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Abstract. We prove that the restriction of the vertex-reinforced jump process to a subset of the
vertex set is a mixture of vertex-reinforced jump processes. A similar statement holds for the
non-linear hyperbolic supersymmetric sigma model. This is then applied to vertex-reinforced jump
processes on subdivided versions of graphs of bounded degree, where every edge is replaced by a
sufficiently large finite sequence of edges. We prove that discrete-time processes associated to suit-
able corresponding restrictions are mixtures of positive recurrent Markov chains. As a consequence,
we also obtain that the vertex-reinforced jump process on these subdivided graphs is recurrent. We
also deduce a similar statement for edge-reinforced random walks.

1. Models and Results

In this paper, we consider restrictions of the vertex-reinforced jump process (vrjp) on an arbitrary
finite graph to a subset of the vertex set obtained by observing the jumping particle only when it
is in the subset. We show that this restricted process is a mixture of vrjps, that is, a vrjp with
random weights. As an application, we study vrjp and the related edge-reinforced random walk
(errw) on the modification G, of an arbitrary possibly infinite graph G of bounded degree obtained
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by replacing every edge by a series of 2" edges. In this setting, we prove a positive recurrence result
for vrjp and errw with arbitrary constant initial weights, provided r is large enough. This result
also implies that vrjp and errw are recurrent on the graph G,.

More generally, the result for vrjp holds also in the case of i.i.d. random initial weights, subject to
some moment condition. For small initial weights, possibly random, positive recurrence on graphs of
bounded degree was proved by Sabot and Tarrés (2015) and with a completely different technique by
Angel et al. (2014). Our argument shows that iterated restriction of the graph G, to the subgraph
G—1 consisting only of every second point drives the effective random weights towards smaller and
smaller values in a stochastic sense and thus more and more into the positive recurrent regime
studied by Sabot and Tarrés (2015) and Angel et al. (2014).

A general recurrence criterion for vrjp in terms of the leading eigenfunction of some random
Schrédinger operator is given by Sabot and Zeng (2019). Recurrence for vrjp on Z? has been proven
for all constant initial weights by Sabot (2021).

1.1. Restrictions of reinforced processes. Let G = (A, E) be an undirected locally finite connected
graph with vertex set A endowed with edge weights W, = W;; > 0, e = {i,j} € E. The vertex-
reinforced jump process (vrjp) on G is a continuous-time jump process (Y;);>o taking values in
A. Conditioned on (Ys)s<t and Y; = ¢ € A, it jumps to a neighboring vertex j € A at the rate
Wi Li(t) with Lj(t) = 1+ Sé liy,—j} ds being the local time at j with an offset of 1. According
to the introduction in the paper Davis and Volkov (2002), vrjp was invented by Werner. Sabot
and Tarres (2015) introduced the vrjp in exchangeable time scale (Z; := Yp-1(4))i=0 with the time
change D(t) = > 2 (Li(t)? — 1). In this time scale, vrjp is a mixture of reversible Markov jump
processes; see Sabot and Tarres (2015, Theorem 2) and Sabot and Zeng (2019, Theorem 1).

We remark that the vrjp on infinite graphs might make infinitely many jumps in finite time,
which means explosion in finite time, if the weights W, increase fast enough far out. However, on
finite graphs, this does not occur almost surely.

For technical reasons, we encode a continuous-time jump process on G by two sequences of random
variables (X, )nen, and (T3,)nen, with Ng = {0,1,2,...}. The random variable X,, takes values in A;
it encodes the n-th position visited. The event {X,, = X,,;1} may occur with positive probability.
If such an event occurs, we say that the process has a self-loop. The random variable T,, takes
positive real values; it encodes the waiting time for the jump from X,, to X,, 1. The connection of
this description to a continuous-time A-valued jump process (Y;);>0 can be described on the event
> o Ty = o} by Y; = X,, whenever Z?;ol T, <t < o1 for some n € Nyg. Note that in the
representation (Y;);>0 the information on self-loops is lost. In the case of explosion in finite time,
the sum ZZD:O T, is finite. In this case, Y; is only defined for ¢ < Z;‘LO:O T,, but the description in
terms of X, T}, still exists for all n. This is why we do not need any assumptions on the weights
W that avoid explosions in finite time.

Our first result concerns the vrjp restricted to a subset J € A. We define the restriction to a
subset for a general continuous-time jump process.

Definition 1.1 (Removal of self-loops and restriction to a subset: process). Let (X, T, )nen, be
a continuous-time jump process on G. Recursively, we take oy := 0 and for n € N, on the event
{on—1 < 0}, we define o, := inf{l > 0,1 : X; # X4, _,} to be the index of the next jump to a
different location. The process with self-loops removed is defined by (X7, T%) = (X7, T.7 Jnen, :=
(Xgn,zg’““l_1 T1)nen, on the event {0, < oo for all n € N} that the process (X, )nen, does not get

stuck inlaas?ngle point.

Let & # J € A. We set recursively 79 = 0, 7, = inf{l > 7,,_1 : X; € J} for n € N. In other words,
on the event {Xy € J}, 73, denotes the number of jumps up to the n-th return to J. The restriction
of the process to J is defined on the event {7, < o for all n € N} by (X7, T7) = (X;], T )nen, :=

(XTn 9 TTn )’nGNo .
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The notation (X7#,77#) means that both operations have been applied to the process (X,T),
first the restriction to J and then self-loop removal.

Note that the process (X77,T7#) is well-defined if the original process X visits the set J\{z}
infinitely often for all z € J.

One may visualize the restriction (X7, T) as editing a film of the continuous time representation
of the jump process, cutting out all parts of the film where the jumping particle is not in J. The cut
locations in this edited film remain visible as long-range jumps or as self-loops if the exit point from
J coincides with the re-entry point to J. The passage from (X7, T7) to (X7/#,T7#) corresponds
to a second editing step of the film. Now the self-loops are removed and the corresponding cut
locations become invisible.

Note that the definitions of X# and X“ do not use the T-components of the process. In particular,
the definitions of X7, X/ and X”7# make also sense if one starts with a discrete-time process
(Xn)neNo OnlY'

The mixing measure representing vrjp in exchangeable time scale as a mixture of Markov jump
processes has been described in terms of a random field S5y = (5;)iea in Sabot et al. (2017, Proposi-
tion 2) for finite graphs and in Sabot and Zeng (2019, Theorem 1) for infinite graphs. Because the
law I/XV of this random field Sp appears in the present paper in an additional role, we review it first
for a finite set A including a pinning point p € A.

Take a symmetric matrix W = (W;;); jea € [0, 0)MA of weights. Note that W may have positive
diagonal entries. For § € R?, define

HY '3 = HY = Hg :=2diag(8) — W, (1.1)

where diag(/3) denotes the diagonal matrix with diagonal entries given by f;, i € A. Let 1 € RA
denote the column vector having all entries equal to 1, which implies that the FEuclidean inner
product (1, Hzl) is the sum of all entries of the matrix Hg. The law of 8 equals the probability
measure

2 % e 2<1 Hﬁ1>
( ) 1{H5>0} /det

on R, where the notation H, 5 > 0 means that the matrix Hpg is positive definite. The probability
measure vy was introduced for W;; = 0 in Sabot et al. (2017, Definition 1) and generalized for
Wi = 0 in Sabot and Zeng (2019, Section 5.1); see also Letac and Wesotowski (2020, Section 4).
Sabot and Zeng (2019, Proposition 1) extends the definition of V to infinite graphs

We use the following notation. For a vector v € R¥ | a matrix A e REXL and subsets I € K and
J € L of the index sets, we denote by vy the restriction of v to I and by Ay the restriction of A
to I x J. Let P,E/V’A denote the law of the vrjp in exchangeable time scale on A starting in p with
weights W.

N (dB) = (1.2)

Theorem 1.2 (Restriction of vrjp as a mixture of vrjps). Assume that the graph G is finite without
self-loops and partition its vertex set A=1u J, I nJ = &, with |J| = 2. Consider the vrjp (X, T)
in exchangeable time scale on A starting at p € J with weights W. The restrictions (X7, T7) and
(X7#,T7%) to J without or with self-loops removed are miztures of vrjps in exchangeable time scale
on J with random weights

W (Br) =(W, 'J'(ﬁ Nijes =Wy + Wyr([Hgli) "Wy and (1.3)
WJi(/BI) ::(WJ(’B )1{1¢J})1]EJ’ (14)

respectively. They depend on a random vector B € R, where Brogpy € RIVPY is distributed according

to V?Z{p} with W € RUVPH*UTAY) obtained by restricting the parameters W to I and wiring all
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points in J at p:

Wi fori,jel,
Wij =Wiji =< Dpes Wir foriel,j=p, (1.5)
0 fori=j=p.

In the case of (X77,T7#) this means the following for any event A < JNo x RTO.

PWA((X7# T7#) e A) = f

J# o~
_ PPW B (X, T) € A) V%{p}(dﬁlu{p})

= [ BTen Ty € A) o) (a5, (1.6)
RA

The analogous statement holds for (X7, T7).

Note that on the Lh.s. in (1.6) the process (X77,T77) is built from the canonical process (X, T)
on AMNo x ]RTO, while on the r.h.s. (X,T) means the canonical process on JNO x RTO. Note also

that the vrjp X on the finite graph G visits a.s. all vertices infinitely often, which makes X7/# a.s.
well-defined.

Discussion. The Schur complement W (8;) in (1.3) appears also in Sabot and Zeng (2019, Lemma
5) under the name P. Theorem 1.2 gives the following new interpretation of these weigths. The
vrjp (X, T) restricted to J, i.e., (X7, T”) has the same law as the mixed vrjp in the random weights
W (B;) = P. Nevertheless we are not aware of any direct derivation of Theorem 1.2 from Sabot
and Zeng (2019, Lemma 5). An explicit formula for the probability density of 5, not only as a
marginal of B, can be found in Sabot and Zeng (2019, Lemma 4 combined with Lemma 5(i));
however we do not need it here.

An attempt to generalise Theorem 1.2 to infinite graphs could raise additional issues, e.g. con-
cerning invertibility of [Hg]r, the fact that vrjp might get stuck in I, and possible explosion of the
vrjp in finite time. Some of these problems become simpler if I has only finite connected compo-
nents due to the one-dependence of the S-field proven in Sabot et al. (2017, Proposition 1). In this
case, [Hg|rr has a block diagonal structure consisting of finite blocks, and almost surely, vrjp does
not get stuck in I. In particular, this is the case for the subdivided graphs defined below. Such
generalisations to infinite graphs are not addressed in this paper.

Comparison with the restriction property observed by Davis and Volkov. In the special case of J
being a set of consecutive integers on a one-dimensional integer interval this restriction property
has already been observed in Davis and Volkov (2002, Section 3). In this special case, W7/# is
deterministic and equals the restriction of W to J x J. Hence, in this special case, (X77,T7%) is
again a vrjp, not only a mixture of vrjps. The analogous property holds on a connected subset of a
tree and, more generally, whenever every exit point from J equals the corresponding re-entry point.

Subdivisions. For r € Ny, we define the 2"-subdivision G, = (A, E;) of the undirected graph
G = (A, E) to be obtained by replacing every edge in G by a series of 2" edges; see Figure 1.1 for
an illustration. It will be convenient to have Ag = A and A; € A, for | < r; see also Definition 3.2
below.

We consider vrjp X on a subdivided graph G, with random weights W and starting point p € A.
Note that A,\A; has only finite connected components. As a result, since vrjp X visits a.s. infinitely
many points, its restriction XA# to A; with [ < 7 is a.s. well-defined. If the graph G has degree
bounded by d, the following result of Sabot and Tarrés allows us to deduce recurrence of the
restriction to G with [ < r, provided r —1 is large enough depending on a certain moment condition.

Fact 1.3 (Sabot and Tarrés, 2015, Corollary 3; see also Angel et al., 2014, Theorem 20).

Let d € N and a € (0,1]. Then, there is c1 = c1(d, ) > 0 such that for all connected undirected
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FIGURE 1.1. A part of Z? on the left and its 8-subdivided version on the right.

graphs G = (A, E) with vertex degree bounded by d, all independent random weights W = (We)eer
(not necessarily identically distributed) with E|W| < ¢1 for all e € E, and all starting points p € A,
the discrete-time process associated to vrjp with random weights W and starting in p is a mizture
of positive recurrent Markov chains.

In the following theorem, VX[: appears as a mixing measure for the restricted vrjp. Note that it
is always defined, not only for finite but also for locally finite graphs.

Theorem 1.4 (Vrjp on subdivided graphs). Let G = (A, E) be a connected undirected locally finite
graph without self-loops and take l,r € Ng with | < r. Let (X,T) be vrjp in exchangeable time scale
on the subdivided graph G, with starting point p € A and random weights W, > 0, e € E,, with
respect to some probability measure with corresponding expectation E. Its restriction (X M7 TA”é)
to Ay with self-loops removed is again a mixture of vrjps on G; with random weights denoted by
w = ( e(l))eeEl. If the family W = (We)eeg, is independent or i.i.d., then so is the family
W, Given W, the conditional law of WO can be described in terms of the restriction Baa, of
a I/X‘:—distm'buted random field 8. For any finite subgraph G of G and the corresponding subdivision

G, = (AZ,EI), the restriction of WO to E; equals wh given in (1.3) with J = A, and I = AT\]XZ,
and fulfills the recursion equations described in Lemma 5.5, below. In particular, one has

W,Ar A A wO#(B),A w
P (XN, TN ) e ) = . PV OMN((X,T) € v (dB). (1.7)
Assume that the vertex degree of G is bounded by d. Moreover, assume that the weights W, e € E,.,
are i.i.d. and satisfy E[W2] < 12200 for some a € (0, 3] with the constant c1(d, ) from Fact 1.5.
Then, the process X™M7 is a mizture of positive recurrent reversible Markov chains. In particular,
the original process X wisits a.s. the starting point p infinitely often.

One could weaken the assumption of the recurrence statement by making only an independence
assumption rather than an i.i.d. assumption. To increase readability of the proof, we only treat the
stronger assumption.

Note that the restriction of vrjp on the subdivided graph G, r = 1, to the original graph G = G
is mot a vrjp, but only a mixture of vrjps. This is an obstruction against going in the opposite
direction, i.e., from vrjp on Gg to vrjp or a mixture of vrjps on G,.
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Consequences for linearly edge-reinforced random walk. Linearly edge-reinforced random walk (errw)
(Xn)nen, on G starting at p with constant initial weights a > 0 is defined as follows. Let Xy = p
and let wg(e) := a, e € E, be the initial edge weights. In each time step, the random walker jumps
to a neighboring vertex with probability proportional to the weight of the traversed edge. Each
time an edge is traversed, its weight is increased by 1. More formally, conditioned on (X,)m<n and
X, =i € A, the conditional probability of X, .1 = j € A is non-zero only if {i,j} € E. It equals
wn ({7, 7})/ Zkensgimyer wn{i, k}), where wy(e) = a + Sl L{{X,n, Xns1}=c} denotes the weight of
the edge e at time n. Errw was introduced by Coppersmith and Diaconis (1986), see Diaconis (1988).
For more history on this process, see Merkl and Rolles (2006). It was shown in Sabot and Tarrés
(2015, Theorem 1), that errw is a mixture of the discrete-time process associated to vrjp with i.i.d.
Gamma(a,1)-distributed weights W, e € E. The following result shows that under rather general
conditions, errw on a subdivided graph G, with constant initial weights, appropriately restricted,
becomes a mixture of positive recurrent Markov chains as soon as r is large enough. More precisely,
we prove the following statement.

Theorem 1.5 (Errw on subdivided graphs). Let G = (A, E) be a connected undirected graph without
self-loops and with vertex degree bounded by d. For all v € Ny consider the subdivided graph G,. Let
X be errw on A, with starting point p € A and with constant initial weights a > 0. Assume that
ae (0,1], reNo, and L € {0, ...,r} satisfy T'(a + a)/T(a) < c1(d, )20 =0 with ¢ as in Fact 1.3.
Then, the restriction X™M* of errw to A; with self-loops removed is a mizture of positive recurrent
Markov chains. Consequently, the original process X wvisits a.s. the starting point p infinitely often.

In this paper, we treat 2"-subdivisions with powers of 2 only rather than arbitrary k-subdivisions
for £k € N. This is just for notational simplicity. General k-subdivisions could be treated by the
same method, applying the recursive restriction described in Lemma 3.3, below, not to all edges
simultaneously in every recursion step, but only to some of the edges.

Comparison with previous work on errw. Merkl and Rolles (2009, Theorem 1.1) provides a variant of
Theorem 1.5 in the special case of the graph Z? with nearest-neighbor edges, showing only recurrence
on subdivisions rather than a mixture of positive recurrent Markov chains. Note that at that time,
the relation between errw and vrjp, which is an essential tool in the proof of Theorem 1.5, was
not known. The present paper gives a heuristic explanation why subdivisions make errw and vrjp
more recurrent: the reason is that taking subdivisions and then restricting to the original graph
decreases the effective weights in a stochastic sense. This is made precise in the next lemma. By
the monotonicity result Poudevigne-Auboiron (2024, Theorem 1) decreasing the weights of vrjp
increases the probability of vrjp being recurrent.

Theorem 1.6 (Decay of the effective weights by restriction). Let the graph G be finite and take
0 <l <r. Weendow the subdivided graph G, with i.i.d. edge weights W, > 0, e € E,.. Consider the
family WO of corresponding random weights from Theorem 1./, all realized on the same probability
space with expectation operator E. We abbreviate C,, = 2_QF(% —a)/y/T for 0 < a < % and

c =7 +log2 =1.27036..., where

a0
v = —f e tlogtdt = 0.57721 ... (1.8)
0
denotes the Euler Mascheroni constant. For all € € E; and €' € E,., one has
E[(W)] < (27 B[] for a e 0,1, (1.9)
E My 1 : —a\r—m ay 2™t 1
[(W2)?] < ol Igm }(Ca(2 ) E[WS]) for a €0, 3), (1.10)
a me{l,...,r
E[log Wé(l)] < min 2™ (E[log We] — (r —m)log 2 + ¢2) — co. (1.11)

me{l,...,r}
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Set mo :=r — 2 — |a" logo(CLE[WS])| and mq = r — 2 — |(log 2) "} (E[log W] + ¢2)]. If mg €
{I,...,r}, a minimizer in (1.10) is given by m = mq. If my <1 or mgo > r, it is given by m =1 or
m = r, respectively. The analogous statement holds for my with (1.10) replaced by (1.11).

Note that for a € [0, 3), the bound (1.10) implies the bound (1.9), using m = I. The proof
of Theorem 1.6 is done in Section 3 and given by induction. The induction step is based on the
following lemma.

Lemma 1.7 (Induction step for moments of effective weights). Consider the setup of Theorem 1.6.
Forle{l,...,r}, ee E_1, and €' € E;, we have

E[(W )] < 27°B[(W 2] for a € [0,1], (1.12)
E[(W )] < CLE[(W)? for ae [0, 1), (1.13)
E[log W V] < min{E[log W] — log 2, 2E[log W] + ¢2} (1.14)

with the constants Co, and ¢y from Theorem 1.6. For a € [0,3), the bound in (1.12) is stronger than
the bound in (1.13) if and only if IE[(We(,l))a] > 272C L. Similarly, the minimum in bound (1.14)

equals E[log We(,l)] —log 2 if and only if E[log We(,l)] = —log2 —cy. Note that the expectations do not
depend on the choice of € and €'.

Discussion. The iteration of the bound (1.12) gives an exponentially decreasing upper bound for
E[(Wé(l))o‘] as a function of r — [, while iteration of the other bound (1.13) is only useful for small
values of E[(Wé(l))a], but then gives a doubly exponentially fast decreasing bound. Thus, for 0 <
a < %, there is a change of regimes in these upper bounds for E[(Wé(l))o‘], consisting of exponential
decay for the first iteration steps with a transition to doubly exponential decay for later steps. One

may speculate that there might be a change of regimes for the decay of E[(Wé(l))a] as well, not just
for the upper bounds.

1.2. Non-linear hyperbolic supersymmetric sigma model. Let A be a finite set containing a pinning
point p and consider interactions W = (Wj;); jea, Wij = Wj; = 0, such that the graph (A, E.) with
edge set B, := {{i,j} € A : W;; > 0} is connected.

The non-linear hyperbolic supersymmetric sigma model, H22-model for short, was introduced by
Zirnbauer (1991). It is a statistical mechanics type model involving spin variables taking values in
a supermanifold called H22. The spin variables have three even (= commuting) components x,y, z
and two odd (= anticommuting) components &, in a real Grassmann algebra A = Ay @ A; with
R < Ay. Here, Ay 3 z,y,z denotes the even subalgebra and A; 3 &, the odd subspace. More
details can be found in Disertori et al. (2010), Swan (2020), and Disertori et al. (2022, Appendix).
To every vertex i € A, we associate a spin variable o; = (x;, y;, 2, &, 1), subject to the constraint

oi€ H? :={(z,y,2,&,n) € A3 x A2 : 2 + y? — 22 + 26n = —1, body(z) > 0}. (1.15)

Here, body(z) € R is the unique real number such that z — body(z) is nilpotent. The Grassmann
variables (&;,7;)iea need to be linearly independent. We endow Ag X A% with the inner product

(o,0"y = a2’ +yy — 22" + &) —né (1.16)

for 0 = (x,9,2,&n),0" = («/,9,2, & n'). For any smooth function f : R¥ — R there is an
extension to a superfunction f : A’S — Ay constructed by a Taylor expansion in the nilpotent parts;
it is denoted by the same symbol. The same holds if f is defined only on an open subset U of RF,
but then the extension is only defined on the subset of Af with bodies in U. In particular, on H 22

the component z is not an independent variable, but just an abbreviation z = \/ 1+ 22 4+ y2 4+ 26n.
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In the H22-model, the pinning point p € A gets constant spin o, = 0 := (0,0,1,0,0) € H?2 assigned
to it. The superintegration form Do on H2? is defined by

1 1

fro| | Dof(e)i= o | dwdyoct, (L i 6m) (117
H2I2 T JR2 z

for any superfunction f decaying sufficiently fast to make the integral well-defined. The H2/2-model

on A is given by

1
(o) = il o) = buldo) Dm0 (5 X Woll+ o)) (11s)
i,JEN

Here, 6, denotes the Dirac measure in 0. Note that MXV,; depends on the choice of p due to the

constraint o, = o, while the law VXV of the §-field does not.
The following result shows that the restriction of the H22 model is a mixture of H?? models.

Theorem 1.8 (Effective weights for restrictions to subsets). Let A =TuJ, InJ = &, with |J| = 2
and p € J. Using the weights W7 (Br) defined in (1.3) and W obtained from W by wiring all points
in J at p, cf. (1.5), one has

f MXV(UA)f(UJ)ZJ v (d) f WO (6 1 (o)
(H2|2)A RA

(H212)J
= W W7 (Br)
B JRIU{p} VIU{p}(dﬁ) J(H2I2)J My (e1)f(os) (1.19)

for any superfunction f on (HQ‘Q)J which is compactly supported or decays at least sufficiently fast
so that the left-hand side of (1.19) is well-defined.

How this paper is organized. Section 2.1 deals with the restriction of Markov jump processes on
finite graphs to subgraphs, the removal of self-loops, and the combination of these two operations.
In Section 2.2, this is used as an ingredient to treat the same operations for vrjp, which is viewed
as a mixture of Markov jump processes. In particular, Theorem 1.2 is proved there. This theory
is applied to subdivided graphs in Section 3. Section 3.1 deals with a recursive description of the
random weights W introduced in Theorem 1.4. This results in a proof of Lemma 1.7 and its
consequence Theorem 1.6. Section 3.2 proves the recurrence statements for vrjp and errw given in
Theorems 1.4 and 1.5. We avoided using the H2/2 model and supersymmetry in Sections 2 and 3 to
make the proofs more accessible to probabilists. Alternatively, one could deduce Theorem 1.2 from
the result on the H22 model given in Theorem 1.8 instead of using the restriction and conditioning
property of the S-field. Proofs using superspin variables are confined to Section 4, which proves
Theorem 1.8. In Appendix A, we collect relevant results about the inverse Gaussian distribution.
The constants C,,, ¢1, and co keep their meaning throughout the paper.

2. Representation as a mixture

2.1. Markov jump processes.

Notation. Consider a Markov jump process (X,T') on a finite connected graph G = (A, E) with
|A| > 2, transition rates ¢ = (gij)i,jen, and starting point p. Assume in addition that it is reversible
with reversible measure 7 = (7;)en € (0,00)", meaning that miqi; = m;jq;; for all 7,5 € A. The
corresponding discrete-time process X is a reversible Markovian random walk on the graph G
with edge weights, also called conductances, given by C;; = C}j; = m;q;;. We assume that C;; > 0
whenever {i,j} € E. In this context, the law of the Markov jump process together with its reversible
measure is equivalently parametrized by the conductance matrix C' = (Cj;); jen and 7 instead of ¢

and 7. In the following, we realize (X,T) as canonical process and denote its law by Q,C,:;ﬁ\, where
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p denotes the starting point. For ¢ € A, we denote the corresponding total transition rate and total
weight, respectively, by

¢ = Z Gk, Ci:= Z Cik- (2.1)
keA keA

For n € Ny and i € A, given (X})i<n, (T1)i<n_1, and X, = ¢, the random variables X, 1 and T, are
conditionally independent. In particular, the conditional law of X,,11 is specified by

qij _ Cij
= = —= =P 2.2

¢ C; Y (2:2)
for j € A and the conditional law of T;, is exponential with parameter ¢;. Note that even stronger,
the future (X;);=n41 of the process X is conditionally independent from the waiting time 7,, given
the same condition o ((X7)i<n, (11)i<n—1)-

When we deal only with the discrete-time process X, but not with the sequence of waiting times

Qg;/r\(Xn-‘rl = j|(Xl)l<nu (ﬂ)lén—la Xn = 1)

T, the reversible measure m becomes irrelevant; by abuse of notation we write QE’A instead of Qg:’é\
in this context.

Next, we deal with the law of the process (X7, T%) with self-loops removed and of the restriction
(X7, T7) to a vertex subset .J introduced in Definition 1.1. The following definition describes the
corresponding parameters.

Definition 2.1 (Removal of self-loops and restriction to a subset: parameters). We define new
transition probabilities, rates, and weights as follows

< _( #._ DPi # o (F
pT = (pij =1 —piil{#j})m‘eA’ a7 = (a7; = @ijliingy)ijen (2.3)
C* = (CZ; = Cijl{i#j})i,je/\, C’Zﬁ = Z C;;,Z' e A. (2.4)
kel

For any subset J € A with pe J, |J| > 2, we set I = A\J and define

e}
p’ = p)ijes =pss+ > pphr, (2.5)
1=0

which is a convergent series with p;]j = QiC’A(X { = j). Furthermore, we define

C.
J_ (0 — ). . J_ (. J._Yi

C’ = (Cij = Czpij)z,]eJa q = (Qij = ™ pij)i,jej. (2.6)

The notation p’#, ¢/#, and C’/# means that the two operations 7 and * have been applied succes-

sively.

The next lemma shows that the just defined quantities indeed parametrize the laws of the pro-
cesses (X7, T%), (X7, T7), and (X7#, T'%).

Lemma 2.2 (Laws of removal of self-loops and restriction to a subset). Consider a reversible Markov
gump process (X, T) on the finite graph G. Assume that it starts in p € J, has the reversible measure
m with m; > 0 for all i € A, and that the jump rates are given by q;; = Cy;/m; fori,j € A. Then,
the processes (X7, T7) and (X7, T7) are again reversible Markov jump processes with rates ¢* and
q’, weights C* and C”, transition probabilities p” and p’, and reversible measures ™ and |z,
respectively. Applying both transformations successively, (X'7,T77) is also a reversible Markov
jump process with rates ¢’ , weights C?#, transition probabilities p”’* , and reversible measure |-
In particular, the restriction X77 of X to J with self-loops removed with starting point Xo = pe J
has the same law as a random walk on the complete graph over J endowed with the weights C’7 .

J#
In other words, S’A(XJ;"E €)= ,c; o,
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Proof: To simplify notation, by removing a null set from the underlying probability space if neces-
sary, we assume that all stopping times 7, and o, introduced in Definition 1.1, are finite, not only
almost surely finite. Consider the filtration F,, = o((X})i<n, (T1)i<n-1), n € No. When (X, T) is
replaced by (X7, T7) and (X7, T), the corresponding filtrations are denoted by (F;7),, and (F)y,
respectively.

We treat the process (X7, T7) first. Fix m,n € Ng and i € J. Let By, :={X,] =i,7, = m}.
Observe that on Bnm, one has X,, = i and T/ = T, and that given F,,, the process X (or,
equivalently, the future (X;);>,+1 of the process X) is conditionally independent of the waiting
time T)7. Hence, conditionally on F,, again, X/ ne1 and T are independent. Moreover, still under
the same conditions, Tn = T, is exponentially distributed with parameter ¢; = >}, .\ ¢ix and for
any j € J, the event that X/ +1 = J holds with conditional probability pi‘g Note that every event
Aeo(F], By],) with Ac By fulfills A€ F,,, and that B, € Fp, holds. Thus, for t > 0, on the

event BY .. one has

n,m?

QCA(XJ 1 — .77TJ t|F;LijT{,m) :EQC’A[Q (XJ 1= ]7 t|f )|Fﬁ]737{,m]

=Qu (X = Jlfi,B;f,m)e_t’”- (2.7)

Summing over m € Ny and using the o-field B/ := O’(BJ m € Np) yields the following on the

ymo
event (X = i} = UZ—o Bl
Qur (XiL = 4. T} = 4|7 B)) =Q0N (X = 4| F], B)e . (2.8)
Conditioning this on the smaller o-field F;/, we obtain on the event {X;/ = i},
Qo (X1 = 5. T 2 H1F]) =Qp 0 (X = jIF e, (2.9)

and we conclude that X;/., and T/ are conditionally independent on the event {X,] = i} given F.
Since the graph G = (A, F) is ﬁmte and connected and Cj; > 0 whenever {7,j} € E, we find that

e G = %Zkejp{k = % and hence p{j = g—iql‘g = q;fj/zkej q;,.- The weights for the restriction
fulfill C’é = C,»p;Ij = mq;]j and the reversibility condition qu‘»]j = Zp;lj = ij;]i = ﬂjqj»]i, which can be
seen by multiplying the definition (2.5) of p;’j by C; and using repeatedly the original reversibility
condition Cypp; = Cip. This proves the claim for the process (X7, T7).

Next, we treat the process (X7, T7) in a similar way. Let i € A, m € Ny, and set B” := {X7 =

i,0n, = m}. For the rest of this proof, the arguments are understood conditionally on F,, and B”.
Observe that X,,, =i and T7 = on+1-1 T;. Inductively on k € N, on the event B*, for any Borel

l=m

set S € R* and j € A, it follows that

;?,’#\(Xm = ... = Amtk-1 T iaXm+k; = j, (Tm, PN ,Tm+k_1) € S|]:m)
=pj; 'pij Exp(gi)** (), (2.10)

where Exp(g;)** is the k-th power of the exponential distribution with parameter ¢;. Note that
only the special case ¢ = j is needed as induction hypothesis in this induction.

Take now j # ¢. The sum Z(f"“ lTl consists 0,11 — 0, summands. This random number
of summands, conditionally on F,,, and B7, is geometrically distributed. More precisely, (2.10)
implies that it fulfills Qg’,/r\(anﬂ —op =d|Fp) = (1 - p,-,-)p?{l, d € N. Furthermore, conditioning
on 0,41 — o, in addition to the conditioning on F,, and B¥, the summands 7}, o, <1 < 041 — 1,
are conditionally i.i.d. exponentially distributed with parameter g;. By the thinning property of the
Poisson process, again conditionally on F,,, and B7, the waiting time T)7 is exponentially distributed
with parameter (1 — pii)gi = ¢ — @i = D pen qzz =: q7, where we used (2.2) for i = j. Summing
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over k yields
> #
QSMXZ, =4, TF = t|Fm) 2 ~'pi Exp(qi) ™ ([t, 00)) = ple™' % ; (2.11)

here Exp(¢;)** denotes the k-fold convolution of Exp(g;). Furthermore, the new transition proba-
bilities pfj and the new transition rates qZ; are related for all i,j € A by

qii _ qwl‘{Z?ﬁ]} — pml‘il?ﬁ]} — pzé (212)
q; (1 = pii)gi 1 —pii J

Finally, the new reversibility relation CZ; = ﬂiqz; =T qu- is an immediate consequence of the original
one. O

2.2. Application to vrjp. In the last section, the parameters ¢, 7, and C' were deterministic. In this

section, which deals with vrjp rather than Markov jump processes, they become random because vrjp

in exchangeable time-scale is a mixture of reversible Markov jump processes as was shown in Sabot

and Tarres (2015, Theorem 2). The role of the deterministic conductances Cj; is now overtaken

by random conductances Wj;e"it% with appropriate random variables u;, ¢ € A, introduced in

Lemma .5, below. These u- Variabies are functions of the vy W_distributed random field 8 introduced
n (1.2). The following remark reviews some crucial properties of this S-field.

Remark 2.3 (Properties of B, Sabot and Zeng, 2019, Sect. 5.1, Proposition 1 and Lemma 5). Let

8 ~ I/A Then, (Bi — 5Wii)iea ~ A W7 with W# = (Wf; = I/szl{#j})we/\. For any ¢ € A, one has
28; — Wi)™! ~IG(W; 1, 1) with W = Wi, 2.13
J
JeM\{i}

where IG(u, A) denotes the inverse Gaussian distribution with parameters p, A > 0; see Appendix A.
Assume that A = I U J is finite with I n J = &, |J| > 2. The conditioning property states that
conditioned on B;, one has 3; ~ VWJ(BI), and hence (8; — (61))]€J ~ l/J 00 With the
weights W/ and WZ# from (1.3) and (1.4). The restriction property states that [y is the restriction
of Brugpy ~ Vlu{p} with W defined in (1.5).

The next remark describes how to recover the law of the original process (X,T) with self-loops
from its self-loop removed version (X7,7T%) and additional auxiliary independent Poisson processes.

Remark 2.4 (Decoration of vrjp with self-loops). Vrjp with self-loops described by P,YV A and vIjp
without self-loops described by P,YV “A are related as follows. If (X,T) is distributed according
to PXV’A, then (X7,7T7) is distributed according to P,XV#’A. Conversely, if (X,T) is distributed
according to P,YV ;é’A, given any vertex ¢ € A, we take a Poisson process with intensity %Wii, visualized
as exponential clocks. These Poisson processes should be independent of each other and (X' ,T)
Whenever the jumping particle is at i € A, we include a self-loop i — i whenever the corresponding
exponential clock rings. In other words, we include self-loops at ¢ with rate %VVM The resulting
augmented process (X, T) is then distributed according to P,YV A,

The next lemma introduces the u-field u = (u;);en as a function of the S-field. It then describes
how the u-field behaves under restriction of the underlying vertex set A to some subset J € A with
p € J. This restriction property is used to express the effective random conductances Cw, i,j€J,
for the restriction of vrjp to J. We abbreviate J_ := J\{p} and A_ := A\{p}.
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Lemma 2.5 (Restriction property of the u-field). Let A = I u J be finite with [ nJ = &,
peJ, and W e [0,0)MA. For B = (B1,B87) € RY such that [HgV]AfAf is positive definite, let
e's- ) — (euiB)y ey = ([HEV]AfAf)AWAfp and u,(B) = 0. Let HZZJ(BI) and Hg‘;f(&) denote
the J x J matrices obtained from HEV defined in (1.1) with (8, W) replaced by (87, W’ (Br)) and
(B7%,WI#(By)), respectively, with 877 := (8; — YW (B1))ses, W (Br) from (1.3), and W7 (8;)
from (1.4). Then, one has the following restriction property

u w - w# —

- = ([, )WL 80 = ([H 0L )T W (B, (2.14)

As a consequence, uy_(B) depends only on W7 (Br) and j3;.
We write uy (W7 (1), B5) = ug(W'7(B1), 877) instead of u;(B).

As an application of (2.14) for fized Br, vrjp on J with parameters W7 (3;1) and W7#(831), re-
spectively, are mixtures of reversible Markov jump processes with weights

Cl{(Br, ") = Wi(Br)e ™™ and  CJ7(Br, ™) = WiF(Br)e" ™™, i, jeJ, (2.15)

and the same reversible measure m(uy) = (2e2%);e; with uy = uy(W7(Br), B1) in both cases, where
: WY (1)
By isavy

WI#(B1),J _ c#(5,,euJ(WJ*<~BI>,éJ>),J
Pp ((X7 T) € A) JRJ p,ﬂ(u.](WJ#(5[)7ﬁJ))

and the same formula with “J#" replaced by “J” at all five occurrences.

-distributed random variable. In other words, for any event A < JN0 x RTO, one has

(. T)e Ay "wgy)  (216)

Thus, the following two procedures yield the same result:

e Deriving the u-field on A and then restricting it to J_.
e Taking random weights W (1), depending only on the restriction of 3 to I and then using
these random weights to derive the u-field on J_.

Proof of Lemma 2.5: The defining relation [HEV]A_A_ et~ = Wy_, of upn_ = up_(f) can be rewrit-
ten in block diagonal form

([Hg/]ﬂ Wiy ) ( euI ) _ ( W[p ) (2 17)
~W_r [HY g ) \e"- Wi_p)" '
Multiplying the first equation from the left with W ]([Hgv] 11)" 1, we obtain

Wy et — WJ_I([HEV]H)”WU_e“J— = WJ_[([H/E/]H)71WIP. (2.18)

Using the definitions of Hgv and W7(B;), we calculate

J
[HZZ O gem- = [HY 1o s_e™~ = Wi_i([HY 1r1) ™ Wiy_et - (2.19)

Here we used that the i-th diagonal element of HZZJ(’B 2 equals 23; — W (81) = 28; — Wi —
W/Z-I([HEV]H)_lwﬁ. The second equation from (2.17) yields
[HY 1_g e~ = Wy_re" + W,_,. (2.20)
Inserting this in (2.19) and then using (2.18), we obtain
[P0 e =Wy + W_re — Wo_([HY 111) " Wrg_e"-
=Wi_p+ Wi t((HY 111)™" Wi, = W7_,(Br). (2.21)

Thus, e/~ = ([H;VJWI)]J_J_)_lWip(ﬂf), which proves the first equality in (2.14). The second

J
T#
equality is an immediate consequence of the definitions of H,?;& 1) and 377, cf. formula (1.1).
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Sabot and Tarres (2015, Theorem 2) implies that the vrjp on J starting at p with parameters
W77 (Br) is a mixture of Markov jump processes with weights CJi(BI,e“J(WJ(ﬁI)’ﬁJ)) given in

(2.15) and reversible measure m(uy(W(Br),3s)) with B; ~ V};VJ(BI) with the given fr. Using

ws (W7 (B1), Bs) = us(W#(Br), 87%) and 7% ~ oW1 claim (2.16) follows. The variant of
(2.16) with “J#" replaced by “J” is then obtained by a decoration with self-loops as described in
Remark 2.4. O

We now prove that restriction of vrjp to a subset J € A containing the starting point is a mixture
of vrjps.

Proof of Theorem 1.2: Let 8 = Bp denote the canonlcal process on R with law l/A On the event
that [HW]AfAf is positive definite, which is a VA -a.s. event, let u, = 0 and e~ = (e%)ien =
([HEV]A_A_)_IWA_ID with A_ = A\{p}. By Sabot and Tarres (2015, Theorem 2), the vrjp in
exchangeable time scale on A with initial parameters W is a mixture of Markov jump processes
with random transition rates g;;(8) := §W;je" % for any edge {i,j}. In matrix notation we can
write this as

I _ : . .

(gi5(B))ijer = 3¢ UV et with et = diag(e™")en. (2.22)
Observe that the defining equation of “*~ is equivalent to 3; = %Zje AWigei ™t = 3 A i (8),
i € A_ and consequently, §; plays the random analogue of the total jump rate g;, cf. formula
(2.1). The random rates are equivalently described by the random weights Cj;(8) := W, et ™%
and the random reversible measure m;(3) := 2¢?%. The random transition probabilities p;;(53)
can now be described in terms of the random total weight Ci(8) := > ;5 Cij(B) = 283;e2% by
pi; (B) = Ci;(B)/Ci(B) = ¢i;(B)/Bi- Combining this with (2.22) yields the transition probability
matrix

p(B) = (pij(B))ijea = e “(2B) "' We" with 8 := diag(8i)ien- (2.23)

1

The assumption that [H}Ja_a_ is positive definite implies M := (281)"2Wi1(28;)"% < Id. Since
the symmetric matrix M has only non-negative entries, the Perron-Frobenius theorem implies —M <
Id as well. It follows that the geometric series

o0 o0
@8 Wil =(281)72 Y, M'(28))>
1=0 1=0
=(26r) 2 (1 =M) "' (281)% = ([H} 11r)~"261 (2:24)
converges. Using the definition (2.5) of p”/(B), its description (2.23), and the last identity, we

calculate

p’(8) = pss(B +ZPJI )p11(8)'prs(8)

w(28,)7" [WJJ + Z WJI[(Qﬁl)_lwff]l(251)_1W1J] e’
=0

—e W(26) WY (Br)et . (2.25)

Combined with diag(C;(3))ies = 287€2%7, this yields the weights C”(3) = diag(C;i(8))ics - p”(8) =
e W (Br)e" for the restriction to J. By Lemma 2.2, for given 3, the restriction of a Markov jump
process with weights C(3) and reversible measure 7 (/3) to J with self-loops removed is a reversible
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Markov jump process with weights C’#(8z,e%/) = (C’Ji(ﬁ[, et) = WJ(ﬁI) "t 1, 1 )ijes and
reversible measure 7(uy) = (22%);e;. In other words, for any event A < JNo x RNO
QEIM(X72, 17 € A) = Q. Cr (X, T) € 4), (2:26)

By Lemma 2.5, uy = uy(W”7(81),85) = uy(W'#(B;),3’#). For the restriction of vrjp to J with
self-loops removed, it follows

PPMN(XT7,T77) e A) = » QuIM(XT*,17%) e A) vy (dp)

J# w J# BI*Y
- @ (e Ay @ e

We apply the restriction and conditioning property of 8 ~ I/A cited in Remark 2.3. The restriction
property states that B; is the restriction of B, ~ Vlu{p} with W defined in (1.5). By the

J T#
conditioning property, given [, one has 5; ~ V(‘;V (1) and therefore B ~ 1/3V (Br), Consequently,

_ C’# (Br,etTW7FB0.B1)) g T#(81)
rhs(2.27) = J J JRTORUEERR R N (G T)e Ay b)) ”fu{f’}(dﬁfu{f’}) (2.28)

RIC{o} RY

By Lemma 2.5, the inner integral equals P RGN ((X,T) € A). The second equality in the
claim (1.6) follows from the restriction property of the 3-field. The statement for (X7, T) follows
analogously, with “J#"” replaced by “J” in (2.27) and (2.28). This completes the proof of the
theorem. O

3. Proofs for subdivided graphs

3.1. Recursion for the weights. In this section, we deal with subdivided graphs, which are obtained
by iteratedly introducing a new vertex in the middle of every edge. Going back from a subdivided
graph to the original graph corresponds then to a restriction. The next lemma shows a kind of
semigroup property for this restriction operation on effective weights: Iterated restriction on weights
gives the same result as restriction in one single step.

Lemma 3.1 (Effective weights for iterated restrictions to subsets). Let A = I u J with disjoint
finite sets I and J, pe J. One has

((H5100) ™" = [Halss = War((Hslir) ™ Wiy = 2diag(8,) - W/ (8p) = HY 0 (3.1)
with the weights W7 (81) defined in (1.3). For J & J with p€ J and I = A\J, one has
W (B7) = (W (B1) (B )- (3:2)

Proof: Formula (3.1) is a special case of the formula for the Schur complement combined with the
definitions of W7/(3;) and (1.1) of Hg = Hg W . Formula (3.2) is a consequence of the following

calculation, which uses the inversion formula (3.1) twice, first for HY 5 and second for H 4
2diag(85) — W (87) = ([(HE) 50 ~" = (LHE) " 1osl; 07
= ([(2diag(,) = W (51)) 159" = (g ") M50
= 2diag(8;) — (W7 (81))7 (B 7) (3:3)



Restrictions of reinforced processes 1091

The next definition introduces subdivisions and some notations associated with it more formally.
In the following, let G = (A, E) be an undirected graph without self-loops.

Definition 3.2 (Subdivided graphs). For r € Ny, the 2"-subdivision G, = (A, E,) of G is obtained
by replacing every edge by a series of 2" edges as follows.

e A, is obtained from A by adding 2" — 1 new vertices v, 9-r;, 7 = 1,...,2" — 1 for any edge
e € . We say that these new vertices are located on the edge e. In particular, A € A,.

e Every edge e € E is replaced by a series of 2" edges e1 , . .., ear , as follows. For bookkeeping
purposes only, we endow e with a direction, and call ve g and v, 1 the two vertices it consists
of. Then, e is replaced by the new edges e;, = {vco-r(j_1),Ve2-r;}, 1 < j < 27, which we
view as being located on the edge e. Thus, E, = {e;, :e€ E,1 < j <2"}.

Note that Ag = A and A, € A,.;1. For technical convenience, we introduce also the set of direct

self-loops A, := {{i,i} : i € A, }.

From now on, we fix r € Ny. We endow the graph G, = (A, E,) with strictly positive possibly

random edge weights W = (W,)eep,. Given W, let 8 = (5y)ven, have the conditional distribution

Z/X[;. Although this probability measure is not only defined for finite graphs, but also for infinite

locally finite ones, let us assume for the moment that the graph G is finite. For varying [ € {0,...,r},
consider the effective weights
WO = Wh = WA (B ) = (W) eeoa, (3.4)
on G using the notation of (1.3). We abbreviate
1
B = BN = By — Wi v e A, (3.5)

cf. Lemma 2.5. In particular, W) = W and g{"* = 3.
Lemma 3.3 (Recursion for the random weights). Let the graph G be finite and 1 € {0,...,r}.

(1) Given (We(l))eeEl, the random vector BV# has the conditional distribution I/X‘l/(l#.

(2) Assuming | > 1, take an arbitrary edge € = e;;—1 € Ej_y withee E and 1 < j < 201 see
Figure 5.2. Call v = v, 9-1(9;_1) € M\Ai—1 S A\Ag its midpoint. It splits € into the two
edges €' = egj_1; and €” = egj; in E;. Then, one has

OO
Wil = Wo Wer (IV)[;@” . (3.6)
25

(3) Assume | = 2, which implies that Ai—1\Ao # &. Take an arbitrary verter v = v, 9-a-1); €
A \Ao with e € E and 1 < j < 27V — 1. In particular, © belongs also to Aj\Ag; see
Figure 3.2. Call e' = ez € B and e? = e2j11, € By the two edges adjacent to v in G.
Call v* = v67271(2j_1),v2 = Ueo-1(2j4+1) € ANA 1 € A\Ag the two neighboring vertices of ©
in Gy. Then, one has

(D% o o) (We(f))2 (VVE(?)2
2617 = 2ﬁ1’; - 9 (D) - O+ (37)
By 28,

(4) Assume l =1 again.
Given (We(l))eeEl, the random variables 55’#, U = Vg o-(25-1) € M\Ai—1, are conditionally
independent with conditional law (261(})#)*1 ~ IG((We(,l) + We(,l,))*l, 1), where we use the
notation € = eg;_1; and " = eq;; from item 2.

(5) If the family of weights (We)eer is independent or even i.i.d., then so is the family of weights

(We(l))eeEl .
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FIGURE 3.2. Illustration of the recursion [ ~ [ — 1 for [ = 4 in the cases € = e33,

I //_ r_ _ " _ 1 _ 2 _ 1
€ €54, € = €64,V =V, 2,V =0, 5,0V =7U,3,€ = €124, € = €134, V" = VU, 11,
'8 ’16 ’8 ’16

V=0, 6,andv =, 13.
716

Proof: Claim 1 is a consequence of the conditioning property cited in Remark 2.3.

We prove now items 2 and 3. Locally for this proof, we abbreviate J = Aj_y and I = A\A;_1.
We observe that any edge e € Ej connects a vertex in J to a vertex in I; see Figure 3.2. In
particular, there are neither edges in E; between two vertices in J nor between two verticesin I. As a

consequence, W}l} = diag(Wg}))veJ and [HXIZ/,%)]U = diag(2ﬂv—W5?)vel = diag(2ﬁ1(,l)¢)vej = 2551#.
Using first (3.2) and then formula (1.3), it follows
w? = w0 =W+ wiluy, %)] >—1W§9
— diag(W D) ey + W (2807 =1 ). (3.8)

This implies formula (3.6) when reading it for off-diagonal entries and

Dy2 Dy2
W W2,
W=t —wh ( ?1)3& i ?Z)i . (3.9)
28,1 28,3

when reading it on the diagonal. Formula (3.7) follows.
We prove now item 4. There is no edge in Ej connecting two vertices in Aj\A;_;. The following

arguments are understood conditionally on (We(l))eeEl- The one-dependence of B(l);‘é ~ VX[;U)#

implies that the entries Bl(,l#, v € Aj\A;_1 are independent. Furthermore, the inverse Gaussian law

of (@(,l);ﬁ)’1 follows from (2.13).
Finally, we prove claim 5. Assume that (W.).ep are independent or i.i.d., respectively. We
O]

prove that We , € € By, are unconditionally independent or i.i.d., respectively, by induction over
l=nrr— ,0. The initial case [ = r holds by assumption. For the induction step Il — [ — 1

we use the recursion relation (3.6). Given (We( ))eeEl, the reciprocal denominators (2&(}#) with
U = Ugp-ipj_yy for 1 < j < 2/=1 and e € F are conditionally independent with conditional law

IG(( 0 + Wéé;l)_l, 1). The parameter (We(gfu + We(gl)_ and the numerator We(l) 1,1W6§2,z

€25 1,1
both are functions of the pair (WE(Q L0 We(g ,). As j runs from 1 to 2'~! and e runs through E,
these pairs are independent or i.i.d. respectlvely, by induction hypothesis. In view of (3.6) this
concludes the induction step. ([l

This lemma is an important ingredient in the proof of the induction step for the moments of
O]
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Proof of Lemma 1.7: Take € € E; 1. Let v be the midpoint of €. It splits it into two edges, which
we may call €/, e” € Ej; cf. item 2 in Lemma 3.3. Using the recursion equation (3.6), one has

OO o

Blovd ")) -e| (Mg ) | - s Ow et e w ). a0
203y

Ellog W] =E[log W +1og W + E[log((2807) 1w 1. (3.11)

By item 4 in Lemma 3.3, given W  the random variable (251(})#)*1 has an inverse Gaussian
distribution IG((WE(,I ) 4 We(,l,))_l, 1), hence its conditional expectation equals the first parameter
(W( ) + W(l)) 1. In combination with Lemma A.2 and (A.11) in the appendix, we obtain

E[(280%) W < WP + why e for aeo,1], (3.12)
E[(2807%) W] < Cy for ae[0,), (3.13)
Eflog((2687)™1) W] < min{~log(W) + W), ca}. (3.14)

The next step uses the inequality between arithmetic and geometric mean of two numbers x,y > 0
in the following form

zy 1wy ”
“y—Q%my)f\ N (3.15)
0)

and (3.11). Using Cauchy Schwarz in (3.16) and inde-
pendence and identical distribution of W( ) and We(,l,) in (3.17), we conclude

E[(W{)] <E[<W(Z)W(’l’))>a] <E[ (G|

Next, we insert these inequalities in (3.1

ON W(
<2 E[(WD) PPE(WE)]: = 27 B[(WS))?] for ae [0,1], (3.16)
E[(W D)) <C.E[(WWE)?]

<SCE[WD) (W] = CaE[(WD)? for ae 0, 1), (3.17)

E[log Wé(l_l)] <E[log M] %( [log W, )] + E[log W(,,)]) —log2
—E[log W] — log 2, (3.18)
E[log W] <E[log W] + E[log W] + ¢5 = 2E[log W] + ¢ (3.19)
([
One could alternatively obtain the inequality E[log W(l b ] < E[log We(,l )] —log 2 from (1.12) using

limgyo(z® — 1)/a = log x and interchanging the limit a | 0 with the expectation.

The following proof is based on iteration of the bounds in Lemma 1.7.

Proof of Theorem 1.6: Iterating (1.12) r — [ times, we obtain (1.9). For a € [0, 1), the idea of the
proof is to iterate (1.12), starting with [ = r, as long as it gives a better bound than (1.13), and
then switching over to the other bound (1.13). Let m € {l,...,r}. Iterating (1.13) m—1 times yields

CLE[(WE*] < (CLE[(W™)e)?"™ (3.20)
for & € E,,. Applying (1.9) with [ replaced by m, i.e., E[(W™)2] < (2= —mE[(W))*] gives
CRE[(W)?] < (Cal2 ) E[(WS)?))

om—l

(3.21)
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and (1.10) follows using We(,r) = We.
To identify a minimizer, let X, := C(27%)"""E[Wg]. Note that the argument of the minimum
in (1.10) is given by Xﬁlm_l. We observe the following equivalences

X2 o x2 T e (X2 < 279X, T e X, <270 e
m<r—1—a1ogy(CoE[WS]) & m <r—2—|alogy(C.E[WS])] (3.22)

The claim about the minimizer mg in (1.10) follows.
Let 0 <1 < m < r. Iterating r —m times the inequality E[log Wé(l_l)] < E[log We(,l)] —log 2 from
(1.14) yields
E[log W.™] < E[log Wg)] — (r —m)log2. (3.23)

Iterating m — [ times the estimate E[log Wé(l/_l)] + co < 2(E[log We(,l’)] + ¢9) from (1.14), we obtain
E[log W] + ¢y < 2™ HE[log W™ ] + ¢2). (3.24)

Inserting (3.23), the claim (1.11) follows. To identify a minimizer, set Y, := E[log W] — (r —
m)log2 4 c3 = Yy,_1 + log2. Then, the argument of the minimum in (1.11) equals 2™~'Y;,. The
following are equivalent.

om-ly, <om iy | oV, < —log2 & (3.25)
m <1 —1— (log2)  (E[log We(,r)] +e) & m<r—2—|(log2) Y (E[log We(,r)] + c2)]

The claim for the minimizer my in (1.11) follows. O

3.2. Application to vrjp and errw. In this section, we apply the recursive construction of effective
random weights from the last section to restrictions of vrjp and errw on subdivided graphs. In
the following, we use the terms “discrete-time process associated with vrjp” and its abbreviation
“discrete vrjp” as synonyms.

Since errw is a mixture of discrete vrjps with Gamma distributed i.i.d. weights, it makes sense
not to start only with deterministic weights but more generally with i.i.d. weights, deterministic
weights being a special case.

The next proof deals with an approximation of a possibly infinite graph by an increasing sequence
of finite subgraphs.

Proof of Theorem 1./: Consider an increasing sequence AV 1 A, N € Ny, of finite connected vertex
sets in G with p € Ag. Let GV be the subgraph of G with vertex set A" and edge set EY = {e €
E: ec AN}, and GY = (AY, EN) be the corresponding subdivided graph, where every edge in
EN has been replaced by a series of 2" edges. Consider the discrete vrjp XV on G with random
weights W, e € EN. By Theorem 1.2, its restriction (X% )AZN7é to GV is a mixture of discrete vrjps

with random weights Wé(l), €€ EZN , fulfilling the properties in Lemma 3.3. We emphasize that the
finite-dimensional marginals (W—(l))éep, F € Ej finite, do not depend on the size N of the graph,

e
whenever N is large enough so that F' € ElN . This allows us to take the same random variables

Wé(l) for all N. Moreover, by part 5 of Lemma 3.3, the family of weights (We(l))ee g, is independent
or i.i.d., respectively, if (W).er has this property.

Given m € N, consider only the first m steps of the restrictions X*# and (X )Afvi. If N is large
enough, these two restrictions have the same law because they have no chance to enter AZ\A{V It

follows that X# is a mixture of discrete vrjp with random weights Wé(l), € € Ej because this is
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true for its restriction to any given number m of steps. Using the estimate (1.9) from Theorem 1.6
and the assumption on E[W2] for some a € (0, 1], we obtain for all e € E; and e € E;,

E[(W)?] < 27 'E[(W,)*] < e (3.26)

From Fact 1.3 we conclude that the restricted process X% is a mixture of positive recurrent
Markov chains. In particular, it visits the starting point p infinitely often a.s., which implies that
the original process X does the same. g

Finally, the result for errw is obtained by specializing the i.i.d. weights to i.i.d. Gamma distributed
weights as follows.

Proof of Theorem 1.5: By Sabot and Tarrés (2015, Theorem 1), the edge-reinforced random walk
on G, is a mixture of the discrete vrjp with i.i.d. Gamma(a,1)-distributed weights W, e € E,. We
observe that for all & > 0 one has E[W®] = I'(a + «)/T'(a). Consequently, the claim follows from
Theorem 1.4. ([l

4. Proofs for the non-linear hyperbolic sigma model

Recall the setup of Section 1.2. Set Hip = {o = (z,y,2,&,n) € A3 x A} : {0,0) < 0,body(z) >

0}. Force H i|27 let |o| := A/—(0, 7). The following lemma describes the super-Laplace transform
of the canonical superintegration form Do on H?2. Recall from Section 1.2 that the graph (AEL)

with edge set B, = {{i,7} € A : W;; > 0} is connected, which implies that at least one W7y; is
strictly positive for every vertex 1 € A.

Lemma 4.1 (Integration of one variable). Let 1 € A and set 1 = A\{1}. One has

Doy e2icie W1io1,0i) — =] Zicie WliUi”’ (4.1)
H212
and consequently,
DO’l 6% Zi,jeA Wi (140i,05)) =€% Zq‘,,]‘elc Wi (14<04,050)+ 21 Wii—| Xiere Whiosl| . (42)
H2I12
Proof: By the convexity of Hip, one has >, . Wiio; € Hip and hence Disertori et al. (2022,
Lemma 3.2, second equality in (3.1)) is applicable and yields

Doy e2icie Wiio,00) Doy Lo 2ie1e Wiioi) — o=l Ziere Whioil (4.3)
H212 H212

The second claim (4.2) follows from (4.1) using {(o1,01) = —1 and decomposing the exponent as
follows

1 1
5 Z Wij(l + <O’Z’,Uj>) = 5 Z Wij(l + <O’i,Uj>) + Z Wi + Z W1i<01,0'i>~ (4.4)
ijeA ijele iele iele

O

This lemma is the key ingredient for analyzing the restriction of the H22 model.

Proof of Theorem 1.8: The second equation in (1.19) follows from the restriction property of the
betas; see Remark 2.3. The proof of the first equation in (1.19) is by induction with respect to
the cardinality of I. For I = ¢, there is nothing to prove. As induction hypothesis, assume that
formula (1.19) holds for given I & A\{p} and J = A\I. For the induction step, take i € J, i # p, and

set I =T o {i}, J=A\I = J\{i}. For any superfunction f on (H2|2)j being compactly supported
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or at least sufficiently fast decaying so that the integral on the left-hand side of (4.5) is well-defined,
the induction hypothesis yields

w 2} = oW W7 (Br) o o). ‘
[oyp @010 = [ @ [ s 45

We fix B € RA, abbreviate W/ = W7(B;) when there is no risk of confusion, and set g(o;) =

e3 Zjkes Wik (1+¢oj,00)) f(o7). We split the integrand into a part which does not involve o; and the
remaining part involving (o, 0;), j € J:

J ,UJWJ(BI)(JJ)JE(JJ) = J Doje2 2 Xjkes W, (1+<0170k>)f( )
(H2|2)‘] (H2|2)

:J Dojy(oy) f Dojeies Wi (1H7o1) (4.6)
(H212)J H2I2
Note that the term W;/(1 + {0;,0;)) = 0 has been dropped. By formula (4.1) in Lemma 4.1

and using the abbreviation WZ-J = Zjej VVZ}] = ZjEJ\{Z} WZ], the single-spin integral in the last
expression equals

DoseSier W) _ W/ =1 Sy Wiosll _ W'J(l‘szeJ Wi H) (47)
H212
Using auxiliary random variables X ~ IG (WTlJ, (Wé'J)2) and Y = (WJ)2 ~ IG ((Wij)’l, 1) with

inverse Gaussian distributions, cf. Appendix A, on some auxiliary probability space with expectation
operator denoted by F, Lemma A.1 allows us to rewrite the last expression in the form

{ X1 Ser 07 Josl >] E{S(stp (V455 s W, wk<a],ak>)]

(1L7) = E
= E[e 7 2ij ke W]W£(1+<UJ"”@>)] (4.8)
Using the notation (1.1), we take the specific choice (RY, B(R?), vV’ (dB)) and Y = (25; - W)~ =

([H %J]ii)*l for the auxiliary probability space and the auxiliary random variable Y, respectively.

Indeed, Y ~ IG((W;)71,1) for this choice is a consequence (2.13). Summarizing, this shows

1 Wzlé ik
2 2 ked 26w (1+<o, C’k>) (4.9)

Doseies Vo) = [ (4
H212 RJ

We substitute this in (4.6) to obtain

1 W Wik
K3 7/
b Z] keJ 25, . WJ (1+<Ujvak>)

| i Pensen= |  Dojeen | o e
(H2|2)J (H2|2)J RJ

Joa5 %Z‘keJ [WJ WJJZWZJ]}](l'*‘(U;‘,Uk»
=J W (dB) f Do flog)e’ 27w |
RY (H2\2)J
~ J 2.
=J W (df) f VIR (6 f(o) (4.10)
R 22y 7

because

WIw
W‘] M) _WJ WJ HWJ ' _1W.J~
( ]k+ 252‘—W{i] ke + [( )m] i

=W (B) = W (81, B:), (4.11)
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where we used W*/ = W (8;) and (3.2) with J\J = {i}. Taking now 3 random, we insert the result
in (4.5) and obtain

J(sz)A wensen = [ Wap | W@ | e s a1

(H2|2)j

By the conditioning property cited in Remark 2.3, the conditional law of 5; given ; with respect

(

J
to VXV equals VEV D 1n other words, for any integrable function h(fr, 5s), one has

J ~ ~
| s [ A nen s - [ o @) e, (413)
RA RJ RA
Recall i € J. Applying the last identity with
J )
mEnon = [ WO @) foy) (4.14)
(H212)7
and observing (51, (87)i) = B, we conclude the induction step with the calculation
W (s
| iensen = W | - Pepsep. (4.15)
(H2\2)A RA (H2\2)J
]

Appendix A. Facts about inverse Gaussians

The density of an inverse Gaussian distribution IG(u, A\) with parameters pu, A > 0 is given by

F@) = 1) exp ( - W) x> 0. (A1)

23 2ulx

For X ~ IG(u, \), one has E[X] = p and the Laplace transform is given by

E[etX]:e:(l_Vl_Qlft) P (A.2)

t) = < —.
¢( ) ’ 2 ,u2
The following special case of the Laplace transform is used in the proof of Theorem 1.8.

Lemma A.1 (Laplace transform). If X ~ IG(% %) for some a > 0, then

PR
Blelt9X] = eal-V5) g >0, (A.3)
Proof: Setting = 5 and A\ = “2—2, this follows from (A.2) using % = a and % = 1. O

Our estimates for the effective weights in Theorem 1.6 require the estimates in the following
Lemmas A.2 and A.3.

Lemma A.2 (Estimates for some moments). For W > 0 and Xy ~ IG(W =1, 1), with the constant
Cy from Theorem 1.6, one has

E| Xy <sw™« for a €]0,1], (A.4)
E[X{y] <Co  for a€0,1), %[1/1% E[X{] = C,. (A.5)

Proof: Using Jensen’s inequality for the concave function 2, we obtain E| Xy, | < E[Xw]|* = W™¢
for0<a<l.
We prove now the second bound. By (A.1), one has

fa(W) = E[ Xy ] = \/127 JOOO S Tl (A.6)
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for all a € [0, %) Taking the derivative with respect to W and substituting first y = Wz and then
z = 1/y it follows

1 _ WZL') 5 (W;E-Q—(Wx)*l—Q) dr

W) == f
i

3 w -1
a—3(1 — y 6*7(y+y -2) dy
v (1—-y)
= WTW 0‘*%(1 - z)e*%(”fld) dz. (A.7)

Taking the average of the last two expressions and using (y* —y *)(1—y) <Ofory >0 and a > 0
yields

Wﬁfa 3 w -1

(W y 2y —y (1 —y)e 2@V 2 gy <. A8

fa()zm "=y A —y) y (A.8)

Hence, the function f, is decreasing, which implies fo (W) < limy o fo(w) for all W > 0. For

0<ax< %, we evaluate this limit as follows. Using dominated convergence with the integrable upper

bound z* 3e!~2 for the integrand in (A.6) with 0 < W < 1 and then substituting y = (2z)~! ,
we conclude

00
fa(W) < hﬁn fa(w e dr = y_o‘_%e_y dy = Cy. (A.9)

\/ﬂf 20‘1/7? 0

M\DD

0

Lemma A.3 (Estimate for the logarithmic moment). For W > 0 and Xw ~ IG(W~1,1), one has

0 2W
Ellog Xw]| = —logW — L Y du = €2WL (logt +v)e tdt + co (A.10)
with co and v specified in Theorem 1.6. Furthermore, the following bounds hold
—log(W + 3) < E[log Xw] < min{—log W, s} for W >0, (A.11)
co+ AW (logW + ¢ — 1) < E[log Xw]| < ¢z for 0 < W < Je77, (A.12)
lim Eflog Xw] = ca. Al
Jim Ellog Xw] = c (A.13)
Proof: By (A.1), the density of Xy is given by
1 _ (Wa—1)2
fx) = sy LRI (A.14)
x > 0. Hence, log Xy has the density
]. 1 u 2 —u u
_ Uy U —s(We*—1)%e —% A.15
U e“)e ——e 2 e 2, .
o) = fle")e = (A1)

u € R, with respect to the Lebesgue measure on R. Rewriting the exponent of the first exponential
as

1 1
i(We“ —1)%e7% = §W(We“ + (We")™t —2) = W[cosh(u + log W) — 1] (A.16)
yields the density

() = — e~ Wleosh(utlogW)-1]-3 ¢ . (A.17)

9
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Using the substitution v = u + log W, we obtain

W{cosh(u+log W)—1]—%

Ellog Xw] 2 du

o

—log W + 4 /ve e=Weoshv=3 gy, (A.18)
2 R

Recall the modified Bessel function of second kind K, p € R. By Abramowitz and Stegun (1964,
9.6.24), for w > 0, one has

= . 1 S
Kp(w) = J e~V eOShY cogh(pv) do = 5 J e weoshvery gy, (A.19)
0 R
Taking the derivative with respect to p yields
1
OpKp(w) = 2f ve~WCeshUePY gy (A.20)
R
Combining this with (A.18), we obtain
oW 4y
Ellog Xw] = —logW + ¢ 6pr(W)|p:7%. (A.21)
By Ryavec (2021, Page 1),
0 e—u
8pr(w)|p:% zKé (w)JO % du. (A.22)

Combining this with K,(w) = K_,(w), cf. Abramowitz and Stegun (1964, 9.6.6), and K1 (w) =
2
m/(2w)e™", cf. Abramowitz and Stegun (1964, 10.2.17), yields

)y () = =B 0]y ) = =y [ [ (A23)

This proves the first equality in the claim (A.10). In particular, E[log Xy ] < —log W.
To prove the second equality in (A.10), we observe that

e¢]
J (logt+~)e tdt =0 (A.24)
0

by the expression (1.8) for the Euler Mascheroni constant; note that the integrand is integrable
both at ¢ = 0 and t = . Thus, using integration by parts, we conclude

2W 0
W J (logt 4+ y)e~tdt = —e*V (logt +y)e~ " dt
0 2W
0 eQW—t 0 U
— (log(2 — dt = —1 —log2 — v — du. A2
(og(2) +7) = | ogW —log2 = - [ o (a2)

Next, we show f(W) := (Q)W(logt +7)e~tdt < 0. Note that the integrand (logt +~)e™t is negative
for 0 < t < e and positive for ¢ > e~7. Hence, the function f is decreasing on the interval
[0,e 7] and increasing on [e 7, 00]. Since f(0) = 0 = f(o0) by (A.24), the claim f < 0 and hence
Ellog Xw] < ¢ follow. We conclude that the upper bound in (A.11) is valid.

We proceed with the lower bound in (A.11). We have

JOO C du=VE QW) <o (1+i) (A.26)
o utaw T S8 T oW '
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0

with the exponential integral Ey(z) = § - du using the known bound e?E (z) < log(1+ 1/z) for
all x > 0, cf. Abramowitz and Stegun (1964, 5.1.20). Substituting this in (A.10), we conclude

1
Eflog Xw] = —logW — log (1 + ﬁ) = —log(W + 1), (A.27)
Assume now 0 < W < e 7. The upper bound in (A.12) is already contained in (A.11); it remains
to show the lower bound. We estimate the last integral in (A.10), using that 2"V < exp(e™) =
1.753... < 2 and logt + v < 0 hold for 0 <t < ™7, to obtain

2W

2W
Ellog Xw] — co =2V J (logt +)e tdt = ZJ (logt + ~)dt
0 0

=AW (logW 4¢3 — 1). (A.28)
This proves (A.12) and (A.13). O

We remark that the upper bound Eflog X,,] < ¢z in (A.12) can also be obtained from (A.5) in the
form E[(X{;, —1)/a] < (Ca — 1)/, taking the limit as o | 0, interchanging limit and expectation,
and using 0,Cq|a—0 = C2.
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