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Abstract. The fractional stable motion is a prototypical stochastic process exhibiting both heavy
tails and long-range dependence, parameterized via a stability index α and a Hurst exponent H. We
consider a nonstationary extension where the Hurst exponent is a function of time, and potentially
random. The construction admits the standard linear fractional stable motion as tangent process,
and we exactly determine its local Hölder exponent in terms of the pointwise values of the Hurst
function. This is in contrast to other definitions of multifractional processes, where the Hurst
function needs to have additional regularity in time.

1. Introduction

This paper introduces and studies a new multifractional stable motion (X(t))t∈R, which we call
the Itô multifractional stable motion, given by

X(t) =

∫
R
(t− x)

H(x)− 1
α

+ − (−x)
H(x)− 1

α
+ dL(x), (1.1)

where (L(x))x∈R is a symmetric α-stable Lévy process with α ∈ (0, 2], (x)+ = max(x, 0), and
(H(x))x∈R is an adapted process taking values between 0 and 1. The most prominent special case
is the fractional Brownian motion (WH(t))t∈R, where α = 2, H(x) = H ∈ (0, 1) is constant, and
(1.1) reduces to the Mandelbrot-van Ness representation (Mandelbrot and Van Ness, 1968)

WH(t) =

∫
R
(t− x)

H− 1
2

+ − (−x)
H− 1

2
+ dW (x),

for a standard Brownian motion W . Due to its long-range dependence, the fractional Brownian
motion has been used as a model in many applications, e.g. for network traffic, finance, autoregressive
modeling and hydrology, see the overview in Doukhan et al. (2003). However, the homogeneity of
the Hölder exponent of the fractional Brownian motion makes it unfit for modeling non-stationary
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phenomena, as has been observed for financial time series (Frezza et al., 2021; Bianchi et al., 2013),
sun-spot data (Bibinger, 2020), or network traffic (Bianchi et al., 2004). For this reason, Peltier
and Lévy Véhel (1995) introduced the multifractional Brownian motion, where the constant H is
replaced by a function H(t), as

Y (t) =

∫
R
(t− x)

H(t)− 1
2

+ − (−x)
H(t)− 1

2
+ dW (x).

They show that the pointwise Hölder exponent of this new process t 7→ Y (t) is H(t) so that it
changes along its path. However, there are two mathematical drawbacks to this construction. First,
the definition in terms of a stochastic integral does not allow for a random multifractional parameter.
This is only possible with additional regularity properties of t 7→ H(t) to allow for pathwise con-
structions of the stochastic integrals, see Ayache and Taqqu (2005). Secondly, the Hölder regularity
of the resulting process t 7→ X(t) depends on a Hölder condition on the multifractional parameter.
That is, if t 7→ H(t) is rough, then Y (t) is also rough, regardless of the actual value of H(t).

To allow for random Hurst functions, Ayache, Esser, and Hamonier (2018) introduced a new
multifractional Brownian motion given by (1.1) with α = 2. Note that the kernels (indexed by
t) are adapted to the natural filtration generated by the Brownian motion W , which means the
resulting process may be understood as a collection of Itô integrals. To distinguish between the two
types of multifractional Brownian motions, we refer to Peltier and Lévy Véhel’s process Y (t) as the
classical multifractional Brownian motion, and to Ayache et al.’s process as the Itô multifractional
Brownian motion. It has been shown by Loboda et al. (2021) that the pointwise Hölder exponent of
the Itô multifractional Brownian motion at t is equal to H(t), irrespective of the Hölder regularity
of t 7→ H(t); see also Ayache and Bouly (2022) for further path properties. Hence, the construction
of Ayache, Esser and Hamonier addresses both limitations of the classical multifractional Brownian
motion.

The heavy-tailed analogue of fractional Brownian motion is the linear fractional stable motion
(LH(t))t∈R, introduced by Taqqu and Wolpert (1983, Example 6.6), see also Samorodnitsky and
Taqqu (1994), which is given by

LH(t) =

∫
R
(t− x)

H− 1
α

+ − (−x)
H− 1

α
+ dL(x),

where (L(x))x∈R is a symmetric α-stable Lévy process with α ∈ (0, 2). Stable distributions are a
generalization of normal distributions in the sense that they serve as limit laws in a central limit
theorem (Nolan, 2020). However, the tails of stable distributions decay polynomially. The process
LH(t) is well-defined pointwise for any t as a stochastic integral, see Section 2. For H > 1

α , it
admits a continuous version, but for H < 1

α , LH(t) looses a pathwise interpretation as the process
is unbounded on any interval of positive length (Samorodnitsky and Taqqu, 1994, Ch. 10). Thus, in
the sequel, we restrict our attention to the case H > 1

α . Mimicking the construction in the Gaussian
case, a multifractional variant has been suggested (Stoev and Taqqu, 2004), where the fractional
parameter H is replaced by a deterministic function H(t),

Y (t) =

∫
R
(t− x)

H(t)− 1
α

+ − (−x)
H(t)− 1

α
+ dL(x). (1.2)

We refer to this process as the classical multifractional stable motion. The pointwise Hölder reg-
ularity is a bit more nuanced in the stable case. Indeed, Ayache and Hamonier (2014) find that,
if t 7→ H(t) is sufficiently smooth, then the pointwise Hölder exponent of Y (t) is H(t), and the
uniform pointwise Hölder exponent is H(t)− 1

α . See Section 3 for the definition of these two slightly
different Hölder exponents, which is not relevant for the multifractional Gaussian case, but only for
the stable case. The same two mathematical drawbacks of the classical multifractional Brownian
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motion arise in the stable case: The formulation does not provide a natural framework for consider-
ing random multifractional parameters, and the Hölder regularity of the resulting process depends
on the Hölder regularity of the multifractional parameter.

In the Gaussian case, these drawbacks were resolved by considering an Itô multifractional Brow-
nian motion, but no such attempts have been made in the stable regime. By introducing the new
formulation (1.1) in the stable case, we also allow for random exponents. Moreover, the main result
of this paper is that the pointwise Hölder exponent of t 7→ X(t) does not depend on the regularity
of t 7→ H(t). This is illustrated by Figure 1.1, where sample paths of X(t) and Y (t) with the
same Hurst function H(t) are depicted. Here, the values of H(t) are rather high, but the function
t 7→ H(t) is very rough. As a consequence, the smoothness of Y (t) is governed by the regularity of
t 7→ H(t), while the smoothness of X(t) is governed by the values of H(t). This finding is analogous
to the result for the Gaussian case derived by Loboda et al. (2021), but the mathematical study
of stable processes requires a different analytical toolbox due to the heavy tails of the process, es-
pecially for the derivation of upper bounds on the Hölder exponents. Furthermore, we show that
the tangent process of X(t) at t is the linear fractional stable motion with Hurst exponent H(t),
justifying its use as a nonstationary generalization of the latter.

Figure 1.1. A rough Hurst function H(t) with Hölder exponent 0.2 (left), generated
as H(t) = 0.8 + 0.1 tanh(W 0.2(t)), and sample path of the corresponding classical
multifractional stable motion Y (t) with α = 1.6 (right) and the Itô multifractional
stable motion X(t) (center). The roughness of the H(t) function does affect the path
properties of Y (t), whereas the properties of X(t) only depend on the value of H(t).

The remainder of this paper is organized as follows. Section 2 will cover the Itô calculus against
a symmetric α-stable Lévy process. In Section 3, this Itô calculus is used to properly define the
Itô multifractional stable motion, and we also treat the definition of Hölder exponents and compute
the Hölder exponents of the Itô multifractional stable motion. Finally, all proofs will be collected
in Appendix A.

Notation. Denote by Lα(Ω) the Lebesgue space i.e. the space of random variables X : Ω → R
such that ∥X∥Lα(Ω) = (E|X|α)1/α < ∞. By Λα(Ω) we denote the weak Lebesgue space, i.e. the

space of random variables X : Ω → R such that ∥X∥Λα(Ω) = (supλ>0 λ
αP(|X| > λ))

1
α < ∞.

Moreover, Mα(I) is the space of jointly measurable stochastic processes F : Ω × I → R, adapted
to a filtration (Fx)x∈I , such that ∥F∥Mα(I) =

(
E
∫
I |F (x)|α dx

) 1
α < ∞, and S(I) is the subspace of

Mα(I) consisting of simple processes.

2. Preliminaries on stable stochastic integrals

This section briefly covers the Itô calculus against a symmetric α-stable Lévy process L developed
by Giné and Marcus (1983) and extends this theory to an unbounded domain of integration.
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Fix a probability space (Ω,F ,P) and let (L(x))x∈R be a càdlàg symmetric α-stable Lévy process
with α ∈ (0, 2), standardized such that

E
[
ei(L(x)−L(y))t

]
= e−|x−y|·|t|α .

Let (Fx)x∈R be the natural filtration attributed to L. The goal is to develop stochastic integrals of
the form

∫
R F dL for a suitable class of stochastic processes (F (x))x∈R. For an interval I ⊆ R we

write Mα(I) for the space of jointly measurable stochastic processes F : Ω× I → R, adapted to the
filtration (Fx)x∈I , such that

∥F∥Mα(I) =

(
E
∫
I
|F (x)|α dx

) 1
α

< ∞.

The stochastic integral will be developed for F ∈ Mα(R), but first we restrict to the case where
I = (a, b] is a bounded interval and F is simple, i.e. F (ω, x) =

∑n
k=1 ξk(ω)1(xk−1,xk](x) for a

partition a = x0 < . . . < xn = b and random variables ξ1, . . . , ξn such that ξk is Fxk−1
-measurable.

For simple processes with a decomposition as above the stochastic integral is (well-)defined in the
usual way, ∫ b

a
F dL =

n∑
k=1

ξk (L(xk)− L(xk−1)).

Letting S((a, b]) denote the space of simple processes, as a consequence of Equation (1.7) in Giné
and Marcus (1983), this definition yields a linear operator

S((a, b]) → Λα(Ω)

F 7→
∫ b

a
F dL

(2.1)

into the weak Lebesgue space Λα(Ω) of random variables X : Ω → R such that

∥X∥Λα(Ω) =

(
sup
λ>0

λαP(|X| > λ)

) 1
α

< ∞. (2.2)

The space Λα(Ω) is a quasi-Banach space, which is a Banach space with a relaxed version of the
triangle inequality ∥x + y∥ ≤ C(∥x∥ + ∥y∥) for some constant C ≥ 1. For Λα(Ω) this constant is
2∨21/α (Grafakos, 2014, Equation (1.1.11)). Lemma 3.3 in Giné and Marcus (1983) shows that the
operator in (2.1) is bounded for the special case (a, b] = (0, 1], but the proof of this lemma does not
hinge on this special case and shows that the operators in (2.1) are uniformly bounded, i.e. there
is a constant C(α), independent of the interval (a, b] and F ∈ S((a, b]), such that∥∥∥∥∫ b

a
F dL

∥∥∥∥
Λα(Ω)

≤ C(α)∥F∥Mα((a,b]).

Since S((a, b]) is dense in Mα((a, b]) (Giné and Marcus, 1983, Remark 3.2) the integral operator
(2.1) uniquely extends to a uniformly bounded set of linear operators

∫ b
a · dL : Mα((a, b]) → Λα(Ω).

Write I for the set of intervals (a, b] ⊆ R, partially ordered by set inclusion, and let F ∈ Mα(R).
Due to uniform boundedness of the integral operators, it follows that the net

(∫ b
a F dL

)
(a,b]∈I

is

Cauchy in Λα(Ω). Thus, we may define the stochastic integral
∫
R F dL as the limit of this net which

results in a linear bounded operator

Mα(R) → Λα(Ω),

F 7→
∫
R
F dL.
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Hence, the stochastic integral is well-defined for jointly measurable adapted integrands F such that
∥F∥Mα(R) is finite and this stochastic integral defines the Itô multifractional stable motion (1.1).

3. The Itô Multifractional Stable Motion

Having established an Itô calculus against the symmetric α-stable Lévy process, we may define
the Itô multifractional stable motion for α ∈ (0, 2) via (1.1). To ensure integrability of the kernel,
the (random) multifractional parameter H(x) is required to be jointly measurable, we impose the
following basic assumption.

The stochastic process H(x) is jointly measurable, adapted to Fx, and bounded such
that P(∀x ∈ R : H ≤ H(x) ≤ H) = 1, for some 0 < H ≤ H < 1.

Under this restriction, it readily follows that the kernels Ft(x, ω) = (t−x)
H(ω,x)−1/α
+ −(−x)

H(ω,x)−1/α
+ ,

indexed by t ∈ R, are in the class Mα(R), and thus the process X(t) =
∫
R Ft(x) dL(x) is well-defined.

In order to gain more insight into its path structure, it is instructive to consider the Lévy-Itô
decomposition of the driving process as

L(b)− L(a) =

∫ b

a

∫
(−γ,γ)

y dÑ(x, y) +

∫ b

a

∫
R\(−γ,γ)

y dN(x, y) a < b,

where N is a Poisson point process with intensity measure dx dµ(y), for the Lévy measure dµ(y) =

α|y|−α−1dy, Ñ is the compensated Poisson process, and γ > 0. Since the Lévy measure is symmetric,
the value of the truncation γ does not matter. Accordingly, under further assumptions on the Hurst
function that will be provided later, for any γ > 0 and t0 ∈ R, for t > t0 the multifractional stable
motion X(t) may be decomposed as (see Lemma A.3)

X(t) =

∫ t0

−∞
Ft(x) dL(x) +

∫ t

t0

∫
(−γ,γ)

yFt(x) dÑ(x, y) +

∫ t

t0

∫
R\(−γ,γ)

yFt(x) dN(x, y).

Letting t0 → −∞ and γ → 0, the first term tends to zero in Λα(Ω) and the second term tends to
zero in L2(Ω). Thus, in Λα(Ω) and for fixed t,

X(t) = lim
t0→−∞
γ→0

∫ t

t0

∫
R\(−γ,γ)

yFt(x) dÑ(x, y)

= lim
t0→−∞
γ→0

∑
t0<x≤t

|∆L(x)|≥γ

∆L(x)

(
(t− x)

H(x)− 1
α

+ − (−x)
H(x)− 1

α
+

)
, (3.1)

where ∆L(x) is the jump size at time x. We may hence think of the process X(t) as a countable
superposition of fractional power functions with random offsets and amplitudes. This representation
can also be used for simulations with a deterministic Hurst function H(x), or if H(x) is independent
of the driving Lévy motion L(x), as follows. Instead of discretizing the time domain, we fix a
threshold (t0, γ) and approximate X(t) in a given set of points t = t1 < . . . < tn by simulating the
random atoms of the Poisson point process N on (t0, tn]×R \ (−γ, γ). The total number of jumps
m = N((t0, tn]×R \ (−γ, γ)) follows a Poisson distribution with rate λ = |(t0, tn]| ·µ(R \ (−γ, γ)) =
2(tn − t0)γ

−α. Conditioned on m, the distribution of the times and heights of the jumps are given
by the normalized intensity measure of N . That is, the jump times are uniformly distributed on
(t0, tn], and the heights are distributed according to µ↾R\(−γ,γ)/µ(R \ (−γ, γ)), which has density
equal to 1

2αγ
α|y|−α−1 supported on R \ (−γ, γ). We see that the heights may be obtained as an

independent product of a Rademacher and a Pareto(γ, α) distribution. Approximate sample paths
may thus be generated as follows:

(1) Sample m ∼ Pois(2(tn− t0)γ
−α), the random number of jumps in the interval (t0, tn] of size

at least γ.
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(2) Sample the jump times x1, . . . , xm ∼ Unif(t0, tn].
(3) Sample the jump sizes y1, . . . , ym ∼ Rademacher × Pareto(γ, α).
(4) For t = t1, . . . , tn compute X(t) =

∑m
i=1 yi

(
(t− xi)

H(xi)−1/α
+ − (−xi)

H(xi)−1/α
+

)
.

This procedure has been used to generate Figure 1.1, and Figure 3.2 provides another illustration
of the sample path using this procedure.

Figure 3.2. A Hurst function (left) with α = 1.6 and
H(t) = 0.99 ∧ ((0.98− 1/α)|2t− 1|+ 1/α+ 0.01)

and a sample path of its corresponding Itô multifractional stable motion (right).

The representation (3.1) also suggests that the local uniform Hölder exponent ρunif
X (t) at time t

is ρunif
X (t) = H(t)− 1

α , corresponding to those powers. The main goal of this section, and the main
result of this article, is to make this intuition about the regularity precise.

3.1. Local regularity of sample paths. Our main result regards local smoothness of the Itô multifrac-
tional stable motion. For a continuous function f , the local regularity may be expressed either in
terms of the pointwise Hölder exponent ρf (t) at a point t, via the uniform Hölder exponent ρunif

f (I)

over an interval I, or via the local uniform Hölder exponent ρunif
f (t) at a point t. These exponents

are defined as

ρf (t) = sup

{
ρ ≥ 0 : lim sup

h→0

|f(t+ h)− f(t)|
|h|ρ

= 0

}
,

ρunif
f (I) = sup

ρ ≥ 0 : sup
t1,t2∈I
t1 ̸=t2

|f(t2)− f(t1)|
|t2 − t1|ρ

< ∞

 ,

ρunif
f (t) = sup

ρ ≥ 0 : lim sup
h↓0

sup
t1,t2∈[t−h,t+h]

t1 ̸=t2

|f(t2)− f(t1)|
|t2 − t1|ρ

= 0

 .

Clearly, when t is an interior point of I, these Hölder exponents are ordered as

ρunif
f (I) ≤ ρunif

f (t) ≤ ρf (t).

For the classical multifractional stable motion Y (t), it is known that ρunif
Y ([a, b]) ≥ mint∈[a,b]H(t)− 1

α ,
under the assumption that H takes values in a compact subset of (1/α, 1) and that H is almost
ρ-Hölder continuous for ρ = mint∈[a,b]H(t) − 1

α , see Ayache and Hamonier (2014, Cor. 5.3). We
show that for the Itô multifractional stable motion X(t), the same bound for the Hölder exponent
holds but under much weaker regularity assumptions on t 7→ H(t). To be precise, we assume that
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the stochastic process H admits a (deterministic) modulus of continuity w : R≥0 → R≥0, i.e. a
continuous increasing function with w(0) = 0, such that

P (∀s, t ∈ R : |t− s| ≤ 1 =⇒ |H(t)−H(s)| ≤ w(|t− s|)) = 1. (A)

This restriction is weaker than a Hölder condition and allows, for example, for the case w(h) =
(1+ | log(h)|)−1. To derive the novel regularity result, we pursue a different mathematical approach
compared to Ayache and Hamonier (2014). Therein, the lower bound for the Hölder exponent is
derived from a wavelet representation of Y (t). In contrast, we employ a localized Kolmogorov-
Chentsov criterion which has been developed previously to study the multifractional Gaussian case
(Loboda et al., 2021). Their formulation allows for random and varying Hölder exponents and is
provided in full in Section A. The essential part of the proof is the following bound on the moments
of scaled increments of X(t), which requires different techniques than for the Gaussian process.

Proposition 3.1. Under condition (A), for any δ > 0, there are constants C > 0 and ϵ > 0 such
that ∥∥∥∥∥ X(t)−X(s)

|t− s|minr∈[s∧t,s∨t] H(r)− 1
α
−δ

∥∥∥∥∥
α

Λα(Ω)

≤ C|t− s|, whenever |t− s| ≤ ϵ.

Hence, for any δ > 0 and α
1+αδ/2 < p < α, there are constants C > 0 and ϵ > 0 such that∥∥∥∥∥ X(t)−X(s)

|t− s|minr∈[s∧t,s∨t] H(r)− 1
α
−δ

∥∥∥∥∥
p

Lp(Ω)

≤ C|t− s|, whenever |t− s| ≤ ϵ.

To ensure positivity of the Hölder exponents, and thus continuous sample paths, we further
impose that

H >
1

α
, , (B)

which is also presumed by Ayache and Hamonier (2014). Condition (B) is necessary for conti-
nuity of the sample paths, even in the homogeneous case, see Samorodnitsky and Taqqu (1994,
Ch. 10). Under this assumption, and the continuity assumption (A), we obtain a version of the Itô
multifractional stable motion such that

P
(
∀[a, b] ⊆ R : ρunif

X ([a, b]) ≥ min
t∈[a,b]

H(t)− 1

α

)
= 1. (3.2)

In the sequel, we identify the Itô multifractional stable motion with its continuous modification.
To show that the lower bound on the Hölder exponent is sharp, we need a matching upper bound,

i.e. a roughness result. For the classical multifractional stable motion, Ayache and Hamonier (2014,
Thm. 6.1) showed that ρunif

Y ([a, b]) ≤ mint∈[a,b]H(t) − 1
α via a Wavelet representation, making

extensive use of the smoothness of t 7→ H(t). As we allow for rougher Hurst functions, we choose a
different approach to derive the same lower bound by using a jump representation of X(t) formalized
in Lemma A.3.

Theorem 3.2. Assume (A) and (B). Then, for every t0 ∈ R,

P
(
ρunif
X (t0) = H(t0)−

1

α

)
= 1.

Moreover, the uniform Hölder exponent is described uniformly over all intervals as

P
(
∀[a, b] ⊆ R : ρunif

X ([a, b]) = min
t∈[a,b]

H(t)− 1

α

)
= 1.
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For the pointwise Hölder exponent, Theorem 3.2 implies that ρX(t0) ≥ H(t0)− 1
α almost surely,

which is weaker than the result of Ayache and Hamonier (2014) for the classical multifractional stable
motion. However, we can obtain the following upper bound on the pointwise Hölder exponent, which
is a direct consequence of Proposition 3.4 below.

Theorem 3.3. Assume (A) and (B) and assume that w(h) log(h) → 0 as h ↓ 0. Then, for all
t0 ∈ R,

P (ρX(t0) ≤ H(t0)) = 1.

Thus, we found that H(t0) − 1
α ≤ ρX(t0) ≤ H(t0) almost surely. For the stationary fractional

stable motion LH(t), the gap between ρunif
LH (t) = H−1/α and ρLH (t) = H is already present. Because

the Itô multifractional stable motion is a nonstationary generalization of the linear fractional stable
motion, we conjecture that indeed ρX(t0) = H(t0), but we have been unable to establish this
mathematically.

In comparison to the classical multifractional stable motion, our results remain valid under a
weaker assumption on the modulus of continuity of the Hurst function; where the Hurst function
of the classical multifractional stable motion needed to be subject to Hölder regularity in order to
obtain results on the regularity of the resulting process, the Hurst function of the Itô multifractional
stable motion can admit any modulus of continuity. This was an expected improvement, since this
was also the case for the Gaussian counterpart (Loboda et al., 2021). On the other hand, the wavelet
techniques of Ayache and Hamonier allow the regularity of the resulting process to be determined
to a finer degree. Where localized Kolmogorov-Chentsov criterion only captures the regularity of
the resulting process up to the (local) Hölder exponent, with wavelet techniques it is also possible
to discern the logarithmic terms in the modulus of continuity, see Ayache and Hamonier (2014,
Theorems 5.1, 5.5, 6.1, 7.1).

3.2. Tangent process. For the classical multifractional stable motion Y (t), it is known that, for t0
fixed,

h−H(t0) (Y (t0 + hr)− Y (t0)) =⇒ LH(t0)(r)

in terms of finite-dimensional distributions as h ↓ 0, whenever t 7→ H(t) satisfies a local Hölder con-
dition with exponent H(t0); see Stoev and Taqqu (2004, Thm. 5.1). Here LH(r) is the linear stable
fractional motion with (deterministic) fractional parameter H ∈ (0, 1), provided in the introduction.
That is, the linear fractional stable motion is the tangent process of its multifractional extension.
We find that the same is true for the Itô multifractional stable motion, under an even weaker con-
dition on H. Moreover, we show that the convergence not only holds for the finite-dimensional
distributions, but indeed weakly in the space of continuous functions (Billingsley, 1999).

Proposition 3.4. Assume (A) and (B) and assume that w(h) log(h) → 0 as h ↓ 0. Fix t0 ∈ R and
a < 0 < b. Then, there is a symmetric α-stable Lévy motion (L̃(x))x∈R, independent of H(t0), such
that, as h ↓ 0,(

X(t0 + hr)−X(t0)

hH(t0)

)
r∈[a,b]

=⇒
(∫

R
(r − x)

H(t0)− 1
α

+ − (−x)
H(t0)− 1

α
+ dL̃(x)

)
r∈[a,b]

,

weakly in the space C([a, b]).

While Theorem 3.2 only requires continuity of the function t 7→ H(t), Proposition 3.4 imposes an
upper bound on the modulus, i.e. an additional smoothness assumption. Nevertheless, the bound
w(h) ≪ 1/| log h| is very weak and satisfied, for example, by a Hölder function of any order. We
also would like to point out that the analogue of Theorem 3.2 for the Brownian case (Loboda et al.,
2021) does impose an upper bound on w(h), as the proof of the roughness therein is based on the
tangent process. In this sense, the exact local Hölder exponent of the multifractional stable motion
can be obtained under even weaker conditions than for the Gaussian case.
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3.3. Open problems. As explained above, it remains open to establish the exact value of the point-
wise Hölder exponent of the Itô multifractional stable motion. Furthermore, multivariate fractional
Gaussian processes have been employed to improve accuracy of volatility forecasts (Bibinger et al.,
2026), which motivates the study of multivariate extensions of the multifractional stable motion.

Another avenue for future research is statistical inference for the Hurst parameter H(t), either
parametrically or nonparametrically. The estimation of the linear fractional stable motion has been
studied by Mazur et al. (2020); Ljungdahl and Podolskij (2020, 2022); Mies and Podolskij (2023),
estimation of the (classical) multifractional stable motion is studied by Dang (2020); Ayache and
Hamonier (2015, 2017). These latter three studies require that t 7→ H(t) is ρ-Hölder continuous, and
ρ > suptH(t), which is the regime where the sample path regularity of the classical multifractional
stable motion is described by the value of H(t). However, the rate of convergence established therein
is a multiple of ρ − suptH(t), and thus vacuous in the rough case where ρ < suptH(t). For the
Gaussian case, it has recently been shown that the Itô-mBm allows for streamlined nonparametric
estimation (Mies and Wilkens, 2025) compared to the classical mBm (Shen and Hsing, 2020),
achieving standard nonparametric rates of convergence without a lower bound on ρ It can thus be
conjectured that the same statistical simplifications emerge in the stable case.

Appendix A. Proofs

In this section, constants are denoted with a capital C. Unless specified otherwise, its depen-
dencies are listed (e.g. C(ϵ), C(α,H,H)). The value of constants may vary from line to line. To
show (3.2) we apply the localized Kolmogorov-Chentsov criterion developed in Loboda et al. (2021).
Below we state Theorem 2.1 from this article in dimension d = 1.

Theorem A.1. Let (Y (t))t∈[0,T ] and (a(t))t∈[0,T ] be stochastic processes taking values in R and
(0, 1) respectively. Assume that inft∈B a(t) is measurable for any open or closed set B ⊆ [0, T ] and
that (a(t))t∈[0,T ] is lower semi-continuous and inft∈[0,T ] a(t) > 0. Suppose that there are p > 0, ϵ > 0
and a constant C > 0 such that for all s, t ∈ [0, T ] with |t− s| ≤ ϵ,

E

∣∣∣∣∣ Y (t)− Y (s)

|t− s|minr∈[s∧t,s∨t] a(r)

∣∣∣∣∣
p

≤ C|t− s|.

Then (Y (t))t∈[0,T ] has a modification (Ỹ (t))t∈[0,T ] such that

P

∀γ > 0 ∀[a, b] ⊆ [0, T ] : sup
s,t∈[a,b]

s ̸=t

|Ỹ (t)− Ỹ (s)|
|t− s|minr∈[a,b] a(r)−γ

< ∞

 = 1,

as a consequence,

P
(
∀[a, b] ⊆ [0, T ] : ρunif

Ỹ
([a, b]) ≥ min

t∈[a,b]
a(t)

)
= 1.

To bound the increments, we use the following lemma, which only concerns deterministic, real-
valued integrals.

Lemma A.2. Fix α ∈ (0, 2), 0 < H < H < 1 and a modulus of continuity w : R≥0 → R≥0. There
exists a constant C(α,H,H) such that for all ϵ ∈ (0, 1), all functions H : R → [H,H] admitting w
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as a modulus of continuity and all h ∈ (0, 12),∫ t−ϵ

−∞

∣∣∣(t+ h− x)H(x)− 1
α − (t− x)H(x)− 1

α

∣∣∣α dx ≤ C(α,H,H) ϵα(H−1)hα, (A.1)∫ t

t−ϵ

∣∣∣(t+ h− x)H(x)− 1
α − (t− x)H(x)− 1

α

∣∣∣α dx ≤ C(α,H,H)hα(H(t)−w(ϵ)), (A.2)∫ t+h

t
(t+ h− x)αH(x)−1 dx ≤ C(α,H,H)hα(H(t)−w(h)). (A.3)

Proof : Apply the mean value theorem to obtain ξt,h,x ∈ [0, h] so that the left hand side of (A.1)
equals

hα
∫ t−ϵ

−∞

∣∣∣∣H(x)− 1

α

∣∣∣∣α (t+ ξt,h,x − x)α(H(x)−1)−1 dx

≤C(α,H,H)hα
∫ t−ϵ

−∞
(t− x)α(H−1)−1

1{t+ξt,h,x−x≤1} + (t− x)α(H−1)−1
1{t+ξt,h,x−x>1} dx

≤C(α,H,H)hα

(∫ t−ϵ

−∞
(t− x)α(H−1)−1 dx+

∫ t− 1
2

−∞
(t− x)α(H−1)−1 dx

)
≤C(α,H,H)ϵα(H−1) hα.

For the second term, substitute x = t+hx̂ and use the fact that H(t+hx̂) ≥ H(t)−w(ϵ) whenever
t+ hx̂ ∈ [t− ϵ, t] to find that the left hand side of (A.2) equals∫ 0

−ϵh−1

hαH(t+hx̂)
∣∣∣(1− x̂)H(t+hx̂)− 1

α − (−x̂)H(t+hx̂)− 1
α

∣∣∣α dx̂

≤hα(H(t)−w(ϵ))

∫ 0

−∞

∣∣∣(1− x̂)H(t+hx̂)− 1
α − (−x̂)H(t+hx̂)− 1

α

∣∣∣α dx̂

≤C(α,H,H)hα(H(t)−w(ϵ)).

Finally,∫ t+h

t
(t+ h− x)αH(x)−1 dx ≤

∫ t+h

t
(t+ h− x)αminx∈[t,t+h] H(x)−1 dx ≤ 1

αH
hα(H(t)−w(h)).

□

Proof of Proposition 3.1: Let δ > 0 be arbitrary. Choose some ϵ ∈ (0, 1). Assume that s, t ∈ R are
such that 0 < t− s ≤ ϵ and decompose

X(t)−X(s) =

∫ s−ϵ

−∞
(t− x)H(x)− 1

α − (s− x)H(x)− 1
α dL(x)︸ ︷︷ ︸

Dϵ

+

∫ s

s−ϵ
(t− x)H(x)− 1

α − (s− x)H(x)− 1
α dL(x)︸ ︷︷ ︸

Eϵ

+

∫ t

s
(t− x)H(x)− 1

α dL(x)︸ ︷︷ ︸
F

.



Multifractional Stable Motion with Random Hurst Exponent 1065

From Lemma A.2, we find that ϵ affects the relevant exponents by at most ω(ϵ). To make this effect
sufficiently small, we choose ϵ > 0 such that so that 3w(ϵ) ≤ δ. Then, the weak Lebesgue norm
introduced in (2.2) is bounded as∥∥∥∥∥ X(t)−X(s)

|t− s|minr∈[s,t] H(r)

∥∥∥∥∥
α

Λα(Ω)

≤C(α)

(∥∥∥∥ Dϵ

|t− s|H(s)

∥∥∥∥α
Λα(Ω)

+

∥∥∥∥ Eϵ

|t− s|H(s)

∥∥∥∥α
Λα(Ω)

+

∥∥∥∥ F

|t− s|H(s)

∥∥∥∥α
Λα(Ω)

)
.

(A.4)

We bound the terms individually. For the first term, using (A.1) of Lemma A.2,∥∥∥|t− s|−H(s)Dϵ

∥∥∥α
Λα(Ω)

≤ |t− s|−αH ∥Dϵ∥αΛα(Ω)

≤ C(α)|t− s|−αHE
∫ s−ϵ

−∞

∣∣∣(t− x)H(x)− 1
α − (s− x)H(x)− 1

α

∣∣∣α dx

≤ C(α,H,H)ϵα(H−1)|t− s|α(1−H)

= C(α,H,H, ϵ)|t− s|α(1−H).

(A.5)

To bound the second term, note that H(s) ≤ H(s − ϵ) + w(ϵ) almost surely. It follows that∥∥|t− s|−H(s)Eϵ

∥∥α
Λα(Ω)

≤ |t − s|−αw(ϵ)
∥∥|t− s|−H(s−ϵ)Eϵ

∥∥α
Λα(Ω)

. Because |t − s|−H(s−ϵ) is Fs−ϵ-
measurable, we may bring this term inside the stochastic integral. By applying (A.2) of Lemma
A.2 we find that∥∥∥|t− s|−H(s)Eϵ

∥∥∥α
Λα(Ω)

≤ |t− s|−αw(ϵ)

∥∥∥∥∫ s

s−ϵ
|t− s|−H(s−ϵ)

(
(t− x)H(x)− 1

α − (s− x)H(x)− 1
α

)
dL(x)

∥∥∥∥α
Λα(Ω)

≤C(α)|t− s|−αw(ϵ)E
{
|t− s|−αH(s−ϵ)

∫ s

s−ϵ

∣∣∣(t− x)H(x)− 1
α − (s− x)H(x)− 1

α

∣∣∣α dx

}
≤C(α,H,H)|t− s|−αw(ϵ)E

{
|t− s|α(H(s)−H(s−ϵ)−w(ϵ))

}
≤C(α,H,H)|t− s|−3αw(ϵ).

(A.6)

For the final term, |t − s|−H(s) is Fs-measurable. So we can bring it inside of the integral without
further complications. Using (A.3) of Lemma A.2,∥∥∥|t− s|−H(s)F

∥∥∥α
Λα(Ω)

=

∥∥∥∥∫ t

s
|t− s|−H(s)(t− x)H(x)− 1

α dL(x)

∥∥∥∥α
Λα(Ω)

≤ C(α)E
{
|t− s|−αH(s)

∫ t

s
(t− x)αH(x)−1 dx

}
≤ C(α,H,H) |t− s|−αw(|t−s|)

≤ C(α,H,H)|t− s|−αw(ϵ).

(A.7)

Plugging (A.5), (A.6) and (A.7) into (A.4) reveals that∥∥∥∥∥ X(t)−X(s)

|t− s|minr∈[s,t] H(r)

∥∥∥∥∥
α

Λα(Ω)

≤ C(α,H,H, ϵ)
(
|t− s|α(1−H) + |t− s|−3αw(ϵ) + |t− s|−αw(ϵ)

)
≤ C(α,H,H, ϵ)|t− s|−3αw(ϵ).
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Thus, for ϵ small enough such that 3w(ϵ) ≤ δ,

∥∥∥∥∥ X(t)−X(s)

|t− s|minr∈[s,t] H(r)− 1
α
−δ

∥∥∥∥∥
α

Λα(Ω)

≤ C(α,H,H, ϵ)|t− s|1+α(δ−3w(ϵ)) ≤ C(α,H,H, ϵ)|t− s|.

This proves the first statement. The second follows readily from the first and the continuous
embedding Λα(Ω) ↪→ Lp(Ω) if p < α. Indeed, for any δ > 0 and α

1+αδ/2 < p < α,

∥∥∥∥∥ X(t)−X(s)

|t− s|minr∈[s,t] H(r)− 1
α
−δ

∥∥∥∥∥
p

Lp(Ω)

≤ C(α, p)

∥∥∥∥∥ X(t)−X(s)

|t− s|minr∈[s,t] H(r)− 1
α
− δ

2

∥∥∥∥∥
p

Λα(Ω)

|t− s|
pδ
2

≤ C(α,H,H, ϵ, p)|t− s|
p
α
+ pδ

2

≤ C(α,H,H, ϵ, p)|t− s|.

□

The proof for the roughness part of Theorem 3.2 uses a decomposition of stochastic integrals∫ b
a F (x) dL(x) against the Lévy motion L into a sum of integrals against the small and big jumps

of its associated Poisson point process N . Let γ > 0. For general integrands F (not required to be
adapted), the integral against big jumps is defined pathwise as the almost surely finite sum

∫ b

a

∫
R\(−γ,γ)

yF (x) dN(x, y) =
∑

x∈(a,b]

∆L(x)F (x)1R\(−γ,γ)(∆L(x)),

where ∆L(x) = L(x)− limy↑x L(y) is the jump process associated to L. For adapted left continuous
square integrable integrands F ∈ M2((a, b]), the integral

∫ b
a

∫
(−γ,γ) yF (x) dÑ(x, y), with Ñ the

compensated Poisson point process, is defined as the L2(Ω) limit of integrals of simple processes.
These integrals satisfy an Itô isometry,

E

∣∣∣∣∣
∫ b

a

∫
(−γ,γ)

yF (x) dÑ(x, y)

∣∣∣∣∣
2

= E
∫ b

a

∫
(−γ,γ)

|yF (x)|2 dx dµ(y) = C(α, γ)E
∫ b

a
|F (x)|2 dx.

Lemma A.3. If F ∈ M2((a, b]) is left continuous such that supx∈(a,b] |F (x)| ∈ L2(Ω), then

∫ b

a
F (x) dL(x) =

∫ b

a

∫
(−γ,γ)

yF (x) dÑ(x, y) +

∫ b

a

∫
R\(−γ,γ)

yF (x) dN(x, y) a.s.

This result is of course expected to hold, but still non-trivial because the left-hand side is defined
via the Λα(Ω) norm inequality, and not via the standard stochastic integration theory against
semimartingales.
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Proof of Lemma A.3: First let F (x) =
∑n

k=1 ξk1(xk−1,xk](x) be simple. Then, by the Lévy-Itô
decomposition,∫ b

a

∫
(−γ,γ)

yF (x) dÑ(x, y) +

∫ b

a

∫
R\(−γ,γ)

yF (x) dN(x, y)

=

∫ b

a

∫
(−γ,γ)

y
n∑

k=1

ξk1(xk−1,xk](x) dÑ(x, y) +

∫ b

a

∫
R\(−γ,γ)

y
n∑

k=1

ξk1(xk−1,xk](x) dN(x, y)

=
n∑

k=1

ξk

(∫ xk

xk−1

∫
(−γ,γ)

y dÑ(x, y) +

∫ xk

xk−1

∫
R\(−γ,γ)

y dN(x, y)

)

=
n∑

k=1

ξk(L(xk)− L(xk−1))

=

∫ b

a
F (x) dL(x).

For general F , consider the sequence of simple processes given by Fn(x) = F (⌊xn⌋/n) such that
P
(
∀x ∈ (a, b] : Fn(x)

n→∞→ F (x)
)
= 1. By the dominated convergence theorem, we also have Fn →

F in L2(Ω× (a, b]), hence also in Lα(Ω× (a, b]) which implies∫ b

a
F (x) dL(x) = lim

n→∞

∫ b

a
Fn(x) dL(x)

= lim
n→∞

∫ b

a

∫
(−γ,γ)

yFn(x) dÑ(x, y) + lim
n→∞

∫ b

a

∫
R\(−γ,γ)

yFn(x) dN(x, y).

The first limit is
∫ b
a

∫
(−γ,γ) yF (x)dÑ(x, y) as an L2(Ω) limit, and the second is a limit of finite sums

so it converges almost surely to
∫ b
a

∫
R\(−γ,γ) yF (x) dN(x, y). □

Proof of Theorem 3.2: First we show (3.2), i.e. regularity of the paths. For an integer n > 0, we
consider the Itô multifractional stable motion (Xn(t))t∈[−n,n] = (X(t))t∈[−n,n] restricted to [−n, n].
Let 0 < δ < H − 1/α so that a(t) = H(t)− 1/α− δ, t ∈ [−n, n] satisfies the conditions of Theorem
A.1. From Theorem A.1 and Proposition 3.1 we see that (Xn(t))t∈[−n,n] admits a modification
(X̃n

δ (t))t∈[−n,n] such that

P
(
∀[a, b] ⊆ [−n, n] : ρunif

X̃n
δ
([a, b]) ≥ min

t∈[a,b]
H(t)− 1

α
− δ

)
= 1

Since X̃n
δ and X̃n

δ′ are continuous modifications for different δ and δ′, they are indistinguishable and
form a uniform modification X̃n such that, for any 0 < δ < H − 1/α,

P
(
∀[a, b] ⊆ [−n, n] : ρunif

X̃n ([a, b]) ≥ min
t∈[a,b]

H(t)− 1

α
− δ

)
= 1

Countably taking δ ↓ 0 and using that there are countably many integers n > 0 reveals

P
(
∀n > 0,∀[a, b] ⊆ [−n, n] : ρunif

X̃n ([a, b]) ≥ min
t∈[a,b]

H(t)− 1

α

)
= 1. (A.8)

Moreover if m ≥ n then (X̃m(t))t∈[−n,n] and (X̃n(t))t∈[−n,n] are continuous modifications and there-
fore indistinguishable. Thus,

P
(
∀m ≥ n,∀t ∈ [−n, n] : X̃m(t) = X̃n(t)

)
= 1. (A.9)
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Letting Ω∗ be the intersection of the events in the probability in Equations (A.8) and (A.9), for
each ω ∈ Ω∗ and t ∈ R, take n ≥ |t| and set X̃(ω, t) = X̃n(ω, t), this value is independent of the
chosen n due to (A.9). If ω ̸∈ Ω∗ set X̃(ω, t) = 0. Then (X(t))t∈R and (X̃(t))t∈R are modifications.
Let ω ∈ Ω∗, for an interval [a, b] ⊆ R take n > 0 such that [a, b] ⊆ [−n, n]. By construction
X̃(ω, t) = X̃n(ω, t) for t ∈ [−n, n]. Moreover, ρunif

X̃n(ω,·)([a, b]) ≥ mint∈[a,b]H(ω, t)− 1/α by (A.8). It

follows that ρunif
X̃(ω,·)([a, b]) ≥ mint∈[a,b]H(ω, t)− 1/α. So

P
(
∀[a, b] ⊆ R : ρunif

X̃
([a, b]) ≥ min

t∈[a,b]
H(t)− 1/α

)
= 1.

In the sequel, we identify the Itô multifractional stable motion (X(t))t∈R with its continuous mod-
ification.

Next, we prove the lower bound on ρunif
X , i.e. roughness of the paths. Let t0 ∈ R, we show

that P(ρunif
X (t0) ≤ H(t0) − 1

α) = 1. Note that H − H < 1/2 because H > 1/α > 1/2. Let
0 < ρ < 1/2 −H +H and let δ > 0 be such that w(δ) < ρ. The assumptions (A) and (B) ensure
that for each t ∈ R, the kernel Ft(ω, x) = (t − x)

H(ω,x)−1/α
+ − (−x)

H(ω,x)−1/α
+ is continuous and

square integrable. Thus, for γ > 0 and t ∈ (t0 − δ, t0 + δ], using Lemma A.3, decompose

X(t) =

∫ t0−δ

−∞
Ft(x) dL(x)︸ ︷︷ ︸
A(t)

+

∫ t0+δ

t0−δ

∫
(−γ,γ)

yFt(x) dÑ(x, y)︸ ︷︷ ︸
B(t)

+

∫ t0+δ

t0−δ

∫
R\(−γ,γ)

yFt(x) dN(x, y)︸ ︷︷ ︸
C(t)

,

where A,B and C have continuous sample paths. Let τ = inf{t ∈ (t0− δ, t0+ δ] : N((t0− δ, t]×R \
(−γ, γ)) > 0} be the first arrival time in (t0 − δ, t0 + δ] of a jump of size at least γ, with τ = t0 + δ
if no such jump occurs. We show that there is a sequence hn ↓ 0 such that

P
(
h−(H(t0)−1/α+ρ)
n |A(τ + hn)−A(τ)| → 0

)
= 1, (A.10)

P
(
h−(H(t0)−1/α+ρ)
n |B(τ + hn)−B(τ)| → 0

)
= 1, (A.11)

P
(
h−(H(t0)−1/α+ρ)
n |C(τ + hn)− C(τ)| → ∞

)
≥ P(N((t0 − δ, t0 + δ)× R \ (−γ, γ)) > 0). (A.12)

First we show (A.10) and (A.11). Write Σ = σ(N(A) : A ⊆ (t0− δ, t0+ δ]×R\ (−γ, γ) measurable)
and define the filtration (F̂x)x∈R by F̂x = σ(Fx∪Σ). Since the Poisson point process is independently
scattered, both σ(L(y)−L(x) : x < y ≤ t0−δ) and σ(N(A) : A ⊆ (t0−δ, t0+δ]×(−γ, γ) measurable)
are independent of Σ and it follows that (L(x))x≤t0−δ is an α-stable Lévy process such that L(y)−
L(x) ⊥ F̂x for x < y ≤ t0 − δ, and that Ñ↾(t0−δ,t0+δ]×(−γ,γ) is a martingale valued measure with
respect to (F̂x)x∈(t0−δ,t0+δ]. Since τ is Σ-measurable, the kernel Fτ is adapted to (F̂x)x∈R and the
stochastic integrals

∫ t0−δ
−∞ Fτ (x) dL(x) and

∫ t0+δ
t0−δ

∫
(−γ,γ) yFτ (x) dÑ(x, y) exist.

Now we show that

A(τ) =

∫ t0−δ

−∞
Fτ (x) dL(x) and B(τ) =

∫ t0+δ

t0−δ

∫
(−γ,γ)

yFτ (x) dÑ(x, y).

Let Pn be a sequence of partitions of (t0 − δ, t0 + δ] with mesh(Pn) → 0. Then, writing

An(τ) =
∑

tj∈Pn

A(tj)1(tj ,tj+1](τ) and Fn
τ (x) =

∑
tj∈Pn

Ftj (x)1(tj ,tj+1](τ),
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we have the representation An(τ) =
∫ t0−δ
−∞ Fn

τ (x) dL(x). Moreover, since A has continuous sample
paths, An(τ) → A(τ) almost surely. We show that E

∫
R |Fn

τ (x) − Fτ (x)|α dx → 0 so that An(τ)

converges to
∫ t0−δ
−∞ Fτ (x) dL(x) in Λα(Ω). Indeed,

E
∫
R
|Fn

τ (x)− Fτ (x)|α dx =
∑

tj∈Pn

E1(tj ,tj+1](τ)

∫
R
|Ftj (x)− Fτ (x)|α dx

≤
∑

tj∈Pn

E sup
t∈(tj ,tj+1]

∫
R
|Ftj (x)− Ft(x)|α dx.

Let ϵ > 0 be such that w(ϵ) < H−1/α, then, by Lemma A.2, for n big enough so that mesh(Pn) < ϵ
and for t ∈ (tj , tj+1],∫

R
|Ftj (x)− Ft(x)|α dx ≤ C(α,H,H, ϵ)(t− tj)

α(H−w(ϵ))

≤ C(α,H,H, ϵ)(tj+1 − tj)mesh(Pn)
α(H− 1

α
−w(ϵ)).

We conclude that E
∫
R |Fn

τ (x)− Fτ (x)|α dx ≤ C(α,H,H, ϵ, δ)mesh(Pn)α(H−1/α−w(ϵ)) → 0 and that
A(τ) =

∫ t0−δ
−∞ Fτ (x) dL(x).

Now, in the same setting as Lemma A.2 and using the same arguments, we find∫ t−ϵ

−∞

∣∣∣(t+ h− x)H(x)− 1
α − (t− x)H(x)− 1

α

∣∣∣2 dx ≤ C(α,H,H, ϵ)h2,∫ t

t−ϵ

∣∣∣(t+ h− x)H(x)− 1
α − (t− x)H(x)− 1

α

∣∣∣2 dx ≤ C(α,H,H)h2(H(t)−w(ϵ)+ 1
2
− 1

α),∫ t+h

t
(t+ h− x)2(H(x)− 1

α) dx ≤ C(α,H,H)h2(H(t)−w(h)+ 1
2
− 1

α).

(A.13)

This leads to the conclusion that

E
∫
R
|Fn

τ (x)− Fτ (x)|2 dx ≤ C(α,H,H, ϵ, δ)mesh(Pn)2(H−1/α−w(ϵ)) → 0.

Hence, by the Itô isometry and continuity of B, B(τ) =
∫ t0+δ
t0−δ

∫
(−γ,γ) yFτ (x) dÑ(x, y). We have

thus shown that plugging the argument τ in A(τ) and B(τ) is identical to the respective stochastic
integrals with kernels Fτ , so they are subject to the Λα(Ω) norm inequality and the Itô isometry
respectively. By Lemma A.2, choosing ϵ > 0 such that w(ϵ) < 1/α+H −H − ρ, for |h| < ϵ,∥∥∥∥A(τ + h)−A(τ)

hH(t0)− 1
α
+ρ

∥∥∥∥α
Λα(Ω)

≤ C(α)hα(−H+ 1
α
−ρ)E

∫ t0−δ

−∞
|Fτ+h(x)− Fτ (x)|α dx

≤ C(α,H,H, ϵ)hα(
1
α
+H−H−ρ−w(ϵ)) h→0→ 0.

Similarly, using (A.13) and choosing ϵ > 0 such that w(ϵ) < 1/2−H +H − ρ, for |h| < ϵ,∥∥∥∥B(τ + h)−B(τ)

hH(t0)− 1
α
+ρ

∥∥∥∥2
L2(Ω)

≤ C(α, γ)h2(−H+ 1
α
−ρ)E

∫
R
|Fτ+h(x)− Fτ (x)|2 dx

≤ C(α,H,H, ϵ, γ)h2(
1
2
−H+H−w(ϵ)−ρ) h→0→ 0.

We conclude that h−(H(t0)−1/α+ρ)(A(τ +h)−A(τ)) → 0 and h−(H(t0)−1/α+ρ)(B(τ +h)−B(τ)) → 0
in probability, (A.10) and (A.11) follow.
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We now show (A.12). Suppose that N((t0− δ, t0+ δ)×R \ (−γ, γ)) > 0. Then τ ∈ (t0− δ, t0+ δ)
and |∆L(τ)| ≥ γ. Suppose furthermore that for ϵ > 0 we have N((τ, τ + ϵ) × R \ (−γ, γ)) = 0 so
that τ is the only jump of size at least γ in (t0 − δ, τ + ϵ), then for 0 < h < ϵ,

|C(τ + h)− C(τ)|
hH(t0)− 1

α
+ρ

= hH(τ)−H(t0)−ρ|∆L(τ)| ≥ γhw(δ)−ρ → ∞.

We conclude that

P
(
|C(τ + h)− C(τ)|

hH(t0)− 1
α
+ρ

h↓0→ ∞
)

≥P(N((t0 − δ, t0 + δ)× R \ (−γ, γ)) > 0 ∧N((τ, τ + ϵ)× R \ (−γ, γ)) = 0)

ϵ↓0→ P(N((t0 − δ, t0 + δ)× R \ (−γ, γ)) > 0).

Combining (A.10), (A.11) and (A.12) reveals that for each 0 < ρ < 1/2 −H +H there is a δ > 0
such that, for all γ > 0,

P

 sup
s,t∈[t0−δ,t0+δ]

s ̸=t

|X(t)−X(s)|
|t− s|H(t0)−1/α+ρ

= ∞

 ≥ P(N((t0 − δ, t0 + δ)× R \ (−γ, γ)) > 0)
γ↓0→ 1.

Countably taking ρ ↓ 0 and corresponding δ ↓ 0 shows P(ρunif
X (t0) ≤ H(t0)− 1/α) = 1.

By (3.2) and continuity of H it follows that P(ρunif
X (t0) = H(t0) − 1/α) = 1. Thus, P(∀t0 ∈ Q :

ρunif
X (t0) = H(t0)− 1/α) = 1. In this event, we have, for any [a, b] ⊆ R,

ρunif
X ([a, b]) ≤ inf

t∈(a,b)∩Q
ρunif
X (t) = inf

t∈(a,b)∩Q
H(t)− 1

α
= min

t∈[a,b]
H(t)− 1

α
.

We conclude that P
(
∀[a, b] ⊆ R : ρunif

X ([a, b]) = mint∈[a,b]H(t)− 1
α

)
= 1.

□

For the localizability result Proposition 3.4, we need the following technical lemma.

Lemma A.4. Let α ∈ (0, 2) and 0 < c < c < 1. Then there is a constant C(α, c, c) such that for
all functions a : R → [c, c] and b : R → [c, c] satisfying |a(x)− b(x)| ≤ ∆ for all x ∈ R, and for all
h ∈ (0, 1/e), ∫

R

∣∣∣∣((h− x)
a(x)− 1

α
+ − (−x)

a(x)− 1
α

+

)
−
(
(h− x)

b(x)− 1
α

+ − (−x)
b(x)− 1

α
+

)∣∣∣∣α dx

≤C(α, c, c)∆αhαa∧b | log h|α,

where a ∧ b = infx∈R(a(x) ∧ b(x)).

Proof : Split up the integral into∫ 0

−∞

∣∣∣((h− x)a(x)−
1
α − (−x)a(x)−

1
α

)
−
(
(h− x)b(x)−

1
α − (−x)b(x)−

1
α

)∣∣∣α dx, (A.14)

+

∫ h

0

∣∣∣(h− x)a(x)−
1
α − (h− x)b(x)−

1
α

∣∣∣α dx. (A.15)
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To bound (A.14), substitute x = hx̂ and apply the mean value theorem to obtain ξx̂,h between
a(hx̂) and b(hx̂) such that∫ 0

−∞

∣∣∣((h− x)a(x)−
1
α − (−x)a(x)−

1
α

)
−
(
(h− x)b(x)−

1
α − (−x)b(x)−

1
α

)∣∣∣α dx

=

∫ 0

−∞

∣∣∣ha(hx̂) ((1− x̂)a(hx̂)−
1
α − (−x̂)a(hx̂)−

1
α

)
− hb(hx̂)

(
(1− x̂)b(hx̂)−

1
α − (−x̂)b(hx̂)−

1
α

)∣∣∣α dx̂

=

∫ 0

−∞
|b(hx̂)− a(hx̂)|αhαξx̂,h

∣∣∣log h((1− x̂)ξx̂,h−
1
α − (−x̂)ξx̂,h−

1
α

)
+
(
(1− x̂)ξx̂,h−

1
α log(1− x̂)− (−x̂)ξx̂,h−

1
α log(−x̂)

)∣∣∣α dx̂

≤ 2α∆αhαa∧b | log h|α
[∫ 0

−∞

∣∣∣(1− x̂)ξx̂,h−
1
α − (−x̂)ξx̂,h−

1
α

∣∣∣α dx̂

+

∫ 0

−∞

∣∣∣(1− x̂)ξx̂,h−
1
α log(1− x̂)− (−x̂)ξx̂,h−

1
α log(−x̂)

∣∣∣α dx̂

]
.

Both of the integrals between the square brackets are bounded above, independently from h and
the functions a and b. To bound (A.15), the mean value theorem implies that∫ h

0

∣∣∣(h− x)a(x)−
1
α − (h− x)b(x)−

1
α

∣∣∣α dx ≤ ∆α

∫ h

0
(h− x)αa∧b−1| log(h− x)|α dx

x=h−hx̂
≤ ∆αhαa∧b

∫ 1

0
x̂αc−1| log x̂+ log h|α dx̂

≤ 2α∆αhαa∧b| log h|α
∫ 1

0
x̂αc−1(| log x̂|α + 1) dx̂.

□

Proof of Proposition 3.4: To show finite-dimensional convergence, let r ∈ [a, b] be fixed. First it will
be established that, for q ∈ (0, 1) small enough,

X(t0 + hr)−X(t0)

hH(t0)

=h−H(t0−hq)

∫ ∞

t0−hq

(t0 + hr − x)
H(t0−hq)− 1

α
+ − (t0 − x)

H(t0−hq)− 1
α

+ dL(x) + oP(1).
(A.16)

The first step to establishing (A.16) is to show that

h−H(t0)

∫ t0−hq

−∞
(t0 + hr − x)H(x)− 1

α − (t0 − x)H(x)− 1
α dL(x) → 0 in probability as h ↓ 0. (A.17)

Assume that r > 0. Then, using ϵ = hq in (A.1) from Lemma A.2 shows that∥∥∥∥h−H(t0)

∫ t0−hq

−∞
(t0 + hr − x)H(x)− 1

α − (t0 − x)H(x)− 1
α dL(x)

∥∥∥∥α
Λα(Ω)

≤C(α)h−αHE
∫ t0−hq

−∞

∣∣∣(t0 + hr − x)H(x)− 1
α − (t0 − x)H(x)− 1

α

∣∣∣α dx

≤C(α,H,H)h−αHhαq(H−1)(hr)

≤C(α,H,H, r)hα[1−H−q(1−H)] h↓0→ 0
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whenever q < 1−H
1−H . If r < 0 then we take ϵ = hr+hq (under the assumption that h is close enough

to zero so that this is positive) to conclude that

∥∥∥∥h−H(t0)

∫ t0−hq

−∞
(t0 + hr − x)H(x)− 1

α − (t0 − x)H(x)− 1
α dL(x)

∥∥∥∥α
Λα(Ω)

≤C(α)h−αHE
∫ t0+hr−ϵ

−∞

∣∣∣(t0 − x)H(x)− 1
α − (t0 + hr − x)H(x)− 1

α

∣∣∣α dx

≤C(α,H,H)h−αH(hr + hq)α(H−1)(h|r|)α

≤C(α,H,H, r)hα[1−H−q(1−H)](1 + rh1−q)α(H−1) h↓0→ 0

under the assumption that q < 1−H
1−H . Since convergence in a weak Lebesgue space implies conver-

gence in probability, (A.17) follows. Thus

X(t0 + hr)−X(t0)

hH(t0)
= h−H(t0)

∫ ∞

t0−hq

(t0 + hr − x)
H(x)− 1

α
+ − (t0 − x)

H(x)− 1
α

+ dL(x) + oP(1).

The second step is replacing H(t0) in the prefactor h−H(t0) by H(t0 − hq), making it Ft0−hq -
measurable. By the mean value theorem, with probability one,

∣∣∣h−H(t0) − h−H(t0−hq)
∣∣∣ ≤ h−H(t0−hq)w(hq)| log h|h−w(hq).

Thus, using that h−H(t0−hq) is Ft0−hq -measurable and using (A.2) and (A.3) in Lemma A.2, we
have

∥∥∥∥(h−H(t0) − h−H(t0−hq)
)∫ ∞

t0−hq

(t0 + hr − x)
H(x)− 1

α
+ − (t0 − x)

H(x)− 1
α

+ dL(x)

∥∥∥∥α
Λα(Ω)

≤w(hq)α| log h|αh−αw(hq)

∥∥∥∥h−H(t0−hq)

∫ ∞

t0−hq

(t0 + hr − x)
H(x)− 1

α
+ − (t0 − x)

H(x)− 1
α

+ dL(x)

∥∥∥∥α
Λα(Ω)

≤C(α)w(hq)α| log h|αh−αw(hq)Eh−αH(t0−hq)

∫ ∞

t0−hq

∣∣∣∣(t0 + hr − x)
H(x)− 1

α
+ − (t0 − x)

H(x)− 1
α

+

∣∣∣∣α dx

≤C(α,H,H)w(hq)α| log h|αh−αw(hq)Eh−αH(t0−hq)

·
(
(h|r|)α(H(t0∧(t0+hr))−w(hq)) + (h|r|)α(H(t0∧(t0+hr))−w(h|r|))

)
≤C(α,H,H, r)w(hq)α| log h|αh−2αw(hq)−αw(hq+h|r|) h↓0→ 0.

We conclude that

X(t0 + hr)−X(t0)

hH(t0)
= h−H(t0−hq)

∫ ∞

t0−hq

(t0 + hr − x)
H(x)− 1

α
+ − (t0 − x)

H(x)− 1
α

+ dL(x) + oP(1).
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The third and final step is approximating H(x) in the integrand by H(t0 − hq). This will be done
using Lemma A.4, which shows that, with probability one,

h−αH(t0−hq)

∫ (t0+hr)∨t0

t0−hq

∣∣∣∣((t0 + hr − x)
H(x)− 1

α
+ − (t0 − x)

H(x)− 1
α

+

)
−(

(t0 + hr − x)
H(t0−hq)− 1

α
+ − (t0 − x)

H(t0−hq)− 1
α

+

)∣∣∣∣α dx

=h−αH(t0−hq)

∫ hr∨0

−hq

∣∣∣∣((hr − x)
H(x+t0)− 1

α
+ − (−x)

H(x+t0)− 1
α

+

)
−(

(hr − x)
H(t0−hq)− 1

α
+ − (−x)

H(t0−hq)− 1
α

+

)∣∣∣∣α dx

≤C(α,H,H)h−αH(t0−hq)

(
sup

x∈[t0−hq ,(t0+hr)∨t0]
|H(x)−H(t0 − hq)|

)α

· (h|r|)α(H(t0−hq)−w(hq+h|r|))| log(h|r|)|α

≤C(α,H,H, r)w(hq + h|r|)α| log h|αh−αw(hq+h|r|).

Taking expectation, and using that h−H(t0−hq) is Ft0−hq -measurable so that we can take it inside
the stochastic integral, we find that

∥∥∥∥h−H(t0−hq)

(∫ ∞

t0−hq

(t0 + hr − x)
H(x)− 1

α
+ − (t0 − x)

H(x)− 1
α

+ dL(x)−∫ ∞

t0−hq

(t0 + hr − x)
H(t0−hq)− 1

α
+ − (t0 − x)

H(t0−hq)− 1
α

+ dL(x)

)∥∥∥∥α
Λα(Ω)

≤C(α,H,H, r)w(hq + h|r|)α| log h|αh−αw(hq+h|r|) h↓0→ 0.

It follows that

X(t0 + hr)−X(t0)

hH(t0)
= h−H(t0−hq)

∫ ∞

t0−hq

(t0+hr−x)
H(t0−hq)− 1

α
+ − (t0−x)

H(t0−hq)− 1
α

+ dL(x)+ oP(1),

so that (A.16) holds. Now, the integrand on the right hand side is Ft0−hq -measurable, so it is
independent of ((L(x)−L(t0−hq))x≥t0−hq and we may introduce a symmetric α-stable Lévy motion
(L̃(x))x∈R, independent of the processes L and H, such that

(∫ ∞

t0−hq

(t0 + hr − x)
H(t0−hq)− 1

α
+ − (t0 − x)

H(t0−hq)− 1
α

+ dL(x)

)
r∈[a,b]

d
=

(∫ ∞

t0−hq

(t0 + hr − x)
H(t0−hq)− 1

α
+ − (t0 − x)

H(t0−hq)− 1
α

+ dL̃(x)

)
r∈[a,b]

.
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By applying the same steps as before but in reverse, and using that (L̃(x))x∈R is 1
α -self-similar and

has stationary increments, we find, for multiple values r1, . . . , rn,(
X(t0 + hrk)−X(t0)

hH(t0)

)
k=1...n

=

(
h−H(t0−hq)

∫ ∞

t0−hq

(t0 + hrk − x)
H(t0−hq)− 1

α
+ − (t0 − x)

H(t0−hq)− 1
α

+ dL(x)

)
k=1...n

+ oP(1)

d
=

(
h−H(t0−hq)

∫ ∞

t0−hq

(t0 + hrk − x)
H(t0−hq)− 1

α
+ − (t0 − x)

H(t0−hq)− 1
α

+ dL̃(x)

)
k=1...n

+ oP(1)

=

(
h−H(t0)

∫
R
(t0 + hrk − x)

H(t0)− 1
α

+ − (t0 − x)
H(t0)− 1

α
+ dL̃(x)

)
k=1...n

+ oP(1)

d
=

(∫
R
(rk − x)

H(t0)− 1
α

+ − (−x)
H(t0)− 1

α
+ dL̃(x)

)
k=1...n

+ oP(1).

This shows convergence in finite-dimensional distribution. To show that the convergence is func-
tional, let X̃h,t0(r) = h−H(t0)(X(t0 + hr) − X(t0)) be the rescaled difference process. We will
show that the collection of processes (X̃h,t0)h>0 is tight in C([a, b]) by applying Theorem 23.7 from
Kallenberg (2021). Of course X̃h,t0(0) = 0 for each h > 0, so (X̃h,t0(0))h>0 is tight. Let p < α and
let r, s ∈ [a, b] and suppose 0 ≤ r − s ≤ 1, then∥∥∥∥X(t0 + hr)−X(t0 + hs)

hH(t0)

∥∥∥∥p
Lp(Ω)

≤h−pw(h(b−a))|r − s|pH
∥∥∥∥X(t0 + hr)−X(t0 + hs)

|hr − hs|H(t0+hs)

∥∥∥∥p
Lp(Ω)

≤C(α, p)h−pw(h(b−a))|r − s|pH
(∥∥∥∥X(t0 + hr)−X(t0 + hs)

|hr − hs|H(t0+hs)

∥∥∥∥α
Λα(Ω)

) p
α

.

Applying (A.5), (A.6) and (A.7) with ϵ = hq for q ∈ (0, 1) reveals that∥∥∥∥X(t0 + hr)−X(t0 + hs)

|hr − hs|H(t0+hs)

∥∥∥∥α
Λα(Ω)

≤C(α,H,H)
[
hqα(H−1)|hr − hs|α(1−H) + |hr − hs|−3αw(hq) + |hr − hs|−αw(h(b−a))

]
.

Now hα(1−H−q(1−H)) → 0 if q < 1−H
1−H . Moreover, h−3αw(hq) → 1 and h−αw(h(b−a)) → 1, so for all

h ∈ (0, δ) in a small enough neighborhood of 0, we find∥∥∥∥X(t0 + hr)−X(t0 + hs)

|hr − hs|H(t0+hs)

∥∥∥∥α
Λα(Ω)

≤ C(α,H,H, δ)|r − s|−3αw(δq).

Thus, for all h ∈ (0, δ),∥∥∥∥X(t0 + hr)−X(t0 + hs)

hH(t0)

∥∥∥∥p
Lp(Ω)

≤ C(α,H,H, p, δ)|r − s|pH−3pw(δq).

Choosing 1/H < p < α and δ > 0 small enough so that 3pw(δq) < pH−1, we find that the moment
criteria of Theorem 23.7 in Kallenberg (2021) is met, so (X̃h,t0)h>0 is tight. Functional convergence
thus follows from Prokhorov’s theorem. □

Proof of Theorem 3.3: By Proposition 3.4, as h ↓ 0 we have h−H(t0)(X(t0 + h)−X(t0)) →
∫
R(1−

x)
H(t0)−1/α
+ − (−x)

H(t0)−1/α
+ dL̃(x) in distribution. So for any ρ > 0, as h ↓ 0, h−H(t0)−ρ(X(t0+h)−
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X(t0)) → ∞ in distribution and thus also in probability. So there is a sequence hn ↓ 0 such that
the divergence is almost sure and we find ρX(t0) ≤ H(t0) almost surely. □
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