process given by (2.3).

Then a dual

process to (V)0 in the sense of Definition 5.1 exists if and only if (2.5) is satisfied. In that case,

the GOU process (R} )i>0 solving the SDE
dR} = R} _dW; +dK;, Rj=1vy,

where (Wi, Ki)i>0 is another bivariate Lévy process defined by

AU;)?
Wi\ _ [ U+ 0cs<t ﬁ +top, . t>0,
K — Tt B

is dual to (Vi¥)i>0. Moreover, (V)10 is dual to (R})i>0.

(3.3)

Proof: If (2.5) is violated, then (V*):>0 is not stochastically monotone by Lemma 2.5, hence no dual
process can exist by Remark 3.4. So suppose from now on that (2.5) is satisfied. Then £(U); > 0

for all £ > 0 by (2.2). Thus, using (2.3),

Vi>y & EWU) (az + st dns> >y

(0,¢]
s Uy - EWU) dns < . (3.4)
(0,¢]
Further, by Lemma 2.3,
EU) M =EW), t>0, (3.5)
for the Lévy process (Wi)¢>0 given by
(AU )2
W, = —Uy; + Z T AT +tod, (3.6)
0<s<t
such that in particular AW; = 1_+AA({J > —1. Moreover, for every t > 0, by Lemma 2.2,
EW ) d EW)q ) (37)
f(o 0 E(W)s— dns EW): f(o }5(W) dZs )’ )
for some Lévy process (Z;):>0 that can be computed via (2.4) as
AW Ans
Zt =M — Z 71 +AWS - tUW,n
0<s<t
—AUs AL
AUGAL, 1+AUS 1+A;]
=L — Z —— —tourL — Z — g TtourL = Ly,
0<s<t 1+ AU, 0<s<t 1+ T7A0,
via (3.6) and (2.4), from which we also derived that ow, = —oy, = —oy,. Thus, inserting (3.5)
n (3.4), and applying (3.7) we observe
PV 2 ) = P(EW— [ 0V, d <)
(0,t]
= ]P’(g(W)ty —E(W); EW)dL, < a:)
(0,¢]
=P(R! < x)
for the GOU process
R} = S(W)t<y + EW)! d(—Ls)>, t>0 (3.8)
(0,¢]
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Defining the auxiliary Lévy process
1
—& =logE(W)y = W — 5o-ﬁvt + ) (=AW, +log(1 + AWY)), >0,
0<s<t
using (2.2), we obtain that the SDE solved by (RY);>¢ is hence of the form (3.3) with (W;);>0 as
given in (3.6) and (K3)¢>0 following via (2.7) and (3.6) as

Ky=—-Li+ Y (e78% —1)(-AL,) —toe 1

0<s<t
AUGAL,
- L SUsCS oy = —
¢+ Z 1+ AU, tiouL Mt
0<s<t
since o¢ _j, = o_w,_, = oy—, = —oy,- As we have shown that P(V* > y) = P(R{ < z) for all

z,y € R and ¢t > 0, the process (R});>o is dual to (V;*);>0. Similar calculations, or an application
of the obtained result on (RY);>0, show that P(V;* = y) = P(R] = x) so that also (V;*);>0 is dual
to (]%g)tzo by’(3.2). O

We can relate the stationary distribution of the GOU (V;*);>o to that of its dual process (R})i>0,
provided they exist.

Corollary 3.6. Suppose that (2.5) is satisfied, let (Vi¥)¢>0 be the GOU process given by (2.3), and
(RY)i>0 its dual process as specified in (3.3).

(a) Suppose limy_,oo E(U)r = 0 almost surely and that Voo 1= f(O,oo)g(U)s_ dL, exists almost
surely and is finite. Then the distribution of Vs is both the stationary distribution of the
causal GOU process (Vi¥)i>0 as well as the stationary distribution of the non-causal GOU
process (RY)i>0.

(b) Suppose limy oo E(U); ! = 0 almost surely and that Ru := f((],oo) EWU);! dK, exists almost
surely and is finite. Then the distribution of R is both the stationary distribution of the
non-causal GOU process (Vi¥)i>0 as well as the stationary distribution of the causal GOU
process (R} )i>o0-

Proof: Recall (3.5) from which lim;_,oo E(W), D= limy oo € (U)¢. Further, the right-hand side of
(2.4) applied to (Wi, Kt)t>o instead of (Uy, Lt)i>0 gives

AW AK
K — AL — =_I
t Z 1+ AW, OW,K ts
0<s<t
where we used the definition of Ky, and Equations (3.6) and (2.4), from which AWy = QATUi,
AK, = —An, = 1_+AALUSS, and ow g = oy,. Assertion (a) is then an immediate consequence of
Lemma 2.4. The proof of (b) is similar. O

As motivated in Example 2.6 we aim to investige the connection between the limiting distribution
of (RY)¢>0 and the ruin probability of (V;*)¢>o. This can now be done by combining Proposition 2.7
with our results.

Corollary 3.7. Under the conditions and with the same notations as in Proposition 2.7, the limit
of P(V¥ <0) as t — oo exists and is equal to H(—x) = P(Ro > x), so that

lim P(V" <0) =P(Re > z) = P(7(x) < 00) E[H(=V(,))I7(2) <o0], x>0, (3.9)

t—o00

where Ry = f

(0,00) E(UN Y dK, as in Corollary 5.6 (b). In particular, if —L is a subordinator, then

P(r(z) < o0) =P(Roo > x) = H(—x), x>0.
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Proof: By Theorem 3.5, not only is (R}):>0 dual to (V*)t>0, but also (V;¥)i>0 is dual to (RY)i>o.
Hence P(V# < 0) = P(RY > z). Since the distribution of

Ro= [ ewitaki—- [ ew)tan
(0,00) (0,00)

is the stationary distribution of a causal GOU process which by assumption is non-degenerate, it
cannot have atoms by Bertoin et al. (2008, Thm. 2.2). Since RY converges in distribution to R
as t — oo by Lemma 2.4 (a), we conclude by duality that P(V,* < 0) converges to P(Rs > ) =
P(—Rs < —x) = H(—xz). The formula (3.9) for the limit is then immediate from Proposition 2.7.

For the second statement it suffices to assume that P(7(z) < oo) > 0, for if P(7(z) < o0) =0
then also P(Ro > x) = 0 by (3.9) and the claim follows. Note that if —L is a subordinator, also —n
is a subordinator by the observation just below (2.6), which implies that f(O,oo) EWU); dn, <0 aus.
and hence H(0) = 1. Since Vi < 0on {7(x) < oo} by the cadlag paths of (V;*);>o this implies

H(—Vf(x)) = 1 and hence the statement when P(7(z) < o0) > 0 by (3.9). O

3.2. Non-negative Siegmund dual processes. As mentioned in Section 2.1, if AU; > —1 for all t and L
is a subordinator, then (V;*);>0 (with > 0) has state-space [0, 00), and hence this GOU process not
only fits into the setting of Definition 3.1, but also into the setting originally considered in Siegmund
(1976), where [0, oo]-valued Markov processes were studied. Thus, according to Siegmund’s original
work, this GOU process has a dual process on [0, 00] in the sense that (3.1) holds for all starting
values x,y > 0. The precise form of this process will be derived in the next proposition.

Proposition 3.8. Assume (2.5) and let (V*)¢>0 with © > 0 be the GOU given by (2.3). Further
assume that L is a subordinator. Let (RY);>o with y > 0 be the solution of (3.3) and set

tr(y) :==inf{t > 0: R} <0}.

Then the process (RY)i>0, y > 0, given by
Rl = R/ {crp)y,
is a time-homogeneous Markov process on [0,00), and it is dual to (Vi¥)i>0, © > 0, in the sense that
(3.1) holds for all z,y > 0 and t > 0. Moreover, we have R} = max{R{,0} fort,y > 0.
Proof: Recall from Theorem 3.5 and its proof that (RY);>0 is dual to (V;*);>0 in the sense of (3.1),
ie.
P(VF >y)=P(R! <=x), Vt>0,Vz,y€R,
and that RY is explicitly given by (3.8). As (RY);>0 — being a GOU process — is a time-homogeneous
Markov process, its killed version (RY)¢>0 is a time-homogeneous Markov process as well. Moreover,
under the given conditions, &(W); = £(U);* > 0 for all t > 0, and as L is a subordinator it follows
from (3.8) that
y<0 = RY<O0,Vt>0.

Due to time-homogeneity of (R})¢>o this implies R} < 0 for any y € R, and for all ¢ > 7(y). In
particular

E? B R}fj]l{t<TR(y)} = max{Rf, 0}, t>0.
Thus, for all t > 0 and all z,y > 0
P(RY < x) = P(max{RY{,0} < z) = P(R{ <) =PV >y),

which implies the statement. O
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Remark 3.9. Observe that although (V;*)i>0, € R, is dual to (RY):>0, y € R, in the sense of (3.1)
by Theorem 3.5, in the situation of Proposition 3.8 the process (V*)¢>0, > 0, is in general not

~

dual to (RY)i>0, y > 0, in the sense that (3.1) holds for all z,y > 0. This can be seen from

PR 2 0) =12 P(£W) [ £ an <0) =R <0) Vi,

(0.¢]
provided 7 is not the zero-subordinator. Since the function [0,00) — [0,1], y +— IP’(]/-'E';’ > x),
is nondecreasing and right-continuous for any ¢,z > 0, by Siegmund’s result (Siegmund, 1976,
Thm. 1) the process (RY);>0, y > 0, has a dual on [0, 00], but it is not (V;*);>0, but instead the
process (V;¥)¢>0 defined as
Vi = VP fery )y, With 7v(2) := inf{t > 0: V* < 0}.
To see this, observe that 17;0 = 0 which implies
P(RY >0)=1=P(V"<y) forally>0,t>0.

Further, for z > 0, as L and hence 7 is a subordinator, V;* > 0 for all ¢ > 0, implying 7y (z) = oo
almost surely. With this it follows from Theorem 3.5 and Proposition 3.8 for all y > 0,2 > 0 and
t>0

P(RY > ) = P(max{RY,0} > z) = P(RY > z)
=PV <9) = P(Viljiary oy <) = P(V" < ).
Hence (‘//\Ytz)tzo is dual to (ﬁf)tzo in the sense that (3.1) holds for all z,y > 0, but again the converse

statement fails as can easily be checked considering the duality relation for = = 0.

As a consequence of Proposition 3.8 we can relate the ruin probability of (RY);>0 to the limit
distribution of (V,?);>¢ in the subordinator case.

Corollary 3.10. Assume (2.5) and let (Vi¥)i>0, (RY)i>0 and Tr(y) be as in Proposition 5.8 with L
being a subordinator. Then

P(rh(y) < 0o) = lim P(V > y) for cvery y > 0.

Denote Vo = f(o OO)E(U)S dLs, which is a [0, 00]-valued numerical random wvariable (in case of

almost sure convergence, it is finite). Then, if neither U nor L is the zero-process and if there exists
no k € R\ {0} such that (2.11) holds, then

P(rr(y) < o0) =P(Veo 2 y)
for every y > 0. Finally, if additionally lim;_,oo E(U); = 0 almost surely, then
B(ra(y) < o) = lim B({ > )
for all z,y > 0.

Proof: Observe that (E? ) as defined in Proposition 3.8 stays at 0 once it has reached 0. Since
(RY)>0 is dual to (Vi¥)>0 in the sense of (1.1), for fixed y > 0 we have

P(rr(y) < 00) =P(3t>0: RY =0) = lim P(RY < 0) = lim P(V > ).
Let & = —log E(U)¢ as in (2.6), then according to FErickson and Maller (2005, Thm. 2.1),
/ e 8- dL, = EU) L dLs
(0,t] (0,t]

either converges a.s. to a finite random variable as t — oo, or diverges to oo in probability (and
hence almost surely since L is a subordinator), or (2.12) holds for some k # 0. But (2.12) is
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equivalent to (2.11) which has been ruled out by assumption. Hence Vi, is either finite almost
surely or almost surely equal to +00. When V, is finite almost surely, its distribution cannot have
atoms by Bertoin et al. (2008, Thm. 2.2) since (2.11) has been ruled out. Hence, in all cases the
distribution of V,, has no atoms on the real line.

From (2.3) and Lemma 2.2 we see that V;* has the same distribution as £(U)x + f(O,t] E(U)s— dLs,
which converges almost surely to Vo, ast — oo if = 0, or if x > 0 and additionally £(U); converges
to 0 as t — oo. Since Vi has no atom at y, we then have lim; oo P(V;* > y) = P(Vs > y) in both
cases, giving the claim. O

4. The inverse flow of the generalized Ornstein-Uhlenbeck process

In contrast to duality, which can be considered a distributional concept, time-reversals of stochas-
tic processes are typically defined pathwise. Therefore, we use a different framework in this section
than before and study the GOU process in terms of its stochastic flow and the inverse stochastic
flow. This is possible because, in the GOU setting, the structure of the SDE admits an explicit
inverse mapping for the jumps, rather than applying the generalized inverse used in Asmussen and
Sigman (1996). In comparison with the time-reversed SDE that can be derived via Protter (2003,
Thm. VI.4.22), in Theorem 4.1 we obtain the same SDE for the inverse stochastic flow. Similar
considerations appear at the end of Chapter VI.4 in Protter (2003, Proof of Thm. VI1.4.23), where
time-reversals of SDEs of It6 diffusions are considered.

Recall the definition of the time-reversal X = (Xs)sc, at t > 0 of some cadlag process X =

(Xs)se[o,t] as

0, if s =0,
X = X(t—s)— - X, if0<s<t, (4.1)
Xo— X, if s =t.

For ¢ = 1 this coincides with the definition given in Protter (2003, Chapter VI.4). It is well known
that when X is a Lévy process, then ()Z' s) sefo,s] 1s also a Lévy process, with the same distribution
as (—Xs)sejo,, see e.g. Bertoin (1996, Lem. 11.2), Brockwell and Lindner (2024, Thm. 11.4) or Sato
(1999, Prop. 41.8). Stochastic integrals with respect to time-reversed Lévy processes are then to be
seen with respect to their augmented natural filtration, for which the time-reversed Lévy processes
are semimartingales.

As before, let (V;¥)¢>0 be a solution of the SDE (1.2) for the bivariate Lévy process (U, Lt)i>0.
As no stochastic monotonicity is needed in the context of time-reversals, we shall only assume (2.1),
ie. AU; # —1 for all t.

Theorem 4.1. Let (VI)s>0, © € R, be a solution of the SDE (1.2) for the bivariate Lévy process

(
(Us, Ls)s>0 fulfilling (2.1), as given in (2.3) with n defined in (2.4). Let t > 0 be fized. Denote the
time-reversal of (U, L,n) on [0,t] by (U, L,n), and define

(AU,)?

Ty := U, + ops + —_—,
bt 2 1 - AT,

0<r<s

Then (T, 557775)36[0,15] is a Lévy process on [0,t] and, almost surely, for all s € [0, 1]

Vit—s)- = 5(T)S<Vf + [ &Mt dfu>. (4.2)

(0,5]
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Further, the stochastic process corresponding to the inverse stochastic flow induced by (1.2), i.e. the
process (R)sco4, ¥ € R, defined by

R=em. v+ [ emtaL). (43)

(0,5]
is the GOU process which is the unique solution of the SDE

dRY = RY_dT, +dns, s€l0,t], Rj=y. (4.4)
Proof: Since (U, L,7) is a Lévy process, so is its time-reversal (U, Es,ﬁs)se[&t] on [0, ], hence also
(Ts,is,ﬁs)se[o,t] is a Lévy process. Observe that Aﬁs = —AU;_; for 0 < s < t, and similarly

for L and n. Since (U, L,n) almost surely does not jump at the fixed time ¢, we assume that
(AU, AL, Any) = 0 and hence V* = V;* everywhere. From (2.3) we obtain

Vo = gf [(][Qt (Vf_ + /( L < j((g)):— ) b dnu>. (4.5)

Solving this for V;* ; results in

v, = e (v S0 [ (S0) )

and taking the cadlag version V(f_s)_ for s — V*  yields

From (2.2) we obtain

EW)@—s- _ v ~Ui+o? - -1
)T QUe-s)-—Urtogs/2 1+ AU, )e 20
EWU) t—sllﬁ (( ) )

:effSJra%,s/Q H efAf]du(l N Aﬁu)il,

0<u<s

where we used that Aﬁu = —AU;_, and AU; = 0. On the other hand, an easy calculation using
(2.2) shows that the last expression is equal to £(T)s, so that

EWU)(t—s)—

EWU):

Since the right-hand sides of both (4.2) and (4.6) define cadlag processes in s, it is enough to show
that for given s they agree almost surely (where the exceptional null set may depend on s). Since 7
almost surely does not jump at the fixed time ¢ — s, the integral over the compact interval [t — s, s]
in (1.6) is almost surely equal to the corresponding integral over the half-open interval (¢ — s, s].
Hence, by (4.6) and (4.7), Equation (4.2) will follow if we can show that, almost surely for each

fixed s € [0, 1],
i / (SW)“‘ )_1 dp, = [ €M) dL (4.8)
EW)t=s Jit—sa) \EW)i—s " o . '

For this, define for fixed s € [0, t]
(Uq,m 77;) = (Uu—l—t—s —Ut—s, Mutt—s — nt—s)a u € [07 3]-
Then E(U)y+i—s/EU)i—s = E(U")y, by (2.2) for u € [0, s] and

EWU), E "' L N

E(T)s. (4.7)
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Denote by
(Uzlp 77;1) = (Ué—vn;—) - (U(/s—u)—vnzs—u)—)v u € [07 5]7
the negative of the time-reversal of (U’,n') at s. Then, with [-, -] denoting quadratic covariation,
EUNs | EWNdi,= [ ET)umdn), + [ET), AL
(0,s] (0,s]

this is Lemma 6.1 in Lindner and Maller (2005) when all jumps of U are greater than —1, and for
general U it follows from the proof of Proposition 8.3 in Behme and Lindner (2012) (the left-hand
side is the probability limit of the —B? appearing in that proof, while the right-hand side is the
probability limit of A”). Since E(ﬁ)r =1+ f(O,r] 5(/U\’)u, dUZ we can rewrite the left-hand side of

(4.8) as
EWU): EU)u_\ " _ o
_5(UU)ts /<ts,t] <5(g)ts) A== (0,5 U - d("“ 10 ]“>

= [ &0 a7~ [0.l),

where in the last line we used that

(UI ) nu) (U;— - U(,s—u)—7 772— - nEs—u)—) = (Ut* - U(t—u)—v Nt— — n(t—u)—) = _(U’u’ ﬁu)

for u € [0,s]. But £(—=U), = E(T);!

.~ as a consequence of (2.2),

AU, AL, AU AL
u—Lu—l- Z —i—AU + oy Lu = u—|— Z AU + oy, Lu (4.9)

t—u<r<t 0<r<u

by (2.4) and (4.1), and hence

ﬁu - [ﬁamu = ﬁu —0ynu — Z AﬁrAﬁr = zu;
0<r<u
thus establishing (4.8) and hence (4.2).
For the proof of (4.4), observe that by (2.3), the unique solution to the SDE (4.4) is given by
RY =&(T)s(y + f(o J E(T),; ! dN,), where by (2.4) the process N is given by

- AT, Any
Ny =15 — - , IRAE
n Z 1T AT, sorg, s € [0,
0<r<s
Inserting (l 9) for 17 and observing that AT, = AU, /(1 — AU) 1+ AT, = 1/(1 — A(j}) and
A, = AL,/(1 — AU,) we see that N = L. This shows that (R%)scjo,q is the unique solution
of (4.4). O

From Theorems 3.5 and 4.1 we deduce that, if all jumps of U are greater than —1, then the
process (RY)scio,, ¥ € R, given in (4.4) is Siegmund dual to (V{¥)sepo,, © € R, with the obvious
notion of Siegmund duality for processes defined only on [0, ¢].

Corollary 4.2. Let (VF)s>0, * € R, be the solution of the SDE (1.2) for the bivariate Lévy process
(Us, Ls)s>0 with AUs > =1 for all s > 0. Fiz't > 0 and consider the stochastic process (R%)scjo,,
y € R, corresponding to the inverse stochastic flow defined in (4.4). Then (R¥)scpo, ¥ € R, is

Siegmund dual to (V5¥)scp0,, © € R.
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Proof: The processes (T, 1) appearing in Theorem 4.1, and (W, K) appearing in Theorem 3.5 are
given by (compare also (1.9) and (2.4))

- AU, )?
Ty =Us +0trs + Z &
0<r<s 1- AUT
U AU,AL,
Ns = Ls +oy,rs+ Z —,
0<r<s 1 - AUT
_ 5 (AU,)?
Ws——US+UUS+ Z m, and
0<r<s
AU, AL,
Ks = —Tls = _Ls T AT
n +O_U7LS+O<ZT:<S 1+AUT

for s € [0,t]. Since the time-reversed Lévy process (Us, [st)se[()’t] is equal in law to (—Us, —Ls)se[o,
we conclude that (Ts,7s)sci0,q and (Ws, Ks)sep are equal in law. The claim now follows from
Theorems 3.5 and 4.1. O

Remark 4.3. Corollary 4.2 is not surprising, since reversibility of the stochastic flow is intrinsically
related to duality, as discussed in various articles, see e.g. Sigman and Ryan (2000). Also in our
case, it is possible to deduce Theorem 3.5 directly from Theorem 4.1. To see this, let (U, L), V¥ and
RY be as in Corollary 4.2. For u € [0,¢] denote by ¢, ¢ : R — R the stochastic flow which transports
x = Vy(w) to Vi(w), i.e. @y t(z) = Vi(w) conditional on V,, = = (we suppress the superscript  here
and prefer to work with V3|V = z rather than V* for the moment). By time-homogeneity of V', we
have for s € [0, ]

P(Vs 2 y|Vo = 2) = P(V; 2 y[Vies = 2) = P(pr-se(2) 2 y) = Ploi,,(y) < @),

since ¢y is strictly increasing and bijective (the exact form of the flow can be read off from (4.5)).
But ¢, ,(y) = RY_ by (4.2) and (4.3), hence

P(Vs > y[Vo = 2) = P(R]_ < z) = P(RY < 2) = P(R, < z|Ro = y),

showing that (R?SJ)SE[O,t}v y € R, is dual to (V). * € R. By the proof of Corollary 4.2,
(Ts,Ms)sef0,q) 18 equal in law to (W, Ks)eo,, showing that the process given in Theorem 3.5 (call
it Rg for the moment) is also dual to R. Hence we have given another proof of the duality of (Eg)
to (V) in Theorem 3.5. This last proof is in line with the reasoning given in Sigman and Ryan
(2000, Cor. 3.1 (1)), who consider [0, co)-valued time-homogeneous Markov processes with certain
properties.

Remark 4.4. According to Jansen and Kurt (2014, Prop. 4.4) the Siegmund dual GOU process
derived in Theorem 3.5 is even strongly pathwise dual, i.e. both V and R can be realised on a
suitable probability space such that

{Vi# >y} ={R! <z} almost surely.

This follows from the construction method described in Clifford and Sudbury (1985), but it is not
a direct consequence of our proof, as in (3.7) we use a distributional inequality. Still, using time-
reversals, one could replace (3.7) by an almost sure statement (see Lindner and Maller, 2005, Lemma
6.1 for a special case), and the resulting dual in this case turns out to coincide with the inverse
stochastic flow obtained in Theorem 4.1.
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