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Abstract. We prove that the restriction of the vertex-reinforced jump process to a subset of the
vertex set is a mixture of vertex-reinforced jump processes. A similar statement holds for the
non-linear hyperbolic supersymmetric sigma model. This is then applied to vertex-reinforced jump
processes on subdivided versions of graphs of bounded degree, where every edge is replaced by a
sufficiently large finite sequence of edges. We prove that discrete-time processes associated to suit-
able corresponding restrictions are mixtures of positive recurrent Markov chains. As a consequence,
we also obtain that the vertex-reinforced jump process on these subdivided graphs is recurrent. We
also deduce a similar statement for edge-reinforced random walks.

1. Models and Results

In this paper, we consider restrictions of the vertex-reinforced jump process (vrjp) on an arbitrary
finite graph to a subset of the vertex set obtained by observing the jumping particle only when it
is in the subset. We show that this restricted process is a mixture of vrjps, that is, a vrjp with
random weights. As an application, we study vrjp and the related edge-reinforced random walk
(errw) on the modification Gr of an arbitrary possibly infinite graph G of bounded degree obtained
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by replacing every edge by a series of 2r edges. In this setting, we prove a positive recurrence result
for vrjp and errw with arbitrary constant initial weights, provided r is large enough. This result
also implies that vrjp and errw are recurrent on the graph Gr.

More generally, the result for vrjp holds also in the case of i.i.d. random initial weights, subject to
some moment condition. For small initial weights, possibly random, positive recurrence on graphs of
bounded degree was proved by Sabot and Tarrès (2015) and with a completely different technique by
Angel et al. (2014). Our argument shows that iterated restriction of the graph Gr to the subgraph
Gr�1 consisting only of every second point drives the effective random weights towards smaller and
smaller values in a stochastic sense and thus more and more into the positive recurrent regime
studied by Sabot and Tarrès (2015) and Angel et al. (2014).

A general recurrence criterion for vrjp in terms of the leading eigenfunction of some random
Schrödinger operator is given by Sabot and Zeng (2019). Recurrence for vrjp on Z2 has been proven
for all constant initial weights by Sabot (2021).

1.1. Restrictions of reinforced processes. Let G � pΛ, Eq be an undirected locally finite connected
graph with vertex set Λ endowed with edge weights We � Wij ¡ 0, e � ti, ju P E. The vertex-
reinforced jump process (vrjp) on G is a continuous-time jump process pYtqt¥0 taking values in
Λ. Conditioned on pYsqs¤t and Yt � i P Λ, it jumps to a neighboring vertex j P Λ at the rate
WijLjptq with Ljptq � 1 � ³t

0 1tYs�ju ds being the local time at j with an offset of 1. According
to the introduction in the paper Davis and Volkov (2002), vrjp was invented by Werner. Sabot
and Tarrès (2015) introduced the vrjp in exchangeable time scale pZt :� YD�1ptqqt¥0 with the time
change Dptq � °

iPΛpLiptq2 � 1q. In this time scale, vrjp is a mixture of reversible Markov jump
processes; see Sabot and Tarrès (2015, Theorem 2) and Sabot and Zeng (2019, Theorem 1).

We remark that the vrjp on infinite graphs might make infinitely many jumps in finite time,
which means explosion in finite time, if the weights We increase fast enough far out. However, on
finite graphs, this does not occur almost surely.

For technical reasons, we encode a continuous-time jump process on G by two sequences of random
variables pXnqnPN0 and pTnqnPN0 with N0 � t0, 1, 2, . . .u. The random variable Xn takes values in Λ;
it encodes the n-th position visited. The event tXn � Xn�1u may occur with positive probability.
If such an event occurs, we say that the process has a self-loop. The random variable Tn takes
positive real values; it encodes the waiting time for the jump from Xn to Xn�1. The connection of
this description to a continuous-time Λ-valued jump process pYtqt¥0 can be described on the event
t°8

n�0 Tn � 8u by Yt � Xn whenever
°n�1

l�0 Tl ¤ t   °n
l�0 Tl for some n P N0. Note that in the

representation pYtqt¥0 the information on self-loops is lost. In the case of explosion in finite time,
the sum

°8
n�0 Tn is finite. In this case, Yt is only defined for t   °8

n�0 Tn, but the description in
terms of Xn, Tn still exists for all n. This is why we do not need any assumptions on the weights
W that avoid explosions in finite time.

Our first result concerns the vrjp restricted to a subset J � Λ. We define the restriction to a
subset for a general continuous-time jump process.

Definition 1.1 (Removal of self-loops and restriction to a subset: process). Let pXn, TnqnPN0 be
a continuous-time jump process on G. Recursively, we take σ0 :� 0 and for n P N, on the event
tσn�1   8u, we define σn :� inftl ¡ σn�1 : Xl � Xσn�1u to be the index of the next jump to a
different location. The process with self-loops removed is defined by pX�, T�q � pX�

n , T�
n qnPN0 :�

pXσn ,
°σn�1�1

l�σn
TlqnPN0 on the event tσn   8 for all n P Nu that the process pXnqnPN0 does not get

stuck in a single point.
Let H � J � Λ. We set recursively τ0 � 0, τn � inftl ¡ τn�1 : Xl P Ju for n P N. In other words,

on the event tX0 P Ju, τn denotes the number of jumps up to the n-th return to J . The restriction
of the process to J is defined on the event tτn   8 for all n P Nu by pXJ , T Jq � pXJ

n , T
J
n qnPN0 :�

pXτn , TτnqnPN0 .
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The notation pXJ�, T J�q means that both operations have been applied to the process pX,T q,
first the restriction to J and then self-loop removal.

Note that the process pXJ�, T J�q is well-defined if the original process X visits the set Jztxu
infinitely often for all x P J .

One may visualize the restriction pXJ , T Jq as editing a film of the continuous time representation
of the jump process, cutting out all parts of the film where the jumping particle is not in J . The cut
locations in this edited film remain visible as long-range jumps or as self-loops if the exit point from
J coincides with the re-entry point to J . The passage from pXJ , T Jq to pXJ�, T J�q corresponds
to a second editing step of the film. Now the self-loops are removed and the corresponding cut
locations become invisible.

Note that the definitions of X� and XJ do not use the T -components of the process. In particular,
the definitions of X�, XJ , and XJ� make also sense if one starts with a discrete-time process
pXnqnPN0 only.

The mixing measure representing vrjp in exchangeable time scale as a mixture of Markov jump
processes has been described in terms of a random field βΛ � pβiqiPΛ in Sabot et al. (2017, Proposi-
tion 2) for finite graphs and in Sabot and Zeng (2019, Theorem 1) for infinite graphs. Because the
law νWΛ of this random field βΛ appears in the present paper in an additional role, we review it first
for a finite set Λ including a pinning point ρ P Λ.

Take a symmetric matrix W � pWijqi,jPΛ P r0,8qΛ�Λ of weights. Note that W may have positive
diagonal entries. For β P RΛ, define

HW
Λ,β � HW

β � Hβ :� 2 diagpβq �W, (1.1)

where diagpβq denotes the diagonal matrix with diagonal entries given by βi, i P Λ. Let 1 P RΛ

denote the column vector having all entries equal to 1, which implies that the Euclidean inner
product x1, Hβ1y is the sum of all entries of the matrix Hβ . The law of βΛ equals the probability
measure

νWΛ pdβq :�
� 2
π

	 |Λ|
2
1tHβ¡0u

e�
1
2
x1,Hβ1ya
detHβ

dβ (1.2)

on RΛ, where the notation Hβ ¡ 0 means that the matrix Hβ is positive definite. The probability
measure νWΛ was introduced for Wii � 0 in Sabot et al. (2017, Definition 1) and generalized for
Wii ¥ 0 in Sabot and Zeng (2019, Section 5.1); see also Letac and Wesołowski (2020, Section 4).
Sabot and Zeng (2019, Proposition 1) extends the definition of νWΛ to infinite graphs.

We use the following notation. For a vector v P RK , a matrix A P RK�L, and subsets I � K and
J � L of the index sets, we denote by vI the restriction of v to I and by AIJ the restriction of A
to I � J . Let PW,Λ

ρ denote the law of the vrjp in exchangeable time scale on Λ starting in ρ with
weights W .

Theorem 1.2 (Restriction of vrjp as a mixture of vrjps). Assume that the graph G is finite without
self-loops and partition its vertex set Λ � I Y J , I X J � H, with |J | ¥ 2. Consider the vrjp pX,T q
in exchangeable time scale on Λ starting at ρ P J with weights W . The restrictions pXJ , T Jq and
pXJ�, T J�q to J without or with self-loops removed are mixtures of vrjps in exchangeable time scale
on J with random weights

W JpβIq �pW J
ijpβIqqi,jPJ :�WJJ �WJIprHβsIIq�1WIJ and (1.3)

W J�pβIq :�
�
W J

ijpβIq1ti�ju
�
i,jPJ , (1.4)

respectively. They depend on a random vector βI P RI , where βIYtρu P RIYtρu is distributed according

to ν
xW
IYtρu with xW P RpIYtρuq�pIYtρuq obtained by restricting the parameters W to I and wiring all
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points in J at ρ:

xWij � xWji �

$'&
'%
Wij for i, j P I,°

kPJ Wik for i P I, j � ρ,

0 for i � j � ρ.

(1.5)

In the case of pXJ�, T J�q this means the following for any event A � JN0 � RN0� .

PW,Λ
ρ ppXJ�, T J�q P Aq �

»
RIYtρu

PWJ�pβIq,J
ρ ppX,T q P Aq νxWIYtρupdβIYtρuq

�
»
RΛ

PWJ�pβIq,J
ρ ppX,T q P Aq νWΛ pdβΛq. (1.6)

The analogous statement holds for pXJ , T Jq.
Note that on the l.h.s. in (1.6) the process pXJ�, T J�q is built from the canonical process pX,T q

on ΛN0 � RN0� , while on the r.h.s. pX,T q means the canonical process on JN0 � RN0� . Note also
that the vrjp X on the finite graph G visits a.s. all vertices infinitely often, which makes XJ� a.s.
well-defined.

Discussion. The Schur complement W JpβIq in (1.3) appears also in Sabot and Zeng (2019, Lemma
5) under the name qP . Theorem 1.2 gives the following new interpretation of these weigths. The
vrjp pX,T q restricted to J , i.e., pXJ , T Jq has the same law as the mixed vrjp in the random weights
W JpβIq � qP . Nevertheless we are not aware of any direct derivation of Theorem 1.2 from Sabot
and Zeng (2019, Lemma 5). An explicit formula for the probability density of βI , not only as a
marginal of βIYtρu, can be found in Sabot and Zeng (2019, Lemma 4 combined with Lemma 5(i));
however we do not need it here.

An attempt to generalise Theorem 1.2 to infinite graphs could raise additional issues, e.g. con-
cerning invertibility of rHβsII , the fact that vrjp might get stuck in I, and possible explosion of the
vrjp in finite time. Some of these problems become simpler if I has only finite connected compo-
nents due to the one-dependence of the β-field proven in Sabot et al. (2017, Proposition 1). In this
case, rHβsII has a block diagonal structure consisting of finite blocks, and almost surely, vrjp does
not get stuck in I. In particular, this is the case for the subdivided graphs defined below. Such
generalisations to infinite graphs are not addressed in this paper.

Comparison with the restriction property observed by Davis and Volkov. In the special case of J
being a set of consecutive integers on a one-dimensional integer interval this restriction property
has already been observed in Davis and Volkov (2002, Section 3). In this special case, W J� is
deterministic and equals the restriction of W to J � J . Hence, in this special case, pXJ�, T J�q is
again a vrjp, not only a mixture of vrjps. The analogous property holds on a connected subset of a
tree and, more generally, whenever every exit point from J equals the corresponding re-entry point.

Subdivisions. For r P N0, we define the 2r-subdivision Gr � pΛr, Erq of the undirected graph
G � pΛ, Eq to be obtained by replacing every edge in G by a series of 2r edges; see Figure 1.1 for
an illustration. It will be convenient to have Λ0 � Λ and Λl � Λr for l ¤ r; see also Definition 3.2
below.

We consider vrjp X on a subdivided graph Gr with random weights W and starting point ρ P Λ.
Note that ΛrzΛl has only finite connected components. As a result, since vrjp X visits a.s. infinitely
many points, its restriction XΛl� to Λl with l   r is a.s. well-defined. If the graph G has degree
bounded by d, the following result of Sabot and Tarrès allows us to deduce recurrence of the
restriction to Gl with l   r, provided r� l is large enough depending on a certain moment condition.

Fact 1.3 (Sabot and Tarrès, 2015, Corollary 3; see also Angel et al., 2014, Theorem 20).
Let d P N and α P p0, 14 s. Then, there is c1 � c1pd, αq ¡ 0 such that for all connected undirected
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Figure 1.1. A part of Z2 on the left and its 8-subdivided version on the right.

graphs G � pΛ, Eq with vertex degree bounded by d, all independent random weights W � pWeqePE
(not necessarily identically distributed) with ErWα

e s ¤ c1 for all e P E, and all starting points ρ P Λ,
the discrete-time process associated to vrjp with random weights W and starting in ρ is a mixture
of positive recurrent Markov chains.

In the following theorem, νWΛr
appears as a mixing measure for the restricted vrjp. Note that it

is always defined, not only for finite but also for locally finite graphs.

Theorem 1.4 (Vrjp on subdivided graphs). Let G � pΛ, Eq be a connected undirected locally finite
graph without self-loops and take l, r P N0 with l ¤ r. Let pX,T q be vrjp in exchangeable time scale
on the subdivided graph Gr with starting point ρ P Λ and random weights We ¡ 0, e P Er, with
respect to some probability measure with corresponding expectation E. Its restriction pXΛl�, TΛl�q
to Λl with self-loops removed is again a mixture of vrjps on Gl with random weights denoted by
W plq � pW plq

e qePEl
. If the family W � pWeqePEr is independent or i.i.d., then so is the family

W plq. Given W , the conditional law of W plq can be described in terms of the restriction βΛrzΛl
of

a νWΛr
-distributed random field β. For any finite subgraph G̃ of G and the corresponding subdivision

G̃l � pΛ̃l, Ẽlq, the restriction of W plq to Ẽl equals W Λ̃l given in (1.3) with J � Λ̃l and I � Λ̃rzΛ̃l,
and fulfills the recursion equations described in Lemma 3.3, below. In particular, one has

PW,Λr
ρ ppXΛl�, TΛl�q P �q �

»
RΛr

PW plq�pβq,Λl
ρ ppX,T q P �q νWΛr

pdβq. (1.7)

Assume that the vertex degree of G is bounded by d. Moreover, assume that the weights We, e P Er,
are i.i.d. and satisfy ErWα

e s ¤ c12
αpr�lq for some α P p0, 14 s with the constant c1pd, αq from Fact 1.3.

Then, the process XΛl� is a mixture of positive recurrent reversible Markov chains. In particular,
the original process X visits a.s. the starting point ρ infinitely often.

One could weaken the assumption of the recurrence statement by making only an independence
assumption rather than an i.i.d. assumption. To increase readability of the proof, we only treat the
stronger assumption.

Note that the restriction of vrjp on the subdivided graph Gr, r ¥ 1, to the original graph G � G0

is not a vrjp, but only a mixture of vrjps. This is an obstruction against going in the opposite
direction, i.e., from vrjp on G0 to vrjp or a mixture of vrjps on Gr.
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Consequences for linearly edge-reinforced random walk. Linearly edge-reinforced random walk (errw)
pXnqnPN0 on G starting at ρ with constant initial weights a ¡ 0 is defined as follows. Let X0 � ρ
and let w0peq :� a, e P E, be the initial edge weights. In each time step, the random walker jumps
to a neighboring vertex with probability proportional to the weight of the traversed edge. Each
time an edge is traversed, its weight is increased by 1. More formally, conditioned on pXmqm¤n and
Xn � i P Λ, the conditional probability of Xn�1 � j P Λ is non-zero only if ti, ju P E. It equals
wnpti, juq{

°
kPΛ:ti,kuPE wnpti, kuq, where wnpeq � a �°n�1

m�0 1ttXm,Xm�1u�eu denotes the weight of
the edge e at time n. Errw was introduced by Coppersmith and Diaconis (1986), see Diaconis (1988).
For more history on this process, see Merkl and Rolles (2006). It was shown in Sabot and Tarrès
(2015, Theorem 1), that errw is a mixture of the discrete-time process associated to vrjp with i.i.d.
Gamma(a,1)-distributed weights We, e P E. The following result shows that under rather general
conditions, errw on a subdivided graph Gr with constant initial weights, appropriately restricted,
becomes a mixture of positive recurrent Markov chains as soon as r is large enough. More precisely,
we prove the following statement.

Theorem 1.5 (Errw on subdivided graphs). Let G � pΛ, Eq be a connected undirected graph without
self-loops and with vertex degree bounded by d. For all r P N0 consider the subdivided graph Gr. Let
X be errw on Λr with starting point ρ P Λ and with constant initial weights a ¡ 0. Assume that
α P p0, 14 s, r P N0, and l P t0, . . . , ru satisfy Γpa� αq{Γpaq ¤ c1pd, αq2αpr�lq with c1 as in Fact 1.3.
Then, the restriction XΛl� of errw to Λl with self-loops removed is a mixture of positive recurrent
Markov chains. Consequently, the original process X visits a.s. the starting point ρ infinitely often.

In this paper, we treat 2r-subdivisions with powers of 2 only rather than arbitrary k-subdivisions
for k P N. This is just for notational simplicity. General k-subdivisions could be treated by the
same method, applying the recursive restriction described in Lemma 3.3, below, not to all edges
simultaneously in every recursion step, but only to some of the edges.

Comparison with previous work on errw. Merkl and Rolles (2009, Theorem 1.1) provides a variant of
Theorem 1.5 in the special case of the graph Z2 with nearest-neighbor edges, showing only recurrence
on subdivisions rather than a mixture of positive recurrent Markov chains. Note that at that time,
the relation between errw and vrjp, which is an essential tool in the proof of Theorem 1.5, was
not known. The present paper gives a heuristic explanation why subdivisions make errw and vrjp
more recurrent: the reason is that taking subdivisions and then restricting to the original graph
decreases the effective weights in a stochastic sense. This is made precise in the next lemma. By
the monotonicity result Poudevigne-Auboiron (2024, Theorem 1) decreasing the weights of vrjp
increases the probability of vrjp being recurrent.

Theorem 1.6 (Decay of the effective weights by restriction). Let the graph G be finite and take
0 ¤ l ¤ r. We endow the subdivided graph Gr with i.i.d. edge weights We ¡ 0, e P Er. Consider the
family W plq of corresponding random weights from Theorem 1.4, all realized on the same probability
space with expectation operator E. We abbreviate Cα :� 2�αΓp12 � αq{?π for 0 ¤ α   1

2 and
c2 :� γ � log 2 � 1.27036 . . ., where

γ � �
» 8

0
e�t log t dt � 0.57721 . . . (1.8)

denotes the Euler Mascheroni constant. For all ē P El and e1 P Er, one has

ErpW plq
ē qαs ¤ p2�αqr�lErWα

e1 s for α P r0, 1s, (1.9)

ErpW plq
ē qαs ¤ 1

Cα
min

mPtl,...,ru
�
Cαp2�αqr�mErWα

e1 s
�2m�l

for α P r0, 12q, (1.10)

ErlogW plq
ē s ¤ min

mPtl,...,ru
2m�l

�
ErlogWe1s � pr �mq log 2� c2

�� c2. (1.11)
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Set m0 :� r � 2 � tα�1 log2pCαErWα
e1 squ and m1 :� r � 2 � tplog 2q�1pErlogWe1s � c2qu. If m0 P

tl, . . . , ru, a minimizer in (1.10) is given by m � m0. If m0   l or m0 ¡ r, it is given by m � l or
m � r, respectively. The analogous statement holds for m1 with (1.10) replaced by (1.11).

Note that for α P r0, 12q, the bound (1.10) implies the bound (1.9), using m � l. The proof
of Theorem 1.6 is done in Section 3 and given by induction. The induction step is based on the
following lemma.

Lemma 1.7 (Induction step for moments of effective weights). Consider the setup of Theorem 1.6.
For l P t1, . . . , ru, ē P El�1, and e1 P El, we have

ErpW pl�1q
ē qαs ¤ 2�αErpW plq

e1 qαs for α P r0, 1s, (1.12)

ErpW pl�1q
ē qαs ¤ CαErpW plq

e1 qαs2 for α P r0, 12q, (1.13)

ErlogW pl�1q
ē s ¤ mintErlogW plq

e1 s � log 2, 2ErlogW plq
e1 s � c2u (1.14)

with the constants Cα and c2 from Theorem 1.6. For α P r0, 12q, the bound in (1.12) is stronger than
the bound in (1.13) if and only if ErpW plq

e1 qαs ¡ 2�αC�1
α . Similarly, the minimum in bound (1.14)

equals ErlogW plq
e1 s� log 2 if and only if ErlogW plq

e1 s ¥ � log 2� c2. Note that the expectations do not
depend on the choice of ē and e1.

Discussion. The iteration of the bound (1.12) gives an exponentially decreasing upper bound for
ErpW plq

ē qαs as a function of r � l, while iteration of the other bound (1.13) is only useful for small
values of ErpW plq

ē qαs, but then gives a doubly exponentially fast decreasing bound. Thus, for 0  
α   1

2 , there is a change of regimes in these upper bounds for ErpW plq
ē qαs, consisting of exponential

decay for the first iteration steps with a transition to doubly exponential decay for later steps. One
may speculate that there might be a change of regimes for the decay of ErpW plq

ē qαs as well, not just
for the upper bounds.

1.2. Non-linear hyperbolic supersymmetric sigma model. Let Λ be a finite set containing a pinning
point ρ and consider interactions W � pWijqi,jPΛ, Wij �Wji ¥ 0, such that the graph pΛ, E�q with
edge set E� :� tti, ju � Λ : Wij ¡ 0u is connected.

The non-linear hyperbolic supersymmetric sigma model, H2|2-model for short, was introduced by
Zirnbauer (1991). It is a statistical mechanics type model involving spin variables taking values in
a supermanifold called H2|2. The spin variables have three even (= commuting) components x, y, z
and two odd (= anticommuting) components ξ, η in a real Grassmann algebra A � A0 `A1 with
R � A0. Here, A0 Q x, y, z denotes the even subalgebra and A1 Q ξ, η the odd subspace. More
details can be found in Disertori et al. (2010), Swan (2020), and Disertori et al. (2022, Appendix).
To every vertex i P Λ, we associate a spin variable σi � pxi, yi, zi, ξi, ηiq, subject to the constraint

σi P H2|2 :�tpx, y, z, ξ, ηq P A3
0 �A2

1 : x
2 � y2 � z2 � 2ξη � �1,bodypzq ¡ 0u. (1.15)

Here, bodypzq P R is the unique real number such that z � bodypzq is nilpotent. The Grassmann
variables pξi, ηiqiPΛ need to be linearly independent. We endow A3

0 �A2
1 with the inner product

xσ, σ1y :� xx1 � yy1 � zz1 � ξη1 � ηξ1 (1.16)

for σ � px, y, z, ξ, ηq, σ1 � px1, y1, z1, ξ1, η1q. For any smooth function f : Rk Ñ R there is an
extension to a superfunction f : Ak

0 Ñ A0 constructed by a Taylor expansion in the nilpotent parts;
it is denoted by the same symbol. The same holds if f is defined only on an open subset U of Rk,
but then the extension is only defined on the subset of Ak

0 with bodies in U . In particular, on H2|2

the component z is not an independent variable, but just an abbreviation z �
a
1� x2 � y2 � 2ξη.
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In the H2|2-model, the pinning point ρ P Λ gets constant spin σρ � o :� p0, 0, 1, 0, 0q P H2|2 assigned
to it. The superintegration form Dσ on H2|2 is defined by

f ÞÑ
»
H2|2

Dσfpσq :� 1

2π

»
R2

dx dy BξBη
�1
z
fpx, y, z, ξ, ηq

	
(1.17)

for any superfunction f decaying sufficiently fast to make the integral well-defined. The H2|2-model
on Λ is given by

µW
Λ pσΛq :� µW

Λ,ρpσΛq :� δopdσρqDσΛztρu exp
�
1

2

¸
i,jPΛ

Wijp1� xσi, σjyq


. (1.18)

Here, δo denotes the Dirac measure in o. Note that µW
Λ,ρ depends on the choice of ρ due to the

constraint σρ � o, while the law νWΛ of the β-field does not.
The following result shows that the restriction of the H2|2 model is a mixture of H2|2 models.

Theorem 1.8 (Effective weights for restrictions to subsets). Let Λ � IYJ , IXJ � H, with |J | ¥ 2

and ρ P J . Using the weights W JpβIq defined in (1.3) and xW obtained from W by wiring all points
in J at ρ, cf. (1.5), one has»

pH2|2qΛ
µW
Λ pσΛqfpσJq �

»
RΛ

νWΛ pdβq
»
pH2|2qJ

µ
WJ pβIq
J pσJqfpσJq

�
»
RIYtρu

ν
xW
IYtρupdβq

»
pH2|2qJ

µ
WJ pβIq
J pσJqfpσJq (1.19)

for any superfunction f on pH2|2qJ which is compactly supported or decays at least sufficiently fast
so that the left-hand side of (1.19) is well-defined.

How this paper is organized. Section 2.1 deals with the restriction of Markov jump processes on
finite graphs to subgraphs, the removal of self-loops, and the combination of these two operations.
In Section 2.2, this is used as an ingredient to treat the same operations for vrjp, which is viewed
as a mixture of Markov jump processes. In particular, Theorem 1.2 is proved there. This theory
is applied to subdivided graphs in Section 3. Section 3.1 deals with a recursive description of the
random weights W plq introduced in Theorem 1.4. This results in a proof of Lemma 1.7 and its
consequence Theorem 1.6. Section 3.2 proves the recurrence statements for vrjp and errw given in
Theorems 1.4 and 1.5. We avoided using the H2|2 model and supersymmetry in Sections 2 and 3 to
make the proofs more accessible to probabilists. Alternatively, one could deduce Theorem 1.2 from
the result on the H2|2 model given in Theorem 1.8 instead of using the restriction and conditioning
property of the β-field. Proofs using superspin variables are confined to Section 4, which proves
Theorem 1.8. In Appendix A, we collect relevant results about the inverse Gaussian distribution.
The constants Cα, c1, and c2 keep their meaning throughout the paper.

2. Representation as a mixture

2.1. Markov jump processes.
Notation. Consider a Markov jump process pX,T q on a finite connected graph G � pΛ, Eq with
|Λ| ¥ 2, transition rates q � pqijqi,jPΛ, and starting point ρ. Assume in addition that it is reversible
with reversible measure π � pπiqiPΛ P p0,8qΛ, meaning that πiqij � πjqji for all i, j P Λ. The
corresponding discrete-time process X is a reversible Markovian random walk on the graph G
with edge weights, also called conductances, given by Cij � Cji � πiqij . We assume that Cij ¡ 0
whenever ti, ju P E. In this context, the law of the Markov jump process together with its reversible
measure is equivalently parametrized by the conductance matrix C � pCijqi,jPΛ and π instead of q
and π. In the following, we realize pX,T q as canonical process and denote its law by QC,Λ

ρ,π , where
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ρ denotes the starting point. For i P Λ, we denote the corresponding total transition rate and total
weight, respectively, by

qi :�
¸
kPΛ

qik, Ci :�
¸
kPΛ

Cik. (2.1)

For n P N0 and i P Λ, given pXlql¤n, pTlql¤n�1, and Xn � i, the random variables Xn�1 and Tn are
conditionally independent. In particular, the conditional law of Xn�1 is specified by

QC,Λ
ρ,π pXn�1 � j|pXlql¤n, pTlql¤n�1, Xn � iq � qij

qi
� Cij

Ci
�: pij (2.2)

for j P Λ and the conditional law of Tn is exponential with parameter qi. Note that even stronger,
the future pXlql¥n�1 of the process X is conditionally independent from the waiting time Tn given
the same condition σppXlql¤n, pTlql¤n�1q.

When we deal only with the discrete-time process X, but not with the sequence of waiting times
T , the reversible measure π becomes irrelevant; by abuse of notation we write QC,Λ

ρ instead of QC,Λ
ρ,π

in this context.
Next, we deal with the law of the process pX�, T�q with self-loops removed and of the restriction

pXJ , T Jq to a vertex subset J introduced in Definition 1.1. The following definition describes the
corresponding parameters.

Definition 2.1 (Removal of self-loops and restriction to a subset: parameters). We define new
transition probabilities, rates, and weights as follows

p� �
�
p�ij :�

pij
1� pii

1ti�ju
	
i,jPΛ

, q� � pq�ij :� qij1ti�juqi,jPΛ, (2.3)

C� � pC�
ij :� Cij1ti�juqi,jPΛ, C�

i :�
¸
kPΛ

C�
ik, i P Λ. (2.4)

For any subset J � Λ with ρ P J , |J | ¥ 2, we set I � ΛzJ and define

pJ � ppJijqi,jPJ :� pJJ �
8̧

l�0

pJIp
l
IIpIJ , (2.5)

which is a convergent series with pJij � QC,Λ
i pXJ

1 � jq. Furthermore, we define

CJ � pCJ
ij :� Cip

J
ijqi,jPJ , qJ �

�
qJij :�

Ci

πi
pJij

	
i,jPJ

. (2.6)

The notation pJ�, qJ�, and CJ� means that the two operations J and � have been applied succes-
sively.

The next lemma shows that the just defined quantities indeed parametrize the laws of the pro-
cesses pX�, T�q, pXJ , T Jq, and pXJ�, T J�q.
Lemma 2.2 (Laws of removal of self-loops and restriction to a subset). Consider a reversible Markov
jump process pX,T q on the finite graph G. Assume that it starts in ρ P J , has the reversible measure
π with πi ¡ 0 for all i P Λ, and that the jump rates are given by qij � Cij{πi for i, j P Λ. Then,
the processes pX�, T�q and pXJ , T Jq are again reversible Markov jump processes with rates q� and
qJ , weights C� and CJ , transition probabilities p� and pJ , and reversible measures π and π|J ,
respectively. Applying both transformations successively, pXJ�, T J�q is also a reversible Markov
jump process with rates qJ�, weights CJ�, transition probabilities pJ�, and reversible measure π|J .
In particular, the restriction XJ� of X to J with self-loops removed with starting point X0 � ρ P J
has the same law as a random walk on the complete graph over J endowed with the weights CJ�.
In other words, QC,Λ

ρ pXJ� P �q � QCJ�,J
ρ .
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Proof : To simplify notation, by removing a null set from the underlying probability space if neces-
sary, we assume that all stopping times τn and σn, introduced in Definition 1.1, are finite, not only
almost surely finite. Consider the filtration Fn � σppXlql¤n, pTlql¤n�1q, n P N0. When pX,T q is
replaced by pX�, T�q and pXJ , T Jq, the corresponding filtrations are denoted by pF�

n qn and pFJ
n qn,

respectively.
We treat the process pXJ , T Jq first. Fix m,n P N0 and i P J . Let BJ

n,m :� tXJ
n � i, τn � mu.

Observe that on BJ
n,m, one has Xm � i and T J

n � Tm and that given Fm, the process X (or,
equivalently, the future pXlql¥n�1 of the process X) is conditionally independent of the waiting
time T J

n . Hence, conditionally on Fm again, XJ
n�1 and T J

n are independent. Moreover, still under
the same conditions, T J

n � Tm is exponentially distributed with parameter qi �
°

kPΛ qik and for
any j P J , the event that XJ

n�1 � j holds with conditional probability pJij . Note that every event
A P σpFJ

n , B
J
n,mq with A � BJ

n,m fulfills A P Fm, and that BJ
n,m P Fm holds. Thus, for t ¥ 0, on the

event BJ
n,m, one has

QC,Λ
ρ,π pXJ

n�1 � j, T J
n ¥ t|FJ

n , B
J
n,mq �EQC,Λ

ρ,π
rQC,Λ

ρ,π pXJ
n�1 � j, Tm ¥ t|Fmq|FJ

n , B
J
n,ms

�QC,Λ
ρ,π pXJ

n�1 � j|FJ
n , B

J
n,mqe�tqi . (2.7)

Summing over m P N0 and using the σ-field BJ
n :� σpBJ

n,m,m P N0q yields the following on the
event tXJ

n � iu � �8
m�0B

J
n,m:

QC,Λ
ρ,π pXJ

n�1 � j, T J
n ¥ t|FJ

n ,BJ
nq �QC,Λ

ρ,π pXJ
n�1 � j|FJ

n ,BJ
nqe�tqi . (2.8)

Conditioning this on the smaller σ-field FJ
n , we obtain on the event tXJ

n � iu,
QC,Λ

ρ,π pXJ
n�1 � j, T J

n ¥ t|FJ
n q �QC,Λ

ρ,π pXJ
n�1 � j|FJ

n qe�tqi , (2.9)

and we conclude that XJ
n�1 and T J

n are conditionally independent on the event tXJ
n � iu given FJ

n .
Since the graph G � pΛ, Eq is finite and connected and Cij ¡ 0 whenever ti, ju P E, we find that°

kPJ q
J
ik � Ci

πi

°
kPJ p

J
ik � Ci

πi
and hence pJij � πi

Ci
qJij � qJij{

°
kPJ q

J
ik. The weights for the restriction

fulfill CJ
ij � Cip

J
ij � πiq

J
ij and the reversibility condition πiq

J
ij � Cip

J
ij � Cjp

J
ji � πjq

J
ji, which can be

seen by multiplying the definition (2.5) of pJij by Ci and using repeatedly the original reversibility
condition Ckpkl � Clplk. This proves the claim for the process pXJ , T Jq.

Next, we treat the process pX�, T�q in a similar way. Let i P Λ, m P N0, and set B� :� tX�
n �

i, σn � mu. For the rest of this proof, the arguments are understood conditionally on Fm and B�.
Observe that Xm � i and T�

n � °σn�1�1
l�m Tl. Inductively on k P N, on the event B�, for any Borel

set S � Rk and j P Λ, it follows that

QC,Λ
ρ,π pXm � . . . � Xm�k�1 � i,Xm�k � j, pTm, . . . , Tm�k�1q P S|Fmq

�pk�1
ii pij Exppqiq�kpSq, (2.10)

where Exppqiq�k is the k-th power of the exponential distribution with parameter qi. Note that
only the special case i � j is needed as induction hypothesis in this induction.

Take now j � i. The sum
°σn�1�1

l�σn
Tl consists σn�1 � σn summands. This random number

of summands, conditionally on Fm and B�, is geometrically distributed. More precisely, (2.10)
implies that it fulfills QC,Λ

ρ,π pσn�1 � σn � d|Fmq � p1 � piiqpd�1
ii , d P N. Furthermore, conditioning

on σn�1 � σn in addition to the conditioning on Fm and B�, the summands Tl, σn ¤ l ¤ σn�1 � 1,
are conditionally i.i.d. exponentially distributed with parameter qi. By the thinning property of the
Poisson process, again conditionally on Fm and B�, the waiting time T�

n is exponentially distributed
with parameter p1 � piiqqi � qi � qii �

°
kPΛ q�ik �: q�i , where we used (2.2) for i � j. Summing
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over k yields

QC,Λ
ρ,π pX�

n�1 � j, T�
n ¥ t|Fmq �

8̧

k�1

pk�1
ii pij Exppqiq�kprt,8qq � p�ije

�tq�i ; (2.11)

here Exppqiq�k denotes the k-fold convolution of Exppqiq. Furthermore, the new transition proba-
bilities p�ij and the new transition rates q�ij are related for all i, j P Λ by

q�ij
q�i

� qij1ti�ju
p1� piiqqi �

pij1ti�ju
1� pii

� p�ij . (2.12)

Finally, the new reversibility relation C�
ij � πiq

�
ij � πjq

�
ji is an immediate consequence of the original

one. □

2.2. Application to vrjp. In the last section, the parameters q, π, and C were deterministic. In this
section, which deals with vrjp rather than Markov jump processes, they become random because vrjp
in exchangeable time-scale is a mixture of reversible Markov jump processes as was shown in Sabot
and Tarrès (2015, Theorem 2). The role of the deterministic conductances Cij is now overtaken
by random conductances Wije

ui�uj with appropriate random variables ui, i P Λ, introduced in
Lemma 2.5, below. These u-variables are functions of the νWΛ -distributed random field β introduced
in (1.2). The following remark reviews some crucial properties of this β-field.

Remark 2.3 (Properties of β, Sabot and Zeng, 2019, Sect. 5.1, Proposition 1 and Lemma 5). Let
β � νWΛ . Then, pβi � 1

2WiiqiPΛ � νW
�

Λ with W� � pW�
ij �Wij1ti�juqi,jPΛ. For any i P Λ, one has

p2βi �Wiiq�1 � IGpW�1
i , 1q with Wi �

¸
jPΛztiu

Wij , (2.13)

where IGpµ, λq denotes the inverse Gaussian distribution with parameters µ, λ ¡ 0; see Appendix A.
Assume that Λ � I Y J is finite with I X J � H, |J | ¥ 2. The conditioning property states that
conditioned on βI , one has βJ � ν

WJ pβIq
J , and hence pβj � 1

2W
J
jjpβIqqjPJ � ν

WJ�pβIq
J with the

weights W J and W J� from (1.3) and (1.4). The restriction property states that βI is the restriction
of βIYtρu � ν

xW
IYtρu with xW defined in (1.5).

The next remark describes how to recover the law of the original process pX,T q with self-loops
from its self-loop removed version pX�, T�q and additional auxiliary independent Poisson processes.

Remark 2.4 (Decoration of vrjp with self-loops). Vrjp with self-loops described by PW,Λ
ρ and vrjp

without self-loops described by PW�,Λ
ρ are related as follows. If pX,T q is distributed according

to PW,Λ
ρ , then pX�, T�q is distributed according to PW�,Λ

ρ . Conversely, if pX̃, T̃ q is distributed
according to PW�,Λ

ρ , given any vertex i P Λ, we take a Poisson process with intensity 1
2Wii, visualized

as exponential clocks. These Poisson processes should be independent of each other and pX̃, T̃ q.
Whenever the jumping particle is at i P Λ, we include a self-loop iÑ i whenever the corresponding
exponential clock rings. In other words, we include self-loops at i with rate 1

2Wii. The resulting
augmented process pX,T q is then distributed according to PW,Λ

ρ .

The next lemma introduces the u-field u � puiqiPΛ as a function of the β-field. It then describes
how the u-field behaves under restriction of the underlying vertex set Λ to some subset J � Λ with
ρ P J . This restriction property is used to express the effective random conductances CJ

ij , i, j P J ,
for the restriction of vrjp to J . We abbreviate J� :� Jztρu and Λ� :� Λztρu.
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Lemma 2.5 (Restriction property of the u-field). Let Λ � I Y J be finite with I X J � H,
ρ P J , and W P r0,8qΛ�Λ. For β � pβI , βJq P RΛ such that rHW

β sΛ�Λ� is positive definite, let

euΛ�
pβq � peuipβqqiPΛ� � prHW

β sΛ�Λ�q�1WΛ�ρ and uρpβq � 0. Let H
WJ pβIq
βJ

and H
WJ�pβIq
βJ� denote

the J � J matrices obtained from HW
β defined in (1.1) with pβ,W q replaced by pβJ ,W JpβIqq and

pβJ�,W J�pβIqq, respectively, with βJ� :� pβj � 1
2W

J
jjpβIqqjPJ , W JpβIq from (1.3), and W J�pβIq

from (1.4). Then, one has the following restriction property

euJ�
pβq � prHWJ pβIq

βJ
sJ�J�q�1W J

J�ρpβIq � prHWJ�pβIq
βJ� sJ�J�q�1W J�

J�ρpβIq. (2.14)

As a consequence, uJ�pβq depends only on W JpβIq and βJ .
We write uJpW JpβIq, βJq � uJpW J�pβIq, βJ�q instead of uJpβq.

As an application of (2.14) for fixed βI , vrjp on J with parameters W JpβIq and W J�pβIq, re-
spectively, are mixtures of reversible Markov jump processes with weights

CJ
ijpβI , euJ q �W J

ijpβIqeui�uj and CJ�
ij pβI , euJ q �W J�

ij pβIqeui�uj , i, j P J, (2.15)

and the same reversible measure πpuJq � p2e2uiqiPJ with uJ � uJpW JpβIq, βJq in both cases, where
βJ is a ν

WJ pβIq
J -distributed random variable. In other words, for any event A � JN0 �RN0� , one has

PWJ�pβIq,J
ρ ppX,T q P Aq �

»
RJ

Q
CJ�pβI ,e

uJ pW
J�pβI q,β̃J qq,J

ρ,πpuJ pWJ�pβIq,β̃J qq ppX,T q P Aq νWJ�pβIq
J pdβ̃Jq (2.16)

and the same formula with “J�” replaced by “J” at all five occurrences.

Thus, the following two procedures yield the same result:

 Deriving the u-field on Λ and then restricting it to J�.

 Taking random weights W JpβIq, depending only on the restriction of β to I and then using

these random weights to derive the u-field on J�.

Proof of Lemma 2.5: The defining relation rHW
β sΛ�Λ�e

uΛ� �WΛ�ρ of uΛ� � uΛ�pβq can be rewrit-
ten in block diagonal form �rHW

β sII �WIJ�

�WJ�I rHW
β sJ�J�


�
euI

euJ�



�
�

WIρ

WJ�ρ



. (2.17)

Multiplying the first equation from the left with WJ�IprHW
β sIIq�1, we obtain

WJ�Ie
uI �WJ�IprHW

β sIIq�1WIJ�e
uJ� �WJ�IprHW

β sIIq�1WIρ. (2.18)

Using the definitions of HW
β and W JpβIq, we calculate

rHWJ pβIq
βJ

sJ�J�e
uJ� � rHW

β sJ�J�e
uJ� �WJ�IprHW

β sIIq�1WIJ�e
uJ� . (2.19)

Here we used that the i-th diagonal element of H
WJ pβIq
βJ

equals 2βi � W J
ii pβIq � 2βi � Wii �

WiIprHW
β sIIq�1WIi. The second equation from (2.17) yields

rHW
β sJ�J�e

uJ� �WJ�Ie
uI �WJ�ρ. (2.20)

Inserting this in (2.19) and then using (2.18), we obtain

rHWJ pβIq
βJ

sJ�J�e
uJ� �WJ�ρ �WJ�Ie

uI �WJ�IprHW
β sIIq�1WIJ�e

uJ�

�WJ�ρ �WJ�IprHW
β sIIq�1WIρ �W J

J�ρpβIq. (2.21)

Thus, euJ� � prHWJ pβIq
βJ

sJ�J�q�1W J
J�ρpβIq, which proves the first equality in (2.14). The second

equality is an immediate consequence of the definitions of H
WJ�pβIq
βJ� and βJ�, cf. formula (1.1).
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Sabot and Tarrès (2015, Theorem 2) implies that the vrjp on J starting at ρ with parameters
W J�pβIq is a mixture of Markov jump processes with weights CJ�pβI , euJ pWJ pβIq,βJ qq given in
(2.15) and reversible measure πpuJpW JpβIq, βJqq with βJ � ν

WJ pβIq
J with the given βI . Using

uJpW JpβIq, βJq � uJpW J�pβIq, βJ�q and βJ� � ν
WJ�pβIq
J , claim (2.16) follows. The variant of

(2.16) with “J�” replaced by “J” is then obtained by a decoration with self-loops as described in
Remark 2.4. □

We now prove that restriction of vrjp to a subset J � Λ containing the starting point is a mixture
of vrjps.

Proof of Theorem 1.2: Let β � βΛ denote the canonical process on RΛ with law νWΛ . On the event
that rHW

β sΛ�Λ� is positive definite, which is a νWΛ -a.s. event, let uρ � 0 and euΛ� � peuiqiPΛ� �
prHW

β sΛ�Λ�q�1WΛ�ρ with Λ� � Λztρu. By Sabot and Tarrès (2015, Theorem 2), the vrjp in
exchangeable time scale on Λ with initial parameters W is a mixture of Markov jump processes
with random transition rates qijpβq :� 1

2Wije
uj�ui for any edge ti, ju. In matrix notation we can

write this as

pqijpβqqi,jPΛ � 1

2
e�uWeu with e�u � diagpe�uiqiPΛ. (2.22)

Observe that the defining equation of euΛ� is equivalent to βi � 1
2

°
jPΛWije

uj�ui � °
jPΛ qijpβq,

i P Λ� and consequently, βi plays the random analogue of the total jump rate qi, cf. formula
(2.1). The random rates are equivalently described by the random weights Cijpβq :� Wije

ui�uj

and the random reversible measure πipβq :� 2e2ui . The random transition probabilities pijpβq
can now be described in terms of the random total weight Cipβq :� °

jPΛCijpβq � 2βie
2ui by

pijpβq � Cijpβq{Cipβq � qijpβq{βi. Combining this with (2.22) yields the transition probability
matrix

ppβq � ppijpβqqi,jPΛ � e�up2βq�1Weu with β :� diagpβiqiPΛ. (2.23)

The assumption that rHW
β sΛ�Λ� is positive definite implies M :� p2βIq� 1

2WIIp2βIq� 1
2   Id. Since

the symmetric matrix M has only non-negative entries, the Perron-Frobenius theorem implies�M  
Id as well. It follows that the geometric series

8̧

l�0

rp2βIq�1WIIsl �p2βIq�
1
2

8̧

l�0

M lp2βIq
1
2

�p2βIq�
1
2 pId�Mq�1p2βIq

1
2 � prHW

β sIIq�12βI (2.24)

converges. Using the definition (2.5) of pJpβq, its description (2.23), and the last identity, we
calculate

pJpβq � pJJpβq �
8̧

l�0

pJIpβqpIIpβqlpIJpβq

�e�uJ p2βJq�1

�
WJJ �

8̧

l�0

WJIrp2βIq�1WIIslp2βIq�1WIJ

�
euJ

�e�uJ p2βJq�1W JpβIqeuJ . (2.25)

Combined with diagpCipβqqiPJ � 2βJe
2uJ , this yields the weights CJpβq � diagpCipβqqiPJ � pJpβq �

euJW JpβIqeuJ for the restriction to J . By Lemma 2.2, for given β, the restriction of a Markov jump
process with weights Cpβq and reversible measure πpβq to J with self-loops removed is a reversible
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Markov jump process with weights CJ�pβI , euJ q � pCJ�
ij pβI , euJ q :� W J

ijpβIqeui�uj1ti�juqi,jPJ and
reversible measure πpuJq � p2e2uiqiPJ . In other words, for any event A � JN0 � RN0� ,

QCpβq,Λ
ρ,π ppXJ�, T J�q P Aq � Q

CJ�pβI ,e
uJ q,J

ρ,πpuJ q ppX,T q P Aq. (2.26)

By Lemma 2.5, uJ � uJpW JpβIq, βJq � uJpW J�pβIq, βJ�q. For the restriction of vrjp to J with
self-loops removed, it follows

PW,Λ
ρ ppXJ�, T J�q P Aq �

»
RΛ

QCpβq,Λ
ρ,π ppXJ�, T J�q P Aq νWΛ pdβq

�
»
RΛ

Q
CJ�pβI ,uJ pWJ�pβIq,βJ�q,J
ρ,πpuJ pWJ�pβIq,βJ�qq ppX,T q P Aq νWΛ pdβq. (2.27)

We apply the restriction and conditioning property of β � νWΛ cited in Remark 2.3. The restriction
property states that βI is the restriction of βIYtρu � ν

xW
IYtρu with xW defined in (1.5). By the

conditioning property, given βI , one has βJ � ν
WJ pβIq
J and therefore βJ� � ν

WJ�pβIq
J . Consequently,

rhs(2.27) �
»

RIYtρu

»
RJ

Q
CJ�pβI ,e

uJ pW
J�pβI q,β̃J qq,J

ρ,πpuJ pWJ�pβIq,β̃J qq ppX,T q P Aq νWJ�pβIq
J pdβ̃Jq νxWIYtρupdβIYtρuq. (2.28)

By Lemma 2.5, the inner integral equals P
WJ�pβIq,J
ρ ppX,T q P Aq. The second equality in the

claim (1.6) follows from the restriction property of the β-field. The statement for pXJ , T Jq follows
analogously, with “J�” replaced by “J” in (2.27) and (2.28). This completes the proof of the
theorem. □

3. Proofs for subdivided graphs

3.1. Recursion for the weights. In this section, we deal with subdivided graphs, which are obtained
by iteratedly introducing a new vertex in the middle of every edge. Going back from a subdivided
graph to the original graph corresponds then to a restriction. The next lemma shows a kind of
semigroup property for this restriction operation on effective weights: Iterated restriction on weights
gives the same result as restriction in one single step.

Lemma 3.1 (Effective weights for iterated restrictions to subsets). Let Λ � I Y J with disjoint
finite sets I and J , ρ P J . One has

prH�1
β sJJq�1 � rHβsJJ �WJIprHβsIIq�1WIJ � 2 diagpβJq �W JpβIq � H

WJ pβIq
βJ

(3.1)

with the weights W JpβIq defined in (1.3). For J̃ � J with ρ P J̃ and Ĩ � ΛzJ̃ , one has

W J̃pβĨq � pW JpβIqqJ̃pβJzJ̃q. (3.2)

Proof : Formula (3.1) is a special case of the formula for the Schur complement combined with the
definitions of W JpβIq and (1.1) of Hβ � HW

β . Formula (3.2) is a consequence of the following

calculation, which uses the inversion formula (3.1) twice, first for HW
β and second for H

WJ pβIq
βJ

.

2 diagpβJ̃q �W J̃pβĨq � prpHW
β q�1sJ̃ J̃q�1 � prrpHW

β q�1sJJ sJ̃ J̃q�1

� prp2 diagpβJq �W JpβIqq�1sJ̃ J̃q�1 � prpHWJ pβIq
βJ

q�1sJ̃ J̃q�1

� 2 diagpβJ̃q � pW JpβIqqJ̃pβJzJ̃q. (3.3)

□
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The next definition introduces subdivisions and some notations associated with it more formally.
In the following, let G � pΛ, Eq be an undirected graph without self-loops.

Definition 3.2 (Subdivided graphs). For r P N0, the 2r-subdivision Gr � pΛr, Erq of G is obtained
by replacing every edge by a series of 2r edges as follows.


 Λr is obtained from Λ by adding 2r � 1 new vertices ve,2�rj , j � 1, . . . , 2r � 1 for any edge
e P E. We say that these new vertices are located on the edge e. In particular, Λ � Λr.


 Every edge e P E is replaced by a series of 2r edges e1,r, . . . , e2r,r as follows. For bookkeeping
purposes only, we endow e with a direction, and call ve,0 and ve,1 the two vertices it consists
of. Then, e is replaced by the new edges ej,r � tve,2�rpj�1q, ve,2�rju, 1 ¤ j ¤ 2r, which we
view as being located on the edge e. Thus, Er � tej,r : e P E, 1 ¤ j ¤ 2ru.

Note that Λ0 � Λ and Λr � Λr�1. For technical convenience, we introduce also the set of direct
self-loops ∆r :� tti, iu : i P Λru.

From now on, we fix r P N0. We endow the graph Gr � pΛr, Erq with strictly positive possibly
random edge weights W � pWeqePEr . Given W , let β � pβvqvPΛr have the conditional distribution
νWΛr

. Although this probability measure is not only defined for finite graphs, but also for infinite
locally finite ones, let us assume for the moment that the graph G is finite. For varying l P t0, . . . , ru,
consider the effective weights

W plq :�WΛl �WΛlpβΛrzΛl
q � pWΛl

e qePElY∆l
(3.4)

on Gl using the notation of (1.3). We abbreviate

βplq�v :� βΛl� � βv � 1

2
WΛl

vv , v P Λl, (3.5)

cf. Lemma 2.5. In particular, W prq �W and βprq� � β.

Lemma 3.3 (Recursion for the random weights). Let the graph G be finite and l P t0, . . . , ru.
(1) Given pW plq

e qePEl
, the random vector βplq� has the conditional distribution νW

plq�

Λl
.

(2) Assuming l ¥ 1, take an arbitrary edge ē � ej,l�1 P El�1 with e P E and 1 ¤ j ¤ 2l�1; see
Figure 3.2. Call v � ve,2�lp2j�1q P ΛlzΛl�1 � ΛlzΛ0 its midpoint. It splits ē into the two
edges e1 � e2j�1,l and e2 � e2j,l in El. Then, one has

W
pl�1q
ē � W

plq
e1 W

plq
e2

2β
plq�
v

. (3.6)

(3) Assume l ¥ 2, which implies that Λl�1zΛ0 � H. Take an arbitrary vertex v̄ � ve,2�pl�1qj P
Λl�1zΛ0 with e P E and 1 ¤ j ¤ 2l�1 � 1. In particular, v̄ belongs also to ΛlzΛ0; see
Figure 3.2. Call e1 � e2j,l P El and e2 � e2j�1,l P El the two edges adjacent to v̄ in Gl.
Call v1 � ve,2�lp2j�1q, v2 � ve,2�lp2j�1q P ΛlzΛl�1 � ΛlzΛ0 the two neighboring vertices of v̄
in Gl. Then, one has

2β
pl�1q�
v̄ � 2β

plq�
v̄ � pW plq

e1
q2

2β
plq�
v1

� pW plq
e2
q2

2β
plq�
v2

. (3.7)

(4) Assume l ¥ 1 again.
Given pW plq

e qePEl
, the random variables β

plq�
v , v � ve,2�lp2j�1q P ΛlzΛl�1, are conditionally

independent with conditional law p2βplq�v q�1 � IGppW plq
e1 � W

plq
e2 q�1, 1q, where we use the

notation e1 � e2j�1,l and e2 � e2j,l from item 2.
(5) If the family of weights pWeqePE is independent or even i.i.d., then so is the family of weights

pW plq
e qePEl

.
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e

ē

e′ e′′

e1 e2

v v̄ v2

e

v1

∈ Λ3 ∈ Λ4 \ Λ3

v′ v′′

Figure 3.2. Illustration of the recursion l ⇝ l � 1 for l � 4 in the cases ē � e3,3,
e1 � e5,4, e2 � e6,4, v1 � ve, 2

8
, v � ve, 5

16
, v2 � ve, 3

8
, e1 � e12,4, e2 � e13,4, v1 � ve, 11

16
,

v̄ � ve, 6
8
, and v2 � ve, 13

16
.

Proof : Claim 1 is a consequence of the conditioning property cited in Remark 2.3.
We prove now items 2 and 3. Locally for this proof, we abbreviate J � Λl�1 and I � ΛlzΛl�1.

We observe that any edge e P El connects a vertex in J to a vertex in I; see Figure 3.2. In
particular, there are neither edges in El between two vertices in J nor between two vertices in I. As a
consequence, W plq

JJ � diagpW plq
vv qvPJ and rHW plq

Λl,β
sII � diagp2βv�W

plq
vv qvPI � diagp2βplq�v qvPI � 2β

plq�
I .

Using first (3.2) and then formula (1.3), it follows

W J � pW plqqJ �W plq
JJ �W

plq
JI prHW plq

Λl,β
sIIq�1W

plq
IJ

�diagpW plq
vv qvPJ �W

plq
JI p2βplq�I q�1W

plq
IJ . (3.8)

This implies formula (3.6) when reading it for off-diagonal entries and

W
pl�1q
v̄v̄ �W

plq
v̄v̄ �

pW plq
e1
q2

2β
plq�
v1

� pW plq
e2
q2

2β
plq�
v2

. (3.9)

when reading it on the diagonal. Formula (3.7) follows.
We prove now item 4. There is no edge in El connecting two vertices in ΛlzΛl�1. The following

arguments are understood conditionally on pW plq
e qePEl

. The one-dependence of βplq� � νW
plq�

Λl

implies that the entries β
plq�
v , v P ΛlzΛl�1 are independent. Furthermore, the inverse Gaussian law

of pβplq�v q�1 follows from (2.13).
Finally, we prove claim 5. Assume that pWeqePE are independent or i.i.d., respectively. We

prove that W
plq
e , e P El, are unconditionally independent or i.i.d., respectively, by induction over

l � r, r � 1, . . . , 0. The initial case l � r holds by assumption. For the induction step l Ñ l � 1

we use the recursion relation (3.6). Given pW plq
e qePEl

, the reciprocal denominators p2βplq�v q�1 with
v � ve,2�lp2j�1q for 1 ¤ j ¤ 2l�1 and e P E are conditionally independent with conditional law

IGppW plq
e2j�1,l �W

plq
e2j,lq�1, 1q. The parameter pW plq

e2j�1,l �W
plq
e2j,lq�1 and the numerator W

plq
e2j�1,lW

plq
e2j,l

both are functions of the pair pW plq
e2j�1,l ,W

plq
e2j,lq. As j runs from 1 to 2l�1 and e runs through E,

these pairs are independent or i.i.d., respectively, by induction hypothesis. In view of (3.6) this
concludes the induction step. □

This lemma is an important ingredient in the proof of the induction step for the moments of
W

plq
e .
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Proof of Lemma 1.7: Take ē P El�1. Let v be the midpoint of ē. It splits it into two edges, which
we may call e1, e2 P El; cf. item 2 in Lemma 3.3. Using the recursion equation (3.6), one has

ErpW pl�1q
ē qαs �E

��
W

plq
e1 W

plq
e2

2β
plq�
v


α�
� ErpW plq

e1 W
plq
e2 qαErp2βplq�v q�α|W plqss, (3.10)

ErlogW pl�1q
ē s �ErlogW plq

e1 � logW
plq
e2 � Erlogpp2βplq�v q�1q|W plqss. (3.11)

By item 4 in Lemma 3.3, given W plq, the random variable p2βplq�v q�1 has an inverse Gaussian
distribution IGppW plq

e1 � W
plq
e2 q�1, 1q, hence its conditional expectation equals the first parameter

pW plq
e1 �W

plq
e2 q�1. In combination with Lemma A.2 and (A.11) in the appendix, we obtain

Erp2βplq�v q�α|W plqs ¤ pW plq
e1 �W

plq
e2 q�α for α P r0, 1s, (3.12)

Erp2βplq�v q�α|W plqs ¤ Cα for α P r0, 12q, (3.13)

Erlogpp2βplq�v q�1q|W plqs ¤ mint� logpW plq
e1 �W

plq
e2 q, c2u. (3.14)

The next step uses the inequality between arithmetic and geometric mean of two numbers x, y ¡ 0
in the following form

xy

x� y
� 1

2

?
xy

1
2px� yq

?
xy ¤ 1

2

?
xy. (3.15)

Next, we insert these inequalities in (3.10) and (3.11). Using Cauchy Schwarz in (3.16) and inde-
pendence and identical distribution of W plq

e1 and W
plq
e2 in (3.17), we conclude

ErpW pl�1q
ē qαs ¤E

��
W

plq
e1 W

plq
e2

W
plq
e1 �W

plq
e2


α�
¤ E

��1
2

b
W

plq
e1 W

plq
e2

	α�
¤2�αErpW plq

e1 qαs
1
2ErpW plq

e2 qαs
1
2 � 2�αErpW plq

e1 qαs for α P r0, 1s, (3.16)

ErpW pl�1q
ē qαs ¤CαErpW plq

e1 W
plq
e2 qαs

¤CαErpW plq
e1 qαsErpW

plq
e2 qαs � CαErpW plq

e1 qαs2 for α P r0, 12q, (3.17)

ErlogW pl�1q
ē s ¤E

�
log

W
plq
e1 W

plq
e2

W
plq
e1 �W

plq
e2

�
¤ 1

2
pErlogW plq

e1 s � ErlogW plq
e2 sq � log 2

�ErlogW plq
e1 s � log 2, (3.18)

ErlogW pl�1q
ē s ¤ErlogW plq

e1 s � ErlogW plq
e2 s � c2 � 2ErlogW plq

e1 s � c2. (3.19)

□

One could alternatively obtain the inequality ErlogW pl�1q
ē s ¤ ErlogW plq

e1 s�log 2 from (1.12) using
limαÓ0pxα � 1q{α � log x and interchanging the limit α Ó 0 with the expectation.

The following proof is based on iteration of the bounds in Lemma 1.7.

Proof of Theorem 1.6: Iterating (1.12) r � l times, we obtain (1.9). For α P r0, 12q, the idea of the
proof is to iterate (1.12), starting with l � r, as long as it gives a better bound than (1.13), and
then switching over to the other bound (1.13). Let m P tl, . . . , ru. Iterating (1.13) m� l times yields

CαErpW plq
ē qαs ¤ pCαErpW pmq

ẽ qαsq2m�l
(3.20)

for ẽ P Em. Applying (1.9) with l replaced by m, i.e., ErpW pmq
ẽ qαs ¤ p2�αqr�mErpW prq

e1 qαs gives

CαErpW plq
ē qαs ¤ �

Cαp2�αqr�mErpW prq
e1 qαs

�2m�l

(3.21)
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and (1.10) follows using W
prq
e1 �We1 .

To identify a minimizer, let Xm :� Cαp2�αqr�mErWα
e1 s. Note that the argument of the minimum

in (1.10) is given by X2m�l

m . We observe the following equivalences

X2m�l

m   X2m�1�l

m�1 ô pX2
mq2

m�1�l   p2�αXmq2m�1�l ô Xm   2�α ô
m   r � 1� α�1 log2pCαErWα

e1 sq ô m ¤ r � 2� tα�1 log2pCαErWα
e1 squ (3.22)

The claim about the minimizer m0 in (1.10) follows.
Let 0 ¤ l ¤ m ¤ r. Iterating r�m times the inequality ErlogW pl�1q

ē s ¤ ErlogW plq
e1 s � log 2 from

(1.14) yields

ErlogW pmq
ẽ s ¤ ErlogW prq

e1 s � pr �mq log 2. (3.23)

Iterating m� l times the estimate ErlogW pl1�1q
ē s � c2 ¤ 2pErlogW pl1q

e1 s � c2q from (1.14), we obtain

ErlogW plq
ē s � c2 ¤ 2m�lpErlogW pmq

ẽ s � c2q. (3.24)

Inserting (3.23), the claim (1.11) follows. To identify a minimizer, set Ym :� ErlogWe1s � pr �
mq log 2 � c2 � Ym�1 � log 2. Then, the argument of the minimum in (1.11) equals 2m�lYm. The
following are equivalent.

2m�lYm   2m�1�lYm�1 ô Ym   � log 2 ô (3.25)

m   r � 1� plog 2q�1pErlogW prq
e1 s � c2q ô m ¤ r � 2� tplog 2q�1pErlogW prq

e1 s � c2qu
The claim for the minimizer m1 in (1.11) follows. □

3.2. Application to vrjp and errw. In this section, we apply the recursive construction of effective
random weights from the last section to restrictions of vrjp and errw on subdivided graphs. In
the following, we use the terms “discrete-time process associated with vrjp” and its abbreviation
“discrete vrjp” as synonyms.

Since errw is a mixture of discrete vrjps with Gamma distributed i.i.d. weights, it makes sense
not to start only with deterministic weights but more generally with i.i.d. weights, deterministic
weights being a special case.

The next proof deals with an approximation of a possibly infinite graph by an increasing sequence
of finite subgraphs.

Proof of Theorem 1.4: Consider an increasing sequence ΛN Ò Λ, N P N0, of finite connected vertex
sets in G with ρ P Λ0. Let GN be the subgraph of G with vertex set ΛN and edge set EN � te P
E : e � ΛNu, and GN

r � pΛN
r , EN

r q be the corresponding subdivided graph, where every edge in
EN has been replaced by a series of 2r edges. Consider the discrete vrjp XN on GN

r with random
weights We, e P EN

r . By Theorem 1.2, its restriction pXN qΛN
l � to GN

l is a mixture of discrete vrjps
with random weights W

plq
ē , ē P EN

l , fulfilling the properties in Lemma 3.3. We emphasize that the
finite-dimensional marginals pW plq

ē qēPF , F � El finite, do not depend on the size N of the graph,
whenever N is large enough so that F � EN

l . This allows us to take the same random variables
W

plq
ē for all N . Moreover, by part 5 of Lemma 3.3, the family of weights pW plq

e qePEl
is independent

or i.i.d., respectively, if pWeqePE has this property.
Given m P N, consider only the first m steps of the restrictions XΛl� and pXN qΛN

l �. If N is large
enough, these two restrictions have the same law because they have no chance to enter ΛlzΛN

l . It
follows that XΛl� is a mixture of discrete vrjp with random weights W

plq
ē , ē P El because this is
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true for its restriction to any given number m of steps. Using the estimate (1.9) from Theorem 1.6
and the assumption on ErWα

e s for some α P p0, 14 s, we obtain for all ē P El and e P Er,

ErpW plq
ē qαs ¤ p2�αqr�lErpWeqαs ¤ c1. (3.26)

From Fact 1.3 we conclude that the restricted process XΛl� is a mixture of positive recurrent
Markov chains. In particular, it visits the starting point ρ infinitely often a.s., which implies that
the original process X does the same. □

Finally, the result for errw is obtained by specializing the i.i.d. weights to i.i.d. Gamma distributed
weights as follows.

Proof of Theorem 1.5: By Sabot and Tarrès (2015, Theorem 1), the edge-reinforced random walk
on Gr is a mixture of the discrete vrjp with i.i.d. Gamma(a,1)-distributed weights We, e P Er. We
observe that for all α ¥ 0 one has ErWα

e s � Γpa � αq{Γpaq. Consequently, the claim follows from
Theorem 1.4. □

4. Proofs for the non-linear hyperbolic sigma model

Recall the setup of Section 1.2. Set H
3|2
� :� tσ � px, y, z, ξ, ηq P A3

0 �A2
1 : xσ, σy   0,bodypzq ¡

0u. For σ P H
3|2
� , let }σ} :�

a
�xσ, σy. The following lemma describes the super-Laplace transform

of the canonical superintegration form Dσ on H2|2. Recall from Section 1.2 that the graph pΛ, E�q
with edge set E� � tti, ju � Λ : Wij ¡ 0u is connected, which implies that at least one W1i is
strictly positive for every vertex 1 P Λ.

Lemma 4.1 (Integration of one variable). Let 1 P Λ and set 1c � Λzt1u. One has»
H2|2

Dσ1 e
°

iP1c W1ixσ1,σiy � e�}
°

iP1c W1iσi}, (4.1)

and consequently,»
H2|2

Dσ1 e
1
2

°
i,jPΛ Wijp1�xσi,σjyq �e 1

2

°
i,jP1c Wijp1�xσi,σjyq�

°
iP1c W1i�}

°
iP1c W1iσi}. (4.2)

Proof : By the convexity of H
3|2
� , one has

°
iP1c W1iσi P H

3|2
� and hence Disertori et al. (2022,

Lemma 3.2, second equality in (3.1)) is applicable and yields»
H2|2

Dσ1 e
°

iP1c W1ixσ1,σiy �
»
H2|2

Dσ1 e
xσ1,
°

iP1c W1iσiy � e�}
°

iP1c W1iσi}. (4.3)

The second claim (4.2) follows from (4.1) using xσ1, σ1y � �1 and decomposing the exponent as
follows

1

2

¸
i,jPΛ

Wijp1� xσi, σjyq � 1

2

¸
i,jP1c

Wijp1� xσi, σjyq �
¸
iP1c

W1i �
¸
iP1c

W1ixσ1, σiy. (4.4)

□

This lemma is the key ingredient for analyzing the restriction of the H2|2 model.

Proof of Theorem 1.8: The second equation in (1.19) follows from the restriction property of the
betas; see Remark 2.3. The proof of the first equation in (1.19) is by induction with respect to
the cardinality of I. For I � H, there is nothing to prove. As induction hypothesis, assume that
formula (1.19) holds for given I � Λztρu and J � ΛzI. For the induction step, take i P J , i � ρ, and
set Ĩ � I Y tiu, J̃ � ΛzĨ � Jztiu. For any superfunction f on pH2|2qJ̃ being compactly supported
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or at least sufficiently fast decaying so that the integral on the left-hand side of (4.5) is well-defined,
the induction hypothesis yields»

pH2|2qΛ
µW
Λ pσΛqfpσJ̃q �

»
RΛ

νWΛ pdβq
»
pH2|2qJ

µ
WJ pβIq
J pσJqfpσJ̃q. (4.5)

We fix β P RΛ, abbreviate W J � W JpβIq when there is no risk of confusion, and set gpσJ̃q �
e

1
2

°
j,kPJ̃ WJ

jkp1�xσj ,σkyqfpσJ̃q. We split the integrand into a part which does not involve σi and the
remaining part involving xσi, σjy, j P J̃ :»

pH2|2qJ
µ
WJ pβIq
J pσJqfpσJ̃q �

»
pH2|2qJ

DσJ e
1
2

°
j,kPJ WJ

ijp1�xσj ,σkyqfpσJ̃q

�
»
pH2|2qJ̃

DσJ̃ gpσJ̃q
»
H2|2

Dσie
°

jPJ̃ WJ
ijp1�xσi,σjyq. (4.6)

Note that the term W J
ii p1 � xσi, σiyq � 0 has been dropped. By formula (4.1) in Lemma 4.1

and using the abbreviation W J
i :� °

jPJ̃ W
J
ij �

°
jPJztiuW

J
ij , the single-spin integral in the last

expression equals»
H2|2

Dσie
°

jPJ̃ WJ
ijp1�xσi,σjyq � eW

J
i �}

°
jPJ̃ WJ

ijσj} � e
WJ

i

�
1�
��°

jPJ̃

WJ
ij

WJ
i

σj

���
. (4.7)

Using auxiliary random variables X � IG
�WJ

i
2 ,

pWJ
i q2
2

�
and Y � 2X

pWJ
i q2

� IG
�pW J

i q�1, 1
�

with
inverse Gaussian distributions, cf. Appendix A, on some auxiliary probability space with expectation
operator denoted by E, Lemma A.1 allows us to rewrite the last expression in the form

(4.7) � E

�
e
Xp1�}°jPJ̃

WJ
ij

WJ
i

σj}2q
�
� E

�
e

X

pWJ
i
q2

�
pWJ

i q2�
°

j,kPJ̃ WJ
ijW

J
ikxσj ,σky

��
� E

�
e

Y
2

°
j,kPJ̃ WJ

ijW
J
ikp1�xσj ,σkyq

�
. (4.8)

Using the notation (1.1), we take the specific choice pRJ ,BpRJq, νWJ

J pdβ̃qq and Y � p2β̃i�W J
ii q�1 �

prHWJ

J,β̃
siiq�1 for the auxiliary probability space and the auxiliary random variable Y , respectively.

Indeed, Y � IGppW J
i q�1, 1q for this choice is a consequence (2.13). Summarizing, this shows»

H2|2

Dσie
°

jPJ̃ WJ
ijp1�xσi,σjyq �

»
RJ

νW
J

J pdβ̃qe
1
2

°
j,kPJ̃

WJ
ijW

J
ik

2β̃i�WJ
ii

p1�xσj ,σkyq
. (4.9)

We substitute this in (4.6) to obtain»
pH2|2qJ̃

µ
WJ pβIq
J pσJqfpσJ̃q �

»
pH2|2qJ̃

DσJ̃ gpσJ̃q
»
RJ

νW
J

J pdβ̃qe
1
2

°
j,kPJ̃

WJ
ijW

J
ik

2β̃i�WJ
ii

p1�xσj ,σkyq

�
»
RJ

νW
J

J pdβ̃q
»
pH2|2qJ̃

DσJ̃ fpσJ̃qe
1
2

°
j,kPJ̃

�
WJ

jk�
WJ

jiW
J
ik

2β̃i�WJ
ii

�
p1�xσj ,σkyq

�
»
RJ

νW
J

J pdβ̃q
»
pH2|2qJ̃

µ
W J̃ pβI ,β̃iq
J̃

pσJ̃q fpσJ̃q (4.10)

because �
W J

jk �
W J

jiW
J
ik

2β̃i �W J
ii



j,kPJ̃

�W J
J̃J̃

�W J
J̃i

��
HWJ

J,β̃

�
ii

��1
W J

iJ̃

�pW JqJ̃pβ̃iq �W J̃pβI , β̃iq, (4.11)
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where we used W J �W JpβIq and (3.2) with JzJ̃ � tiu. Taking now β random, we insert the result
in (4.5) and obtain»

pH2|2qΛ
µW
Λ pσΛqfpσJ̃q �

»
RΛ

νWΛ pdβq
»
RJ

ν
WJ pβIq
J pdβ̃q

»
pH2|2qJ̃

µ
W J̃ pβI ,β̃iq
J̃

pσJ̃q fpσJ̃q. (4.12)

By the conditioning property cited in Remark 2.3, the conditional law of βJ given βI with respect
to νWΛ equals ν

WJ pβIq
J . In other words, for any integrable function hpβI , βJq, one has»

RΛ

νWΛ pdβq
»
RJ

ν
WJ pβIq
J pdβ̃qhpβI , β̃q �

»
RΛ

νWΛ pdβqhpβI , βJq. (4.13)

Recall i P J . Applying the last identity with

hpβI , βJq �
»
pH2|2qJ̃

µ
W J̃ pβI ,pβJ qiq
J̃

pσJ̃q fpσJ̃q, (4.14)

and observing pβI , pβJqiq � βĨ , we conclude the induction step with the calculation»
pH2|2qΛ

µW
Λ pσΛqfpσJ̃q �

»
RΛ

νWΛ pdβq
»
pH2|2qJ̃

µ
W J̃ pβĨq
J̃

pσJ̃qfpσJ̃q. (4.15)

□

Appendix A. Facts about inverse Gaussians

The density of an inverse Gaussian distribution IGpµ, λq with parameters µ, λ ¡ 0 is given by

fpxq �
c

λ

2πx3
exp

�
� λpx� µq2

2µ2x



, x ¡ 0. (A.1)

For X � IGpµ, λq, one has ErXs � µ and the Laplace transform is given by

ϕptq � EretXs � e
λ
µ

�
1�
b
1� 2µ2t

λ

	
, t ¤ λ

2µ2
. (A.2)

The following special case of the Laplace transform is used in the proof of Theorem 1.8.

Lemma A.1 (Laplace transform). If X � IGpa2 , a
2

2 q for some a ¡ 0, then

Erep1�sqXs � eap1�
?
sq, s ¥ 0. (A.3)

Proof : Setting µ � a
2 and λ � a2

2 , this follows from (A.2) using λ
µ � a and 2µ2

λ � 1. □

Our estimates for the effective weights in Theorem 1.6 require the estimates in the following
Lemmas A.2 and A.3.

Lemma A.2 (Estimates for some moments). For W ¡ 0 and XW � IGpW�1, 1q, with the constant
Cα from Theorem 1.6, one has

ErXα
W s ¤W�α for α P r0, 1s, (A.4)

ErXα
W s ¤Cα for α P r0, 12q, lim

WÓ0
ErXα

W s � Cα. (A.5)

Proof : Using Jensen’s inequality for the concave function xα, we obtain ErXα
W s ¤ ErXW sα �W�α

for 0 ¤ α ¤ 1.
We prove now the second bound. By (A.1), one has

fαpW q :� ErXα
W s � 1?

2π

» 8

0
xα�

3
2 e�

pWx�1q2

2x dx (A.6)



1098 Margherita Disertori, Franz Merkl and Silke W.W. Rolles

for all α P r0, 12q. Taking the derivative with respect to W and substituting first y � Wx and then
z � 1{y it follows

f 1αpW q � 1?
2π

» 8

0
xα�

3
2 p1�Wxqe�W

2
pWx�pWxq�1�2q dx

�W
1
2
�α

?
2π

» 8

0
yα�

3
2 p1� yqe�W

2
py�y�1�2q dy

�� W
1
2
�α

?
2π

» 8

0
z�α� 3

2 p1� zqe�W
2
pz�z�1�2q dz. (A.7)

Taking the average of the last two expressions and using pyα� y�αqp1� yq ¤ 0 for y ¥ 0 and α ¡ 0
yields

f 1αpW q �W
1
2
�α

2
?
2π

» 8

0
y�

3
2 pyα � y�αqp1� yqe�W

2
py�y�1�2q dy ¤ 0. (A.8)

Hence, the function fα is decreasing, which implies fαpW q ¤ limwÓ0 fαpwq for all W ¡ 0. For
0 ¤ α   1

2 , we evaluate this limit as follows. Using dominated convergence with the integrable upper
bound xα�

3
2 e1�

1
2x for the integrand in (A.6) with 0   W ¤ 1 and then substituting y � p2xq�1 ,

we conclude

fαpW q ¤ lim
wÓ0

fαpwq � 1?
2π

» 8

0
xα�

3
2 e�

1
2x dx � 1

2α
?
π

» 8

0
y�α� 1

2 e�y dy � Cα. (A.9)

□

Lemma A.3 (Estimate for the logarithmic moment). For W ¡ 0 and XW � IGpW�1, 1q, one has

ErlogXW s � � logW �
» 8

0

e�u

u� 2W
du � e2W

» 2W

0
plog t� γqe�t dt� c2 (A.10)

with c2 and γ specified in Theorem 1.6. Furthermore, the following bounds hold

� logpW � 1
2q ¤ ErlogXW s ¤ mint� logW, c2u for W ¡ 0, (A.11)

c2 � 4W plogW � c2 � 1q ¤ ErlogXW s ¤ c2 for 0  W ¤ 1
2e

�γ , (A.12)
lim
WÑ0

ErlogXW s � c2. (A.13)

Proof : By (A.1), the density of XW is given by

fpxq �
c

1

2πx3
e�

pWx�1q2

2x , (A.14)

x ¡ 0. Hence, logXW has the density

gpuq � fpeuqeu � 1?
2π

e�
1
2
pWeu�1q2e�u

e�
u
2 , (A.15)

u P R, with respect to the Lebesgue measure on R. Rewriting the exponent of the first exponential
as

1

2
pWeu � 1q2e�u � 1

2
W pWeu � pWeuq�1 � 2q �W rcoshpu� logW q � 1s (A.16)

yields the density

gpuq � 1?
2π

e�W rcoshpu�logW q�1s�u
2 , u P R. (A.17)
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Using the substitution v � u� logW , we obtain

ErlogXW s � 1?
2π

»
R
ue�W rcoshpu�logW q�1s�u

2 du

�� logW �
c

W

2π
eW

»
R
ve�W cosh v� v

2 dv. (A.18)

Recall the modified Bessel function of second kind Kp, p P R. By Abramowitz and Stegun (1964,
9.6.24), for w ¡ 0, one has

Kppwq �
» 8

0
e�w cosh v coshppvq dv � 1

2

»
R
e�w cosh vepv dv. (A.19)

Taking the derivative with respect to p yields

BpKppwq � 1

2

»
R
ve�w cosh vepv dv. (A.20)

Combining this with (A.18), we obtain

ErlogXW s � � logW �
c

2W

π
eW BpKppW q|p�� 1

2
. (A.21)

By Ryavec (2021, Page 1),

BpKppwq|p� 1
2
�K 1

2
pwq

» 8

0

e�u

u� 2w
du. (A.22)

Combining this with Kppwq � K�ppwq, cf. Abramowitz and Stegun (1964, 9.6.6), and K 1
2
pwq �a

π{p2wqe�w, cf. Abramowitz and Stegun (1964, 10.2.17), yields

BpKppwq|p�� 1
2
pwq � �BpKppwq|p� 1

2
pwq � �

c
π

2w
e�w

» 8

0

e�u

u� 2w
du. (A.23)

This proves the first equality in the claim (A.10). In particular, ErlogXW s ¤ � logW .
To prove the second equality in (A.10), we observe that» 8

0
plog t� γqe�t dt � 0 (A.24)

by the expression (1.8) for the Euler Mascheroni constant; note that the integrand is integrable
both at t � 0 and t � 8. Thus, using integration by parts, we conclude

e2W
» 2W

0
plog t� γqe�t dt � �e2W

» 8

2W
plog t� γqe�t dt

�� plogp2W q � γq �
» 8

2W

e2W�t

t
dt � � logW � log 2� γ �

» 8

0

e�u

u� 2W
du. (A.25)

Next, we show fpW q :� ³2W
0 plog t� γqe�t dt ¤ 0. Note that the integrand plog t� γqe�t is negative

for 0   t   e�γ and positive for t ¡ e�γ . Hence, the function f is decreasing on the interval
r0, e�γs and increasing on re�γ ,8s. Since fp0q � 0 � fp8q by (A.24), the claim f ¤ 0 and hence
ErlogXW s ¤ c2 follow. We conclude that the upper bound in (A.11) is valid.

We proceed with the lower bound in (A.11). We have» 8

0

e�u

u� 2W
du � e2WE1p2W q ¤ log

�
1� 1

2W

	
(A.26)
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with the exponential integral E1pxq �
³8
x

e�u

u du using the known bound exE1pxq ¤ logp1� 1{xq for
all x ¡ 0, cf. Abramowitz and Stegun (1964, 5.1.20). Substituting this in (A.10), we conclude

ErlogXW s ¥ � logW � log
�
1� 1

2W

	
� � logpW � 1

2q. (A.27)

Assume now 0  W ¤ 1
2e

�γ . The upper bound in (A.12) is already contained in (A.11); it remains
to show the lower bound. We estimate the last integral in (A.10), using that e2W ¤ exppe�γq �
1.753 . . . ¤ 2 and log t� γ ¤ 0 hold for 0   t ¤ e�γ , to obtain

ErlogXW s � c2 �e2W
» 2W

0
plog t� γqe�t dt ¥ 2

» 2W

0
plog t� γq dt

�4W plogW � c2 � 1q. (A.28)

This proves (A.12) and (A.13). □

We remark that the upper bound ErlogXws ¤ c2 in (A.12) can also be obtained from (A.5) in the
form ErpXα

W � 1q{αs ¤ pCα � 1q{α, taking the limit as α Ó 0, interchanging limit and expectation,
and using BαCα|α�0 � c2.
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